
 
JP.540. Let be 𝚫𝑨𝑪𝑫 with 𝒎(𝑪𝑨�̂�) > 90°, 𝐵 ∈ (𝑪𝑫), such that 𝒎(𝑩𝑨�̂�) =

𝟗𝟎° and 𝑨𝑪 > 𝐴𝐵. The bisector  𝑨𝑪�̂� intersects 𝑨𝑫 in 𝑬. If (𝑩𝑬 is the 

bisector  𝑨𝑩�̂�, prove that: 

𝟏

𝑨𝑫
=
√𝟐

𝟐
(
𝟏

𝑨𝑩
−
𝟏

𝑨𝑪
) 

Proposed by Gheorghe Molea – Romania  

Solution 1 by proposer 

 

Let be 𝑨𝑩 ∩ 𝑪𝑬 = {𝑭} 

(𝑪𝑭 = the bisector  𝑨𝑪�̂� ⇒
𝑨𝑭

𝑭𝑩
=

𝑪𝑨

𝑪𝑩
 

(𝑩𝑬 = the bisector  𝑨𝑩�̂� ⇒
𝑫𝑬

𝑬𝑨
=

𝑩𝑫

𝑨𝑩
 

(𝑪𝑬 = the bisector  𝑫𝑪�̂� ⇒
𝑪𝑫

𝑪𝑨
=

𝑫𝑬

𝑬𝑨
 

⇒
𝑪𝑫

𝑪𝑨
=
𝑩𝑫

𝑨𝑩
⇔
𝑫𝑩+𝑩𝑪

𝑪𝑨
=
𝑩𝑫

𝑨𝑩
⇔
𝑫𝑩

𝑪𝑨
+
𝑩𝑪

𝑪𝑨
=
𝑩𝑫

𝑨𝑩
 

𝑩𝑫

𝑨𝑩
−
𝑫𝑩

𝑨𝑪
=
𝑩𝑪

𝑪𝑨
⇔ 𝑩𝑫(

𝟏

𝑨𝑩
−
𝟏

𝑨𝑪
) =

𝑭𝑩

𝑭𝑨
⇔ 

𝑩𝑫(
𝟏

𝑨𝑩
−
𝟏

𝑨𝑪
) =

𝑪𝑩

𝑪𝑨
⇒ 𝑩𝑫 =

𝑪𝑩

𝑪𝑨
⋅
𝑨𝑩 ⋅ 𝑨𝑪

𝑨𝑪 − 𝑨𝑩
⇒ 𝑩𝑫 =

𝑨𝑩 ⋅ 𝑩𝑪

𝑨𝑪 − 𝑨𝑩
 

𝑫𝑪 = 𝑩𝑫 +𝑩𝑪 =
𝑨𝑩 ⋅ 𝑩𝑪

𝑨𝑪 − 𝑨𝑩
+ 𝑩𝑪 =

𝑩𝑪 ⋅ 𝑨𝑪

𝑨𝑪 − 𝑨𝑩
 

Stewart’s relationship in 𝚫𝑨𝑫𝑪: 

𝑨𝑫𝟐 ⋅ 𝑩𝑪 + 𝑨𝑪𝟐 ⋅ 𝑫𝑩− 𝑨𝑩𝟐 ⋅ 𝑫𝑪 = 𝑫𝑩 ⋅ 𝑩𝑪 ⋅ 𝑫𝑪 

𝑨𝑫𝟐 ⋅ 𝑩𝑪 + 𝑨𝑪𝟐 ⋅
𝑨𝑩 ⋅ 𝑩𝑪

𝑨𝑪 − 𝑨𝑩
− 𝑨𝑩𝟐 ⋅

𝑩𝑪 ⋅ 𝑨𝑪

𝑨𝑪 − 𝑨𝑩
=
𝑨𝑩 ⋅ 𝑩𝑪

𝑨𝑪 − 𝑨𝑩
⋅ 𝑩𝑪 ⋅

𝑩𝑪 ⋅ 𝑨𝑪

𝑨𝑪 − 𝑨𝑩
 



 

𝑨𝑫𝟐 + 𝑨𝑩 ⋅ 𝑨𝑪 (
𝑨𝑪 − 𝑨𝑩

𝑨𝑪 − 𝑨𝑩
) =

𝑨𝑩 ⋅ 𝑨𝑪 ⋅ 𝑩𝑪𝟐

(𝑨𝑪 − 𝑨𝑩)𝟐
 

𝑨𝑫𝟐 = 𝑨𝑩 ⋅ 𝑨𝑪(
𝑩𝑪𝟐

(𝑨𝑪 − 𝑨𝑩)𝟐
− 𝟏) = 𝑨𝑩 ⋅ 𝑨𝑪(

𝑩𝑪𝟐 − 𝑨𝑪𝟐 − 𝑨𝑩𝟐 + 𝟐𝑩𝑪 ⋅ 𝑨𝑪

(𝑨𝑪 − 𝑨𝑩)𝟐
) 

= 𝑨𝑩 ⋅ 𝑨𝑪 ⋅
𝟐𝑨𝑪 ⋅ 𝑨𝑩

(𝑨𝑪 − 𝑨𝑩)𝟐
= 𝟐

𝑨𝑩𝟐 ⋅ 𝑨𝑪𝟐

(𝑨𝑪 − 𝑨𝑩)𝟐
 

⇒ 𝑨𝑫 =
𝑨𝑩 ⋅ 𝑨𝑪√𝟐

𝑨𝑪 − 𝑨𝑩
⇒

𝟏

𝑨𝑫
=
√𝟐

𝟐
(
𝑨𝑪 ⋅ 𝑨𝑩

𝑨𝑩 ⋅ 𝑨𝑪
) ⇒

𝟏

𝑨𝑫
=
√𝟐

𝟐
(
𝟏

𝑨𝑩
−
𝟏

𝑨𝑪
) 

