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1401. In any A ABC, the following relationship holds :

P BEL RS
b%+c2— 2R?%?’ S

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

wk
Z— S >
b2 + c? b2 + c? 2 Y cyc a* 18R? 2R?
cyc cyc
ko, k
& ) w2 >3(3r)2
cyc ()

k
5 - g ? k 2 ? k
Nowz 32 nwa >3@3r)z e nwa > (27r3)2
cyc

cyc

k Wg\ ? W,
=1 (Hcyc “)zo@ln<n“y°3“>>o( keNk>z)<=Hwa527r
&

[—4 .
2 M\ 273 271
cyc

r2s2 7
Again, l_[wa nh

> 27r3 © 2s? > 27Rr - true
cyc cyc

Gerretsen Euler
w282 >  27Rr+5r(R—2r) > 27Rr = (x*) = (%) is true
k (Bl')k

~ in any A ABC, Zb2+ 7 = 2R’

cyc

" iff A ABC is equilateral (QED)

keNk=>2,

1402. AD - altitude in acute AABC,DE, DF, 04, O, — altitudes and
circumcenters in AABD,AACD. Prove that:

4,/[ABD] - [AcD] < (\/DE - DO, + /DF - 1)01)2 <

Proposed by Radu Diaconu — Romania

Solution by Tapas Das — India
Since AABD is right angle triangle

0, = circumcentre of AABD = Mid point of AB. Similarly, 0, = Mid point of AC
RMM-GEOMETRY MARATHON 1401-1500
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AABC = AABD + ADC.

1 1
F=E~C-DE+E-b-DF=»2F=C~DE+b-DF

'DO—C DO _b
- 1=35 2=5

(1)

4./[ABD] - [ACD] = 4\/%AB : DE-%AC .DF =2\C-DE - b -DF

Now (,/DE - DO, + /DF - DO;)" s 4(,/DE - DO, - DF - DO,)

—4 %-DE-%-DFzZ\/c-DE-b-DF ()

From (1) and (2):

4./[ABD] - [AcD] < (,/DE - DO, + /DF - DOI)Z
2
DE b+ DFC B DE - ¢ b+ DF-b c
2" A 2 ¢ 2 b
2
b c| Cauchy-Scwarz b C
[ABD] -~ + /[ABc]-— < ([ABD]+[ADC])(—+—)=
c b c b
(4

- [ABC]-(§+;) <F

2

|

[/DE DO, +/DF D0, =

R
r

1403. In AABC the following relationship holds:
2
m? 3r\3
). 5) =(3)
bc - csc > ZR
Proposed by Marin Chirciu — Romania
Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Z m? >zs(s—a) . B
B2 poSing =

bc - csco

B

2A . BAM;GM33 zA ]
—Zcos E-smE = n(cos E-smi)—

RMM-GEOMETRY MARATHON 1401-1500
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_331—[ 2Al—[_A_33(s)2 ro
= cos2 st— iR AR
s I
iR 4R

2

(2r)
s[5z $72271% _3[57,.3 3r *
3 (4R)3 = 3\’(411)3_3(6) (*)

Z m? (;) 3 (31‘)2 3 (ST)Z 3 (BT)Z Euler 3 2r (3r)2 B (3r)3
be - CSC% - 4R 4\2R 4\2R ~ 4 R 2R 2R

Solution 2 by Tapas Das-India

NOTE:-mg - My, - My = [Ty - [T - T T g = (PaTpTe) = ST

. A _r
NOTE:- ] sinz = —

2
3

wWIN

bc-csc; abc

3 s2.r \2 r
4R -1r - s 4R

_g O 27 27r% v puler 271 (3r)3

7 16R? 16R? 16R%2-r ~ R \2R

2.2
16R 2

2
2 AM-GM 2
Now: Z < ma B) > 3 [(mambmc) . H sin g:l

2
~3|(z) ]
2

3 27r% - r?
>3 |—
64R3

2
3
[sz r

> R
16R? 4R

(- s?2>27r%)

1404. In any triangle ABC we have the inequality:

A B C
. 2 . E tanftanf . E . /C\' tanftanz . /C\,t ﬁ tanitanz _ 52 _ 2r2 _ 8Rr
an 2 an 2 an 2 an 2 an 2 an 2 s $2

)
o)
)

Proposed by Radu Diaconu — Romania
Solution by Tapas Das — India
__4R+r

Note: ) tang =

Zt At B—l
an -tan- =
B

( A B>tan%-tan7 ( B C) tang-tang ( C A)tang tan%

tan_tan tan—tan - tan_ tan_
2 2 2 2 2 2

5 | RMM-GEOMETRY MARATHON 1401-1500
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A B
> tany-tany

A
am-6um | Y, tan? 5 tan? 5 A B 212 + 8Rr
2 2 _ 24 22 _
< 1 B = tan > tan > =1- 2
Y tans - tan+
2 2
s2 —2r% — 8Rr

2r2+8Rr
SZ

Note:- Y tan? gtan2 g =1

1405. In AABC the following relationship holds:

o< Yy e o)
h, Luw, 2r

Proposed by Marin Chirciu — Romania

2

Solution by Tapas Das — India

1% part:
w h  Cauchy-Schwarz
D > (1+1+1)2=9
a a

2" part: Now

W, CBS 5 1 Y. a? Leibniz |s29R2 _ 3R
Ty = j(z wi) (Zh_f) = \/(Z ORI rr

Zi—‘: < ZZ—: (~ h, <w,) (analog)=3

2

w, h, 3R R R - R Euler R? R
—.Z—g—-3=9(—)s9- <9 =9<—)
h, w,  2r 2r 2rR 2r - 2r 2r

1406. In AABC the following relationship holds:
3312

cosA+cosB—cosC+1>————
(s —c)R

Proposed by Daniel Sitaru — Romania

Solution 1 by Tapas Das-India

A B C
cosA+cosB—cosC+ 1= 4cosEcosEsinE

6 RMM-GEOMETRY MARATHON 1401-1500
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4 s(s—a) |s(s—b) |(s—a)(s—Db)
a bc ca ab

_4-s-(s—a)(s—b)_4s(s—a)(s—b)(s—c)_ 4.s-sr?
B abc B abc(s — ¢)

" abc(s —¢)

B _ sr s22§7r2 3\/§r-r_ 3+/3r2
" 4R-r-s-(s—c¢) R(s—o¢) R(s—c¢) R(s—o¢)

4 . 212

Note:

A+ B A—-B
cosA+cosB —cosC = 2cos cos

2 2 —cosC
m—C A-B C . C A-B ., C
= 2 cos > cos > —cos(2-2)=251n§cos > + 2 sin 5—1
A A-B . mt—(A+B) A A-B A+B
=Zsmi<cos 2 +sm—>—1=251n§(cos 2 + cos 3 )—

= 2 si 2 B 1=4 4 B sinE 1
= 4« S1n 2 COoS 2 COoS 2 = 4 COS 2 COS 2 sin 2
Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

sinzgzrfmr (1)
s=3V3r (2)
cosA+cosB—cosC+123\/_er
(s—©)R
V:ZcosA+1—2cosC=£+2-Zsin2£=£+4-sin2£(2
R 2 R 2
:£+4.(rc—7”):ﬁ F s-r @ 34372
R 4R

R (s—c)R: (s—©)R = (s—©)R
Solution 3 by Ertan Yildirim-lzmir-Turkiye

A s(s—a
Lemma 1: cos - = (s—a)
2 bc

A r
Lemma 2: tan—- =
2 s—a

A+ B A—B
cosA+cosB—cosC+1=2cos( 2 )-cos( 2 )+1—cosC

RMM-GEOMETRY MARATHON 1401-1500
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o C A-B S .C C A-By _C
=2-sm—-cos( )+Zsm2—=2-sm—-(cos( )+sm—)

2 2 2 2 2 2
— 2.5 C ( (A_B)+ (A+B))_2 . C ) A B
=2-sing -{cos(—; cos |—, =2-sing €os - - oS
4 A B C . C_4 s(s—a) |[s(s—b) |s(s—c) r
T30Sy sy rcosy Ay = bc ac ab s-—c
4 s-sr s-sr r _s-r Mitri>novic 3+/3712
% abc """ 4R sr s—¢c (s—0OR = (s—oR

Solution 4 by Aissa Hiyab-Morocco
YcosA=1 +£ (Lemma 1), sin? g = ﬁ + ﬁ (Lemma 2)
s>3V3r (Lemma3)
cosA+cosB—cosC+1= (ZCOSA) —2cosC+1
= (1+£) —2cosC+1 (Lemmal)

=r _ =r 020 _ T £ T
—R+2(1 cosC)—R+4$1n2 R+4><s_c><4R (Lemma 2)

r c
_§(1+s—c)
r s Lemma3 1 X 3/3r 3312
= — S =
R s-c Rx(s—c) (s—c)R

Solution 5 by Soumitra Mandal-India

A+ B A—B . C
cosA+cosB—cosC+1=2cos( 2 )cos( 2 )+Zsm2<§)

_ 5 <A+B> (A_B>+2 . 2<1T—A—B)
= 2 cos > cos > sin >

_ 5 A+B> (A_B>+Z 2<A+B)
= cos( > cos > cos >

= 205 (137 [cos(152) # cos (137

A-B A+B A+B A-B

A+ B +
> )-Zcos 2 2 cos 2 2

2 2

=2cos(

8 RMM-GEOMETRY MARATHON 1401-1500
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m—¢ A B_ A B_C
2 )COSZCOSZ— COSZCOSZSIH2

4 s(s—a) |s(s—Db) (s—a)(s—b)_4 s(s—a)(s—Db)
- bc ca ab ¢ ab

_4s(s—a)(s—b)(s—c) 1 _4AZ 1 _4$2r2 1

=4cos<

- * = . .0 A —
abc s—c abc s—c 4Rrs S—c[ st]
L 3v3r2 ..
= R(s—¢) = R(s—0) [+ s = 3V37] (proved)

1407. In any A ABC, the following relationship holds :

Z (i + 2rore (1 + 12) +12)° __ 967!
r + 2rpr.(rf +rd) + 16— 81R5 —2560r°

cyc

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Tapas Das-India

Z(rﬁ + 21, (rE + 1) + 1) = [2 (Z r;’;) (Z ra)]
Z[rg t2ryr (ré+ 1) +71g] = [2 (Z rﬁ) (Z ra)]

Z (rt + 2rory(r2 +13) +14)° Holder 1 [2(21)  Bra)® _ 4 Erd)?®- (Bry)?

T8+ 3r,ry(r +1y) + s = 3 20r)Qr,) 3 >r3

AM_GM 4 (3r,rprc)3(4R +1)? Fuler 4 27(s*r)3(9r)?

- 3 xr; 3 xrs
Mitri>novic 4 27(271‘3)3(9)2 .2 - 4 27-3%.1%2.92 .2
= 3 s =3'36 5

ﬁ(81R —25601°)
279936 - 11 9.67 - ri1
=(9)

"(81R5 — 256015) 81R5 — 256015
Nowleta=x+y+2zb=xy+yz+2zx,c=xyz

Z x5 = a5 — 5a3b + 5ab? + 5a%c — 5hc
5
:>Zx5 = (Zx) —5x+y)y+2)(z+x)(x*+y*+ 2% + xy + yz + zx)

o Y15 = (D) - 5t T+ 41

9 | RMM-GEOMETRY MARATHON 1401-1500
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AM—-GM 2
> =(4R+71)°>—5-(8 -1,1p7,) (2 : 3(rarbrc)3)

Mitrinovic

= (4R+7)°-5-(8-5) (2 ' 3(521")%) < (9R

5
S) - 56323

_ 36 (81R5 — 25607°)
Bl 32

Solution 2 by Soumava Chakraborty-Kolkata-India

Z (ry + 2rpre(rg +12) + rc“)3 Hol>der B(chc r7 + Yeye rpre (g + rcz))3

o P+ 2nr (i + 1) +18 T 6(Zeye kS + ey Iore(ry +1d))
3 3 3 3 9 3
_ 4(chc rg) (chc ra) Reverse C>hebyshev 4(chc 1‘3) (chc ra) Hogler 4(chc ra) (chc l‘a)
3 (chc ra) (chc ras) B 9(chc r(?) B 94 (ZCyC rl?)
_4(4R+1)°(4R+1)? Euler 4.9°.r%. (4R +1r)3 29 67r1
9*(Teyers) - 9+(Teyere)  ~ 81R5 —2560r°
3%.27.r11 3(81R% — 2560r5)(4R + )3 ?
= o > Z ré
81R5 — 2560r°> 32r? =
() eye
3
Cesaro
Now,z ré = z 2| -3 H(rg +r2) < (4R+1r)?- 252)3 — 24r2rgr?
cyc cyc cyc

Gerretsen 2 Gerretsen

< ((4R+1)?-2(16Rr - 5r2))3 —6rz(2s?)" " <

(16R? — 24Rr + 11r2)° — 6r2(27Rr + 5r(R — 2r))”
+ 16R? — 24Rr + 11r% = 16R(R — 2r)) Euler 3
Euler < (16R? —24Rr+ 11r?)
+8Rr + 11r2 > 8Rr+ 11r? >0

2 3(81R5 — 2560r°)(4R + r)3
—6r%(27Rr)? < ( 3202 it )

& 15552t + 11664t — 128156t° + 590067t> — 1155072t* + 761856t3
? R
—1022784t% + 186624t — 50272 > 0 (t = —)

r
t—2) (15552t6 +73872t5 + 105124t* + 715075t3) ?
s (t—2)

+1284732t? + 3040484t + 6000224 = 0 - true
+12025584

Euler

vt = 2= (x)istrue .. inany A ABC,Z

cyc

(rf + 2 (i +12) + 1)’

r + 2rpre(rf +1d) + 18

9 671'11
> ' ,
81R> — 2560r°

"=""iff A ABC is equilateral (QED)

10 RMM-GEOMETRY MARATHON 1401-1500
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1408.If x,y,z > 0 and n € N, then in AABC holds:

a4n—1 . x2n b4n—1 R yZn c4n—1 X ZZn 3

S S
h, h, h, ~ 2F\9 e

Proposed by Marin Chirciu — Romania

Solution by Tapas Das — India

a4n—1 . xZn b4n—1 . yZn c4n—1 . ZZn a4nx2n b4ny2n c4nZ2n

h, + h, + h, =2F "T2Fr T 2zF

2F
(~ ha = a )
— i [(azx)Zn + (bZ )Zn + (CZZ)Zn] cgs i .
2F y TR

(a’x + b%y + c?z)*"

1 1
= 5F 32n-1

_ % . %(16# O xy)>n = % (% 2 xy))”

1409. ADEF,AXYZ - are the orthic and the circumcevian triangle of altitudes

(4F\/xy + yz + zx)zn(Oppenheim)

in acute AABC. Prove that:

2r
6RF-3\/?-1_[COS(B—C) SZAD-AX-(s—a) < s(s? +r% — 8Rr)

cyc cyc

Proposed by Radu Diaconu — Romania
Solution by Tapas Das — India

D

From AABD we get

o _AD
sin —AB

11 RMM-GEOMETRY MARATHON 1401-1500
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L _AD
sin = C

~AD =csinB

(analog)

2BAX = £BCX =90°—-B
(angles are on the same arc)
W LACX=C+90°—B=90°-(B—-0C)
From AACX we get:
AX AC

sin ZACX _ sin ZAXC

b

LAXC = 2LABC =B =
[ 1= Sin90°—(B=0)] ~ sinB

. __ bcos(B-C)

. AXb_ —EinB )(analog)

cos(B—-C
~“AD -AX-(s—a) = csinB-T-(s—a) = bc(s —a) cos(B — C)
RHS

-'-ZAD-AX- (s—a) =Zbc(s—a)cos(B—C) <bc(s—a)-1
[Note: cos(B — C) < 1]
=5 (z ab) —3abc = s(s* +r? + 4Rr) — 12Rrs = s[s* + r* — 8Rr]
LHS
ZAD -AX - (s—a) =Zbc(s—a)cos(B—C)

= abcz (s ; @) -cos(B — C)

AM;;M 3abe I(S - Cl)(Sa;Cb)(s —© . 1_[ cos(B — C)r

[SY

2

1
1 1
sr 3 r 3
> | | — = _| | —
> 12RF I4Rrs cos(B C)I 12RF [4R cos(B C)]

12 RMM-GEOMETRY MARATHON 1401-1500
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12RF 2r

= 12RF [;—;ncos(B — )] — |% Hcos(B C)]
= 6RF3\[2R;1_[ cos(B — 0)

1410. In AABC the following relationship holds:

1

z_B_C<1+1 RE_A B C
smzsmz_2 373 Zr sm2 coszcos2

Proposed by Marin Chirciu — Romania

Solution by Tapas Das — India
Let f(x) = sin%,x € (0,m)
1 X 1 x
--f(x)=icosi, f (x)=—ZsmE<0

-~ f is concave, using Jensen’s

. A . B . C
.sm7+sm7+sm7< ] (A+B+C)_ _ (n)_l
3 < sin 3 = sin 6) =2
Z A<3
smz_2
2 2
-’-Zsinésings(Sin%ﬂingﬂing) SG—):E (1)
2 2 3 3 4
[Note: Y xy < (Zx) =2
Now,

1
3

C AM-GM 3
- — - > —
Z sm COS COS = [1_[ sin 1_[ cos 2] 4R 4R

1

Euler r 3\/_1” 8T§_3\/§T'2

r 3V3r 4R
> J—
Z3ar 4R 4Rl (vs23V3r) = 3|50 S p g 4R
2 " 3y3 2r 272 3V3 2r 4R —2T:i7 1

From (1) and (2) we get the desired result.

13 RMM-GEOMETRY MARATHON 1401-1500
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1411. Prove that in any triangle ABC holds the inequality

a \? b \> c \?
o) +(5) 21
(Zma) 2m,, 2m,
Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu — Romania
Solution by Tapas Das-India

Leta>b>c

Lmy < my <mg
2

(2:;)2 * (Zrl:lb) * (zfnc)z =

Chebyshev 1 5 5 5 1 1 1 1
> = b S e e H
> 3(a + b* + ¢%) 4<m¢21+m,2,+m3>
1 1 (1+1+1)? 1 1 9
>_(a? + b? 2y .. =Z—(a? + b2 2y. .
_3(a+ +c)4m§l+m,2,+m§ 3(a+ +c)43

7 (@ +b? +c?)

1 3 x4

1 @rbircd)

1
=—(a*+b*+c*)-
3
1412. In any acute A ABC, the following relationship holds :

m,s, I+ 1,
< | |
hara rC

cyc cyc

Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

B . C . (B+C\ A , A
siny  sinz ssin (T) cosy scos’z ARcos? A
rn,+r.=s + = = = 4Rcos*—
v oS+ cosE cosécosEcosE (i) 2
2 2 2 2 2 4R
® A
& TIp + 1. = 4Rcos 2
m?2 ? b% + ¢? (b-c)?+4s(s—a)—4s(s—a) ? (b—c)?
Now,————-1< -1 <
s(s—a) 2bc 4s(s — a) 2bc
1 1 ? 4s(s —a) — 2bc) ?
< (b-— 2.( — ) >0 (b—c)2. >
( ©) 2bc 4s(s—a) (b—c) 8sbc(s — a)
R i il O PR S A>0
— —_— > — —>0-
¢ 8sbc(s — a) ¢ 4s(s — a) rue - cos

14 RMM-GEOMETRY MARATHON 1401-1500
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m? b2 + ¢? 2bc

in acute triangles = < >mi—-—-<s(s—a
g s(s—a) 2bc “b2 + c2 ( )
2 2bc
mys, Map2 iz - s(s—a) 2Rs(s—a)vie@®r,+r. 2m,S, D +r.
= = = =
h,r, h,r, = hgr, bcr, 2r, her, = 1,
m,S, I, + I Ig+1, |
and analogs = 8 1_[ < 1—[ = 1—[ ~ in any acute A ABC,
hara rll rC
cyc cyc cyc
mg,s Iy + 1
8| [— < H“—" =" iff A ABC is equilateral (QED)
hara rC
cyc cyc

Solution 2 by Mohamed Amine-Tanger-Morocco

Let A’ be the midpoint of BC and O the circumcenter of AABC. In AAA'O,we have
! ! 2 A
m,=AA"<AO0+0A' =R+ RcosA=R(1+ cosA)=2Rcos >

Using this result, we have

2

. A A
hea bc b*+c* b*+c* 1 a? 1 1+(4R5m7‘:057)
m,s, 2R 2bcm,? R.4m,2 2R 4m,2)~ 2R A2
4(2Rcos2 7)
1 , A 1 bc 2r(s—b)(s—c) 2 2
=ﬁ(1+tan E)z ZAZZRs(s—a): a. sr - s 4+ 3T :rb+r'
2R cos 3 s—b s—c ¢

2mg,s, 1p+71,
Thus, < .
hara ra

Multiplying this inequality with similar ones yields the desired result.

Equality holds if and only if AABC is equilateral.

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
8. l—[ma-sa < Hrb:rc' b2 + c? < 4R - m, (1)

hq'1q a

15 RMM-GEOMETRY MARATHON 1401-1500
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,A
m, < 2R cos 7

AR 2A_ 2a 2A_ tA_ a-F _
08 2 Tsina P 27O T G nGs-0
_(s—b+s—c)-F F F

(s—b)(s—c¢) =s—b+s—c=rb+rc

4R - coszg =r,+r, (3)

2bc
E)2-ma-sa_2ma'bz_|_cz"ma_4bc m? _
h, r, h, 1, "~ h, (B2+cAr,
_8R(2(b*+c*)—a’\ 2R 5 a? \@
1\ 4b2+c®) ) 1, b2 + ¢2
- 2R <2 a? ) (i) 2R 5 a? 3
T 4R-m,) 1, 8R2'C052g
. 2 A A
2R sin? 5 2R LA\ AR cos’T a1yt
=— 2——A =—(2—Zsm —)= =
Tq 2 COSZE a 2 Tq Tq

1413. In any A ABC, the following relationship holds :

n:  4r, 4R
(M ), R
w2 Tt r

cyc

Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

sinE sinE ssin (M) cosé scosZé
rb+rc=s< 2+ 2>: z 2 _ 2

B c AcosBeoss  (3%)
cos 2 Cos 2 COosS 2 COosS 2 Ccos 2 4R

0 A
“Tp + T, = 4R cos? >

Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a® — 2bc) = an? — as?

A
= 4R cos? —
COoSs 2

A
= an? = as? + s(2bccosA — 2bc) = as? — 4sbcsin? >

_ 4sbc(s—b)(s—c)(s—a) B 4%

2 as = as? Za(ZA)( A )
be(s —a) s—a a/\s—a

= as
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4r,
= as? — 2ah,r, > n?2 =s?> — 2h raandanalogs:Z( + = )
(l
cyc

Iy + Ic
2h ra 1 via (i)
eyt s[5 (S )
Iy + | v
cyc cyc cyc
(b + ¢)%a z 4r2s2(b + c)? 1
2 4| (4R ——F -3
4abcs(s —-a) a(s — a).4bcs(s — a) * (4R +1)

A
e 4R cos? 5

2 a(s2 + (s — a)? +Zs(s—a))
~ 16Rrs? z

cyc

Ss—a

r2s? z s+ (s—a)’+2s(s—a) N (4R +1)(s% + (4R + r)?) — 12Rs?
4Rrs?’ (s —a)? Rs?2
cyc

1 —s+s
= 2 RRE— — —r2
ToRr| S z s—a s(2s) — 2(s? —4Rr —r?) + 2s5.2s

cyc

r 1 z 2,54 2s(4Rr + r?) N (4R +1)(s? + (4R +1)?) — 12Rs?
2

" 4R a r2s Rs2
cyc
2
= 161Rr <s2 (—3 + %) +2(4Rr +12) + 4s2>
(4R+1)? — 252 +3r2 2(4R+1)\ (AR+1)(s?+ (4R+r)?) — 12Rs?
" 4R r? * ) * Rs?
_ 2R+ 5r)s* — rs?(32R? + 92Rr + 3r%) + 8r?(4R + )3 Lq AR _4R4Y
8Rr?s? r r

()
& (2R + 5r)s* — rs?(64R? + 100Rr + 3r?) + 8r?(4R+ r)? > 0 and
2 Gerretsen

(2R + 5r) (s — 16Rr + 5r2) 0 - in order to prove (x),
it suffices to prove : LHS of (») > (2R +5r)(s? — 16Rr + 5r2)2

Gerretsen

(%)
& (40R - 53r)s? > r(576R? — 846Rr + 117r?) and again, LHS of (xx) >
?
(40R — 53r)(16Rr —5r?) >r(576R? — 846Rr +117r?)
Euler
o 32R%— 101Rr + 7412 = 0 © (32R-37r)(R— 2r) S0-true=R > 2r

4r, 4R
= (xx) = (*) is true - in any A ABC, Z >14—,
a rb t+r.

