
 
JP.536. In𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟐𝑹

𝒓
≥

(𝟒𝑹 + 𝒓)𝟐

𝒔𝟐
+ 𝟏 

Proposed by Alex Szoros – Romania  
Solution 1 by proposer, Solution 2 by Marin Chirciu – Romania, Solution 3 by 
Tapas Das – India  
Solution 1 by proposer 

We will demonstrate beforehand that: 

(∑𝒂) (∑
𝟏

𝒂
) ≥

𝟐∑𝒂𝟐

∑𝒂𝒃
+ 𝟕  (∀)𝒂, 𝒃, 𝒄 > 𝟎        (1) 

The inequality is equivalent to 

(∑𝒂)(∑𝒂𝒃)

𝒂𝒃𝒄
≥

𝟐(∑𝒂𝟐) + 𝟕∑𝒂𝒃

∑𝒂𝒃
  ⇔ (∑𝒂)(∑𝒂𝒃)𝟐 ≥ 𝟐𝒂𝒃𝒄(∑𝒂𝟐) + 𝟕𝒂𝒃𝒄∑𝒂𝒃   (𝟐) 

On the other hand 

(∑𝒂)(∑𝒂𝒃)𝟐 ≥ 𝟑𝒂𝒃𝒄(∑𝒂)𝟐 

It suffices to show that: 

𝟑𝒂𝒃𝒄(∑𝒂)𝟐 ≥ 𝟐𝒂𝒃𝒄(∑𝒂𝟐) + 𝟕𝒂𝒃𝒄∑𝒂𝒃       ⇔ 

𝟑𝒂𝒃𝒄∑𝒂𝟐 + 𝟔𝒂𝒃𝒄∑𝒂𝒃 ≥ 𝟐𝒂𝒃𝒄(∑𝒂𝟐) + 𝟕𝒂𝒃𝒄∑𝒂𝒃     ⇔ 𝒂𝒃𝒄∑𝒂𝟐  ≥ 𝒂𝒃𝒄∑𝒂𝒃  ⇔ 

   ∑𝒂𝟐 ≥ ∑𝒂𝒃 

and inequality (1) is proved. 

From inequality (1) it follows that: 

(∑𝒓𝒂) (∑
𝟏

𝒓𝒂
) ≥

𝟐∑𝒓𝒂
𝟐

∑𝒓𝒂𝒓𝒃
+ 𝟕       (3) 

(3) ⇔  (∑𝒓𝒂) (∑
𝟏

𝒓𝒂
) ≥

𝟐(∑𝒓𝒂)𝟐

∑𝒓𝒂𝒓𝒃
+ 𝟑 

Using identities 

∑𝒓𝒂 = 𝟒𝑹 + 𝒓 , ∑
𝟏

𝒓𝒂
=

𝟏

𝒓
    and ∑𝒓𝒂𝒓𝒃 = 𝒔𝟐 

relation (3) becomes 

𝟒𝑹 + 𝒓

𝒓
≥

𝟐(𝟒𝑹 + 𝒓)𝟐

𝒔𝟐
+ 𝟑       ⇔ 



 
𝟒𝑹

𝒓
≥

𝟐(𝟒𝑹 + 𝒓)𝟐

𝒔𝟐
+ 𝟐   ⇔   

𝟐𝑹

𝒓
≥

(𝟒𝑹 + 𝒓)𝟐

𝒔𝟐
+ 𝟏 

Solution 2 by Marin Chirciu – Romania 

Using Gerretsen’s inequality 𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≥
𝒓(𝟒𝑹+𝒓)𝟐

𝑹+𝒓
 it suffices to prove that: 

𝟐𝑹

𝒓
≥

(𝟒𝑹+𝒓)𝟐

𝒓(𝟒𝑹+𝒓)𝟐

𝑹+𝒓

+ 𝟏 ⇔
𝟐𝑹

𝒓
≥

𝑹+𝒓

𝒓
+ 𝟏 ⇔ 𝑹 ≥ 𝟐𝒓, (Euler) 

Equality holds if and only if the triangle is equilateral. 

Solution 3 by Tapas Das – India  

𝟐𝑹

𝒓
≥

(𝟒𝑹+𝒓)𝟐

𝒔𝟐 + 𝟏 or 
𝟐𝑹

𝒓
⋅ 𝒔𝟐 ≥ (𝟒𝑹 + 𝒓)𝟐 + 𝒔𝟐 

𝟐𝑹

𝒓
(𝟏𝟔𝑹𝒓 − 𝒔𝒓𝟐) ≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 (𝟒𝑹 + 𝒓)𝟐 + 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 

⇒ 𝟑𝟐𝑹𝟐 − 𝟏𝟎𝑹𝒓 ≥ 𝟐𝟎𝑹𝟐 + 𝟏𝟐𝑹𝒓 + 𝟒𝒓𝟐 ⇒ 𝟏𝟐𝑹𝟐 − 𝟐𝟐𝑹𝒓 − 𝟒𝒓𝟐 ≥ 𝟎 

or 𝟔𝑹𝟐 − 𝟏𝟏𝑹𝒓 − 𝟐𝒓𝟐 ≥ 𝟎  or 𝟔𝑹𝟐 − 𝟏𝟐𝑹𝒓 + 𝑹𝒓 − 𝟐𝒓𝟐 ≥ 𝟎 

or 𝟔𝑹(𝑹 − 𝟐𝒓) + 𝒓(𝑹 − 𝟐𝒓) ≥ 𝟎 

True (Euler) 

 

 


