
 
JP.539. In 𝚫𝑨𝑩𝑪, 𝑶 ∈ (𝑨𝑩), 𝑶𝑸 ∥ 𝑩𝑪, where 𝑸 ∈ (𝑨𝑪). 𝑷 ∈ (𝑶𝑪) such that 

𝑹𝑷 ∥ 𝑩𝑪, where 𝑹 ∈ (𝑨𝑪) and 𝑻 ∈ (𝑨𝑩). If the lengths of the segment 𝑹𝑻 is 

the geometric mean of the lengths of the segments 𝑶𝑸 and 𝑩𝑪,  

then 𝑶𝑷 <
𝑶𝑪

𝟐
. 

Proposed by Gheorghe Molea – Romania  
Solution by proposer: 

 

From 𝑶𝑸 ∥ 𝑩𝑪 ⇒ 𝚫𝑨𝑶𝑸 ∼ 𝚫𝑨𝑩𝑪 ⇒
𝑨𝑶

𝑨𝑩
=

𝑸𝑶

𝑩𝑪
⇒ 𝑶𝑸 =

𝑨𝑶⋅𝑩𝑪

𝑨𝑩
 

From 𝑹𝑷 ∥ 𝑩𝑪 ⇒ 𝚫𝑪𝑹𝑷 ∼ 𝚫𝑪𝑸𝑶 ⇒
𝑹𝑷

𝑸𝑶
=

𝑪𝑷

𝑪𝑶
⇒ 𝑹𝑷 =

𝑪𝑷⋅𝑸𝑶

𝑪𝑶
 

From 𝑷𝑻 ∥ 𝑩𝑪 ⇒ 𝚫𝑶𝑷𝑻 ∼ 𝚫𝑶𝑪𝑩 ⇒
𝑶𝑷

𝑶𝑪
=

𝑷𝑻

𝑩𝑪
⇒ 𝑷𝑻 =

𝑶𝑷⋅𝑩𝑪

𝑶𝑪
 

𝑹𝑻 = 𝑹𝑷 + 𝑷𝑻 =
𝑪𝑷 ⋅ 𝑸𝑶 + 𝑶𝑷 ⋅ 𝑩𝑪

𝑪𝑶
 

From 𝑹𝑻𝟐 = 𝑶𝑸 ⋅ 𝑩𝑪 (from hypotenuse) ⇒ (𝑪𝑷 ⋅ 𝑸𝑶 + 𝑶𝑷 ⋅ 𝑩𝑪)𝟐 = 𝑶𝑸 ⋅ 𝑩𝑪 ⋅ 𝑪𝑶𝟐 

𝑪𝑷 ⋅ 𝑸𝑶 + 𝑶𝑷 ⋅ 𝑩𝑪 = 𝑪𝑶 ⋅ 𝑩𝑪 ⋅ √
𝑨𝑶

𝑨𝑩
,

𝑪𝑷 ⋅
𝑨𝑶 ⋅ 𝑩𝑪

𝑨𝑩
+ 𝑶𝑷 ⋅ 𝑩𝑪 = 𝑪𝑶 ⋅ 𝑩𝑪 ⋅ √

𝑨𝑶

𝑨𝑩
|: 𝑩𝑪 

𝑪𝑷 ⋅ 𝑨𝑶 + 𝑶𝑷 ⋅ 𝑨𝑩 = 𝑪𝑶 ⋅ √𝑨𝑩 ⋅ 𝑨𝑶, 𝑪𝑷 ⋅ 𝑨𝑶 + 𝑶𝑷 ⋅ (𝑨𝑶 + 𝑶𝑩) = 𝑪𝑶√𝑨𝑩 ⋅ 𝑨𝑶 

𝑨𝑶(𝑪𝑷 + 𝑶𝑷) + 𝑶𝑷 ⋅ 𝑶𝑩 = 𝑪𝑶 ⋅ √𝑨𝑩 ⋅ 𝑨𝑶 

𝑨𝑶 ⋅ 𝑪𝑶 + 𝑶𝑷 ⋅ 𝑶𝑩 = 𝑪𝑶 ⋅ √𝑨𝑩 ⋅ 𝑨𝑶 

But √𝑨𝑩 ⋅ 𝑨𝑶 <
𝑨𝑩+𝑨𝑶

𝟐
⇒ 𝑨𝑶 ⋅ 𝑪𝑶 + 𝑶𝑷 ⋅ 𝑶𝑩 <

𝑪𝑶(𝑨𝑩+𝑨𝑶) 

𝟐
 

𝟐𝑨𝑶 ⋅ 𝑪𝑶 + 𝟐𝑶𝑷 ⋅ 𝑶𝑩 < 𝑪𝑶 ⋅ 𝑨𝑩 + 𝑪𝑶 ⋅ 𝑨𝑶 

𝑨𝑶 ⋅ 𝑪𝑶 + 𝟐𝑶𝑷 ⋅ 𝑶𝑩 < 𝑪𝑶 ⋅ 𝑨𝑩, 𝟐𝑶𝑷 ⋅ 𝑶𝑩 < 𝑪𝑶(𝑨𝑩 − 𝑨𝑶), 𝟐𝑶𝑷 ⋅ 𝑶𝑩 < 𝑪𝑶 ⋅ 𝑶𝑩|: 𝑶𝑩 

𝟐𝑶𝑷 < 𝑪𝑶 ⇒ 𝑶𝑷 <
𝑶𝑪

𝟐
 