="" iff A ABC is equllateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
4bc

CEE

2

By AM — GM inequality, we have w, e S TpTe.
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s(b — ¢)? 5 s[la? — (b — ¢)?]
_— = §4 —

Also,we have n,2 =s(s—a) +

a a
~ 4s(s— b)(s—c¢)

= SZ
a
, A4s.sr? 5 5 5
=S —m=s —Zhara, then n, +2hara=s .
. 1 1 a 2 2ryr,
And since —+ —=—=-—, thenwehave r, +1r, =

r, r. F h
Using these results, we have :
2
n, 4r, - n,

h, ’

2 2

2h,r, S

ra
>+ > = — (and analogs)
W, r,+r., Trpr. 1T, rp¥. T

Z na2+ 4r, >Zﬁzl+ﬁ
w2 ry+r.) r T
cyc cyc

Equality holds if and only if AABC is equilateral.

Therefore,

1414.

In A ABC picturised in the diagram, the following relationship holds

2v2 -1, < IA

Proposed by Aissa Hiyab-Morocco
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Solution by Soumava Chakraborty-Kolkata-India

YI
Via sine law on A AlY, =

sin (C + g) sin%

A

Al Y Yl(l) Alsmf

- 180°-A+C . A A-C
sin 2 s1n2 cos 2

=

. A
ia sine I AALZ A Al o 71 (ii) Alsiny
Viasine law on A AIZ, — (B+g)‘ A~ 180°-A+B _ A YT __A-B
sin 2 siny  sin 2 sin cos—
Via AI1,Y, 11, = YIsinx and via AIl,Z, 11, = ZIsiny .. 112 = YL.ZL. sin x siny
22 A
via .0 ) ) Al“ sin >
= 8II; = 8sinxsiny. A—C -8B
C0S——.C0S—

A2 2A —(180°— A
& (cos(x —y) — cos(x +y)). 8 sin? o) < cos ( )

?
< AI?

2
.\ B—C( —m_A-CA-B = A-C A—B>O)
LY LN
cos > 7 g 5 = COS——,cos—
( ( ) C)8_2A2_3A+b+c_A
& —y) — . - — .sin—
cos(x —y) — cos sin® - <sin— L -Sing
— 3si Asi 3 A b+c | A
=3sin; sin” > L -Sing
C . A . ,A b+c
@(cos(x—y)—cos ).851n5<3—4sm E+ 2
A . ,A? . ,A b+c
@BSmE.cos(x—y)—Bsm E<3—4sm E+
A ? . ,A b+c
& [8sin—.cos(x —y) < 3 +4sin“ =+
2 s 2
B+C A T
Now,x <x +y= — = 90° 3 < 90° and similarly,y < 90° - 0 < x < 90°

and —90°< -y <0=>-90°<x—-y<90°~0<cos(x—y) <1
b+c

A A © A LA
:>83mi.cos(x—y) <8$1nE:>LHSOf(*) < 8$1n2 and 3 + 4 sin E+

A (+9) A
>3+ 4sinzi +1 = RHS of (x) > 4 + 4sin? 2" (+),(s¢) = in order
. . . ,A A CA\?
to prove (x), it suffices to prove : 4 + 4 sin 2 >8 smE S 4 (1 —sin E) >0
— true = (*) is true = 8112 < AI? = 2vV2 « I, < IA (QED)

1415. In AABC the following relationship holds:
2

Z% .Z(s —n,)(s —n,) > 4s?

cyc cyc

Proposed by Bogdan Fustei-Romania
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Let N be the Nagel's point of AABC and AA’, BB’, CC'be the Nagel's cevians.

Since AB' =s—c¢, AC =s—b, BC' =CB' =s—a,
and using Van Aubel’s theorem, we have
NA _AC’ AB’_s—b s—c_a

NA’_C’B+B’C_s—a+s—a s—a

Mo _ gy N 5T S L Na=""_ 2, ™ (and analogs)
= — = = = — = = = L —_— .
NA NA p p p rh and analogs

a

Also,in ANBC,we have

n, n
a < NB+ NC =2r (h—b + h—c> (and analogs), (see, for example, Bogdan
b c

Fustei — About a Few Special Triangles — www. ssmrmbh.ro)

Now, we have

s(b — c)? sla?—(b—-c¢)?] 4s(s—b)(s—c
sz_na2252_<s(s_a)+< >>:[ (b )] _ as(s—b)(s — )
a a a
B 4s. sr? ok
T a(s—a) Talta
Using these results, we have,
s’ —n,2 2ryh, 21, 27,
s—n, = = =g >
s+n, s+n, =~ 4 Ta ﬁ+& +h
r h, \h, " h.)T"h,
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(na nb

+-— ) (s —n,) > 2r, (and analogs).
h hb c

Therefore

Z% _Z(s —n)(s—n,) > z 2ry. 21, = 452,

cyc cyc cyc

1416. In any A ABC,A A'B’C’ the following relationship holds :

cyc cyc
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

6w,

zs W, 12 2w, GH lz Wp + W
— =
T wp +we V2 T Wy + Wc 2w, + 2w, +1

YEwp +W, T W + W

Bergstrom
and 2
6 z W‘% Yeyc WaWp < Zeye wi 1 6(chc wa)
V2 o 4W2 + WoWp, + WoW, = V2 4y WE + 2 Xy W2
Bergstrom 2
2rs 1 d 9
wge2hy = %and analogs 1 (ZI'S chc ) Mlt?lI:IOVlC 1 4 (er ZS)
> —~ &9/
i/_ chcs(s = 332 27R?
® 1 12r2 » 3 2(R?-—4r?)
Wy + W, 3\/_ ‘Rz = :‘{/E r2
2(R?% - 4r2) 4r? 3 RZ- .
=3 B — > i/_ v 3\/_ T and proving it will be complete
3 2 Euler
if we can show : 2.3/2.R? > 3r2 —4r? > O) - true

() 3 _2(R* —4r?
2VZR S 8T > 3r2 / 2(RE—4r%) — )
Wb+Wc
_6m,
N e N e 12 -
mb+m :{/_ mb+m 2m, 2m,
‘ ¢ Y my + m, -I_mb+m+1
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Bergstrom
and
_ iz m? chcmamb>s Yeye M3 1 6(2cyc ma)z
32 o 4m? + m,my, + m,m, - V2 4 Y cyems + 2 Yy mi
Bergstrom 2
mg= h, =%and analogs 1 (er-zcyc %) Lelill?:itz 1 4 (er_zis)
. Z 3 (->-) 1 12r2 * 3 4(R-2r)
my, + m 32" Rz < i/_ r

cyc

4(R - Zr) ? 3 (R=2r)(R+2r)
r - 3{/_ R?
Euler 3

if we can show : 4R? > 3r(R + 2r) ( RZ—4r2 > 0and V2 > 1)

Euler

@(R—Zr)(4R+5r)+4r >0->true~R > 2r

(“) 3 4(R Zr)
’wb+wc
2w,
f z , A G 1 Zwb+wc
Wi, + W, \/— Wi, + wc cyc

Wg2 h, and analogs + CBS

and proving it will be complete

and
2 1 1 A G 1 1 Mitrinovic
ERTSN SN Y Y]
V2 e e Wp T We WpW,
1 1 3\/—R z z z (III)
3
\/— o h, o h, ’wb + A
3 R ? 4(R 2r) 4(R- Zr) ? 3 R 2r d twillb
——— < — =
iz i/— - - _3\/_ or and proving it will be

Euler

complete if we can show : 8. V2 > 3 “R—2r > Oand V2> 1) - true

) 3 4(R 2r)
Wy +WC
cyc
_2m,
Z A G 1 Z:mb+mc
cyc mb+mC "’{/_ mb+mC

_ i/_ Z Zm A_Gl i/_(4R+1') Z\/m

cyc cyc
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mg2 h, and analogs + CBS
and
Euler 1 1 9R 1 1
= 5-%(7)-]25-]21;

cyc cyc

and proving it will be complete if we can show :

Euler

4(R+2r)>3r cR—-2r > Oand\/_>1)<:>4R+5r>0—>true

(...) 3 Z(RZ 4-1'2)
my + me
cyc \J

. R?R’"  (R%?—4r? +4r2)(R' 2r' +2r')
Again, =

rir’ r2r’
B 2r'(R? — 4r?) + 4r?(R’ — 2r') + 8r?r’' + (R? — 4r?)(R’' — 2r’)
- rr’
_g4 2(R?% - 4r2) 4(R - 2r") (R2 — 4r?)(R’' - 2r")
- 2 r r2r’
Euler 2(R? - 4r2) 4(R 2r’) "ReR <l) z(R2 4r2) 4(R - 2r')

..rzl_ v

r2
Let m = min z ’ z f

Wy + We mb + mc

M = max z ; z ;
Wb + Wc my + me
cyc
Case1|m = Z / ’ nd then,via (m), (mmmm),
Wy + WC mb
cyc cyc

1 12r? R RZR’ Euler R 4r
LHS — RHS_i/_ w7 _T\/_r —— —_§<E_R2>
+2(R2 —4r?) loo 2(R? —4r2) 2 23 R- 8r L
—F 2 — 2 %W and proving it will be complete

if we can show : 4R?*(R + 2r) > 3r(R? + 4r? — 2Rr)
Euler
( R-2r > Oand?V2> 1 4:) 4R3 4+ 5R?r + 6r2(R — 2r) > 0 - true

Euler RZR’
R = 2r .. min Z Z
Wy + W mb + mc
cyc
= 8 + max Z Z
Wb + WC my + mg
cyc
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Case2|m = Z ’ ’ - and then,via (mm),(mmm),
mb + mc wb
cyc cyc

R’ Rz R’ Euler R’ 4-1"2
LHS — RHSZ3\/_ R’Z __i/_ ot a8 2 _§<F_F>
+4(R’ —2r) ; 0o 4R’ —2r) ; 3 RIS 8r’3 and proving it will be
r = r - w 2R’2r’

complete if we can show : 8R'? > 3(R2 + 4r'? — 2R'r)
( R’ —2r > 0 and V2 > 1 <:) 5R’?2 + 6r'(R' — 2r') > 0 - true

Euler RZR’
+ R > 2r' - min z z

Wp + W mb + mc

cyc

> 8 + max z ’ z ’

Wb + Wc my, + m,

cyc

Case 3|m = z ’ z ’ ,,then via (o), (see), (B),
Wy + Wc Wb

2 2 2 5 , ,
LHS — RHS>%—2(R —4r?) Z(R 4r) 4(R 2r) 3

2
4R’ -2r) , RZR’
—— =0~ min z z

r' Wy + W mb + mc
> 8 + max z ; z ;
Wb + Wc my + mg
cyc
Case 4|m = Z Z ,then, via (e¢), (eeee), (B),
T mb + mC my +

3 4R -2r 2 R? — 4r2 4(R' — 2r' 3
LHS — RHS > — — ¥ ( ) ( )_
V2

z(R’2 4r’2) RZR’
————= =0 . min
Wy + WC mb + mc
cyc
> 8 + max Z Z ~ combining all cases,
wy,' + w,' my, +
cyc

in any A ABC,AA'B'C/,

I RZRI
Wy + WC mb + mC
cyc
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+ max Z " =""iff AABC,A A'B'C’ are each equilateral (QED)
T wy,' + w,' my, + m,

1417. In acute AABC the following relationship holds:

\/§2 secA +9z cscA > 2443

cyc cyc

Proposed by Daniel Sitaru — Romania
Solution 1 by Adrian Popa-Romania

nx
xX) = = > 0 (V)x € |0;
fx) cos x = f0 = () [ ]
cos3 x + 2 cos x sin? x T
"(x) = >0W)xe|0;=]| >
1 costx v) [ 2]
]ensen
= f — convex on [O;E] = [ABHE) f(A+B+C) =
2 3
T 3 3
= ).secA > 35ec§_cosg_;_ 6 (1)
(x) 1 '(x) — COS X ") sin3 x + 2 sinx cos3 x
x)=cscx=——>g'(x) = x) =
g sinx 9 sinzx 9 sin® x
|, 9 +g(B)+g(C) A+B+C
= g(x) - convex on [0, 2] = : > g( : )

1 _ o, 1 _ 6 _6/3_
ichcAZSE—S 5 == =2v3 (2)

From (1) and (2) = V3 Y. secA + 9 cscA4 > 63 + 183 = 243

Solution 2 by Marin Chirciu-Romania

2secA =6

Z cscA > 23

Lemma: In AABC holds:

Proof.

A= p + r2 — 4R? Gerretsen 6
>
Zsec zcosA p?—(2R+1r)2 ’
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1 2 + r2 + 4RT1 Gerretsen
Z cscA = Z S—— P >  2V3.
sinA

Zpr Mitrinovic

Let’s get back to the main problem.Using the Lemma we obtain:

Lemma
LHS=\/§ZsecA+9chcA224\/§ > V3-6+9-2V3=24V3

Equality holds if and only if the triangle is equilateral.
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand
For acute triangle ABC

V3(secA +secB + secC) + 9(csc A + csc B + csc C)

—\/?_.( t, 1 )+9( t, 1 )
B cosA cosB cosC sinA sinB  sinC
> v/3(6) + 9(2V3) = V3(24) ok

3
Because cos A4 + cosB + cos C < >

1 3/1 1 1 1
>1<—-- >1<- —( + + )
2 cosA+cosB +cosC 2\9\cos4 cosB cosC

6 < 1 + 1 + !

=

“cosA cosB cosC

andsinA +sinB +sinC <3251 < ﬁ(;)
2 2 sinA+sin B+sinC

3v3/1/ 1 1 1 1 1 1
=>1< 2 <6< ))Z)Z\/§S +

+ + +
sin4d sinB sinC sin4d sinB sinC
Therefore it is to be true.

Solution 4 by Hikmat Mammadov-Azerbaijan

3 3 w
ZSecAZS / secA >3 /sec3§=6
T
ZCSCAZBS/ cscAZ33/csc§=2\/§:>LHS=\/§‘6+9'2\/§=24\/§

Therefore = V3 Y., secA+ 9., cscA > 24V3
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1418. In any AABC the following relationship holds:

a2+bc+ b2+ac+ c2+ab+R2 i 2a . 2b N 2¢
b% + ac c2 +ab a’?+bc 4r?” b+c a+c a+b

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Tapas Das-India

First of all, we can easily prove the following equality

a N b N c 2(s> — Rr —1r?)
b+c c+a a+b s%2+2Rr+r?

Consequently, it is sufficient to prove

2(s?-Rr-r2) __ R | F 2 R 7 2(s*-Rr-r%)
—_ < — 4 -, = t-——
s24+2Rr+r2 ~ 6r + 6 Let f(S ) 6r + 6 s24+2Rr+12

f is a decreasing function and we need to prove f(s?) > 0
Applying Gerretsen’s inequality we deduce that: s> < 4R? + 4Rr + 312
Therefore, it is sufficient to prove f(4R? + 4Rr + 31%) > 0
After some simplification, we get
(R—2r)2(R—-2r)+5(R-2r)+1r*) >0
(Euler)

a b c R 7

+ + <—+
b+c c+a a+b 6r 6

R | 7 R?
We need to show: 1+ 2 (—+—) <—5+3
6r 6 4ar

R? R 7 RZ R 1
or+3-1-2(2+1)200r -2 -2>0
or (R—2r)(3R + 2r) = 0 (True) Euler

a+bc b%2+ac c2+ab
Note: >3
bZ+ac T c2+ab T a’+bc —

By (AM-GM)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

a2+bc RZ AM=GM RZ
it LI S =
1) Z b%2+ca t 4r2 - 3+ 4r2 (1)
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a 1 4 1 1 1
2)1+22E_ 1+EZQ'ES 1+52a(;+z)

) 3+za-zab_ 1 2p@* +4Rr +17) _
2 2abc 2 8p - Rr B
Gerrétsen_1+4R2+8Rr+4r2=2_1+5+£=
= 2 ARr 2 r
=§+B+£;3+R—2
2 r R~ 4r?
R
;=Y
2
SRR

y3—4y?+6y—4=>0
y-2)*-2y+2)=(@-2)(y—-1D?2+1)=>0

20 >0

1419. In any A ABC, the following relationship holds :

Wa R+\/—
min Z W — =11tz max z:b2+c2 Zb+c
cyc

cyc cyc cyc

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

w, A Wa
— > 3 -~ min >3
Wy Wp

cyc cyc cyc cyc

it £fi t ) R+\/§S(Q8+2 z az Z a
< 1t suirices to prove : r = .max b2+C2’ b+c

cyc cyc

a’? A-G Yeveal 2s(s? — 6Rr — 3r?)
Now, 8 22— <8+ _—g
ow, 8+ b2 + ¢2 + abc + 4Rrs
cyc
sz+10Rr—3rzéR+\/§s R% + 3s2 + 2V/3Rs ? (s + 10Rr — 3r?)?2
— =
2Rr - r r2 4R2r2

(*)
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2s
2 2

Mitrinovic R® +3s” + Zﬁsﬁ
Now,LHS of (x) > =

3R% +13s? 7 (s? + 10Rr — 3r?%)?
= >
3r2 4R2y2 ,
& 12R* — 300R?r2 + 180Rr3 — 27r* + (52R? — 60Rr + 18r2)s? ; 3s?
(+)

& 4R2(3R? + 13s2) > 3(s2 + 10Rr — 3r2)?2

Gerretsen

Now,3s* <  (12R? + 12Rr + 9r?)s?
?
< 12R* — 300R?r? + 180Rr3 — 27r* + (52R? — 60Rr + 18r?)s?

< (40R? — 72Rr + 9r?)s? + 12R* — 300R?r? + 180Rr3 — 27r* 5 0
(***)
Gerretsen
Again, LHS of (xxx) >
(40R% — 72Rr + 9r2)(16Rr — 5r2) + 12R* — 300R?r? + 180Rr3 — 27r* > 0

? R
o 3t* +160t3 —413t2 + 171t - 18>0 (t = ;)

Euler

<:>(t—2)(3t3+125t2+41t(t—2)+t+9)>0—>true t > 2

( )
= (*¥*x) = (¥x) = (%) is true . R+\/_S > Zb2+c2

cyc

R + /3 Mitrinovic R ?
Also,f > F+928+2

b+c

R ? 1
@F+122 Za -6

cyc cyc

Ri72 1s Z 2+zz b +Z b
o — :
r — 2s(s2 + 2Rr +r?) @ a a

cyc cyc cyc

R+ 7r ? 5s? + 4Rr + r? 5 5 o 2
& > < (R—3r)s“+r(2R“+7Rr+5r%) > 0
r s2 + 2Rr + r? ()
R — 3r > 0 and then : LHS of (x***) > r(2R? + 7Rr + 5r2) > 0
= (x*x*x) is true (strict inequality)
[Case 2]R — 3r < 0 and then : LHS of (+#x)
= —(3r — R)s? + r(2R? + 7Rr + 5r?)
Gerretsen

> —(3r- R)(4R2 + 4Rr + 3r?%) + r(ZR2 + 7Rr + 5r?%) > 0
Euler

®2t3—3t2—t—220®(t—2)(2t2+t+1)20—>true t > 2
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= (**xx) is true -

R+\/_s(“)
> Zz
b+c

cyc

(l),(ll)=>R+\/— > 8 + 2. max{2b2+c2’2b+ }:)()mtrue

cyc cyc

W, R + \/_s a? a
. min =11+ 2. max z Z
Wy b2 + c? b+c
cyc CYC cyc cyc

=""iff A ABC is equilateral (QED)

Solution 2 by Tapas Das-India
We show that:

z:b2+c2 Zb+c

__ab(a-b)+ac(a-c)

We have, 7 b2+ 2 E T (B2+c2)(b+o)
b? b bc(b—c)+abb-a)
c2+a? c+a  (c2+a*)(b+0)
c? ¢ _ac(c—a)+bc(c—b)
a?+b? a+b  (b2+a?)(b+a)
Now we obtain,
a? N b? N c? (a N b N c )_Zab(a—b)+ac(b—c)
b2+c%2 c2+a? a? +b? \b+c c+a a+bl (b2 + c2)(b + ¢)
ab(a — b)?
S R B
(a*+b*+c +ab+bc+ca)2(b+c)(c+a)(b2+c2)(c2+a2) 0

Z a? >Z a
TLib?4+ 2T Luib+c

a? a a?
'.'max{sz+02;Zb+c}£zb2+c2

T 223 (AM-GM), ¥ [7£>3 (AM-GM)

r w
mm{z 3 —“}2 ;
Tp Wh
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We need to show

3+ R+“>11+22 r’”“>8+22
now R++3s > RV33V3r _ R +9 (1)
T T Tr
(- s?2>27r%)
Z a? _Z a? 1 +3_ Zaz—bz—cz+3
b +¢c2 bz +c¢2 2 2 2(b% + ¢?) 2

cyc

Z — a’ — c? +3
2(b% + cZ) Z(b2 c?) 2

cyc
- Z(az - b (2(b21+ c2) 2(a21+ cz)) + ;
(a—b)%?(a + b)? 3
2(a? + c?)(b? + c?)
According Cauchy — Schwarz,
(a®? + c?)(c? + b?) = c*(a + b)?
By AM-GM

(cta—b+c+b-—a)
4
~(@+c®)(c+b*)=(c+a—-b)(c+b—a)(a+ b)?

2

ct = >(c+a—-b)(c+b—a)

a? (a— b)?(a + b)? 3 (a — b)?
'.'Zb2+02: 2(az+c2)(b2+c2)+zS 2(c+a—b)(c+a—b)+§
Y(a+b—c)(a—b)? 3 abc
:2(a+b—c)(b+c—a)(c+a—b)+E: (a+b—c)(b+c—a)(c+a—b)+§
R 1
“2r 2

-zz @ R
" b2+c2 " r

R R R++/3s
8+Zz ;SB+_+1=9+-<
b? + r r

(usmg (1))
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1420. In AABC the following relationship holds:

c 4r<az+b2 c> 2R
R bc ca ab r
Proposed by Marin Chirciu — Romania

Solution by Tapas Das — India
a’> b> & a*+b>+c® 2(s’—3r’S—6Rrs) s?—3r*—6Rr

bc Tca T ab abc 4Rrs 2Rr
Gerrétsen 4R? + 4Rr + 31* — 3r%2 — 6Rr _ 4R? + 4Rr — 6RT _ 4R? — 2Rr
- 2Rr 2Rr 2Rr
2R
=—-
Again,
a’? b? N ¢ s?—3r2—6Rr Gerretsen 16Rr — 51 — 3r? — 6RT
bc ca ab 2Rr - 2Rr
10Rr — 812 4r
=" 2rr ° R

1421. In any A ABC,and V n > 2, the following relationship holds :
zzf a +<R>n>1+23, a
2b + 3¢ 2r) 2c+ 3b
cyc cyc
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Lets—a=x,s—b=yands—c=z-.s=x+y+z=>a=y+z
b=z+xandc=x+y

3
sz st st @ (Zeyex) 4R
Now’r_2 T A2 s(s—a)is —b)(s —¢)  xyz and 1 T
4sab +z
1+ sanc =1+Hcyc(y )
4s(s — a)(s — b)(s —¢) XyZ
4R (2) XyZ + +z
o4 (=) y Hcyc(y )
r xXyz
b Z+x b 3 Yeye(x + ¥)2(y + 2) s?
NOW'ZE_ZY‘FZ:)ZE B [eye(y +2) ’ (1)'(2)'(3)=>l‘_2
cyc cyc
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3 (14 48) o (B 0)° _ (172 + Tegey + 2\ (Zeyelx + 920 +2)
@ r xyz. Xyz [eye(y +2)

cyc

=

3

n(y+z) Zx > xyz+n(y+z) Z(x+y)2(y+z)

cyc cyc cyc cyc
4,2 3 3(i) 2 22,2
@ny +ny > XyZ ny + 3x°y“°z
cyc cyc cyc
3 3 A6, 2 3 3 3AZ6,
NowVuv,w>0,u’>+u’+v> = 3u‘v,v°+v>+w’ > 3v:wand

A-G
w3 +w3+u® > 3w?u .. summingup : z ud > z u?vand choosing u = xy,

cyc cyc

v=yzandw=zx,2x3y32xyz ny andz 2 > 3x%y?%z?

cyc cyc cyc
z xty? + z x3y3 > xyz z xy? |+ 3x%y?z? = (i) is true
cyc cyc cyc
:sz> zb (1+4R)=>zb(:) s?
rz - a r a r(4R+r)
cyc cyc

a y+z (4) chc(x + Y)(y + )2 s?

