
 
JP.537 Find the angles of a triangle 𝑨𝑩𝑪 if  

𝐬𝐢𝐧 𝑨 + 𝟐 𝐬𝐢𝐧𝑩

√𝐬𝐢𝐧𝟐 𝑩 + 𝐬𝐢𝐧𝟐 𝑪 + 𝟐 𝐜𝐨𝐬𝑨 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧 𝑪
+ 𝟏 =

𝟑√𝟑

𝟐𝐬𝐢𝐧 𝑪
 

Proposed by Cristian Miu – Romania  

Solution 1 by proposer 

𝒉𝒂 = 𝟐𝑹𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 , 𝒉𝒃 = 𝟐𝑹𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑪 so we can write 

𝒉𝒃 + 𝟐𝒉𝒂

√𝒃𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄 𝐜𝐨𝐬𝑨
+ 𝐬𝐢𝐧 𝑪 =

𝟑√𝟑

𝟐
↔ 

𝒉𝒃 + 𝟐𝒉𝒂
𝟐𝒎𝒂

+ 𝐬𝐢𝐧𝑪 =
𝟑√𝟑

𝟐
↔ 

𝑭

𝒃𝒎𝒂
+

𝟐𝑭

𝒂𝒎𝒂
+ 𝐬𝐢𝐧 𝑪 =

𝟑√𝟑

𝟐
 where 𝑭 is the area of 𝑨𝑩𝑪 

Let 𝑴 ∈ 𝑩𝑪 such as 𝑩𝑴 = 𝑴𝑪 then 

𝑭

𝒃𝒎𝒂
= 𝐬𝐢𝐧(𝑴𝑨�̂�) ,

𝟐𝑭

𝒂𝒎𝒂
= 𝐬𝐢𝐧(𝑨𝑴�̂�) 

Now we can write 

𝐬𝐢𝐧(𝑴𝑨�̂�) + 𝐬𝐢𝐧(𝑨𝑴�̂�) + 𝐬𝐢𝐧 𝑪 =
𝟑√𝟑

𝟐
. From here we obtain that 𝑪 =

𝝅

𝟑
 and 𝑨𝑴 =

𝑩𝑪

𝟐
. 

But if 

𝑨𝑴 = 𝑴𝑪 then 𝑨 =
𝝅

𝟐
. 

So, 𝑨 =
𝝅

𝟐
, 𝑩 =

𝝅

𝑪
, 𝑪 =

𝝅

𝟑
 

Solution 2 by Marin Chirciu – Romania 

In 𝚫𝑨𝑩𝑪 non-obtuse we have 𝐜𝐨𝐬 𝑨 ≥ 𝟎, with equality for 𝑨 = 𝟗𝟎° 

𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑪 + 𝟐𝐜𝐨𝐬𝑨 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 ≥ 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑪 + 𝟐 ⋅ 𝟎 ⋅ 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 = 

= 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑪 

For 𝑨 = 𝟗𝟎° ⇒ 𝑩+ 𝑪 = 𝟗𝟎° ⇒ 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑪 = 𝟏 

We obtain: 

𝑳𝑯𝑺 =
𝐬𝐢𝐧 𝑨 + 𝟐 𝐬𝐢𝐧𝑩

√𝐬𝐢𝐧𝟐 𝑩+ 𝐬𝐢𝐧𝟐 𝑪 + 𝟐𝐜𝐨𝐬 𝑨𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪
+ 𝟏 ≤

𝐬𝐢𝐧 𝑨 + 𝟐 𝐬𝐢𝐧𝑩

√𝟏 + 𝟐 ⋅ 𝟎
+ 𝟏 = 



 

=
𝟏 + 𝟐𝐬𝐢𝐧𝑩

𝟏
+ 𝟏 = 𝟐 𝐬𝐢𝐧𝑩 + 𝟐 

We have 𝑳𝑯𝑺 ≤ 𝐬𝐢𝐧𝑩 + 𝟐 

From 𝑹𝑯𝑺 =
𝟑√𝟑

𝟐 𝐬𝐢𝐧 𝑪
= 𝑳𝑯𝑺 ≥ 𝟐 𝐬𝐢𝐧𝑩 + 𝟐 ⇒

𝟑√𝟑

𝟐 𝐬𝐢𝐧𝑪
≥ 𝟐 𝐬𝐢𝐧𝑩 + 𝟐, with equality for 

𝐬𝐢𝐧𝑩 =
𝟏

𝟐
 and 𝐬𝐢𝐧𝑪 =

√𝟑

𝟐
⇒ 𝑩 = 𝟑𝟎° and 𝑪 = 𝟔𝟎° 

We deduce that 𝑨 = 𝟗𝟎°,𝑩 = 𝟑𝟎° and 𝒄 = 𝟔𝟎°. 


