
 
 

JP.538. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟑

𝟐𝑹
≤ ∑

𝐜𝐨𝐬𝟐 𝑨
𝟐

𝒉𝒂
≤

𝟑

𝟒𝒓
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Solution 1 by proposer 

Using the formulas 

𝐜𝐨𝐬 𝑨 =
𝒃𝟐+𝒄𝟐−𝒂𝟐

𝟐𝒃𝒄
; 𝒉𝒂 =

𝟐𝑭

𝒂
; 𝑹 =

𝒂𝒃𝒄

𝟒𝑭
 and 𝟏𝟔𝑭𝟐 = 𝟐 ∑ 𝒂𝟐𝒃𝟐 − ∑ 𝒂𝟒 

we have: 

∑
𝐜𝐨𝐬 𝑨

𝒉𝒂
= ∑

𝒂

𝟐𝑭
(

𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄
) =

𝟏

𝟒𝑭𝒂𝒃𝒄
∑ 𝒂𝟐 (𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐) =

𝟐 ∑ 𝒂𝟐𝒃𝟐 − ∑ 𝒂𝟒

𝟏𝟔𝑹𝑭𝟐
= 

=
𝟏𝟔𝑭𝟐

𝟏𝟔𝑹𝑭𝟐 =
𝟏

𝑹
     (1) 

Using the identity 

∑
𝟏

𝒉𝒂
=

𝟏

𝒓
     (2) 

we can write that 

∑
𝐜𝐨𝐬 𝑨

𝒉𝒂
+ ∑

𝟏

𝒉𝒂
=

𝟏

𝑹
+

𝟏

𝒓
⇒ ∑

𝟏+𝐜𝐨𝐬 𝑨 

𝒉𝒂
=

𝟏

𝑹
+

𝟏

𝒓
⇒ 𝟐 ∑

𝐜𝐨𝐬𝟐𝑨

𝟐

𝒉𝒂
=

𝟏

𝑹
+

𝟏

𝒓
       (3) 

On the other hand from Euler’s inequality 𝑹 ≥ 𝟐𝒓 we deduce 

𝟑

𝑹
≤

𝟏

𝑹
+

𝟏

𝒓
≤

𝟑

𝟐𝒓
⇒

𝟑

𝟐𝑹
≤ ∑

𝐜𝐨𝐬𝟐 𝑨
𝟐

𝒉𝒂
≤

𝟑

𝟒𝒓
 

Solution 2 by Marin Chirciu – Romania  

Lemma. 
In 𝚫𝑨𝑩𝑪: 

∑
𝐜𝐨𝐬𝟐 𝑨

𝟐
𝒉𝒂

=
𝑹 + 𝒓

𝟐𝑹𝒓
 

Proof. 



 

∑
𝐜𝐨𝐬𝟐 𝑨

𝟐
𝒉𝒂

= ∑

𝒔(𝒔 − 𝒂)
𝒃𝒄
𝟐𝑺
𝒂

=
𝒔

𝟐𝑺
∑

𝒂(𝒔 − 𝒂)

𝒃𝒄
=

𝒔

𝟐𝒑𝒓
⋅

𝑹 + 𝒓

𝑹
=

𝑹 + 𝒓

𝟐𝑹𝒓
 

Let’s get back to the main problem. 
Using the Lemma we obtain: 
RHS. 

∑
𝐜𝐨𝐬𝟐 𝑨

𝟐
𝒉𝒂

=
𝑹 + 𝒓

𝟐𝑹𝒓
≤

𝑬𝒖𝒍𝒆𝒓 𝟑

𝟒𝒓
 

Equality holds if and only if the triangle is equilateral. 
LHS. 

∑
𝐜𝐨𝐬𝟐 𝑨

𝟐
𝒉𝒂

=
𝑹 + 𝒓

𝟐𝑹𝒓
≥

𝑬𝒖𝒍𝒆𝒓 𝟑

𝟐𝑹
 

Equality holds if and only if the triangle is equilateral. 
 

Solution 3 by Tapas Das – India  

WLOG 𝒂 ≥ 𝒃 ≥ 𝒄 

𝐜𝐨𝐬𝟐
𝑨

𝟐
≤ 𝐜𝐨𝐬𝟐

𝑩

𝟐
≤ 𝐜𝐨𝐬𝟐

𝑪

𝟐
 

𝒉𝒂 ≤ 𝒉𝒃 ≤ 𝒉𝒄 ⇒
𝟏

𝒉𝒂
≥

𝟏

𝒉𝒃
≥

𝟏

𝒉𝒄
 

∴ ∑
𝐜𝐨𝐬𝟐 𝑨

𝟐
𝒉𝒂

≤
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
⋅ ∑ 𝐜𝐨𝐬𝟐

𝑨

𝟐
∑

𝟏

𝒉𝒂
=

𝟏

𝟑
(𝟐 +

𝒓

𝟐𝑹
) ⋅

𝟏

𝒓
≤

𝑬𝒖𝒍𝒆𝒓 𝟏

𝟑
(𝟐 +

𝟏

𝟒
) ⋅

𝟏

𝒓
=

𝟑

𝟒𝒓
 

∑
𝐜𝐨𝐬𝟐 𝑨

𝟐
𝒉𝒂

=
𝟏

𝟐𝑭
∑ 𝒂 𝐜𝐨𝐬𝟐

𝑨

𝟐
≥

𝑨𝑴−𝑮𝑴 𝟏

𝟐𝑭
⋅ 𝟑 [(𝒂𝒃𝒄) (𝐜𝐨𝐬

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
)]

𝟏
𝟑

= 

=
𝟏

𝟐𝑭
⋅ 𝟑 [𝟒𝑹𝒓𝒔 ⋅

𝒔𝟐

𝟏𝟔𝑹𝟐
]

𝟏
𝟑

=
𝟏

𝟐𝑭
⋅ 𝟑 [

𝒓𝟑𝒔𝟑

𝟒𝑹𝟐 ⋅ 𝒓𝟐
]

𝟏
𝟑

≥
𝑬𝒖𝒍𝒆𝒓 𝟏

𝟐𝑭
⋅ 𝟑 [

𝒓𝟑𝒔𝟑

𝟒𝑹𝟐 (
𝑹
𝟐)

𝟐
]

𝟏
𝟑

= 

=
𝟏

𝟐𝑭
⋅ 𝟑 ⋅

𝒓𝒔

𝑹
=

𝟑

𝟐𝑹
 

 