Al ’Z— = z 1 B 2 B 4 -

s0, ) + o b Moy +2) ()()():rz

cyc cyc
= (Y E)(1+5) o (Zeye o N (xyz + Teyey + z)) <zcyc(x YO+ z)2>
- b r xyz xXyz [eye(y +2)

cyc
3

n(y+z) Zx > xyz+1_[(y+z) Z:(x+y)(y+z)2

cyc cyc cyc cyc
(i)
o Z x’y* + Z x3y? > xyz szy + 3x%y?z?
cyc cyc cyc

A-G A-G
NowVuv,w>0,vi+v:i+u > 3viuwd +w3+v: > 3w?vand

A-G
u? +ud+w? > 3u’w . summingup : Z ud > Z uv? and choosing u = xy,
cyc cyc
v=yzandw=zx,2x3y3 > xyz ny andz y* > 3x2y?z?
cyc cyc cyc
Z x2y* + Z x3y3 > xyz Z x%y | + 3x%y?z? = (ii) is true
cyc cyc cyc
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2

s al( (") s?
> i —_ -
rz - Z ( + ) z b = r(4R+r)

cyc cyc
15a

z 1 SF 1 Z 2b + 3c
5 2b+3c = 35 Sa S5a

cye 2b+3c+2b+3c+1

Bergstrom 1 15 (Z cyc a) :

> .
£ 10a? + Zab +3ca ~ ¥5°10 Yeyc @2 + 5y ca

b

ca) 1 4s? z 01
=—. =—. = / —
V5 10X yca? +5)yca? Y5 Yeyca? 2b+3c  3/5's

R? —4r? 7 1 (s?2 — 4Rr — r?)(s? + 24Rr + 6r%) — 6r(4R + r)s?
< 4r? (f)% 3r(4R +r)(sZ — 4Rr — r2)
Now, (s? — 4Rr — r?)(s? + 24Rr + 6r%) — 6r(4R + r)s?
=s*— (4Rr +r?)s? — 6(4Rr + rz)z permetsg v hdler 3(4Rr + r?)s? — (4Rr + r?)s?
_6(4Rr + 12)” = 2(4Rr +12)(s2 — 12Rr — 3r2) o2
-1 (s?—4Rr —r?)(s? + 24Rr + 6r%) — 6r(4R + r)s”
T 3r(4R + r)(s?2 — 4Rr — r?)

cyc

1 5 a Weighted A-H 1
L[Sy e | L
35\ 34L3b+ 2¢ 5

cyc \

G 1 Sa
. b+ 2c
\}2c+3b i/_z 3b+2c \/_zy: 3

SZ

sZ — 4Rr — r?

I/\I

N
DRSS

+

c“lw
nIN

\.
5) )

1 ({1 ~x"3ca+2ab via (#),(0#)
= —Z—cabc Z+2 =\/_( Zb+1szc+2> =

~3 5\ 15
cyc

cyc cyc

1 s? o z <--) 1 sZ + 24Rr + 6r
_— — ﬁ <
35 \3r(4R +r) 2c+ 3b 3r(4R +r)

\/7 41- \/—vm()(--)
Z 2b+ 3c Z 2c+3b

)

il

RZ

S ——2==.
4r2 35

2+24Rr+6r > R? — 4r2;0
—4Rr—r2  3r(4R+r) 4rz
—4r? 2 1 (s?+ 24Rr + 6r? 2s2

( 3r@AR+r)  s2—4Rr— r2>

34
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3
W>33 (s? — 4Rr —r2)(s? + 24Rr + 6r2) — 6r(4R + 1)s” ? R? — 4r”

= 5 3r(4R +71)(s2 — 4Rr — rz) ~  4r2
& —4rs* + (20R3 + 5R?r — 64Rr? — 16r3)s?

?
—r(80R* + 40R®r — 699R*r2 — 352Rr’ — 44r*) > 0
&
Gerretsen [ _ 2 2 3
Now, LHS of (++) > < 4r(4R? + 4Rr + 3r2) + 20R >s2
+5R%r — 64Rr? — 1613

?
—r(80R* + 40R®r — 699R?*r? — 352Rr> — 44r*) > 0
& (20R3 — 11R?r — 80Rr? — 28r3)s?

?
—r(80R* + 40Rr — 699R*r? — 352Rr? — 44r*) > 0
(%)
[Case 1]20R® — 11R?r — 80Rr? — 2813 > 0 and then, LHS of (x+x)

Gerretsen

(20R3 — 11R?*r — 80Rr? — 28r%)(16Rr — 5r?)
—r(80R4 + 40R%r — 699R?r? — 352Rr? — 44r*) >0
& 120t* — 158¢% — 2632 + 152t 4+ 92 > 0 (t = g)

& (t—2) ((t—2)(120t? + 322t + 545) + 1044)

Euler .
> true vt > 2= (xxx)istrue

20R? — 11R?r — 80Rr? — 28r® < 0 and then, LHS of (+xx)
= — (~(20R? — 11R?r — 80Rr? — 28r3) ) s
—r(80R* + 40R3r — 699R?*r? — 352Rr? — 44r*)

Gerretsen

> - (—(20R3 — 11R?r — 80Rr? — 28r3)) (4R? + 4Rr + 3r2)

?
—r(80R* + 40R®r — 699R?*r? — 352Rr® — 44r*) > 0
?
& 40t° — 22t* — 17263 + 117¢% — 20=0
Euler

& (t—2)(40t* + 30t% + 28t (t—2) + 5t + 10) S0otruest > 2
= (***) is true .- combining cases 1 and 2, (xxx) = (x%) = (%) is true V A ABC

4-1‘2(') d 21 Eulero
>
Zx]Zc+3b ZJ2b+3 and (n —2). "( ) =

cyc cyc

I > R R R2 41?2 via (m)
>
= n ( ) n <2r) ( ) = 4r2

Z\]2c+3b Z\]2b+3c \]2b+3c 2r

cyc

=1+ Z 3/20 T3b inany AABCand vV n > 2, =" iff A ABC is equilateral (QED)
cyc
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1422. In AABC the following relationship holds:

R\" /w,woaw\"
(—) +(“—”C) >2neN
2r TaTpT ¢

Proposed by Marin Chirciu — Romania
Solution 1 by Adrian Popa — Romania

25 25 2s
WWpW, hahb hc a b c
> = =
LA rqTpTe S S S

p—-ap-bp-c
_8(s—a)(s—b)(s—c) _Bp(s—a)(s—b)(s—c) B
B abc B p - abc B

8s? 8- r-p 2r
= = = —=
p-4Rs ©p-4R R

R\" /wowyw\" R\" /2r\" mazmc R\" /2r
= () *Gimr) 2@ + (%) 7= 2 @) (7)
2r TaTpTc 2r R 2r R

Solution 2 by Tapas Das — India

n

=2

R _ abc _ abc
2r (@a+b-c)(b+c—a)ic+a—-b) 8(s—a)(s—b)(s—c)

WaWpWe _ hohyh,  8F*  8F-s(s—a)(s—b)(s—c)

T rpre  Tal'pTe. abcs?ir abc - s? - r
_8F(s— a)(s—b)(s—rc) _ 8(s— a)(s—b)(s—rc)
B abc - F - abc

(i)" + (Heere)”
2r T TpTc

abc 2 8(s—a)s=b)(s—0"
= [8(3—(1)(S—b)(S—C)] + I abc
AM-GM abc 8(s—a)(s—b)(s— c)'“ B
= 2 I8(s—a)(s—b)(s—c)' abc =2
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1423. In any A ABC, the following relationships holds :

Z @ R* ga
2r n, q 4r? Ib
cyc cyc cyc

and in acute A ABC with a = min{a, b, c},holds : g, + h, > n,

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Tapas Das-India

mymytg [Eap)(2h) @

Since n, > h, (analog)

1 1 1 1 1 1 Ya? Leibnitz's (3R\?
Pt < ( )

=2 27
R R VAN Al VAN CTOE 2F
s(b — ¢)? a? — (b —c)?
n§=s(s—a)+¥=sz_s.#
a a
, 4s(s—b)(s—c) 4522
= §“ — — -
a a(s—a)

1,1
= 52 — 4s1? (; + ;) = s? — 4rr, — 2rh, (analog)

z n2 = 3s% — 4r (Z re)—2r (z hy)

s?+r(4R+71) (BR-1)s* —r(4R +1)?
2R B R
By Doucets, (4R + 1)? > 3s% we get

=3s2—4r(4R+71) - 2r

2

Z (3R — r)s? — 3rs? (3 4r> ZAM;GM (R) 2_<RS>2
na— R R s < o §2 — N
z Rs 3R 3<R)2
n, 21‘ ZF
CBS -
NOW\/7 \/7a< 3.3. 3R
2r
R
" Z(Z \/:b> = _(AM GM) [Since ( > 3]
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H{ER)E
% j(zglz,) E j(Zs@— ?)(27)

aZ Lelbnltz 9RZ2
SZ
4F?2 4-1‘2
Now—<2f> > & . 3 (AM-GM)
9b 4r?

We need to show

2
L r—>1 . R > 2r (Euler)

4z = 2r

(b—c)? (s a)

Note: 9a% = s(s — a) — < s(s — a) (analog)

Ifwetake:a=c=6andb =2

6+6+2

We have s = S, = 7
, b*(s—c)+c*(s—b)—a(s—c)(s—b)
nz =
a
_ AT-0436(T-D6(T-6)(TD) _ 7T \/72 — 5. 06 (APP)

6 3 3
B2 _4F* 4s(s—a)(s—b)(s—c) 4x7x1x1x5 35
¢ az a? B 9 )

" hy = \/%z 1-97 (APP)

(s—a)(b-c)?

2 _ _ _
ga=s(s—a) 2

_,_16_13 13
= 6 3..ga— 3_

“gqa+h,=2.08+1.97=4.05<n,
(~n, =5.06)

= 50 3" problem-Not always true
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Solution 2 by Soumava Chakraborty-Kolkata-India
(m)
Stewart’s theorem = b%(s — ¢) + c2(s — b) 2 an? +a(s—b)(s—c)
(n)
and b?(s —b) + c%(s — ¢) x ag? + a(s—b)(s—c) and (m) + (n) >
(b2 +¢?)(2s —b—c¢) = an? + ag? + 2a(s — b)(s — ¢) = 2a(b? + c?)
=2a(m%+ g3 +a(a+b-c)(ct+a—b)
= 2(b%+c?) =2m2+g%)+a%?— (b—c)?=>2(b%+c?) —a’+ (b—c)?
=2(nZ+g%)=>4m2+ (b-c)? =2(n2+g2)=> (b—c)? +4s(s—a) + (b —c)?
2, a2 2, 2 W 2
= 2(na+ga) =>Ng+9gg = (b-0o*+2s(s—a)
ng _ Zna 2n,9, A-6 \ N2 + g2 via(1) (b —c)? + 2s(s — a)
o, 3" _ Y 2 _ 32000 5y v

bc bc B bc

cyc cyc cyc cyc

= 4lirs z (a(b2 +c% - Zbc)) + ZSZ(a(S —a))

cyc cyc

(25(5 + 4Rr + r?) — 36Rrs+2s(Zs —2(s?—4Rr—r )))

s —6Rr+3r )
=>2an < s? — 6Rr + 3r?

cyc

ny CBS chc na
— na —< na <
na h Zr
cyc cyc cyc cyc cyc

— F@Zr naéT and via (%),

? 9R2 ?
ZrZ n, <s?—6Rr+3r?< - 252 < 9R? + 12Rr — 6r? and via Gerretsen,

)
Gerretsen ? ?
2s2 < 8RZ+8Rr+ 6r2 <9R? + 12Rr—-6r>2 © R2 +4Rr—12r>>0
Euler
< (R—2r)(R+ 6r) > 0 - true - > 2r = (e¢) = (o) is true

nb 3RA G R ng Z n, S Z n,
na - n, "|2r n, | n,
cyc cyc cyc cyc
2

r B
Again,AI? = bc — 4Rr © (T)sin—sin—

~ 4Rrs

cyc O

cyc

— 2 2
4R
— 16R2sin Bsin € cos B cosC — 16R%sin sin B sin® o sin® sin©
= Sin—sin 2 Cos 2 Cos 2 sin 2 sin 2 Sln2 sin 2 Sll‘l2
B Cc A B+C_ . A
= by - — & = ol
Ccos 2 COS2 sin 2 Cos sin 2 rue
9o Triangle—inequality Al +r
. AI> = bc — 4Rr and analogs . ) — < .

a
cyc cyc
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aAl+r.acss 1 er Leibnitz 3R
=Z— < Zaz ZAIZ < Zbc—lZRr+1
2rs er er
cyc cyc cyc cyc

3R.\/sZ—8Rr+r2 _ 2 3R? s2(3RZ—4r2)"?
- +t1<-— o
2rs 4r2 4r?
& (9R* — 60R?r? + 161*)s? + r3(288R% — 36R?r) > 0
(CCC)
[Case 1]9R* — 60R?r? + 16r* > 0 and then, LHS of (s¢¢)

Euler
> 270R3 + 18R*(R—2r) > 270R3 > 0 = (ess) is true (strict inequality)

[Case 2] 9R* — 60R?*r? + 161* < 0 and then, LHS of (+*)
Gerretsen
= —s2.(—(9R* — 60R?r? + 161*) ) + r*(288R® — 36R’r)

> 9R? (s2 — 8Rr +r?)

?
—(4R? + 4Rr + 3r?). (—(9R* — 60R?r? + 16r*)) + r?(288R° — 36R2r) >0
? R
& 36t° + 36t5 — 213t* + 48t3 — 152t2 + 64t + 48>0 (t = F)

?
e (t-2) (36t5 + 108t* + 3t3 + 262 + 22t(t—2) + 6(t — 2)(t + 2)) > 0 - true

Euler
:t = 2 = (eee)istrue and combining cases 1 and 2, (e++) is true V triangles
g <= 3R2 A G RZ ga ga
o = ar2 = 4r2 )
cyc Ga 4r 4r cyc 9b 41‘ cyc 9v cyc

We now shall prove : g, + h, > n, in acute A ABC with a = min{a, b, c}
b+c>R_abcs 2abc

a “r 4F2 (b+c—a)c+ta—-b)la+b—-0)
e Mb+c)a+b-0c).(b+c—a)(c+a—-b)>2a’bc
& (ab +b% —bc + ca + bc — ¢2)(bc + ab — b% + ¢% + ca — bc — ca — a? + ab)
> 2a’bc
& 2a’?b? + 2a®be + 2ab(b? — ¢?) — (a® + b? — ¢?)(ab + ac + b? — ¢?) > 2a’bc
& 2a?b? — (a? + b% — c?)(ab + ac) + 2ab(b? — c¢?) — 2ab(b? — c?).cosC > 0
& 2a*b? — a?(ab + ac) — (b? — c?)(ab + ac) + 2ab(b? — ¢?).2 sinzg >0
& a?(2b? — ab — ac) — (b? — c¢?)(ab + ac) + (b?* — c?)(c? — (a—b)?) = 0
& a?(2b? —ab — ac) + (b? — c?)(c* —a* —b% + 2ab—ab —ac) = 0
e ((a2 —b%+c2) + (b% - cz)) (2b? — ab — ac)
+(b%? —c?)(c? —a®* —b*+ab—ac) =0
& (c? + a? — b?)(2b? — ab — ac) + (b? — ¢?)(b? + c? — a? — 2ac) = 0
& (b% - c?)(b? + ¢% — 2ac) — (b* — ¢?)(2b% — ab — ac)
+a?(2b? —ab — ac) — a*(b* - ¢?) > 0
& (b? - c?) ((c2 —ca) — (b% - ab)) + a? ((c2 —ca) + (b? — ab)) >0
& (c?2 — ca)(b? — ¢ + a?) + (b* —ab)(a? + c* —b%) = 0
s clc—a)(a®+b%—c2)+bdb-a)(c?+a*—-b%) =0
— true ~ A ABC being acute = (a? + b? — ¢2),(c? + a®> —b?) > 0 and
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a = min{a,b,c}= (c—a),(b—a) >0 -

b+c R
> —
r

A
. 4R COS 5 COS—— R

4R cos%sin% a 4R sin%singsing

B-C B-C B-C A (m)
=>2(cos > 1 = 2 cos? — 2 cos s1n——1>0

v1a (*)
We have n, + ra ’Z(na +12) \/Z(S —2rgh, + 1'3) < 2h,

© s? — 2r h, + s? tan? 2<2h2

B-C

A
- sm cos

852.16R25in2%sin2%sin2% 4. 4Rsin%singsin%s.stan% ? A
< A A + A > szseczi
26in2 B cos2 B 28, A
16R%sin 5 C0S* 5 4Rcos > tans
A B C?

B C
— —_ —_ — >
& 8sin? 2sm 2+4$1nzsmzsm2_1

B—C A)Z A( B-C A)?
COS

Canit . A _sin2) <
®2<cos 2 sm2 +Zsm2 2 sm2 >1
<“2 . B C B-C B+C B-C . A)

. smzsmz—cos > cos > = coS > sm2
B-—-C A A B—C) A B-C

2 .2__ - - - -
®2<cos +sm2 Zsmz.cos 2 +Zsm2.cos 2

=2 ? ZB_C B—C . ? .
—2sin 5—120=>2cos —2cos snnE—120—>trueV1a(I)
~ng+r,<2h,<h,+g,2>9g,+h,=2n,+r, >n,

|in acute A ABC with a = min{a,b, c},holds : g, + h, > na| (QED)

1424.

In any A ABCand V n € N, the following relationship holds :

Wg(wg + wac) W (Wb + cha) W, (WC + W, Wy ) 3n+1_ r

(Wb + Wc)z (Wc + Wa)z (Wa + Wb)z N 2

Proposed by Zaza Mzhavanadze-Georgia

Solution 1 by Soumava Chakraborty-Kolkata-India

WLOG assuminga > b > c = w; < wjf < wf and
wa wi we

< < and
(Wb + Wc)z (Wc + Wa)z (Wa + Wb)z
1

< < wherex > 0 1
(Wb + wc)z (Wc + Wa)z (Wa + Wb)z ” ( )

2r2s? Gerretsen r?(27Rr + 5r(R — 2r)) Euler r2(27Rr)
= R = R
S WeWpWe = 2713 - (2)

w,wpwe = hhyh, =
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1 Bergstrom 2yg 9
Zwa Zh = 2rs > 2wa29r—>(3)

cyc cyc cyc cyc

n=1and then n(Wa + wac) Wy (Wb + cha) W¢ (wc + Wawb)
Wa
z W, (Wg + Wch) A;G 2W¢%. v WhW¢ 2 Z (wb + wc) Berg;trom
T wrw? T L w two? 1 >

cyc
+/ WpWe
2 Nesbitt

Wqa and 2.9
2 (ZCYC ¢ CBS Wwq 2 h, and analogs
>

4
1 = i >
chc,/wbwc \/ZCYC \[chc chch_a
. W(rl1 (Wg + wac) Wy (Wb + cha) W, (Wg + Wawb) 3n+1 n
wi(wZ +wywe)  wi(wg +wew,)  wi(wé + wawy)

Case 2|n = 2 and then, + +
- (Wb + Wc)z (Wc + Wa)z (Wa + Wb)z

N O
O
H

3
wa
3 z w2(wZ + wyw,) A6 2w3. [wpw, G- H AW W, W, 42 (Wb T Wc)
(Wb + Wc)z - (Wb + Wc)z - (Wb + Wc)3 1
cy cyc e wyw,
(Z ) 27 9 16Rr?s?

Holder cchb _|_ W) Nesbitt —g— WaWoWe o2 oRr 412 2 27r?

- Z - 3 chc Wgq - 2. \/§S T2
cyCWw W, WbW

Mitrinovic 256.4s%
> -

& 256R?s? 5 27(s? + 2Rr + r2)” and LHS of (x)
S
? ? ?
>27(s? + 2Rr + 12)” & 3252 > 27(s2 + 2Rr +12) & 552 > 27(2Rr +r2)

27

Gerretsen 5

? ?
and 5s? = (27Rr +5r(R— 2r)) = (27Rr) >27(2Rr+r?) © R>2r
(wf +wpw,) _ 27r?

(Wb + Wc)z 2

— true via Euler .. Z
) \ '/ (Wg + Wch) wy (Wg + cha) wé‘(wc2 + Wawb) gn+l pn
(Wp + we)? (We + w,)? Wy +wp)2 — 2
2
Wcrzl (Wczz + wac) W|IJ1 (Wb + WCWa) W(I:l (wg + Wawb)

Case 3|n = 3 and then, + +
(Wb + wc)z (Wc + Wa)z (Wa + Wb)z

B Z w3 (w2 + wyw,) a6 2w, [wyw, G_H AWE WL W,

Wy FWOT W LWy + WP
cyc

Nesbitt

and
4 Z W, 3 Holder 4 w, 2 4 07 3 .27
= 4w, WpW EE— = . WaWhpW. — > =.27r°.—
@b <Wb+wc) g Ta’bTe Wy, + W, 9 8

cyc cyc
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81r3 wi(wZ + wpwe)  wi(wE +wew,)  wl(wWZ +wewy)  30Lpn
2 N (Wb + wc)z (Wc + Wa)z (Wa + Wb)z - 2

n (2 n(.,2
neN— {1’ 2, 3} and then, Wq (wu + Wch) Wy (Wb + WcWa)

( Wy + wc)z (Wc + Wa)z
+w{:‘(w§ + Wowp) Z ( )2 N wi1
W, WLW,. _—
(wg + wy)? Wi, + W, a*™b e s (W, + w)?
Chebyshev, v1a (1)
and

) 1 ! 2
> —
- 3 z“’“ Z(Wb+wc)
cyc
Repeated Chebyshev
and 2
13 Radon W,
Swt (YL ) e
(wp, + w)? 3.3.3n-1 4 Wh + w,
cyc cyc cyc
n-1
9r3 27 Nesbitt
MELAR ) SR R
n—2 a 2 an+l-”
3 cyc 4 (Z cyc Wa) 3 4 cyc
n-3
3°r? vie3) 19 3513
2 2n-6 .n-3
+43n_2. ZW,, > 3n+1.1.3 "t — 13z 3en=6 M
' cyc
3t pn 3‘“r1 zw}}(wﬁ + wpw,) - 3n+l pn
4 (wp +wW )2 — 2
~ combining all cases inany AABCand vV n € N,
wi(wZ +wyw,) Wi (wg +wew,) wi(wZ +wgwg) 301 pn
(Wb + Wc)z (Wc + Wa)z (Wa + Wb)z N 2 '
" =""iff A ABC is equilateral (QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have:
w, (W2 +wyw,) w," w, 1
i I; = - > (Wq —wp)(wg —we) + —2  (and analogs)
(wb + wc) (wb + Wc) Wp + Wc
WLOG, we may assume thatw, > w;, > w,.
w," wp" w,"
We have 7 2 7 = 7
(wb + wc) (Wc + wa) (wa + wb)
then by the Generalized Schur inequality, we have
w,"
—w,—wy)w, —w,) = 0.
z (Wb +Wc)2( a b)( a C)
cyc
Therefore
Z wa"(waz + wac) Z n+1 Holder (Wa + Wp + Wc)n+1 = (ha + hb + hc)z
(wy, + w,)? wp + w, = 3L 2(w, +wy +w,) 6
cyc cyc
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2

AMZAM 4 9 (9r)2  27r2
> —_ — = = :
= 6|1 1T 1 6 2

ha hb hc

as desired. Equality holds if and only if AABC is equilateral.
1425. In any AABCand V m,n € Nsuch that: n>m — 2,

the following relationship holds :

r*(r? + ryr.) r{,‘(rg + rcra) r*(r2 +r,ry) - 3n-—m+3 pn-m+2
(rp + ro)™m (re+ry)m (rg +rp)™ 2m-1

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India
x3 +xyz (#) 3
(y+2z)3 = 4

Chebyshev
and

X% +xyz z x3 N Z 14 Radon
G+23 L+z3 TV Ly+3 ©
cyc cyc cyc
4

1 z x z x? N 81xyz Nesbitt 13 x
2 2 3 = g9 242 2,2 2
3 y+z cyc(y+z) B(chcx) 32 x%y? + x?z% + 2x%yz

cyc cyc

We shall first prove that Vv x,y,z > 0, z
cyc

81xyz Berg;trom (chc xz)z N 81xyz ; E
8(Teyex) 4(Deye 2y + xy2¥cycX)  §(Teyex)’ 4
2
o (chcxz) n 81xyz ;

ZCyC x2y2 + xyz chcx Z(chc x)3 (f)

Assigningy+z=Xz+x=Y,x+y=Z=>X+Y-Z=22>0Y+Z—-X=2x
>0andZ+X-Y=2y>0=2X+Y>ZY+ZI>XZ+X>Y=>XY,Z
form sides of a triangle with semiperimeter, circumradius and inradius

= s,R,r(say)yieldingZZx:ZX: Zs:sz s— (1)

cyc cyc cyc
>x=s-Xy=s-Y,z=s—Z= xyz=r?s - (2) and also, such

substitutions = Z xy = Z(s -X)(s—-Y)=> Z xy = 4Rr +r? - (3) and

cyc cyc cyc
2
ia (1) and (3)
Zx2= Zx —Znyvm =" g2 _ 2(4Rr +12)
cyc cyc cyc
2
= Z x* =s? —8Rr — 2r? - (4) and also,z xty? = ny — 2xysz
cyc cyc cyc cyc
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ia (1),(2) and (3)
vietagan (4Rr + rz)z —2r%s.s = Z x?y? =r?((4R +1)? — 25%) > (5)

cyc

. (s2 — 8Rr — 2r2)’ 81r2s
+via (1),(2), ), 5), (m) < r2((4R + )2 — 2s2) + r2s.s TSR

& 2s® — (32Rr + 2r?)s* + r?s?(32R? + 16Rr — 79r?)