Solution 2 by Debrata Nag-Kolkata-India 

 

Clearly:   
𝑨𝑬

𝑬𝑫
=

𝑪𝑨

𝑪𝑫
=

𝑩𝑨

𝑩𝑫
    (by ∠ - bisector theorem) 

∴
𝑪𝑨

𝑪𝑫
=
𝑩𝑨

𝑩𝑫
=
𝑨𝑪 − 𝑨𝑩

𝑩𝑪
⇒ 𝑩𝑫 =

𝑨𝑩 ⋅ 𝑩𝑪

𝑨𝑪 − 𝑨𝑩
 

Let ∠𝑩𝑨𝑫 = 𝜽 ⇒ ∠𝑩𝑫𝑨 = 𝟗𝟎∘ − (𝑪 + 𝜽)                 (1) 

∴ from 𝚫𝑨𝑩𝑫:
𝑨𝑩

𝑨𝑫
=

𝐜𝐨𝐬(𝑪+𝜽)

𝐜𝐨𝐬 𝑪
 

∴
𝑨𝑩

𝑨𝑫
= 𝐜𝐨𝐬𝜽 − 𝐭𝐚𝐧 𝑪𝐬𝐢𝐧 𝜽 = (𝐜𝐨𝐬𝜽 −

𝑨𝑩

𝑨𝑪
𝐬𝐢𝐧𝜽)     (2) 

Again, 
𝑨𝑩

𝑩𝑫
=

𝐜𝐨𝐬(𝑪+𝜽)

𝐬𝐢𝐧𝜽
= (

𝐜𝐨𝐬 𝑪

𝐭𝐚𝐧 𝜽
− 𝐬𝐢𝐧 𝑪) 

from (1): 
𝑨𝑩

𝑩𝑫
=

𝑨𝑪−𝑨𝑩

𝑩𝑪
=

𝑨𝑪

𝑩𝑪
−

𝑨𝑩

𝑩𝑪
= 𝐜𝐨𝐬𝑪 − 𝐬𝐢𝐧𝑪 



 

⇒
𝐜𝐨𝐬𝑪

𝐭𝐚𝐧 𝜽
− 𝐬𝐢𝐧𝑪 = 𝐜𝐨𝐬𝑪 = 𝐬𝐢𝐧𝑪 ⇒ 𝐭𝐚𝐧𝜽 = 𝟏 ⇒ 𝜽 = 𝟒𝟓∘ 

∴ from (2): 
𝑨𝑩

𝑨𝑫
=

𝟏

√𝟐
(
𝑨𝑪−𝑨𝑩

𝑨𝑪
) ⇒

𝟏

𝑨𝑫
=

√𝟐

𝟐
(
𝟏

𝑨𝑩
−

𝟏

𝑨𝑪
) 

Solution 3 by Alin Popa-Romania 

 

Lemma.  

𝑨 = 𝟗𝟎∘ ⇒ 𝒉 =
𝒉𝒄
𝒉 + 𝒄

√𝟐 ⇔
𝟏

𝒉𝒂
= (

𝟏

𝒉
+
𝟏

𝒄
)
√𝟐

𝟐
 

Obs. 𝑨𝑬𝑫𝑭 rectangle and as 𝑨𝑫 bisector ⇒ 𝑨𝑬𝑫𝑭 square 

Bisector Theorem ⇒ 𝑩𝑫 =
𝒂𝒄

𝒉+𝒄
 ; 𝚫𝑩𝑫𝑬 ∼ 𝚫𝑩𝑪𝑨 ⇒

𝑫𝑬

𝑨𝑪
=

𝑩𝑫

𝑩𝑪
 

⇔
𝒙

𝒉
=

𝒂𝒄

(𝒉 + 𝒄)𝒂
⇔ 𝒙 =

𝒉𝒄
𝒉 + 𝒄

⇒ 𝒉𝒂 =
𝒉𝒄
𝒉 + 𝒄

√𝟐 

 

𝑪𝑬 𝒃𝒊𝒔𝒆𝒄𝒕𝒐𝒓 ∢𝑨𝑪𝑫
𝑩𝑬 𝒃𝒊𝒔𝒆𝒄𝒕𝒐𝒓 ∢𝑨𝑩𝑫

} ⇒ 𝑨𝑬 exterior bisector ∢𝑪𝑨𝑩 

Let be 𝑨𝑴 interior bisector ∢𝑪𝑨𝑩 ⇒ 𝑨𝑩 bisector ∢𝑴𝑨𝑫 



 
𝟏

𝑨𝑩
= (

𝟏

𝑨𝑴
+

𝟏

𝑨𝑫
)
√𝟐

𝟐

𝟏

𝑨𝑴
= (

𝟏

𝑨𝑩
+
𝟏

𝑨𝑪
)
√𝟐

𝟐 }
 
 

 
 

⟹
⊝ 𝟏

𝑨𝑫
= (

𝟏

𝑨𝑩
−
𝟏

𝑨𝑪
)
√𝟐

𝟐
 