3 Gerretsen

(mm)
+r*(1296R? + 648Rr + 81r?) > 0and ~ 2(s* — 16Rr + 5r2)
. in order to prove (mm), it suffices to prove : LHS of (m l)
> 2(s? — 16Rr + 5r2)° & (64Rr — 32r2)s* — r2s2(1504R% — 976Rr + 229r2)
(mmm)
+r3(8192R3% — 6384R’r + 3048Rr?> — 169r®) > 0and

2 Gerretsen

» (64Rr — 32r?)(s? — 16Rr + 5r?) 0, - in order to prove (mmm),
it suffices to prove : LHS of (mmm) > (64Rr —32r%)(s? — 16Rr + 5r2)2
& (544R? — 688Rr + 91r?)s? > r(8192R® — 12048R?r + 3672Rr? — 631r?)

R
& 64t —210t% + 153t +22 >0 (t = ;) e (t—2)((t—2)(64t+ 46) + 81)

Euler

>0->true~t = 2= (mmum) = (mm) = (m)is true
x3+ xyz 3
— 3= v x,y,z>0
(y +12)
r2 + nyr, 2 (r? + r.r, r*(r2 + r,n
n—m=—2andthen: (a bc)+b(b ca)+c(c ab)
(rb + rc)m (rc + ra)m (ra + rb)m
- 3n—m+3.rn—m+2 z r&n—z(r‘% + rbrc) (;) 3
= 4 =
2m-1 (rp + ro)m 2m-1
cyc
-2
rs + rpr.
Nown—-m=-2=>m—-2=n=21=->m-3>20- z (a bc)
(rb + rc)m
3 Z ( I, >m—3 ra + IpTp I, Chebishev Z ( I, )m—3 l',:;’ + Iy,
B I, + I \ (rp +1)3 - n, + I (l‘b + l'c)3
cyc cyc
I, m-3 Iy m-3 I,
/ ~ WLOG assuminga >b>c=> ( ) = ( ) ( \
I, + I r.+r, r, + rb
I 3 l h 1 1 I
r+rrr2r + 1,11, > 13 + r,n,r. alongwit =
a'bic b a'bic [ a'blc g (b+rc)3 (l‘c+l'a) (l'a+l'b)3
I3+ Ialple TP + Tlple | I3 + Iprpre
= > =
(rb + rc)s (rc + ra)3 (ra + rb)3
Repeated Chebyshev
and m-3
via (#) 1 1 Z I, 3 Nesbitt 1 3m™3 3
—. . = = . =
- 3 3m-4 Iy + I 4 4 .3m-4"2m-3  2m-1

cyc

(2 +rr) n(d+rerg) rl(rZ +ren,) - 3n-m+3 pn-m+2

= (*) is true . =
() (rp + ro)m (re + rp)m (rg + o)™ 2m-1
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[Case 2]n — m = —1 and then : ra(rd +rore)  ro(rp + rera) | r8(ré + ram)

(rp + ry)™ (re +rp)™ (rg + )™
- 3n-m+3 pn-m+2 Z ™ 1(r? + rpr.) (Z) 9r
&
=T gm1 M +rom = 2w

m
~1( 2 m —a
g (rg + npre) A-G g /TpTe (r + r) Holder
Now,z ( ) > 2 = Zzb—c >

(rp + ro)m - — (rp + )™

Nesbitt

Z m and
cyc Ty -|- I, CBS

.3m—2 Z 1 = 3m-2"° Zm
L e \[chc \[chc

= (x*) is true

bTc
. rg(rg + rbrc) Iy (rb + rcra) I'c (rc + rarb) 3n- m+3_ rn—m+2
o rm T GerEm T Gangm > e
2
[Case3]n - m = 0 and then : e +1o1e) | (0 + reta) | rE(eE + rary)
M +1)™ e t1d™ (g +1p)"
- 3n-m+3 n-m+2 r&l(r‘% + rbrc) (+) 272
= =Y >
2m-1 (rb + rc)n 2n-1
cyc
Talla + Iple) AZG gt /rpre G-H r. \1 1 \ Chebyshev
Now, z a( a an) > 2 nc > 4rarbrcz (( a ) ' ) 4
(rb + rC) p (rb + rC) e rb + rC rb + rc
Repeated Chebyshev
and n
4rs? Z( I, )n z 1 Berg;trom 4rs? Z r, 9
3 Iy + I Iy + I - 3.3n-1° ntr | Z@R+D)
cyc cyc T

Nesbitt 2rsZ2 3" 9 2 27r2
> . =
3n ‘2n°4R+r 201
Gerretsen Euler
'S > 3r(4R+r)+4r(R—2r) > 3r(4R+r)
(2 +nr) (g +rerg) rd(rZ +rer,) 303 pnomi2

?
& s?2 > 3r(4R +r) - true

= (xx) is true -

(rb + rc)m (rc + ra)m (ra + rb)m - 2m—1
R +rpr.) rp(d +rer,) rd(r? +ren,)
[Case 4|n — m > 1 and then : + +
( Iy + rc)m (rc + ra)m (ra + rb)m

AG, 2+t /e G- >,
> ————— > 4Nl Z
o (1 + 1™ (r +1. )m+1

r m+1 Chebyshev 41‘S r m+1
e (e e S [P
Iy + I 3 I, + I

cyc cyc cyc
m+1 n-m-1 NZSI::;“
2
Repeated Chebyshev 4yg I, 1 Euler
> . —— r, >
3.3m I, + I 3n-m-
cyc cyc
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4rs? 3m+l 1 Mitrinovic 33, 3, rn-m-1 1

n-m-—1 2n-2m-2
(91‘) = 2m-1 ‘2n-m-2° 3

3m+l1’'2m+1°3n-m-2"
—m+3 —m+2 2 n(,.2 2
| 3nomEs phmmes r,i‘(ra +Ipr) I (rb + rcra) rc“(rc + rarb)

B 2““1+2 T (p )™ (re + )™ (ry + rp)™
3n—m . rn—m

~ combining all cases,in any AABCand V m,n € N

2
r},‘(r,f + rbrc) rl‘,‘(rb + rcra) rc“(rc2 + rarb)
(rp + )™ (re+ry)m (rg + )™

= Zm—l

suchthat : n>m - 2,

3n—m+3 rn—m+2

> o1 /' =""iff A ABC is equilateral (QED)

1426.
In any A ABC, the following relationships hold :

% z g Z\/i '4r? Z m,, 2 er(g“J’h“)>Z““

cyc cyc cyc cyc cyc
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Tapas Das-India

nZ=s(s—a)+

stb—c)? , s[la*—(b-c)?]
2P TY 2
a a

_ _ 512
_ SZ _ 4s(s—b)(s—c) _ Sz _ 4s-sr _ 52 _ Zraha (1)

a a(s—a)

also 2r,(n, + hy) <12+ n% + 2rh, = r2 + s* (using (1))

(AM-GM)
A s2 s-bc T
=sz(tan25+1>= i= =-2.2Rh,
coszi s—a r

h n R
na+haSR-7“orh—“S;—1

a

“n, < (—— 1) « (analog)

R
.-.Znas(;—1>(ha+hb+hc)
R R R
—. > . > =—
= ) Oa+h) 25> (ha+h) (Ta=h)==) hy

We need to show

R R R R

“Nhe = (3-1) (hg+ by +h)orZ(Nhy) — (F—1) 2 he 2 0
or) h, = 0 (True)
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1) \f \[ x a) \[ \[ 2= \/i ﬁ Euler \[ﬁ
oy o

(AM-GM)

Note \/% > 3 (AM-GM)

%ZJEZZJE

_ abtbctca _s +r2+4Rr Gerretse" 4R2+8Rr+4r (R+r)2 Eu’er 9R2 __9R

Note: - + + =ar
Z a_ 3 wa 3R 9R? Euler 9R? 3R
wp wb 2r 2r 2R 4z

Note:

x—:g\/(Zwﬁ)(Z%)S\/Z(s(s—a))zh%S 421:;:2

Leibnitz |s?2-9R2 3R
< =
9ris? 2r

We need to show

R? m, 3R 3R
— —2]>=—or —2 X3 >
4r my 2r 4r 2r

[Note:\/7>3](AM GM)or > B

4r2 — 2r

R = 21 (True) Euler

()
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Solution 2 by Soumava Chakraborty-Kolkata-India

a
z\/&A;GZB+1_Za+b+c 1N"cA62s s +4Rr+1% 3
b ~ 2 2b 24.b = 2 4Rrs 2
cyc cyc cyc cyc
13R 3R+ 3r ? s? + 4Rr +r? 5 21y
< = = < s“ 4+ 4Rr +r“ < 6R* 4+ 6Rr
Zr 2r 4Rr ,
& (s? —4R? —4Rr - 3r?) —2(R+1r)(R— 2r) < 0 - true via Gerretsen and
Eul z f 3R A- G R z
wier =2r = “|2r
cyc cyc cyc cyc
Wa
Wq A- G + W +wy+w, 1w, AZG YicycWa 1 3
Wb 2 Wy - 2 ' W, 2
cyc cyc cyc cyc cyc
chcma 1 3Bager4R+r 3 ? 3R? 3R%2+6r2? 4R+r
< ——= < —=< < =
2 h, 2 2r 27 4r? 4r2 2r
cyc
? ?
< 3R?—-8Rr+4r2>0< (3R-2r)(R-— Zr) > 0 - true via Euler
Wa _ 3R? a6 R* R? m, m, Wa
W 4r2 = 4r2? my, 4r2 W,
CYC cyc cyc

cyc
Now, Stewart's theorem = b? (s —c) +c%(s— b) ana +a(s—b)(s—c)

and b%(s — b) + c%(s —c) s ag?+ a(s—b)(s—c) and (m) + (n) =
(b% 4+ c?)(2s —b—c) = an? + ag? + 2a(s — b)(s — ¢) = 2a(b? + ¢?)
=2am(+ g% +a(@a+b-c)(c+a—b)=2(b?+c?)
=2(n,21+g,21)+az—(b—c)z:>2(b2+c2)—az+(b—c)2
=2(n%2 +g2%) = 4m? + (b — ¢)? = 2(n? +g‘2,) = (b—c)?+4s(s—a) + (b —c)?

1)
—Z(na+ga):>na+ga =(b-0c)?+2s(s—a)
nZ + g2 via) (b —c)? + 2s(s — a)

n, 2n,h, 2n,g, A-G
ow, 3" e — 5" 2neh 20y 120+ g v
ow, bc bc bc
cyc cyc cyc cyc
= TR Z (a(b2 +c? - 2bc)) + ZSZ(a(s - a))
cyc

cyc

(Zs(s + 4Rr +r?) — 36Rrs+25(25 —2(s? —4Rr—r2)))

~ 4Rrs
s? — 6Rr + 3r? 2 g 2 2
= R :ZanaSs — 6Rr + 3r <2R.Zha=s +4Rr+r
r cyc cyc
?
S 9Rr+r(R—2r) >0 - ZrZ n, < 2R.Zha < RZ(ga +h,)

cyc cyc cyc
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+3e Y (gat 1) > Y na (QED)

cyc cyc

1427. Let AA’'B'C’ be the circumcevian triangle of incenter in acute AABC

with 7’ - inradii. Prove that:

E

1
r > [A'B'C) = [Halpl]

&

3

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Tapas Das-India

A

AN

N

E

B

Al = rcsc g. From AANI: IN = perpendicular from I on AB = r (in-radius)

Again £BIE = +BAI + £ABI = £CAE + 2IBC = £CBE + 2IBC = £EBI

A
~IE =EB = 2R Sini

~IE=2R sing (analog)
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From AIA'B’

B A
¢2AA'B' = LABB' = 2 2BB'A’ = £tBAA' = 2

A+ B
tA'IB' = — (—)
2
From AA'IB’
. A
A'B’ Al A'B’ 2R siny 2R
= = = =
sin £A'IB’ . A . A+B . A
smf sin (Tl' - T) smi
A+ B Cc
A'B’ = 2R sin = 2R cosi
(analog)
1 . 1 Cc A A+C
[A'B'C'] = EB,C, -A'B’ -sin2A'B'C’ = EZR cos - 2R cos - sin—

[A'B'C'] = 2R? cosg : cosg . cosg (1)
Now [A'B'C'] = r's’ (s’ = semi—- perimeter of AA'B'C’)

2 a_r ( A B E)
or2R l—[cosz—ZZR cos + cos— + cos

, ZRHcosg
" oA+ cosB + cosC
oS5 + COS 5 + COS 5
s
oo R AR _ s
3v3  3V3
2
Note
A B C
A+ B+ C<3 7"’7"’7 ]ewgen (1‘[)_3\/§
€O + oS + cos 5 < 3 cos 3 = cos() =—
f(x)=cosx - f'(x) = —sinx, f"(x) = —cosx <0, .. fisconcave
2" part:
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Since AABC is orthic triangle of Al I, I then
A . A : A
BC=a=1,1,-cos (90° - E) =1Ipl, smi, a=2RsinA =1,1, smE
2R2 - sin%cos% = I,l, sing, I 1. = 4R cosg (analog)

[III]—14-R B4-R Csi (90° A)—BR2 4 B ¢
alplel =5 cos- 4R cos sin )= €OS - COS - COS

A B C
'R '] = 2 _ —_ —
[A'B'C'] = 2R €0S - COS - COS

(From (1)) = [A'B'C'] = { [I],1.]

1428. In AABC the following relationship holds:

w R3 w
Z 24 >8+ ) —
154 r W,
Proposed by Marin Chirciu — Romania

Solution by Tapas Das — India

wp < zw/s(s—b) < z,/s(s— b)
w, w h

CBS 2 a? Lelbnltz s |9R2 3R
< (z s(s — b)
h2 " 4r2s2 42

-~ 8 Z—s— 8
+ ZT+

Note: ZW—” > 3 (AM-GM)
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We need to show

R3 _ 3R R3
3+r—32;+8 =

>> 45
orx32§x+5 (——x>2)
or2x3-3x—-10=>0
2x3 —4x®> +4x*—8x+5x—10=>0
or2x?(x —2)+4x(x—2)+5(x—-2)>0
(x—2)(2x2+4x+5) >0 (True)

asx = 2.

1429. Prove that:

4S\/R(R + 2r,)

LoLp =

(a+c)(b+c)
A

L,

Proposed by Aissa Hiyab-Morocco
Solution by Tapas Das-India

53 RMM-GEOMETRY MARATHON 1401-1500



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
BL, ¢

CL, b

L2 = a’b? N a’b?
TR T (b 4+ 0)2 7 (c+ a)?
B a’b? N a’b? 5 a’b? a’ + b% —c?

“(b+0)? (c+a)? (b+c)(c+a) 2ab
B a’b?(c + a)? + a’?b*(b + ¢)?> — ab(b + ¢)(c + a)(a? + b? — ¢?)
B (b +¢)2(c+ a)?
B a’b?(c? + a® + 2ca + b? + ¢ + 2bc) — ab(bc + ab + ¢* + ac)(a? + b? — ¢?)
B (b +¢)2(c+ a)?

—2cosCCL,-CL,

__ a?b?(c?+a’+2ca+b%+c?+2bc)—-a?b?(a?+b?—c?)—ab(c?+ac+bc)(a?+b%-c?) (1)

(b+¢)2(c+a)?

Now, a’b?(c? + a? + b? + ¢* + 2ca + 2bc) — a?b?(a? + b? — ¢?) —
—ab(c? + ac + bc)(a? + b? — ¢?)
= a?b?[c* + 2(bc + ca + ¢?)] — (bc + ca + ¢*)(a® + b? — c*)ab
= a’b?*c? + (bc + ca + c¢?)(2a?b? — (a? + b? — c¢?)ab)

= a’b%*c? + 2sc- ab [2ab — (a? + b? — ¢?)]
= a?b?c? + 2sc - ab[c? — (a — b)?]

= a’b?*c? + 2sc-ab(c+a—b)(c—a+b)

= 16F%R? + 2s(4RF)(2s — 2b)(2s — 2a) = 16F*R? + 32sRF(s — b)(s — a)
= 16F?R? + —3?:2_'52 — 16F?R? + 327, - F2R
= 16F?R? + 32r.F*R = 16F*R(R + 2r,)

~ From (1) we get,

, 16F?’R(R+ 2r,) _4F/R(R +27,)
b = (b + ¢)2(c + a)?’ b= (b + ¢o)(c+ a)
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1430. In AABC the following relationship holds:

Z m, - 1613
mym.(my, +m,) ~ 3R>

Proposed by Marin Chirciu — Romania
Solution by Tapas Das — India

D G, 1 =
mym, (mb + mc) mymymc my, +m

- 1 (mg +my, + m.)* 1
~“mymym.2(m, + my + m,) 2mmym,

(ma + m, + mc)

Note:
R*h,h,h, R’ 8F°  R*F°  R°F?
8r3  8r3abc 13-4RF 4Rr3

Note:m, + m, + m, = 9r

momym, <

. Z m, - 1 (m. +m, +m) > 14R7r3 9
" Limymy(my, +m,) — 2mamym, e " T T M) =5 pspz T

Euler 142r)r3-9r 1 4Q2r)r3-9r
= = ==
2 R31"252 2 R31"2 . 27

Y
4_R
27
2< RZ)
(S—4

HERP 1613
= T XSRS 2 T 3RS

Note:

my+my,+m,>.s(s—a)+.s(s—b)+.s(s—c)
1 1

AM;M 3 (\/33 (s—a)(s—b)(s— (:))§ =3 (w/ s3. srz)§ = 3(321,)%

1
(s >27r?) >3Q7r* r)3 =9r

1431. Prove that in any triangle ABC with usual notations, x,y € R}, xy = 1,
holds the following inequalities:

i) (ax? + b + cy?)(ay? + b + cx?) > 45>
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ii) (ax + b+ cy)(ay + b + cx) > 4s?

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania
Solution by Tapas Das — India

i) (ax? + b + cy?)(ay? + b + cx?)

Cauchy—Schwarz

> (axy+b+cxy)? =(a+b+c)? (~xy=1)=(2s5)? = 45>
ii) (ax + b+ cy)(ay + b+ cx) > (a/xy + b + c\/x_y)2 (Cauchy - Schwarz)
=(a+ b+ c)? =(25)% = 4s?
v (xy =1)
1432. In AABC the following relationships holds:

() + ()
2

> (2 s(s — a))3

Proposed by Marin Chirciu — Romania

Solution by Tapas Das — India

b+c
Note: m, > -, ¢os

A
2

2bc A
Ye=p+c2
. _b+c A 2bc A A s(s—a)_
LMW, = > cosi-b_l_c-cosi—bccos E—bc be =s(s—a)

= N (Jma)" (Jw_a)3|2 = (Jme w2)' = (sG-@)

1433. In AABC the following relationship holds:

l(\/ﬁa)s + (\/w_a)sl2 AM-GM
2

4r*(5r — 1) < z ro 1A% < 41r(R + 1)?

Proposed by Marin Chirciu — Romania
Solution by Tapas Das — India

A A
Z r % = Z r r? csc? 5= z r.r? (1 + cot? E)
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s? r’s? r’s?
<Xt ()= T+ (57) = D L o
= 1?2 Zra + er(s —a)=1*(4R+ 1)+ (352 — 25> )r =r%(4R + 1) + s*r
Gerretsen's
< r2(4R + 1) + (4R? + 4RT + 31¥)1r
=1(4R?> + 4Rr + 31> + 4Rr + 1?) = 4r(R +1)?

Gerretsen's
Again, Y 1, - IA> = r*(4R + 1) + s*r > r2(4R + 1) + r(16RT — 51%)

=7r[4Rr + r? + 16Rr — 57*] = r[20Rr — 41r*] = 4r*(5R — 1)
1434. In AABC the following relationship holds:

n
Y= ) men
a — — | ,n
- 3 b2

Proposed by Marin Chirciu — Romania
Solution by Tapas Das — India

Oppenheim, Vx,y,z > 0in AABC

a’x + b%*y + ¢*z > 4F /xy + yz + zx
2 2

L _b _c2 _a
etx—;,y—b—Z,Z—c—Z

a2 b2 L2 =g 4 B2 .4 2. T T el
~a‘+b*+c*=a a2+b +c = 4F P b2+b2 c2+c2 2

b? c? a? b2 ¢2 % a? a? b?
b? c2

¢z a2 b2

:4-F ;+b—2+a (1)

c8s 3(a* + b* + c®)"
-~ an + bp3n + cin = (aZ)n + (bZ)n + (CZ)n > ( 3n )

n
4F ’az bz 2 .
? b_z + c_z + ;] (Usmg (1))

1435. In acute AABC the following relationship holds:

+ sec
2R? (1 A)? 2R
Y < (32 _4)
r tan? A r

>3

2

Proposed by Marin Chirciu — Romania
Solution by Tapas Das — India

1%t part:
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(1 + secA)? 3 (1 + sec A)? Zl+secA 1+ cosA A

= = cot—
tanz A (sec2A-1)

secA—l= 1—cosA= 2

B _ 2r* 4 8Rr

A 1 Y. tan? %tan2 5 1 2

E cot? — = E = =
2 2 A 2 A 1"2
tan?> [ tan 5 —

s2 — 2r% — 8Rr Gerretsen's 4R* — 4Rr + 1r? 2R
r2 r? r

2" part:

A B
(1+secA)2_z A Z 1 _Ztanzi-tanzi_SZ_z,ﬂz_gRr

cot? —=
tanZ A 2

A A r2
2 2
tan® 3 []tan >

(Walker's)
since triangle is acute 2 R2 + 8Rr + 31% — 2r%2 — 8Rr 2R?
> =

+1

r? r?
1436. In any acute triangle ABC holds :
mg,VcotA + myvcotB + m.VcotC > 6r,

where m,, m;,, m. are the medians and r is the inradius of the triangle.
Proposed by Vasile Mircea Popa-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG, we may assume thata < b < c.

We have m, > m;, > m, and VcotA > vcot B > Vcot C,
then by Chebyshev’s inequality, we get

1
mgVcot A + myvcot B + m.\VcotC > §(ma +m, + m.)(Vcot A + Vcot B + Vcot C).

Since m, > h, (and analogs) and

1 1 1 1
— + —+ — = —, then by using AM — HM inequality, we have
h, h, h, r
9
ma+mb+mc2ha+hb+hc2ﬁ=9r.
h, "h, TR,

Now,letx := cotA,y := cotB,z = cotC.
Wehavex >y >2z>0,xy+yz+ zx = 1 and by using
AM — GM inequality, we obtain

4
(\/}+(\/2;+\/E)> 2(\/E(\/;+\/E))2=xy+2x\/ﬁ+zx>xy+yz+zx=1,
then vcot4 + Veot B + Veot € = Vx + [y +Vz > 2.
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Therefore

1
mg,VcotA + myVcot B + m.VcotC > §.9r. 2 =6r.

1437. O — the circumcenter of AABC lies on the incircle of AABC. Prove that:

A-B B-C C—-A

8V2 + cos > cosS 2 CcoS > > 12

Proposed by Daniel Sitaru — Romania

Solution by Tapas Das — India

B-¢c_ B C . B_C
€OS —— = €0S - OS5 + sin sin
A s(s—a) A (s—b)(s—o0)

oS3 = bc ' St = bc

Using Ravi’s transformation
a=y+zb=z+xc=x+y

B—C 2r
Now we need to show cos - = 3

Now the inequality is equivalenttowiths =x+y + z

B—C_\/(s—b)(s—c)_l_\/(s—a)(s—c).(s—b)(s—a)

cos
2 ac-ab ac ab

This is equivalent to: (2x +y + z)? > 8x(y + z)
This is true using AM-GM

B-C 2r
>

2 —|R

<~ COS

B-C A-B C—A4_ 2r |2r

. . >_
CcoSs CoSs 2 =R R

Now incircle passes through circumcentre

~0l=r=+R2—-2Rr=r71
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2
(%) +2(%)—1=0
—2+vV4+
.-.%=—2 -1_(\/— 1) (%>0)

We need to show

8x/i+1‘[cos$> 120r8\/§+%r\/%>12

or8vVZ+2(vV2-1) [2(vV2-1)>120r4v2+ (V2 -1) [2(V2-1) > 6

ord+(V2—-1)Yyv2-1>3v2or(4-3v2)>-(V2-1)VV2 -1
or16+18—24vZ > (VZ—1)"(VZ—1) or34 — 24VZ > 32— 7+ 2v2Z
or41 > 29v2 True.

1—[ A—B (a+b)(b+c)(c+a)
cos =
2 abc
(a+b+c)(ab+bc+ca)—abc T s + 12+ 2Rr
abc ‘4R~ 8R?

When incircle passes through circumcircle
r 2 r
OI=r=VRZ-2Rr=ror(5) +2(5)-1=0
R R
=v2-1

-2+V4+4 | r
2 R

(7>0)

We need to show:

r
or— =
R

s2+ 12+ 2Rr
8v2 > 12
V2 + e

27r% 412 +2Rr

or8v2 + > 12 (Mitrinovic)
2 _ 2 2
or8\/_+27(ﬁ 1) ‘R%+(V2 1) R*+2R*(v2-1)

o > 12

(usingg =+2-1)
or 642 +28(vZ — 1) + 2(VZ — 1) > 96 or 64vZ + 28(3 — 2v2) + 2vZ — 2 > 96
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or64v2 + 84 —56V2 +2vV2—2>960r10V2 + 82 > 96 or 10vV2 > 14

or (10\/E)Z > (14)% or 250 > 196 (True)

B-C_ ha
cos—— = v (analog)
We show that

B-C . A hqghph r
- > = a0 ¢ >9. >
[[cos = 2 8]]sin 2O e, > 8 o Rh hyh, = 2r(w,wpw,)

(2F)3
abc

orR- > 2r/s(s — a)/s(s — b)/s(s — ¢) or 8F3R > 2r%s% - 4Rrs

or 8r3s3R > 8r3s3R  (True)
ncosB_ ¢ > BHSinéz 2 I
2 2 R
=2(vV2-1)

Now, incircle passes through circumcircle

2

~0I=r=>RE-2Rr=r=(3) +2(x)-1=0

R R
r —-2++vV4+4 r
.'.—:—.'.—:\/2—1
R 2 R
r
(§>°)

We need to show
8\/f+l—[cos%> 120r8vV2+2(V2-1)> 12

or 10v2 > 14 or 250 > 196 (True)
1438. In any A ABC and V n € N, the following relationship holds :

m2+mym, m2+mm, m?+m,m, 1 (2)“‘1
R

mg(mb + mc) mg(mc + ma) mg(ma + mb) B 3n—2 .

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

2 -
m, Dcyc Mg 4R+r
cyc 2 cyc

1 Bergstrom 9 Leuenberger 9 Euler 9 1 O 2
9R m, R
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mﬁ + mpm, mlz, +m.m, m% + m,my

Case 1{n = 1 and then :
mg(mb + mc) mg(mc + ma) mg(ma + mb)

m, mym, Nesbitt 3 3 1 2\"?
= + > —-+-=3= Pl e
my + m, m,my + mgm, 2 2 3n R
cyc cyc
m,zl + mpym, mf, +mcmg, m% + m,my

[Case 2|n € N — {1} and then :

mji(m, + m.) mp(m.+m,) m(m,+ my)
1 \"2 1 1\ 2 1\"
(m_) (m_) Holder (ZCYC m_) (Z cyc m_)
S “
cyc my, +m, cyc Do L0 3Ex 24 chc Ma  3n-2,2« D =1
mym,¢ ye mg

n

via (i) . 1
d n n—
Leuenbe‘rl;er + Euler (%) (%) n-2 n-2
> = +
= g4, 9 4 9_R 3n-2 4 2 3n-2 4 Rn-1 3n-2 4 Rn-1
2

1 2 n—-1
=3z <§> and combining both cases,in any AABCand V n € N,

mZ+mym, m+mm, m?+m,m,
mg(mb + mc) mg(mc + ma) m::l(ma + mb)

1 2 n—-1
> Fnz- (E) /' =""iff A ABCis equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG, we may assume that m, > m;, > m,.

Since
1 1 1

< < .
m,"(my, + m,) — my"(m,+m,) ~ m,*(m, + my,)

then by the Generalized Schur inequality, we have

maz +mym, Z ((ma - mb)(ma - mc) 1 ) > 1

man(mb + mc) B man(mb + mc) Tnan—1 Tn-an_1
yc cyc cyc
Ht‘)i‘:ier 3n Goténan 3n 1 <2>n—1
(mg +my, + m)n~t (9R n1 7 3n-2'\R
)

as desired. Equality holds iff AABC is equilateral.
1439. In any A ABC, the following relationship holds :

m2+mym, m+mm, m?+m,m, 16
mi(mp + m)  m3(m,+m,) mi(m,+m,) 27R?

Proposed by Zaza Mzhavanadze-Georgia
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Solution 1 by Soumava Chakraborty-Kolkata-India

mﬁ + mpym, mlz, + m.m, m% + m,my

mtsl(mb + mc) mts,(mc + ma) mg (ma + mb)
5

@) @) e o) | (Cocm)

my, + mg 6chcmu 27 %2 chcmi
a

cyc cyc mpm,
(soom)(soom)
Berg;trom chc mg, chc mg, Leuen>berger 729 4 729 x 9
S 54 ~ 6(4R+n)* 54(4R+n)*
Euler 729 % 2% 729 %9 x 24 16 , . . .
> 57729 ORE + S1:729:9R: - 27RE’ = iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality, we have
rn'a2 +mym, 2‘rn'a mym,

mas(mb + mc) N mas(mb + mc)
cyc cyc

- masmbsmcs(ma + mb)(mb + mc)(mc + ma)
_ 6

mambmci/(ma + mb)(mb + mc) (mc + ma)
. 6 _ 243
- (ma +my + mc)3 (m, +mp) + (my + my) + (m,+m,) (mg, +my, +m)*

3 ' 3
Leuen:erger 243 E,éer 243 ~ 16
(4R+1)* = ,9R\* 27R¥
(Z)

as desired. Equality holds iff AABC is equilateral.
1440. In any A ABC, the following relationship holds :

wa(wlf + wcz) N wp, (W2 + w?) N wc(wg + wﬁ) - or

w2 + wpw, WE + WW, w2 + w,wy,

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

Firstly, we shall prove thatV x,y,z > 0, 1_[(yZ +1z2) > n(xz +yz)

cyc cyc
(0]
PR Z xty? + Z xtyt > xyzz x3 + Z x3y3
cyc cyc cyc cyc
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4.2 4.2 4.2 2,4 A_
LHS of (i) = Z%+Zw[\262x4yz+2x3y3

cyc cyc cyc cyc

1 Z4g2
= xyzzx3 +Zx3y3 = (i) is true -~ V x,y,z > O,M> )

>1-(1)
l_[cyc(x2 +yz)
cyc cyc
2 2
W (Wi +w2)  wy(wZ+wZ)  we(wZ+w))ac
Now, > + 2 +— =
Wi + Wp W, wy + wew, W¢ + WowWy

3 [eye(WE + w2) vie® . 3|2r2g2
3 |w,wpW,. > 3.3/w,wyw, > 3.3/hhyh, = 3.
\/ aVWbWc Hcyc(wz% + wac) \/ aVWbWc \/ allbtc R

Gerretsen 3 3\/r2. (27Rr + 5r(R— Zr)) Elger 3 3|r2,27Rr

>

= 9r .. in any A ABC,

R - R
2 2 2 2 2 4 w2
Wa(wb + Wc) Wb(wc + Wa) Wc(wa + Wb) > 9r
w2 + wpw, WE + wew, w2 +w,wy,

" =""iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have
CBS AM—-GM
w,(wp? + w.?) & w,(wp? +w,?) ST w,(wp? +w,.2)
2 = § > | |
cyc Wa + Wch cyc \/(waz + sz)(waz + wcz) cyc \/(Waz + sz)(waz + wcz)

Wq 2 hg (and analogs) GM—-HM

= 33/w,ww, > 33/h hyh, =

as desired. Equality holds iff AABC is equilateral.

—9 =9
T i 1 "
ha hb hc

1441. In any A ABC, the following relationship holds :

z m, 4

- 2
Simy, (S(mﬁ +m?) + my(6my, + 11mc)) 81R

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India
X

vxyz> O,Z > 5
T y(5(x2 +y2) + x(6y + 112))

x2 Bergstrom
B Z 5x3y + 5xy3 + 6x2y2 + 11x.xyz
cyc
2
(chc x) ; 1

Schc x3y + 5chc xy3 + 6chc nyZ + llxyZECny B (ZCYCX)Z
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4
?
o Zx 252 xy sz—zz +6Zx2y2+11xyz2x

cyc cyc cyc cyc cyc
4
?
& Zx >5 ny sz +6Zx2y2+6xyz2x
cyc ) cyc cyc cyc cyc

Assigningy+z=Xz+x=Y,x+y=2Z=>X+Y-Z=2z>0,Y+Z—-X=2x
>0andZ+X-Y=2y>0=2X4+Y>ZY+Z>X,Z+X>Y=>XY,Z form
sides of a triangle with semiperimeter, circumradius and inradius = s,R, r (say)

yielding22x=zx=Zs=>2x:s—>(1)=>x:s—x,y=s—Y,

cyc cyc cyc

z = s — Z and such substitutions = z xy = Z(s -X)(s—-Y)
cyc cyc
2
ia (1) and (2)

:ny= 4Rr +r? - (2) and sz = Zx —szyvm ="

cyc cyc cyc cyc

s’ —2(4Rr +r?) > z x?2 =s2 —8Rr—2r? - (3) and also,z x%y?
cyc cyc
2
ia (1) and (2)

= ny — 2xyz Zx e ) e H(S—X) .S

cyc cyc cyc

= (4Rr + rz)z —2r’s.s > szyz =r2((4R +1)? — 2s2) - (4)
cyc

~via (1),(2),(3), (@), (x) & s* > 5(4Rr + r?)(s? — 8Rr — 2r?)

+6r2((4R+1)? —25%) + 6 H(s -X) |s
cyc
= 5(4Rr + r?)(s? — 8Rr — 2r?) + 6r2((4R + r)? — 252) + 6r?s

2 Gerretsen

(**)
& s* — (20Rr—r?)s? + 4r’(4R+r1)? > Oand - (s* — 16Rr+ 5r%)" >
. in order to prove (xx), it suffices to prove : LHS of (x*) > (s2 —16Rr + 5r2)2

(ke

& (4R — 3r)s? z) r(64R? — 64Rr + 7r?)
Now, (4R — 3r)s? > (4R — 3r) (2R? + 10Rr — r? — 2(R - 2r) * VRZ — 2Rr)
> r(64R? — 64Rr + 7r?) & (4R — 3r)(2R? + 10Rr — r?) — r(64R? — 64Rr + 7r?)
> 2(4R — 3r)(R — 21) » V/RZ — 2Rr
& 2(R— 2r)(4R? — 7Rr + r2) = 2(4R — 3r)(R — 2r) »/RZ — 2Rr and
proving it will be done if we can prove : 4R? — 7Rr + r? > (4R — 3r)  /RZ — 2Rr
( R_2r > 0) & (4R% — 7Rr +12)” > (R? — 2Rr) (4R — 3r)?

& 4ARr3 + r* > 0 - true = (+*x) = (xx) = (%) is true

65 | RMM-GEOMETRY MARATHON 1401-1500



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
X 1

— .
oy y(5(x2 +y2) + x(6y + 112)) (chcx)z

cyc

m, 1
cyc my (S(mg + m%) + ma(6mb + 11mc)) (chc ma) 3 chc mg
4 Leibnitz 4

= >
9Yyca? —  81R?

~ in any A ABC,

ma
Z my (S(m,zl +m?) + m,(6m, + 11mc))

cyc

4
> 81R? /' =""iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let x,y,z > 0.By CBS inequality, we have

Z x - (x+y+2)?
£ y[5(x% +y?) + x(6y + 112)] ~ X xy[5(x% + y?) + x(6y + 112)]
(x +y + 2)?

- 3(chc xy)z + S(chc xy)(chc xZ) +3 chc nyZ
(x+y+2z)? 1

2 = .
2(Zeye xz)2 + 6(Zeye x¥) Zeye ¥2) + (Zeye xz)z 3(x2 + y2 + z2)

Then by using Leibniz’'s inequality, we get
ma

>
Z m,[5(my2 + my?) + my(6my, + 11m.)] ~ 3(my2% + my?2 + m,2)
cyc
B 4 - 4
"~ 9(a? + b% + ¢2) ~ 81R?
as desired. Equality holds iff AABC is equilateral.

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have
m
m, ; (Zoe J3n2)

Z mp[5(m,? + my2) + ma(6my, + 11m,)] — X [5(m,? + my?) + my(6m,, + 11m,)]
cyc
AM-GM 32

2

V3 &

9 4 Leibniz 4

> > = S —
10Ycm2 + 17 Yy empm, — 27 Y., cm2 9., a? 81R?

as desired. Equality holds iff AABC is equilateral.
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1442. In any A ABC, the following relationship holds :

r, 2\3
2, > (5z)
i, (6(rg + 1) + 10r,1, (r, + 1) + rr(19r, + 30rb)) 9R

Proposed by Zaza Mzhavanadze-Georgia

Solution 1 by Soumava Chakraborty-Kolkata-India
X

VXxvVyz> O,z
y y(6(x3 +y3) + 10xy(x + y) + xz(19x + 30y))

cyc

xZ Bergstrom
- ; 6xty + 6xy* + 10x3y2 + 10x2y3 + xyz(19x% + 30xy)
2
(chc x)

6 Yeye X4y + 6 Yeye Xy + 10 Xy X3y2 + 10 X oye x2y3 + xyz(19 Y ey x2 + 30 Xy xy)

el

cyc cyc cyc

+1OZ x%y? (Zx — z> + 19xyzz x* + 30xyzz xy

cyc cyc cyc cyc

() el (2 )

—10xyz (Z xy) + 19xyz z x*+ 30xyzz Xy

cyc cyc cyc

i (zxy) (z xs>+1o<2x> (zxzyz>+ 13xyz<zx2+z ng>

cyc cyc cyc cyc cyc cyc

ooy (z xy>

cyc

(2) £e(2) ) () ()

13y (z ) ey (Z xy>

cyc cyc

Assigningy+z=Xz+x=Y,x+y=2=>X+Y-Z=2z>0,Y+Z—-X=2x
>0andZ+X-Y=2y>0=>X+Y>ZY+Z>X,Z+X>Y=>XY,Z form
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sides of a triangle with semiperimeter, circumradius and inradius = s,R, r (say)

yielding22x=zx=2s=>2x:s—>(1)=>x=s—X,y=s—Y,

cyc cyc cyc
zZ = s — Z and such substitutions = Z xy = Z(s -X)(s—-Y)
cyc cyc
3
=>ny= 4Rr +r? - (2) and ng = Zx —31_[(y+z)
cyc cyc cyc cyc

ia (1)
eV §3 _3XYZ = s3 — 12Rrs = ng = s3 — 12Rrs — (3) and also,

cyc
2

ia (1) and (2)
Zx2y2= ny — 2xyz Zx nes" (4Rr+r2)2

cyc cyc cyc

-2 H(s —X) |.s = (4Rr + rz)2 —2ris.s = szyz =r%((4R + 1)% — 252)

cyc cyc

- (4) ~via (1),(2),(3),(4),(») © s = 6(4Rr + r?)(s® — 12Rrs)

+10sr?((4R +1)? — 25%) + 13 H(s —X) |s? — 6r?s(4Rr +r?)
cyc
& s* > 6(4Rr + r?)(s? — 12Rr) + 10r?((4R + r)? — 2s2) + 13sr2.s
—6r%(4Rr + r?) & s* — (24Rr — r?)s? + 4r%(32R* + 4Rr —r?) > 0
- 24Rr — r? +,/(24Rr — r2)2 — 16r2(32R? + 4Rr — r2)
- 2
, ) 24Rr — 1% + 1+ /64R? — 112Rr + 17r?

2
Rouche ?
Now,2s%2 > 2 (2R2 + 10Rr —r? —2(R—2r) */R% — 2Rr) > 24Rr —r?

+r */64R2 — 112Rr + 17r2

2

&S

&S

?
& [4R? — 4Rr — r? — 4(R —2r) *Y/R2 — 2Rr > 1 V64R% — 112Rr + 17r2
(k%)

= (4R? — 4Rr — r2)” — 16(R? — 2Rr)(R — 2r)?
=r(64R3 — 184R’r + 136Rr? + r?)
Euler
= (R—2r)(36R? + 28R(R — 2r) + 24r%) + 49r® > 49r3>0

> 4R?> —4Rr —r? > 4(R — 2r) *yYR%2 — 2Rr
= 4R% — 4Rr — 1% — 4(R— 2r) * yRZ — 2Rr > 0 > (+x) &

2
(4R? - 4Rr —r? — 4(R - 2r) + VRZ — 2Rr) > r?(64R% — 112Rr + 17r?)
& (4R? — 4Rr —1r2)” + 16(R? — 2Rr) (R — 2r)? — r2(64R? — 112Rr + 17r2)

> 8(R — 2r) * VR% — 2Rr * (4R? — 4Rr — r?)
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(R —2r)(4R® — 8R?*r + Rr? + r%) > (R — 2r) * VR2 — 2Rr * (4R? — 4Rr — r?)
Euler )

& 4R3 — 8R’r + Rr? + r® > /R — 2Rr * (4R? — 4Rr — r?) ( R-2r > 0
& (4R3 — 8R%r + Rr? + r3)” > (R? — 2Rr)(4R% — 4Rr —12)” & [rS(4R + 1) > 0]
> true = (**x) = (xx) > (x) istrue ~ Vx,y,z > 0,

1

=4

X

czyc y(6(x3 +y3) + 10xy(x +y) + xz(19x + 30y)) = (chcx)s

I, 1

= >
czyc I (6(rg +13) + 101,13, (rg + 1) + Tare (191, + 30rb)) (Zeye ra)3
1 Euler 1 2\3 v . . .
= @R+ D7 > (4R . 5)3 = (9_R) ;' =""iff A ABCis equilateral (QED)
2
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

CBS (chc \/::Z)Z

LHS S
Yeycl6(rg® +143) + 101,71, (ry + 1) + 1,7 (197, + 3071,)]
AM—-GM 32
S
T 12%yc 1o 10 Xy TP T + 29 Yoy ToTp? + 90T, 1y,

AM-GM
- 9

S
T 12Xy Tq® 29 Xy Tl p (g +1p) + 331,131
9
= 3
12(chc ra) — 7chc T, .chc rpr. — 18r,ryr,
9

" 12(4R +71)3 — 7(4R + 1)s? — 18s%
Gerretsen ?
: 9 : (7
~  12(4R+1r)3 — (28R + 25r)(16Rr — 512) — \9R
< 417R3 — 1024R%*r + 928Rr? — 109673 > 0
& (R—2r)(417R? — 190Rr + 54812) > 0
which is true by Euler’s inequality R > 2r. Equality holds iff AABC is equilateral.

3

1443. In any A ABC, the following relationship holds :
(rgwyp)®  (pwe)® (rew,)® _ (3)6 (81R® — 25601‘5)2
P +wd o ord+wiT \2 32r°
Proposed by Zaza Mzhavanadze-Georgia

rg + wp
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Solution by Soumava Chakraborty-Kolkata-India
2vbc > A6 Js(s—a)(s—b)(s—c) G_H

w“=b+c' s(s — < DI
rs(s—a)(s—b+s—c)_rsa(s—a)_a(s—a)
2(s—a)(s—b)(s—¢)  2r2 s  2r

a(s—a)

=>w) <s?(s— a)Z.T and analogs

2
s
:ZWESZ_ a(S—a)3=E.Za(s3—3s2a+3sa2—a3)

cyc cyc cyc

s2 [(s3(2s) — 6s%(s? — 4Rr — r?) + 6s?(s? — 6Rr — 3r?)
T 2r +16r%s% — 2 ((s2 + 4Rr + rz)2 - 16Rrsz)

2 Gerretsen

=— (4Rrs —2r?(4R +1)?)
2
%. (4Rr(4R2 + 4Rr + 3r%) — 2r2(4R +1)?)
(®
= ZWE < s%(8R3 — 8R?r — 2Rr? — r?)

cyc
2

a? LA 16R? sin gcoszg 4R2s* , A ,A
<E:ra < s*tan 7 ar = (tan E)(l—cos E)
4R%s* /A .\ ,A\  4R%*s*(rZ sin’A
= (tan —) <1+cos ——2cos —) = - — (1 —-cosA)
r 2 2 2 r S 4

— 1+ cos A) and analogs

o5 < 4R?s* ra L a?
Ta = 16R?
4R2 4R +1)% — 252 Y ca® r
:za_ ( )2 +=E -3 414
s 16R R
cyc
Leibnitz 4R?%s* (4R + l‘)z 9 r
< > + —+—
r S 16 R

2 Gerretsen

= Ri. (16R(4R + r)? — (55R — 161)s?)
2
(16R(4R +1)2 — (55R — 161)(16Rr — 5r2))

(i) R
= Z e < — (256R3 752R*r + 547Rr? — 80r?)
» 256R3 — 752R%r + 547Rr? — 80r3

Euler
= (R—2r)(136R? + 120R(R — 2r) + 67r%) + 54r® > 54r3 > 0and
Euler
8R3 — 8R’*r — 2Rr? —r® = (R— 2r)(8R? + 8Rr + 14r%) + 27r* > 27r3>0
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(I‘aWb)S (I‘ch)S (rcwa) A H 1
g 5 + 5 5 + wa + ra
g +wy )+ we

cyc cyc

via (i), (i) g2 RS2
< —(8R3 8R’r — 2Rr? —r3) + Tor (256R3 — 752R?r + 547Rr? — 80r3)

Mitrinovic 27R
—(BR3 8R’r — 2Rr? — r3)

— 2560r5)

32r>
4R2r(8R3 — 8R%r — 2Rr? — r3)
+R3(256R3 — 752R?r + 547Rr? — 80r?)
& 177147810 — 8192t° — 11174400t5 — 16480t* + 2816t3 + 128t>

? R
+176947200 = 0 (t = ;)

2 (3\°(81R®
— 752R?r + 547Rr? — 80r3) < (E) (

64r
?
& 27(81R5 — 2560r%)” > 32r4<

/ (t—2) =« \
1771478 + 708588t7 + 2125764t°
s (t—2) /|

V-

+5668704t° + 14163568t* + 22805056t3 0

+34549472t% + 46980480t + 49724160
+10974720

Euler (rawp)®  (pwe)®  (rew,)®
—truevt > 2=5——-+—< 57 5 5

ra + Wb l‘b + WC rc + Wa
3 (3>" (81RS5 — 2560r5)°
—\2 32r5

v AABC,' =" iff A ABCis equilateral (QED)

1444. Let ABC be an acute triangle and let H, I be the orthocenter,

incenter of AABC respectively and A;B;C;the orthic triangle. Then

HA, HB;.HC, HA.HB.HC _ RS
1A,.1B;.1C; ' IA.IB.IC ~ 3275

Proposed by Radu Diaconu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have HA = 2R cos A and HA; = 2R cos B cos C (and analogs), and since

AM M ' cos A + cos B + cos C ]e"se"
cosAcosBcosC < ( 3 )

HA.HB.HC = 8R3 cos A cos B cos C < R3 and
3

R
HA,.HB,.HC, = 8R3(cos Acos B cos C)? = —.

8
r r r r3
Also,we have IA.IB.IC = 7 — =7 = 4R712.
siny siny sing  zg
Now, since IA; > distance(I,(BC)) = r (and analogs), then IA;.IB;.IC; > 1°.

2 cos3n— 1 then
3 8’
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Therefore
R3
HA,.HB,.HC, HA.HB.HC .8 RP R
IA,.IB,.IC; ' IA.IB.IC ~— 13 4Rr? 32r%
Equality holds iff AABC is equilateral.
1345.

In any AABC and n,m € N such that n > m — 2 the following relationship holds :
ran(raz + rbrc) rbn(rbz + rcra) rcn(rcz + rarb) = 3n—m+3. rn—m+2
(rb + rc)m (rc + ra)m (ra + rb)m N 2m-1

Proposed by Zaza Mzhavanadze-Georgia
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have

"(r2+rr) r." r, ntl
b e & (rya—1p)(re— 1) + —2

(and analogs)

(rb + rc) (rb + rc)m (rb + rc)m_l
WLOG, we may assume thatr, > r, > r.. We have
" " r.,

> > ,
(rp+r)m (re+r )™ (rg+rp)™
then by the Generalized Schur inequality, we have

r n
Z m(ra —rp)(rg—71) = 0.
c
cyc

Therefore
Chebyshev
Z ran(raz + rbrc) z n+1 2 Z r ntl Z
(rp + 7)™ rp+romt = 3 “ (rp + Tc)m 1
cyc cyc
Hol>der 1 (ra +Tb +rc)n+1 3m (4R +.r)n -m+2
-3 3n 2m1(r, + 1y +r,)m-1 T Zntl-m gm-1
Ez’z.‘l_‘er (9)n—m+2 gn-—m+3 pn-m+2
- 3n+1—m_ 2m—1 = Zm—l

as desired. Equality holds if and only if AABC is equilateral.

1446. In any acute A ABC, the following identity occurs :

sin(ﬁ—C+z)ZAHcos(]§—C—z)—sin(ﬁ—C—E)ZAHCOS(E—C+E)

cyc cyc

_ (a? +b* +c* — 6R*) cos(B - C)
B R

Proposed by Radu Diaconu-Romania

72 RMM-GEOMETRY MARATHON 1401-1500



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Soumava Chakraborty-Kolkata-India

ZAHCOS(E—C—E =RZZCOSZ\COS(§—C—E)

cyc CYC

—RZ cosf& B-C—- +cos(A B+C+4))

cyc

=R (cos (- 2¢ )Hos(‘%‘—zﬁ))

cyc

_ 1 _ 1 __ 1 __
=R (——cosZC +—sin2C——cosZB——sinZB)
L\ V2 vz vz vz
R _ __ __ __
=— zsinZC—ZsinZB—ZcosZC—ZcosZB
V2
cyc cyc cyc cyc

_ - . T
= —R*\/E(Z cosZA) and sin(B—C+Z)

cyc

- %(cos(ﬁ —C) +sin(B-C))

= |sin (ﬁ -C+ g) z AH cos (E -C- g) Or (Z cos 27\) (—cos(B—C) —sin(B - ())

cyc

Also,ZAHcos(ﬁ—C ; RZZcosAcos(B C+4)

cyc cyc

o5 -a0) s (3 28

cyc

1 _ 1 _ 1 __ 1 .
=R (——cosZC——sin2C——cosZB+—sin2B)

L\ V2 vz vz vz
R __ _ _ .
=— —ZcosZC—ZsinZC—ZcosZB+Zsin2B
N3
cyc cyc cyc cyc

_ - . T
= —R*\/E(ZCOSZA) and - —sin(B—C—Z)

cyc

- i(cos(ﬁ ~ ) —sin(B - €))

—~ ~ = ~

~ |- sm B C- AH cos B C+ *— R (Z cos 27\) (sin(B - €) — cos(B - C))

cyc cyc
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= (%), (¥%) = sin (ﬁ — C+E)ZAH cos (ﬁ — C—z)

cyc

—sm ﬁ C- AH cos ﬁ C+ 4) = —2R|-1- 41_[cosﬁ cos(B - C)
cyc cyc
SN s? —4R%* — 4Rr —r?
= 2Rcos(B — C) * <1 + RZ
~ . (s*—4Rr-r?-3R?
= 2Rcos(B - C) *( RZ )

B-C
- —C”(R )\ (2(s% - 4Re - 1?) - 6R7)
(a? + b% + ¢ — 6R?) cos(B - €)

- o (QED)

1447.In any A ABC,A A'B'C’, the following relationship holds :

R’R2
min Z Z > 8 + max z Z
my,’ + m,’ b+c rr2 mb+m b’ + ¢’

cyc cyc

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Tereshm (bz + CZ)(CZ + aZ) 3 chc a’b? + chc a*
Z m,my z =

16R2 B 16R2
3 Yeye azb + Yeye@?b? " a?b? - m2 + m2 + m?
- 16R? o 4R?  m,my + mym, + m.m,
4R? *%(s2 —4Rr —r?)
< T <—<:>Z 2b2>12Rr(s — 4Rr —r?)
Yicyc @®b

cyc
& (s? + 4Rr +r2)” — 16Rrs? > 12Rr(s? — 4Rr — r2)
?
& s* — (20Rr — 2r?)s? + r?(64R* + 20Rr + r?) > 0
20Rr — 2r? + \/(20Rr — 2r2)2 — 4r2(64R? + 20Rr + r2)
2
» _ 20Rr—2r?> +4r+v9R2—10Rr  , ® )
e st > & s? > 10Rr — r* + 2r x\/9R? — 10Rr

2
Rouche ?
Now,s? > 2R%Z+10Rr—r2—2(R—2r)+*+R2—2Rr > 10Rr —r2 +

?
2r xy/9R% — 10Rr & R? — (R — 2r) = \/R% — 2Rr 2 r *y9R? — 10Rr

)
Euler
R* — (R? — 2Rr)(R— 2r)? = 2Rr(3R? — 6Rr + 4r?) > 8Rr®>0

o s>
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= R%Z > (R—2r) */R%Z — 2Rr = R% — (R — 2r) */R2 — 2Rr > 0
= (++) & (R2— (R—2r) » M)Z > r2(9R? — 10Rr)
& R* + (R? — 2Rr)(R — 2r)2 — r2(9R% — 10Rr) > 2R? = (R — 2r) /R — 2Rr
& R(R — 2r)(2R% — 2Rr — r2) > 2R? * (R — 2r) * {/R? — 2Rr
& 2R* — 2Rr —r? > 2R *R? — 2Rr ( R-2r > 0)
& (2R? — 2Rr — r2)” — 4R2(R? — 2Rr) > 0

m2 + m2 + m? R
& 1r3(4R+r1) >0 - true = (%) = (») is true = 2 b < < —
m,m, + mym, + mem, = 2
3 R’'RZ Euler 3 R2 3 chc mg )
>-+ = —+8*—2—+8 s—— | - inorder to prove :
2 r'r? 2 4rz — 2 chc m,m,
3
2 8+ z my + lt suffices to prove :
cyc

3 Y cve M2 (I)

e + 8( cyc a ) + z

2 Yicyc MMy, my + m,

cyc
3 chc a® ?
Now, - + 8 >8
<chc ab b+c
cyc
o DT (DX ELIN
@ J— — —
(s2 + 4Rr + r2)2 a* @ a @ SLbtc 2
cyc cyc cyc cyc
8(3s? — 4Rr — rZ)(s — 12Rr — 3r?) 2 2s(5s +4Rr+r%) 9
(s2 + 4Rr + r2)2 ~ 2s(s?+2Rr+r2) 2

sZ —10Rr — 7r?
2(s2 + 2Rr + rz)

& 8(3s? — 4Rr — r?)(2s% — 24Rr — 6r?)(s? + 2Rr + r?)

> (s? — 10Rr — 7r?)(s? + 4Rr + rz)2
(--)
2s% — 24Rr — 6r? > s —10Rr — 7r? & s —16Rr + 5r2 + 2r(R — 2r) > 0
— true via Gerretsen and Euler .. in order to prove (mm), it suffices to prove :
8(3s? —4Rr —r?)(s? + 2Rr+r?) > (s> + 4Rr + rZ)2
(mmm)

& 23s* + (8Rr + 14r?)s? — r?(80R% + 56Rr + 9r2) > 0
Gerretsen
Now,LHSof (mmm) > (23(16Rr —5r?)+ (8Rr + 14r?)) (16Rr — 5r2)
uler

E
—r?(80R? + 56Rr + 9r%) = r? ((R —2r)(5936R + 8320r) + 17136r2) >

2
3 ey a?
17136r* > 0= (mmm) = (mm) is true = — +8<L> 28+Zb+c

Z cyc

2m, 2m, 2m,
3°3"3

cyc

,we arrive at :

and implementing it on a triangle with sides
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2
3 Y evem? m
—+8<L> 28+Z—a=>(l)istrue
mb+mc
cyc
3 RRZ® m,
Slo+— 284y
2 r'r? my, + m,
cyc

Avqi 3+4R;8+Z a 4R ? Z 1 9
gam, T = b+c r - b+c 2

cyc cyc
2s(5s2+4Rr+r?) 9 s?—10Rr—7r> 4(R-2r) 2 52— 10Rr— 71
= —_——_—= f—1
2s(s2+2Rr+r2) 2 2(s2+2Rr+r?) r ~ 2(s% + 2Rr +r2)
?
& (8R—17r)s? + r(16R? — 14Rr — 9r%) > 0
,

& (8R —161)s% — rs? + r(16R? — 14Rr — 9r?) 5 0
O]

Gerretsen
Now,LHSof (+) > (8R- 16r)(16Rr —5r%) —r(4R? + 4Rr + 3r?)

+r(16R? — 14Rr — 9r2) > 0 & 70R? — 157Rr + 3412 > 0

3 4R
< (R-2r)(70R—-17r) > 0 - true via Euler = (¢) is true = — > + -
g z 3 R’R2 Euler 3 4R’ > 8 Z
> ,— > 44—
+ b+c r r2 + + b’ +
cyc

cyc

3 RR2 (u)
o e
2 b’ + ¢

cyc

R'R? Nesbitt 3  R’R? via (8),(20)
>

~ min > - >
my' +m./ Zab+c r'r? 2 r'r?
cyc cyc

8 + max m, _|_ m, Z b1l ""=""iff A ABC,A A'B'C’ are both equilateral (QED)

cyc

1448. In any A ABC, the following relationship holds :

2:2+\/§tanE

2.2
1+3tan2%_2

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1 ? V3x 3x? 1 3x2 ?
——>1- 2N >1-— = ©1+3x2>2V3
1+ 3x2 2 2 1+3x2 1+3x2 x* 2 2V/3x
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2 ? V3x
1- > —1 - —
<:)( \/§x) > 0 - true 14322 >

1 ﬁtan%
>———|1-—=]20
1+3tan27

V3 B 1 ﬁtan%
=><2+ 3tan5) — A~ 1—T >0

14+3 tanz 7
2+ ﬁtang B ﬁtan%
A (2 +\/§tanE) 1_T
1+ 3tan?3 3
A 3 A B
;+\/_tan5—\/_tan5—5tan2 tanE
2 ++V3tan A 3r,
e~ 2 >2+ \/_tani - \/_tanE ~5e2 ® and analogs
1+ 3tan?3 3 S
2+ \/—tan 3s2 9
ﬁz A26+\/—Ztan——\/—2tani—zZZrarb=6—F=E
e 1+3 tanz cyc cyc cyc S
2+ \/—tang 9
~inany AABC, ) —— % > =" =" iff A ABCIis equilateral (QED)
2A T2
1449.
In any A ABC with I — incenter, the following relationship holds :

1
N + zAl

e \/(b — €)% + 4r? \/— S
Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

B . C . (B+C\ A , A
siny  sing ssin (T) cosy scos’z
I, +tr.=s + cl= A B C - 3 = 4Rcos” =
cosy cosy 0S5 COS5 COS 5 (ﬁ)
G A
& Ip + 1. = 4Rcos 2
? Av () 1 1
Now, (b + ¢)? > 32chosZE Vi 8r(r, +r.) = 8r s( _— + - c)
a
=8(s—a)(s—b)(s—¢c)———=4a(b+c—a)

(57— b)(s —¢)

: ?
& b+c0)?+4a?—-4ab+c) >0« (b+c—2a)? >0 - true
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2 2 2 2
Again, Stewart’s theorem = b%(s — ¢) + ¢®(s — b) = an? + a(s — b)(s —¢)
= s(b? + ¢?) — be(2s — a) = an? + a(s* —s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a® — 2bc) = an? — as?

A A B-C A B—CUd) |2r
~b+c>=+vV32Rr. cosE = 4R cos—cos > vV32Rr.cos— = cos > R

= an? = as? + s(2bccosA — 2bc) = as? — 4sbcsin2%
=as? — 4sb(s _b(l:)()s(s—_a;)(s —a) = a’nZ = a?s? — sa(a? — (b - ¢)?)
= a’n? = a*s? — sal + sa(b—c¢)? = ’ Ar2s? 4+ s?(b —¢)?
& a’s? —sa® +sa(b - c)2 =s(s—a)(a®— (b—¢)?) +s%(b—c)?
= a?s? — sa3 —s(s—a)(b—c)?+s2(b-—c)?
= a?s? —sa® — s?(b — c)2 +sa(b—c)? +s2(b—c)?
& a’s? —sa +sa(b—c)2—a sZ —sa +sa(b—c)2—>true

n? R
(b (b—c)Z+4r2 /(b _ c)2 T 4r2 2r' a
3 ’R 4R. 2cosgcoszcos ’R sm2+cos ’ ’R cos C
2r 4R cosAsm sm Zr 2r sm
/ _b
via (u) Al + hb Al
T 2r' T 2

E

b

>— ;reference: article titled ”NewTrlangle Inequalities With Brocard's Angle’

h, hb
by Bogdan Fustei, Mohamed Amine Ben Ajiba; Lemma 12,6 — 7,
published at : www.ssmrmh.ro
2R n, 1 mb m,

Al
—. + — + — and analogs
(b—c)% + 4r2 \/_ r

my mc
Al,
\/7 cyc\/(b—c)2+4r2 \/_ZI ;

" =""iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We prove the result by using the following inequality
(see, Bogdan Fustei, Mohamed Amine Ben
Ajiba, New Triangle Inequalities With Brocard’'s Angle,Lemma 12,6

— 7, www.ssmrmbh.ro)
my m,

R
— << —
I, + h, =T (and analogs)
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Also,we have

Al 1 _\j bc _\[2Rsr.(b+c—a).aAMéGM R (b+c—a)+a

r sing (s—=b)(s—0¢) sr2. a? - ’Zr a
_|R b+c
~l2r a

b-—o)?+4rt=(b—c)?+ 5
(s —a)[a* — (b — c)?]

(s—a).4(s—b)(s—c)

=(b-c)?+
a’(s —a) + a(b — c¢)?
B s
Using these results, we have

1 mb R b+c R
2r r
ll
/ \/(b i (and analogs)

\/_Z et ZAI cyc\/(b—c)2+4r2

cyc

Equality holds 1ff AABC is equllateral.

2 b — 2 2
=:—2<s(s—a)+s( ac) > (a:a) .

th

Therefore

1450. In AABC the following relationship holds:
1 1 1 32

-+ -+ >
mim, mim, mim,  81(81R5 —2560r°)

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru- Romania

1 1 1,\*
Z ”"“’ER (m_ tm, T E)
m4mb mb = I(m, + my + m,) —
1 1 14\* 9 4
LEUENHB;ERGER (— + m—b + E) BERG;TROM (ma T mb T mc)
- 9(4R + 1) - 9(4R + 1)
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4
4 <_9 ) 4
9 R 2
LEUENBERGER EULER - =
S (4R + r) s \MR+3/) _ (R) _ 16
o 9(4R+1r) ~— 9(M4R+r) 9M4R+71) 9R*(4R+T)

Remains to prove:
16 32

>
9R*(4R + 1) ~ 81(81R5 — 256015)

1 2
>
R*(4R + 1) ~ 9(81R5 — 256075)

721R5 — 2R*r — 9-25601° > 0

721R*(R — 2r) +25-3%2-5r(R*—161r*) >0

(R —27) (721R* + 2532 -5r(R + 2r)(R? + 41)) 2 0

R-2r=>0
R = 271 (Euler)
Equality holds for:a = b = c.

1451. In any A ABC, the following relationship holds :

R th,+h,+h\*> |hy+h, |hy,+h
1+ _( a b c) > b c n a C
2r S h, + h, h, + h,
Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

1+5(ha+hb+hc)2 . hb+hc+ h, + h,
2r S h, + h, hy + h,
2
R (Zecab) ca+ab bc+ab
1+—————=2
< +2r 4R%sz2 +bc+ab+ca+ab
(ab + bc + ca)? - (ca + ab)? + (bc + ab)? + (ca + ab)(bc + ab)
=3
abc(a+b+c) — (ca + ab)(bc + ab)
& (ca + ab)(bc + ab)(ab + bc + ca)?
—abc(a + b + ¢)((ca + ab)? + (bc + ab)? + (ca + ab)(bc + ab)) > 0
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& a*b* + a’b?c* — 2a®b3c? > 0 © a?b?(ab — c?)? > 0 - true

R /hy+h,+hn* [hy+h. [h,+h,
Wl —=(2—"<) > v A ABC (QED
j +2r( s )— ha+hc+ h, + h, (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Lemma : In AABC,we have

- va?b? + b%c? + c?a?

b ¢
cTp= 2F )

Proof : Since 16F? = 2(a?b? + b%*c? + c?a?) — (a* + b* + ¢*), then we have

(*) & (b2 + ¢?)\/2(a?b? + b%c? + c2a?) — (a* + b* + c*)
< 2bcya?b? + b2c? + cta?

squaring
~

s  (2b%c? + b* + cY)[2(a?b? + b%c? + c?a?) — (a* + b* + ¢)]
< 4b%c?*(a?b? + b?*c? + c?a?)

o —a*(b? + c?)? + 2(b* + c*)(a?b? + c?a?) — (b* + ¢*)?
= —[a?(b? + c?) - (b* + M]? <0,

which is true and the proof of the lemma is complete.

Now, since /h, + hy,\/hp + h,, /R, + h, can be the sides of triangle with area F’ such that

2 2 4 8s2r
16F% = Zz\/ha T hy Jhe thy — Z,/hb Th, = 42 hyhe = ——.

cyc cyc cyc

Then by using the lemma in this triangle, we obtain

2 2 2
\/hb + hc + \/ha + hc < \/chc \/ha + hb \/ha + hc _ \/chc hbhc n (chc ha)
Jha+he Jhy+h, " 4F'* 4F’? 4F'?

_ j1+£(m)i
2r S

which completes the proof. Equality holds iff AABC is equilateral.
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1452. In any A ABC, the following relationship holds :

2m, /r, I b+c c+a a+b
E (—+—)2 + +
h, \r, n, a b c
cyc

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

Leta=y+z,b=z+xandc:x+y-'-Zs:a+b+c—2(x+y+z)
g I,
>s= —a=xs—b= h,2.2
s=x+y+z.s—a=x,s y - rb+ra_b+a
x +z zZ+x

<:>¥+;2§+x+y+z<:>(x2+y2)(z+x)(y+z)2xy((z+x)2+(y+z)2)
e z(x +y3)—xyz(x+y)+z2(x y)2>04:>z(x+y)(x V)2 + 22(x —y)?

Ty b r. b c

> 0 - true - —+—2 +—andanalogs=> by t>—4=

n r, b r. , ¢ b

2(b2+c2)

Tereshi 4R

. [me(mo Koy, [2me b, o Tergi ¢(9+£): 2y 1y o)
h, \r. r h, \c b bc

c b

ha e Iy
b 2m, rb C b+c c¢c+a a+b
+ and analogs - z ( ) z ( ) + +
b b c
VA ABC "

=""iff AABCis equ1lateral (QED)

1453. In any A ABC, the following relationship holds :

a+b—c a+c—b b+c d a+b—c+ a+c—b +\/’
a+c—b a+b—-—c ¢ b a+c—b a+b—c
Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

s—b s—c

¢ 1+ 1> +c 2
b s—c s—b - b

a+b—-c a+c—b b
+ > —
a+c—b a+b-—c ¢

c—b b-c (b—c)2

1 1 (b —c)?
— — >
(:)s—c s—b_ bc < b c)(s—b s—c)_

1 1 (b —¢)? (b — ¢)? (b — ¢)?
(:)(b_c)<s—b_s—c)2 bc ﬁ(s—b)(s—c)z bc
(b — o)?

= 2bes D) —0 (4bc—4(s—b)(s—¢)) =0
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o (b —c)?
4bc(s—b)(s—¢)

(4bc—a?+ (b-c)?) >0

(b — ¢)? . b-c)?Mb+c+a)b+c—a)
- > >
< 4bc(s —b)(s—¢) ((b to)'-a ) =0= 4bc(s—b)(s—¢) -
a+b—-c a+c—b b c
- true .. + >—+—-VAABC
at+c—b a+b-c c¢c b
Lta+c—b_ db_ a+b—c a+c—b b+c
¢ a+b—c_xan c_y a+c—b a+b—c c b

1 1
>x+-2y+--©1)
X y

a+b-c a+c—b?
— _> S
So'\/a+c—b+\/a+b—c \/7+\f@\/_+ ‘/_+\/_

2
o (e h) 2 (F+f) ertiradyeieamena

a+b—c a+c—b \f
v A ABC
a+c—b a+b—c

_a+b—c a+c—b b c \/a+b—c \/a+c—b

- + =2—+-—an +
at+c—b a+b—-c ¢ b a+c—b at+b-c

b C
> \/; + \/% v A ABC,” =" iff A ABC is equilateral (QED)

1454. In AABC the following relationship holds:

2m;m r r b c\?
) (2429 = (4
hyh, e Ty c b

Proposed by Bogdan Fustei-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Tereshin and CBS inequalities, we have
(c* +a?)(a® + b*) _ (ca+ab)*> a%(b+c)?
mym, = > =
(4R)? (4R)? (4R)?

. bc
and since h, = — (and analogs), then
d h 2R( d logs), th
2m,m, 1>az(b+c)2 4R? 1_(b+c)2 L l(b C)
hyh, ~— 8R?2 ‘a’bc = 2bc 2
Now, we have
T, T, b ¢\ (s—c ¢ b s—b _s(b—c) s(b—c)_s(s—a)(b—c)2
) -Ge)=-G5-G-=)

r. T c s—c

s—b b

>0,

c b “b(s—b) c(s—c) bc(s—b)(s—c)"
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)22 s ()
hyh, r. Tp c b

Equality holds iff AABC is equilateral.

Therefore

1455. In AABC the following relationship holds:
Ty Tp T, 4r

Proposed by Elsen Kerimov-Azerbaijan
Solution by Daniel Sitaru-Romania

F F F
Ta T st—a_l_s—b s—c _
womORENY G G

a b c
1/ a2 p2 2 \ BERGSTROM
- S
4F<s—a+s—b+s—c> -
>1 (a+ b+ c)? 1 457 1 4s® 1
“4F s—-a+s—-b+s—-c A4F s 4rs s r

_ R _R-RYFM2r-2r 4r
" R*r R'r ~— R R?

Equality holds fora = b = c.
1456. In any A ABC, the following relationship holds :

6ar? 6br 6cr?
+ +
6 +vV3a(a+b+c) 6++V3b(a+b+c) 6++3c(a+b+c)
324Sr?

>
= R(9 + 20S) — 4Sr

Proposed by Elsen Kerimov-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India

WLOG we may assume a > b > cand then : r? > r? > r? and
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6a 6b 6¢C

6 +V3ala+b+c) 6+\/_b(a+b+c) 6+\/_c(a+b+c)
6ar? 6br{ 6cr?

) 6+\/_a(a+b+c) 6+\/_b(a+b+c)+6+\/§c(a+b+c)

Chebyshev 1 5 6a
= = Zr Z =2 Zr 1y z
3 “ 6 ++vV3ala+b+c) b 6_|_\/_(2)

cyc cyc cyc cyc
Bergstrom 9 18s2.4S Mitrinovic 72 27Sr?
> 2s2. ) = 65 —ab R
6Yeyeq+ 6V3s = 1 24358 —=2— + 243sS
Leibnitz
and
324Sr? Mﬂﬁgwk 324Sr? _ 324Sr? ngr 324Sr?
- 9R + 18RS 9R + 20RS —2RS ~ O9R + 20RS — 4rS
chc + 4+/3sS
6ar? 6bry 6cr?
6+\/_a(a+b+c) 6+\/_b(a+b+c) 6+\/§c(a+b+c)
324Sr?

> "n_n ; . .
= R(9 + 20S) — 4Sr Vv A ABC, iff A ABC is equilateral (QED)

1457. In any A ABC, the following relationship holds :

Or COS A 9
—< < —
4Rp b+c ™ 8p

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

For own convenience,p = s
c2+a2—b2+a2+b2—c2
2ca 2ab

_bc2+a2b—b3+ca2+b2c—c3

Now,cosB + cosC =

2abc
_beb+c)—(b+ o)(b? —bc+ c?) + a%(b +¢c) . ZcosA
B 2abc “Lib+c

cyc

1 be(b + ¢) — (b + ¢)(b? —bc + c2) + a®(b + ¢)
- (Z COSA> (cyc b + c) B Z 2abc(b + ©)

cyc cyc

_R+r1 (2Xcab+3gea®) + Neyeab 1 Zzab—Zaz
- R 2s(s% + 2Rr +r?) 8Rrs

cyc cyc
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_R+r 4s?+s?+4Rr+r?  2(s? +4Rr +r%) — 2(s® — 4Rr —r?)

R ~ 2s(s?+2Rr+r?) 8Rrs
Z cosA () (R+4r)s? —Rr(4R+r)
—1 =
b+c 2Rs(s? + 2Rr +r?)

cyc

cosA - 9 vig-) (R+4r)s? —Rr(4R +r) 22
o b+c™ 8s 2Rs(s2+ 2Rr+r2) ~ 8s
& (5R —161)s% + 9R(2Rr +r?) + 4Rr(4R + 1) (2) 0
5R — 16r > 0 and then : LHS of (x) > 9R(2Rr + r?) + 4Rr(4R + 1) > 0
= (x) is true (strict inequality)
5R — 16r < 0 and then : LHS of ()

Gerretsen

= —(16r — 5R)s? + 9R(2Rr + r?) + 4Rr(4R+1r) >
?
—(16r — 5R)(4R? + 4Rr + 3r?) + 9R(2Rr + r?) + 4Rr(4R+71) > 0

? R ?
& 10t3 — 5t2 — 18t —24 >0 (t =;) & (t—2)(10t? + 15t + 12) > 0 - true

Euler
“t = 2= (x)istrue .. combining cases 1 and 2, (x) is true V A ABC

cosA 9
manyAABCZb_H: 30
cyc p

9r - cosA via(>) (R + 4r)s? —Rr(4R +r)
=N
4Rp ~ Lub+c 2Rs(s?2 + 2Rr+r2) ~ 4Rs

cyc

Also,

(%)
& (2R—r1)s? —9r(2Rr + r?) —2Rr(4R+r) > 0
Gerretsen
Again, LHS of (x+) > (ZR —r)(16Rr — 5r%) — 9r(2Rr +12) — 2Rr(4R + 1)
?

Euler

20©12R2—23Rr—2r2204:)(12R+r)(R 2r)20—>true R > 2r

cyc

Or cos A 9
< <—,
4Rp b+c™ 8p
cyc

equalities iff A ABC is equilateral (QED)

1458. In acute triangle ABC holds:

ZtanBtan623+Z\/1+tan2A

cyc cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letx :=tanA, y=tanB, z:=tanC. Wehavex,y,z>0andx+y + z = xyz.
By AM — GM inequality we have
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\/ x(x+y+z)

3+zm—3+z

cyc cyc

=3+zj<x+y;§+z>33+zy7+z=zx.z;=zyz,

cyc cyc cyc cyc cyc

as desired. Equality holds iff AABC is equilateral.

1459. In any A ABC, the following relationship holds :

z (b?% + c?)h, _ Z (b?% + c)r,
b+c o b+c

cyc cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

sinB  sin&\  ssin (B—-I_C) cosd  scoszd A
rb+rc—s< 2 2>— 2 Z_ Z — 4Rcos®=

BT 0sC) " cosBcosBeosC (%) 2
cos3  cosy €OS 7 €OS 5 COS 5 iR
0 ,A
~TIp + . = 4Rcos 2
2
bc(Teycab + a?) B (Xeycab)” + 8Rrs?

1
Z a(b+c) Zi4Rrs.2s(s?2 +2Rr+r2) 8Rrs2(s? + 2Rr +r?)
yc cyc

Z 1 (% +4Rr+12)” + 8Rrs?

= =

a(b+c) 8Rrs2(s2 + 2Rr +r2)
cyc

_Za—25+25_ 34+ 2s Z b+ a?
b+c 2s—a 2s(s2 + 2Rr +r2)’ abra
cyc cyc cyc \ cyc

2
+Z b o3 +Zs(552 + 4Rr + r?)
a = 2s(s? + 2Rr + r?)

cyc

sy
B 2s(s2 4+ 2Rr 4+ r2)’

cyc
() 28%2 — 2Rr — 2r?

= =
Zb+c s2 + 2Rr +r2

cyc
s 2

E zA E zA
cosec —=3 + cot“—=3 + —
2 2 r2

cyc cyc cyc

=3+ r:—; |/<Z I'bl'c>2 — 2Tl (Z l‘a>\ > (54 C ARy r))

=3+
rist
cyc cyc
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«s) s2 — 8Rr + r?
:Zcosec - = —_—

I'Z
cyc

A
Z b%c?r, vie® Z b2c? (4R +r — 4Rcos? E)

cyc cyc

16R?*r2s2, 4Rc0s2%
= (4R+r)2b2 2 _Z

16R2 2A . LA
cyc cyc cos ? sin 7

A

= (4R+7r1) Z b2c? — 4Rr?%s? Z cosec? >
cyc cyc

(4R +1) z a?b? — 4Rr?s2.>

cyc
(....)

= z b%c?r, = (4R+r1) z a’b? — 4Rs?(s? — 8Rr + r?)

cyc cyc

Za I, —rsz(a;izs)z =rs Z(s—a)—6s+:TZSZ(s—b)(s—c)

cyc cyc cyc cyc

SZ(ARr+12)\ N . (eseer
=rs <—55 + ¥> = z a’r, e (4R 4r)s?

r2s

— 8Rr + r?
2

via (

cyc

. z (bz + cz)h z (chc a
h b+c b+c

cyc cyc

= 2rs Zaz zm —2rs Zb+

cyc

via (4,() 2rs ((s2 — 4Rr —r?) ((sZ +4Rr + rz)2 + 8Rrsz) — 4Rrs?(2s? — 2Rr — 2r2)>
B 4Rrs2(s2 + 2Rr +r?)

and

(b% + c?)h, @ s° + (4Rr +r?)s* — r2s?(40R* + 8Rr + r?) — (4Rr + r2)?
> Z b+c 2Rs(s2 + 2Rr + r?)

cyc

Z (b% + ¢)r, _ Z (a? + Yeycab)(b? + ¢?)r,

2s(s% + 2Rr + r?)

cyc cyc
/ Z a’b? —b%c? |r, |+ \
1 cyc cyc I
- 2s(s? + 2Rr +r?2) | |
Z ab Z Z a’?—-a?|r,
cyc cyc cyc
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/ Z a’b? |(4R+71) — szc r, +

cyc cyc

Zab Zaz (4R +r1) — ab Za ra/

cyc cyc cyc cyc

Z a’b? |(4R+1)— (4R +71) Z a’b? +

cyc

_—

1
" 2s(s? 4+ 2Rr + r2)’

—

cyc

via (oooo)'(ooooo) 1
= 4Rs?(s? — 8R 2 Zb zz 4R -
25(sZ 1 2Rr 1 19) s(s r+r)+ a a‘ |(4R+r)
cyc cyc

z ab | (4R — 4r)s?

cyc

z (b2 + cz)ra @ (4R + 3r)s* — rs?(24R? — 8Rr — 2r?) - r?(4R + )3
=
s(s2 + 2Rr + r?)
cyc
b? + ¢?)h, b? + ¢?)r,
b+c b+c
cyc cyc

s + (4Rr + r2)s* — r2s2(40R? + 8Rr + r2) — (4Rr +r2)°
2Rs(s? + 2Rr +r?)
(4R +3r)s* — rs?(24R%? — 8Rr — 2r?) —r?(4R + )3
s(sZ + 2Rr +r?)
s% — (8R? + 2Rr — r?)s* + rs?(48R® — 56R*r — 12Rr? —r?) +

)
r?(128R* + 32R%r — 24R?r? — 10Rr® —r*) < 0

Gerretsen

Now,LHSof (+) <  (4R%+4Rr+ 3r?)s* — (8R% + 2Rr — r?)s*

+rs?(48R3? — 56R?*r — 12Rr? — r?)

?
+r?(128R* + 32R%r — 24R?r? — 10Rr® —r*) < 0
& (4R? — 2Rr — 4r?)s* — rs?(48R® — 56R’r — 12Rr? — r?)
?
> r?(128R* + 32R%r — 24R?r? — 10Rr? — r*)
(%)
Gerretsen
Again, LHS of (+*) (4R? — 2Rr — 41r?)(16Rr — 5r?)s?
—rs?(48R3 — 56R*r — 12Rr? — r®) = r(16R3 + 4R?*r — 42Rr? + 21r3%)s?
> r?(128R* + 32R%r — 24R?*r> - 10Rr® - r*) &
?
(16R® + 4R?r — 42Rr? + 21r%)s? > r(128R* + 32R%r — 24R?r? — 10Rr® — r*)

(%)
Gerretsen
Once again, LHS of (xxx) >
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?
(16R® + 4R%*r — 42Rr? + 21r3)(16Rr — 5r%) >
r(128R* + 32R3r — 24R?r? — 10Rr3 — r*)
’ R
& 32t* — 1263 - 167t> + 139t — 26 = 0 (t = —)

r
Euler

?
e (t—2)(32¢3 + 20t +32t(t—2) +t+13) >0 > true ~ t > 2
= (xxx) = (*x) > (%) is true

Z (b2 + c?)h,

<Z(b2+cz)raVAABC”—” iff A ABC is equilateral (QED)
b+ e < bt c S ="1 is equilateral (Q

cyc cyc

1460. In any acute triangle ABC with semiperimeter p holds
avcos A + bVcos B + cVcos C < pV2

Proposed by Vasile Mircea Popa-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS inequality, we have
avcos A + b\/cos B + cVcos C < \/(a +b+c)(acosA+ bcosB + ccos (),

2F  2r Buler
and sincea+ b+ c=2pandacosA+bcosB+ccosC=——=p < p, then

R "R ~
av/cos A + b\/cos B + cv/cos € < pV/2,
Equality holds iff AABC is equilateral.

1461. In any acute A ABC, the following relationship holds :

b C
tan A + h—VtanB +h—VtanC > 24\/27
b C

a
h,

Proposed by Vasile Mircea Popa-Romania
Solution by Soumava Chakraborty-Kolkata-India

813
Let f(x) = (sinx)vtanx Vx € (OE) and then : f"'(x)

_ (4sec? x — 4)(sinx)(tan® x) + 4(sin x)(sec?® x) — (sec* x)(sin x)
= 3

4tanz x
_ 4(sinx)(tan* x) + 3(sin x)(sec? x) — (sin x)(sec? x)(sec’ x — 1)
= 3
4tanz x
_ 4(sinx)(tan* x) + 3 sin x + 3(sin x)(tan® x) — (sinx)(sec? x)(tan” x)
= 3
4tanz x
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_ 4(sinx) (tan* x) + 3 sinx + 3(sin x)(tan? x) — (sin x)(tan? x) — (sin x)(tan* x)
= 3
4tanz x
_ 3(sinx) (tan* x) + 3 sinx + 2(sin x)(tan? x)
= 3

> 0 = f(x) is convex — (1)

4tanz x
Now, WLOG if we assume a > b > ¢, then : avtan A > bVtanB > cVtan C
1 1 1
(~ AABCis acute) and — > — > — .. via Chebyshev,
ha hb hc
a Jensen,via (1)
™ tanA+h—b\/tanB+h \/tanC>— Zh Za tan A >
cyc cyc
3.2R m [ m 2R3 Euler
.sin—. [tan—=— V3 > 2. 34—2\/27
3r 3 3 r 2
V acute A ABC,” ="' iff A ABC is equilateral (QED)

1462. In any A ABC, the following relationship holds :
(h3 + h2w, + w, ) (hf; +hiw, + wé‘)5 (h3 + hZw, + w3)>
(w3 + w? mb +mj)3 (wﬁ +wZm,+m3)3  (wd+w?Zm, + m?)3
69
>
~ (9R3 — 64r3)3

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-KoIkata -India
(h3 + h2w, + wb) (hf, +hiw, + wc) (h3 + hZw, + wa)

(wg + wZmy, + mb) (WS +wim, + mc) (wc +wZm, + ma)
N z (hg hlzlhb n hg)S Pana;topol z (h3 hzhb + hg)S

: =
3 2 3
5¢ (m + mZm, + m3) e

5% (h3 + hZh, + h )

512r° 2 512r 2h,+h
> Z(hahb(ha +hy) + hZhy,) = hzhthZ(a—b) >

h
cyc cyc ¢
2
512r° 4r%*s* 1 hy, h, Gerretsen
12t st 1(,5h b ) oy
R R 3 h, hy,
cyc cyc

Euler
and

512r° <27Rr+5r(R—2r)>2 1 hy, h,)| A-G
" S22 ht D
b

R? R =
cyc cyc
512r° 1 62115 2 62415 ,
4 2 2 _ 3 3 3
T * 729r *5*(6+3) =—qo 2(9R3—64r3)3®9R —64r° >R

(h3 + h2w, + wb)

? ?
& 8R3 > 6413 © R > 2r - true via Euler -
(wa + wamb + mb)
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(h3 + hiw, + wc) (h3 + h?w, + wa) 6° «rt®

(wi + wZm, + mc) (wc +wZm, + m3) (9R3 64r3)3
v AABC,”’ =" iff A ABC is equilateral (QED)

1463. In any A ABC, the following relationship holds :

ry rg rl 64 1>
h2wZmZ  hiwim? hZwZmZ ~ (9R3 6413)?2

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

WLOGwe may assumea >b >candthen:r, >, >1;m, < my < mg;
1 1 1 1

a.plh‘-"

Q

=

[=9

|

|

|

l
~
A

h, h, h, mi  m?
5 5 5

r> \ Chebyshev
I, Iy Ie 1 r,; y
Now, 5 TwZmZ = 2 =
"h2w?Zm?2 hbwb mb hzwémg T h; mg

Leuenberger
and

1 z 1 z rg Radon 1 z ) (chc ra) Ionescu—Weitzenbock + Mitrinovic

— > >
2 4 - 2g2 -
3 cyc ha cyc Mg 3 x4r’s cyc (chc ma)
3(4R +r)
SZ

(4\/—r*3\/_r) (chcra)

2 2
3 +4r cyc ra)
Mitrinovic 3(4R + 1) ? 64 * r’°
> >

- 27R?  ~ (9R3 - 64r13)2
4

? R
& 324t7 + 81t° — 4608t* — 1152t3 — 144t% + 16384t + 4096 > 0 (t = F)

2

5 4 3 ? Euler
o t-2)( (-2 (32‘“ 1377t + 421t )+ 15232 |2 0> true <t > 2
+6732t2 + 8928t + 8640

re e rS - 64 *r>
h?lwam%, hiwZm2  hZw?m? — (9R® — 64r3)?
v AABC,” =" iff A ABCis equilateral (QED)

1464. In any A ABC, the following relationship holds :

m3 w? h3 27 81R%>-2560r°
+ <—.
wy, h., m, 32 r3

Proposed by Zaza Mzhavanadze-Georgia
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Solution 1 by Soumava Chakraborty-Kolkata-India

mg Wg hg mtSI mg mg Panaitopol
+—Ft—=<—+—

< +— <
Wp hc m, hb hc ha
a 2b% + 2c¢? + 2a? — 3a? b 2¢? + 2a? + 2b?% — 3b?
E 4 2rs 4
b
Rs 2 2 2 2 2
N ¢ |[(2a°+2b"+2c"-3c"\ R eyc@ (E+£+E) 3 ab
2rs 4 T 2r 2 a b ¢/ 4
a cyc
CBS
and
Leibnitz R 9R2 /b ¢ a\ 3R 1 Bergstrom R 9R2 Ycyca?b?
pie R SR (b € ay IR o §NER R, Tl
2r 2 \a b ¢ 8r a 2r 2 16R2%r2s2
cyc cyc
Leibnitz
and
3R AR 9 Goldstone R 9R? R2 4R2s2 3R AR 9 27R* 27R?
gr " %2s = 2r 2 "16R?r2s2 _ 8r " >2s  8r2 4
? 27 81R° — 2560r° : 4 ) 3 5
<= . & 81R® — 4R*r + BR?r® — 2560r° > 0
32 r ,
& (R —2r)(81R* + 158R%r + 316R?r? + 640Rr? + 1280r*) > 0 - true
Euler m; w h3 27 81R%-2560r°
R 2 2ro—242 <.
wp, h, m,” 32 r3
v AABC,/'' =

" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since
h, < w, <m, (and analogs), and by using Rearrangement inequality, we have

m,’* N wp? " h° _ hom* + mewy* + wyh* < m.m,* + mymy* + mym*
Wh hC m, mawbhc - hahbhc

- m,® + my® + m.®

B hahbhc

Also, we have
2S2T2 Cosnita—Turtoiu
* hahbhc = R 2 2713 (1)

5
em,®> +m> +mS = Zma -5 Zma2+2mbmc H(mb—l—mc)

cyc cyc cyc cyc
Leuenberger & AM—GM

2 (4R + 1) — 5.6/ (m,;m,m,)?. 8m,mym,
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Euler &mg 2 hy 5 (€))
)

R ~ [9R
2 (7) — 2403/ (hyhyh,)s 2 (7) — 240(31)5
27%(81R5 — 256015)

32 '
Using these results, we obtain

m,2 wy,3 h.> 27 81R5 —2560r°
+ —. :
wp h, m, 32 r3

Equality holds iff AABC is equilateral.

1465. In AABC the following relationship holds:
(a* +bYHh, ((B*+cHh, (c*+ab)h,
+ +
a+b b+c c+a

Proposed by D.M. Bdtinetu-Giurgiu, Florica Anastase — Romania

> 8V3 - F?

Solution 1 by Tapas Das-India

(a*+bY)h, ((Bb*+cHh, (c*+a*)h,
+
a+b b+c (c+a)
AM;GM 2a%b? - 2F N 2b%c? - 2F N 2c%a? - 2F
- ac + bc ab + ac bc + ab
a’b? b?c? cza?
+ + >
ac+bc ab+ac bc+ab

(ab + bc + ca)?
2(ab + bc + ca)

= 2F (ab + bc + ca) > 2F X 4+/3F = 8V3F?
Note: ab + bc + ca > 4\/3F

ab+bc+ca>3[(abc)2]3 >3( ) 4+/3F

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

a+b - ZZa+b

_ 4Tad?  2FC aZ)Z _2F(Ea?)?
%-Z(a+b)c xab — Xa®

Z (a®)” + (b*)* cBs (2% a*)* _

> 2F - 4\/3F = 8\/3F?
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1466. In AABC the following relationship holds:

m, w m, w m,., w 19214
e ) o = e
Wy hc W, ha hb 3R* — 32r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

m, w2 /m, w m, w, 2 AM - GM
(o G+ (e ™8
Wp hc W¢ ha hb
2 2 2
m, wp m, wg m., w,
> 2/_._ 2’_._ 2’_._ —
N ( Wp hc) * ( W¢ ha) * ( Wq hb>
_ 4 CEB}:>.EHEV - 2 1 GOT;;:IAN 2 25 9
_Zh Zg FL M = =553 “Zma = ¥ 3 "
cyc cyc cyc cyc cyc
=12
Remains to prove:
192r*
12> —~——, 12(3R* — 32r*) > 192r*
= 3R* _ 32r% ( ™ T

3R* —32r* > 161* & 3R* > 48r* & R* > 16r* & R > 2r (Euler)

Equality holds for:a = b = c.

1467.
Inany AABCand Vm,n € N;n > 2, the following relationship holds :
(h™ + wi™ + m™)" N (h" + w™ + m™)" . (h™ + w + m]! )“ 2.3n(m+1) pmn
ra rb rc R

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

(hg' + wy' + mg)" N (hy' + w + mg)" N (h" + wg' + mpH)" Holder
L Iy e B
Holder
and

(chc ha' + ZCYC wg' + ZCYC mzln)n > (ZCYC hy' + ZcYc hg' + chc hm) Elger
3n-2 (chc ra) B 3n- 2(4'R + l‘) -
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1 m\ mn
3" (gt (Zeyeha)”) 2 2rs\ Bemswom 2 2rs.o\"™
gn-2 IR ~ 3mn-n R Z a - 3"‘“‘“.R( 2s )
"2 cyc
2pmn 32mn 2. 3n(m+1)_ rmn
= 3mna R R v A ABC,” =" iff A ABC is equilateral (QED)

1468. In any A ABC, the following relationship holds :

h h 3 R\’
Zah | bl | deflla 2 9(—) — 64
wch, h,m, myw, 8 r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

mg,wp thc hcma < mg,my mpme mc.m,
Wcha harnb mpywe - hcha hahb hbhc
- 1 N 1 N 1 - Rs? c%a + a?b + b?c
< m,mym < .
@77 ¢\hZh, ' hZh, hZh, (22 8r3s:)
A-G R 2sR(s“ — 6Rr — 3r
< (a3 + b3 3) —
~ 16r3s (a Thitc ) 161r3s

Gerretsen R(4-R2 — ZRI') 73 R 3 ?
< —2<—, 9(;) —64 ) © 23R3 + 2R’r—192r3 >0

8r3 8
Euler

?
& (R—2r)(23R? + 48Rr + 96r?) > 0 > true ~ R > 2r
m,w, wph, hcm 3 R\3
P ML L e e e P 9(—) — 64 ) vV AABC,
wch, h,m, myw, 8 r
" =""iff A ABC is equilateral (QED)
Rs?

Proof of m,m;m, < B

1
mZmim? = ol (2b? + 2¢? — a?)(2c¢? + 2a® — b?)(2a® + 2b% — ¢?)

1
v a{—élz a®+6 (Z a*b? + Z a2b4> + 3a2b2c2}

cyc cyc cyc

Now,z a® = (Z a’ | —3(a?+b?)(b? + c?)(c? + a?)

cyc

(o) -sfoem s 5]

cyc cyc cyc
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3

= Zaz + 3a?b?c? -3 Zazb2 Zaz

cyc cyc cyc
6 @ 2 212 .2 2 W2 2
a® = a + 3a“b“c” —3 a“b a
cyc cyc cyc cyc
43,2 214 212 2 2 ®)
a*b“ + a“b* = a“b a“—c =
cyc cyc cyc cyc

z a? b? z a? | - 3a?b2c? - (1), (2),(3) = m2mZm?
cyc cyc
3

/—4 Zaz —12a?b?c? + 12 Zaz b? Zaz \
il cyc cyc cyc I
| |

\ +6 z:azbZ Zaz — 18a?b?c? + 3a%b?c?

cyc cyc
3

1
=1 —4 Zaz +18 z:azb2 Zaz — 27a?b?c?

cyc cyc cyc
3 2
1 2 2 2 22,2
=% —4 Za + 18 Zab — 16Rrs Za —27a“b“c
cyc cyc cyc
1 (—32(s? — 4Rr — r2)’ + 36(s? — 4Rr — r2)(s? + 4Rr +12)°
64 —576Rrs?(s? — 4Rr — r?) — 432R?*r?s?
1
= E{s6 — s*(12Rr — 33r?) — s?(60R?*r? + 120Rr® + 33r*) — r3(4R + r)3}
RZs*
< =
4

©)
s% — s*(4R? + 12Rr — 33r?) — s?(60R?*r? + 120Rr® + 33r*) —r3(4R+ )% <

Gerretsen

Now,LHSof (+) < —s*(8Rr—36r?)—s?(60R*r?+ 120Rr> + 33r*)
?
-r}(4R+1r)3 <0

?
& s*(8R — 16r) +s%(60R?r + 120Rr? + 33r®) + r? (4R + r)* > 20rs*
(+2)
Gerretsen
Now,LHS of («¢) > s%(16Rr — 5r?)(8R — 16r)
(@)
+s?(60R?r + 120Rr? + 33r®) + r?(4R + r)? and

=)
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Geretsen

RHSof (s¢) < 20rs?(4R? + 4Rr + 3r?)
®)
(a),(b) = in order to prove (+°), it suffices to prove :
s2(16Rr — 5r2)(8R — 161) + s?(60R?*r + 120Rr? + 33r3) + r2(4R + )3
> 20rs?(4R? + 4Rr + 3r?)
& s%(108R? — 256Rr + 53r2) + r(4R+1)3 > 0

(...)
& s%(108R% — 256Rr + 80r?) + r(4R + 1)® > 27r?%s?
Gerretsen

Now,LHS of (se+) > (108R? — 256Rr + 80r?)(16Rr — 5r?) + r(4R + r)3
©

Geretsen
and RHS of (ees) < 27r%(4R? + 4Rr + 3r?)
(d)
(c), (d) = in order to prove (ee°), it suffices to prove :

(108R? — 256Rr + 80r?)(16Rr — 5r%) + r(4R +r)® > 27r?(4R? + 4Rr + 3r?)

R
& 22413 — 587t2 +308t— 60> 0 (where t= ;)
uler

E
& (t—2)((t—2)(224t+309) + 648) >0 > true t > 2= (see) > (o0)
R2s* Rs?
> m,mpym, < T (QED)

= (¢) is true = mZ2mZm? <

1469.
A a(a+m+4n)Vv3
[tan( = a? —a(m +n) — 2mn
22-05-23 A.B.r.]
M m B a C - N

With reference to diagram, prove that :

Vv3.4a(a + m + n)
4(a? —a(m +n) — 2mn)

tan(<MAN) =

Proposed by Thanasis Gakopoulos-Farsala-Greece
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Solution by Soumava Chakraborty-Kolkata-India

M m B a

Via cotangent rule : (m + a) cot 60° = m cot « — a cot 60°

a+m m a_ . * /3m
= ——>=tana =
V3 tana /3 2a+m
Also, via cotangent rule : (a + n) cot 120° = a cot 60° — n cot 8
a+n a n (= V3n

>S——— =—-—-———>1 =
—/3 3 tanp anp 2a+n
tana + tanf +tan 60° — tan . tan B.tan 60° via (x),(++)

~ tan(xMAN) =
an( ) 1—tana.tanfB —tana.tan60° — tanB.tan 60°

v/3m n V3n +V3 - V3m_ V3n A3 B V3.4a(a+ m +n)

2a+m  2a-+n 2a+m'2a+n _
1— V3m_  V3n V3m N V3n 73 4(a? — am — an — 2mn)
2a+m2a+n 2a+m’ 2a+n’

V3.4a(a+m +n)
4(a?—a(m+n) —2mn

= tan(<MAN) = ) (QED)

1470. In any A ABC, the following relationship holds :

3.2%.r®

(ma+wc>3+(mb+wa>3+<mc+wb)3 -
wp,  hy w.  hy w, h./ = 3(9R3 — 64r3)2 — 128r°

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

m. w.\3 m. w.\3 m, w,\3A-G

e e () S
Wb ha WC hb wa hC

3(ma Wc>(ﬂ wa>(mc+ﬂ>“;3_8_\/ﬂ We Mp Wa Mc Wp _ 5 o

W hb W hc wb.ha.wc.hb.wa.hc_

Wy ha
? 3.2%.r®

? ?
> <:>9R3_6432$646<:9R3_643'>83
~ 3(9R3 — 64r3)2 — 128r°® ( r’)% > 64r r3 > 8r
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? Euler m W, 3 m W, 3 m Wi 3
©R3>8r3 >truevR > 2r- (—“+—“) + (—"+—“) + (—°+—")
Wp ha W, hb Wq hc
3.2%r®

>
~ 3(9R3 — 64r3)2 — 128r°

v A ABC,” =" iff A ABC is equilateral (QED)

1471.
In any bicentric quadrilateral ABCD with sides a, b, ¢, d,

the following relationship holds :
1 1 1 1 )
ad3+b3+c3a3+b3+d3a3+c3+d3'b3+c3+d3

3R\/§. min(

RV2
<F?< T.max(a3 +b3+c3al+b3+d3a+c3+d3b3+c2+d?)
Proposed by Emil C. Popa-Romania
Solution by Soumava Chakraborty-Kolkata-India

Via Brahmagupta and Parameshvara,
16F?R? = (ac + bd)(ab + cd)(ad + bc)

= x (bd((a +¢)? — 2ac) + ac((b + d)? — Zbd)) = 16R?r%*s? (x = ac + bd)
> x (bd(s2 —2ac) + ac(s? — 2bd)) = 16R?*r?s? = x(s?x — 4r?s?) = 16R?*r?s?
4r? +/64R%r2 + 161*

2
= ac+bd=2r?+2r+*y4R2+r%2 > (1)
Now, (bs + ca)(as + bd)(ds + ca)(cs + bd)
= s3(a?bc? + a®c*d + ab?d? + b%cd?)
+s%(a3c® + b3d® + a?b%cd + a’bcd? + ab?c?d + abc?d?)
+sabcd(a®c + ac? + b%d + bd?) + abedr?s? + abcds*
> s*(a?c? + b%d?) + s?abcd(ac + bd) + s?abcd(as + cs) + sabcd(acs + bds)
+abcdr?s? + abceds* A; 2s*abcd + 2s%abced(ac + bd) + 2abceds* + abedr?s?

ia (1)
= s2abed(4s? + 2(ac + bd) +12) ' =

rs* (452 +2 (Zr2 + 2r = /4RZ + rz) + rz) =
(bs + ca)(as + bd)(ds + ca)(cs + bd) > r?s* (452 + 4r */4RZ% +r2 + 5r2) - (2)
We have : m* =

=>x2—4x.1r2-16R’r’ =0=x =

4

_ 1 1 1 1
(mm (a‘3 +b3+c3a3+b3+d3a3+c3+d3'b3+c3+ d-3))

- (a3b3c3)(a3b3d3)(a3c3d3)(b3c3d3)

~ (a3b3 +b3c3 + c3a3)(a3b3 + b3d3 + d3a3)(a3c3 + c3d3 + d3a3)(b3c3 + ¢3d3 + b3d3)
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94.F18
= (bs + ca)3(as + bd)3(ds + ca)3(cs + bd)3
/ a®b?® + b3c3 + c2ad = c3a® + b3(c + a)(c? — ca + a?)
bs bs 3
i >c*a® +—3(c+a)3—c 3+b383+bsssmlzder(2 - 29+°“)

8 8

bs + ca)?
= a3b3 +b3c3 + c3ad > %analogs

4

94- F18 ? FZ F8
= 5= ( ) ~ 81R*.4
rés12 (452 +4r *+/4R?% +r?2 + 5r2) 3RV2 :
96 10510 ) 1
3 = 4R4
résiz (452 +4r+/4R%? + 1?2 + 5r2)
37
o s2 (4s2 +4r+«J4R? + 12 + 5r2) > 96 4R*r*

O]
Now, via Blundon — Eddy, LHS of (x) >

8r (\/4R2 12— r) (4. 8r (\/4R2 12— r) +4r+J4RZ + 12 + 5r2)3 > 96 4R*r*

& 2(4R? +1?)(256R? + 172r7) + 2r (192R?r + 75r3 + 96r(4R? + r2) ) — 729R*

N

=14

> 2r.J4R? + 12, (256R? + 172r% + 192R? + 75r% + 96(4R? + 1?))

? 2
& (1319R* + 3040R?r? + 686r%)” > (Zr. V4R? + 12, (832R? + 343r2))
RZ
& 1739761t — 3056064t% — 849660t + 5488 > 0 ( oz
? L.Fejes Toth
e (t—2) (1739761tZ + 422086t + 1372(t — 2)) >0->true~t > 2

F2 \*
:>(*)istrue:>m4S< >

3RV2

1 1 1 1
a3+b3+c3a3+b3+d3%a3+c3+d3'b3+c3+d3

~ [3RV2. min( ) < F?

RV2
Also,T.max(a3 +b3+c3a®+bd+ddad+cd+d3b3+c3+d3) >

R\/E A-G
H(a3+b3+c3+a3+b3+d3+a3+c3+d3+b3+c3+d3) >
R\/_ R\/_ \/‘
—— (abc + abd + acd + bed) = — (acs + bds) > acbd =
Rrs? 2

7 >F?=r%’s? R > \/_r - true via L.Fejes Toth

RvV2
~|F2 < —= .max(a® + b3+ c3,a® + b3 +d3,a® + ¢ + d3, b3 + ¢ + d%)| (QED)
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1472.

In any bicentric quadrilateral ABCD with sides a, b, ¢, d such that

a <b < c <d, the following relationship holds :

4\/6 iﬁ L,\F jﬁ
—+ |-+ <3 |-
r r r r

Proposed by Emil C. Popa-Romania
Solution by Soumava Chakraborty-Kolkata-India

1, . dCBS\/_ b+dCBS
<-—=(Vva++vc)+ <

‘{/F(\/_ Ve) ’ 7 Va++c+
V2 ¢b+d 4a+c b+d [3 [3 [3
— JV2Jatc+ =2. 4/ 4’ 4/—
r 2r 2r 2r
? R ?
<3. |—er?s?2 <4R*

r ™

Now, via Blundon — Eddy,s < v4R2 +r2 +r
?
>r2s2 <y (4R2 +2r2 + 2r.J4R? + rz) < 4R*
?
& 4R* — 4R?%r2 — 2r* > 2r3.\/4R2? 4 r2
?
& (4R* — 4R?r? — 2r)” > 416 (4R? + r?)

L.Fejes Toth
< 4R* — 4R?’r? — 2r* = (4R* + 4r?)(R? - 2r2) +6r* >  6r*> 0)
?
& 16R°(R? — 2r?) > 0 - true, via L. Fejes Toth = (x) is true
4\/6 4\/; 4\/5 \/E
A=+ =+ =<3 =
r r r r
V bicentric quadrilateral ABCD with sides a,b, c,d | a<b<c<d(QED)
1473. In any A ABC, the following relationships hold :

mg Vva Vva(lb *'I})
2y 22 d4z HBalb ™ e
bc— w2z " ra—r bc — w?

cyc cyc cyc cyc

Proposed by Bogdan Fustei-Romania
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Solution by Soumava Chakraborty-Kolkata-India

b 2 _p 4bes(s — a) be—b (b + ¢)? — a?
— W4 = P ——. J— —

T Wa =TTy 1 o2 TP T b o2

2
a“bc
2 _
. B . C . (B+C A 2 A
siny  sins ssin (T) COS5  SCOS“ % ,A
Also,ry, + 1. =5 BT cl= A B C - (i) =4RcosE
COSE COSE cosicozicosi 4R
. Ty + 1. = 4Rcos? = - (2)
/b ’b
+c, a’bc
2 ma bc — 2 via (1) and Lascu 2 m
) Zbc A =1
b+c®
2 m L/m
= 5 and analogs - Zz = Z 3
bc — wg bc —w;
cyc
4m, bc — w‘% via (1),(2) and Lascu 4.¥COS 2 (b + C)Z abc
Again, . =

Ig — 1 Wo(r, +1¢) rs(s—(s—a))’ 2bc A s(s—a) 4Rrs

so. 4R35 -4

sGs—a) b+c52 " bc
4m w,(r, + 1, m W, (1, + 1
=1= 2> a(rh ZC) and analogs - 42 2 > a(h C) (QED)
r,—r bc — w; g —T bc —
cyc cyc

1474. In any A ABC, the following relationship holds :

rg+ 1, + 1. a

h, + hy, + h, /ibc—wa

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

4bcs(s—a)_b b (b+c)2—a2_ a’bc
b+0z TP T bt+oz  bto)?

bc—w?2 = bc

R a _bt+c |rgtmpAr a 2R
Jbc—wZ  Vbc " Jha+hp +h \/bc—w2
2R(4R + 1) (b+c)2< 4R +r a(b+c)2<1

ab+bc+ca bc _Tﬁab+bc+ca' 4Rrs " r
4R+r s(ab+ bc+ ca) r<s(ab+bc+ca)—a(b+c)2

4R - a(b+c)? < 4R a(b + ¢)?

=4
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F2  s(ab+bc+ ca) —a(b + c)?

< sabc = a(b + ¢)?
& (s—a)(s—b)(s — c)(b +¢)? < be(s(ab + be + ca) — a(b + ¢)?)

e Z+x)(x+y) ((z x) (Z((Z +2)(x+ y)))) —xyz(2x+y+1z)2>0

cyc cyc
—(y+z)2x +y + z)?
(wherex=s—ay=s—-b,z=s—-c>a=y+zb=z+x,c=x+Yy)
o x° + xty + x*z + xy?z? + y32% + y?z3 > 2x3yz + 2x%y%z + 2x%yz? > true

A-G A-G AZG
v x® +xy?z? > 2x3yzxty +y3z? > 2x%y’zand x*z +y?z® > 2x%yz?

| TatThp +Tc a < ZRVAABC(QED)
hy+hp+he' [he—wZ ™ | T

1475. In AABC the following relationship holds:

10 321

5 I
in A in- | < |—
E Vsin E sin 7 T

cyc cyc

Proposed by Daniel Sitaru — Romania
Solution 1 by George Florin Serban
1
f:(0,m) - (0,1], f(x) = Vsin x = (sin x)5
1 4 9 1 4
f(x) = = (sinx) 5 -cosx,f"(x) =— 25 (sinx) 5 cos? x — = (sinx) 5sinx <0

(V)x € (0,) = f concave

U] =

f(A A g * C) > ZCW;(A) g Zf(A) < 3f(60°) = Z VsinA <3 <\/2—§>

cyc cyc

g:(0,m) > (0,1),g(x) =" Si“; = (Si“;)g

4
51 X 1

g'(x) = %(sin ;) 2 0S5 = E(sin;)_g cos;
-2 4
g"'(x) = —Sio(sin;) ® -%-coszg—l—lo(sin;) > -%sin;

g"'(x) <0,(V)x € (0,t) = g concave — Jensen
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€\ Teye g(A) 1,5
A+ B+ 5 A 5
g( 3 ) > Cycég = Zg(A) <3g(60°) > z sin—<3 (E)
cyc cyc
AN R
5 A 3 310
= Z\/ssinA . Z sin— |<9(— | = =
2 4 1
cyc cyc 45
32—(1, 1",/321 /321 10321
=72z = 4 10 Py
25 210 ‘/_ 16
10 321
Z Vsin A4 sm—
cyc cyc
Solution 2 by Tapas Das-India
.2 .2 .2 aZ b2 CZ a2+b2+cz
sin“ A + sin“ B + sin C=4R2+4R2+4R2= ARZ
9R? 9
< ==
T 4R?2 4
1
9 3 (9\10
(3)

Lelbnlz CBS 3
Z\/sm Z \/smzA < W(Zsm A) 0 < m

Let f(x) = sinE,x € (0,m)

f’(x)=%cos;, f"(x)=—%sin2;<0
=~ fis concave
CEORCRICES
2 2 2/~ 6
A . mT 3
-'-Zsmi =3-smg:§
1 1
5 2 (5 () -5 ) -3
27 3 2] g5\2) g5
(31%)10

5 — s| . A
Z\/smA-z SmE: 1
(22)10
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1 1

3 /0\i0 (310)i0 (310.32.310\T0 (321\10
SERUCLL I e
(22)10

Solution 3 by Khaled Abd Imouti-Syria

Let be the function:

fx) = Vsinx,x € 10, [

f(x) = (sin x)%, 'f(x) = < (sin x)_% - COS X

<0

Uil =
vi| s

Ilf(x) —

9 4
——(sinx) 5 cos?x —sinx - (sinx)™5
= <0

So f is a concave function

1
; 1

Deye Vsind < 5/sin ("H;ﬂ),zcw VYsind < 3 /? =3 ((3))110 (*)
2)5

Let be the function: g(x) = 5/sin;—c,x €10, [

in similar way g is concave function

’ A B C
5 . A 5 . E+E+E 5 LA 5[1
So: chc ’Slnz <3 [sin < 3 - chc sinZ <3 > (**)

= from (*) and (**)

1 1 21
(Z 5'—sinA> . <z 5 sin%) <9. (3)10 _ (3)2-(3)10 _ (3)10 _ \/%

2 1 1
cyc cyc (2)5 (4)5 (42)10

1476.
In any A ABC, the following relationship holds :

1 _3
Z B C~4

cye 1+ cotf.coti

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

Z Z Z s(s—a) B 2s—a-—s
C _ 2 —
cyc 1 + COt— COt cyc 1 cyc S(S a) + s cyc ZS a
_ 3 Z chc(chc ab + aZ) _ (chc a? + 2%y ab) + Yeycab
b+c 2s(s +2Rr +r2) 2(s%? + 2Rr +r?2)
cyc
4s? + s? + 4Rr + r? s? + 8Rr + 5r? ;3 10R . >0
= —_— [— @ —_— —
2(s + 2Rr + 12) 2(s Y 2Rr+12) = s* r—7r
Gerretsen
& s2 —16Rr + 5r% + 6r(R — 2r) 2 0 - true~ s?—16Rr+5r? > Oand
Euler 1 3
— >
6r(R—2r) > 0. B C 2

cye 1+ coti coti
v A ABC,” =" iff A ABC is equilateral (QED)

1477. In any A ABC, the following relationship holds :
8 in2 2 32 in 2 2 > 22
len E+ HSIHE-F "B . C-—
cyc cyc chc sin f sin E
Proposed Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

s2

E zA E zA
cosec —=3 + cot“*—=3+ —
2 2 r2

cyc cyc cyc

2
\ s? (s4 — 2rs?(4R + r))
Iple | — 2 I Z I, =3+

rZs*
cyc cyc

2
Z ,A s?2 — 8Rr + r? Z A Z 2A+
= —_ - = — = —
cosecC 2 1'2 cosecC 2 cosec 2
cyc cyc cyc
5 B C sZ—SRr+rZ+ 2 Z ) Alelzen
cosec—coseC— = . sin— =
2 2 r2 ( r ) 2
cyc 4R/ cyc
s?2 — 8Rr + r? 12R cerretsen 4R? + 8Rr + 4r? 4(R +1r)?
r2 r2 r2
A (1) 2R + 2r

= Z COSBC—

cyc
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Now, SZsm —+321—[sm + —22
B C
cyc cyc YcycSin > Sinz
9 A r via(1)
= —22 Z — 2 — >
(]'[ i A) (2 cosec +8 sin? > +3 >
cyc cyc 2 cyc
9 5 42R-1) 8r _ 2(2R? — 5Rr + Zrz)
L) (ZR ¥ Zr) a2t —p R R -
4R r
2(2R —r)(R — 2r) Euler . A A 9
R > O:BZsm E+321—[smi+ B C
cyc cyc ch(: sinfsini

> 22V AABC,” =" iff A ABC is equilateral (QED)

1478.
In any A ABC, the following relationship holds :
r 2 2
4r (4 + ﬁ) RR-r)* < Z rpr.(r, + r.) < R4R +r)
cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

4r (4 + %) (2R-1)? < z rprc(ry, + 1)

cyc

2
r, +r 4y . .T rs? rs?
ors? Yy 2 Cop_Tooed  (4pyr—— —2.—
2 S2 2

r rs
cyc a 4R+ 1 — S—Z
2
2 .2

o zr . Zra(rb +12) - 4YcycTa Zr 3r, 1T

a’b LT, - Falple ° D Y o

cye ge bl LeyeTa — 37— \'oge cye Talb

cycla

Talp(ZeycTa — e
< (Z r“rb> (Z ( TaTpTe )>

cyc cyc

> 4(chc ra) (chc rarb) ((Ecyc ra) (chc 1‘arb) - 31'arbrc)z
B ((chc ra)(z:cyc 1‘arb) - 1‘arbrc) (chc 1‘arb)z

- (o) (22 ) (225

cyc cyc
—3r,1pI, —Talple
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= 4r, 1T, Z I, Z I, Z Iap | — 3raple

cyc cyc cyc
2 / \
()
= Zx ny ny = 4xyz Zx zx zxy
cyc cyc \ cyc cyc /
cyc cyc
—XyZ —3xyz

(x =Ty, Y =IhZ= rc)
Assigningy+z=Xz+x=Y,x+y=2Z2=>X+Y-Z=2z>0,Y+Z—-X=2x
>0andZ+X-Y=2y>0=X+Y>ZY+Z>XZ+X>Y
= X, Y, Z form sides of a triangle with semiperimeter, circumradius and inradius

=s', R, r' (say) yieldingZZx:zx= 2s’=>2x: ss->1)=>x=5-X%

cyc cyc cyc
y =s’' — Y,z = s’ — Z and such substitutions = xyz = r'*s’ > (2) and

ny = Z(s’ -X)(s'-Y)=> ny =4Rr' +1r'%? - (3)

cyc cyc cyc

~via (1),(2) and (3),(») &
(s'(4R'r' +1'?) — r'%s") (4R'T + r’z)2 > 4r'%s'(s")(s'(4R'r’ +1'%) — r'%s')
& R(AR +1)% > (4R — 2r')s'? - true via Blundon — Gerretsen = (%) is true

T
~ |4r (4 + E) 2R-1)? < z rprc(ry, + 1)

cyc

4r
= Z Ip T, z I,—Tr, | > EMR +1r)(2R-r)? = (4R + r)s? — 3rs?

cyc cyc

4r
> R (AR+1r)2R-1r)? = Rs? >r(4R+r)(4R —2r)

®
=>||R's'? > (4R’ + r)(4R’ — 2r)

Again,z rpre(rp + 1) < R(4R + 1r)?

cyc
2

yt+z XYZ
@4xyzz—g Zx Zx—
X chcxy

cyc cyc cyc

o s (s' (4R +1'?) = r'%s') = 4(4R'r' + r'*)(s'(4R'r' +1'?) = 3r'%s') &

R's'” > r'(4R' + r')(4R’ - 2r') - true via (s) Z tpre(t, + 1) < R(4R+1)?

cyc

r
= 4r (4 + E) (2R-1)? < Z rre(r, + r.) < R(4R +1)?

cyc

v A ABC,' =" iff A ABC is equilateral (QED)
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1479. In any A ABC, the following relationship holds :

|ma_mb|+|mb_mc|+|mc_ma| ma+mb+mc

Smampm, + 5 > 3

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a—bl+|b—cl+lc—alDa+b+c
Firstly, we shall prove : | L+ 5 [+ | > 3 Yabe
G-H
Now,a+b+c— Yabe 2 Yeyc@  3abc
3 3 chcab
_ (Zeyea)(Zeycab) — 9abe 2 la—b|+|b—c|+|c—al
B 3 Ycycab = 2
2
' 4 a ab) — 9abc
®Z(b_c)2+22(|a_b”b_c|)2_((chc )(Zeycab) )
\': 9 chcab
cyc cyc
a ab) —9abc
Now, LHS of (x) > 2 z z ab > <(chc )(chc )— )
chcab

cyc cyc
?
& 9(s? — 12Rr — 3r2)(s? + 4Rr + r2)” > 2(2s(s? + 4Rr + r?) — 36Rrs)”
?
& s + (188Rr — 25r%)s* — r?s?(2288R* + 136Rr + 53r?) — 27r*(4R +1)* = 0
()
Gerretsen

Now,LHSof () >  (204Rr — 30r?)s* — r?s?(2288R? + 136Rr + 53r?)
Gerretsen < (204Rr — 30r2)(16Rr — 5r?)

—27r3(4R+1)? >
( ) —r?(2288R? + 136Rr + 53r?)
Gerretsen
=r?(976R? — 1636Rr + 97r%)s? — 27r3(4R+ 1) >
?
r3(976R? — 1636Rr + 97r?)(16R — 5r) —27r3(4R+1)° > 0

? R
© 43413 —1011t% + 294t — 16> 0 ( = F)
Euler
<:>(t—2)(362t2+72t(t—2)+t+8)>0—>true t > 2= (%) = () is true
a+b+c a—bl+|b—c|l+|c—a
LAHDEC o lablabodtic—dl
on a triangle with sides m,, m;,, m., we arrive at :
m, —my|+ |m, —m, +|m, —m m, + my + m
| a bl | b cl | c aI2 a 3b C_m
|ma_mb|+|mb_mc|+|mc_ma|>ma+mb+mc
2 - 3
v AABC,' =" iff A ABCis equilateral (QED)

) —27r3(4R+1)3

= (1) is true and invoking (1)

= 3/ mympym, +
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1480. In any A ABC, the following relationship holds :

3

m3 3R? _\'¢
z B C + 4r2 = ZB-I' 99.9v9 ¢

cyc tan E tan E cyc

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

? r ? Zabccos%
Triangle i lity = g, <Al +r< S ——F+r<—*
riangle inequality = g, r<w, A r alb 10
sin
A
r ? 8Rrscos 1 ? a+b+c
= +r< = +1<—
. A - . A A . A - . A
sinz 4R(b + ¢) sinzcos3  siny (b+0) sin
? a 1 A
o +1<+ + s (b+co)sin—<a
. . A . A 2
sin> (b+c¢) siny  siny
A B-C  A? A A B—-C?>
< 4R cosEcos smi < 4R smicosi < cos <1 - true

A-G

" ga <W, < ,/s(s—a)andanalogs
©)
= 99,99 < /s(s — a) \/s(s — b) \/s(s —¢€) +9g.gpgc < 9rs?

Now, z 4r2 = z p T 29a9v9c

cyc tan tan cye
3R2 a+b+c—(b+c)
®z 4r2 Zz b +9gagbgc
cye tan tan P
ma 3R? s
@Z C 42+3+Zb>— ab+9g,9v9.
cyc tan tan cyc cyc
ma 3R? c (*)
@Z C 42+3+Z: T Z:ab+9gagbgc
We m3 N s(s — a)Vbccos tang 6H
e have : Z > Z A B C >

B C
cyc tan i tan i cyc tan 7 tan 7 tan i

0<cosTc51

s(s — a). ibc BE=C sin% and
4R cos 5 cos —5— vstany =rq s(s —a)h,r, A-G 3s 3 2r2s? ? )

Z > Z— > —. [r2s. .rs2 > 9rs

r 4R r r R
cye IRs e

5 2r¥s?

res. R .rs® » ? Gerretsen

o5 > 27r3s3 © 2s? > 27Rr - true - 2s >
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3

Euler mg, via (+)
27Rr + 5r(R—2r) > 27Rr. Z — B ¢ >9rs? > 99499~ (1)
cyc tanitani

A-G
d
A 3R? 3 z b Gerrlclztsen 3R2 6 4R? + 8Rr + 4r?
[ > - —
gain, 3+ 2 b T 2Re L ®? = et 2Rr
cyc cyc
3R* +24r 4R® + 8Rr +4r? ? 3 ) ? R
= >0< 3t° — 8t +8t—8>0(t=—>
4r2 2Rr r

Euler

<:>(t—2)(2t2+t(t—2)+4)>0—>true t > 2

: _+3+Zb_2R Zab—>(2)

cyc cyc
m3 3R?

(1) + (2) = (») is true - z Ba C+4 > _zb+9gagbgc\7’AABC
cyc tanitani cyc

" =" iff A ABC is equilateral (QED)

1481. In any A ABC, the following relationship holds :

Rn+1

+1
r““_2n +Z b2 + c2

cyc

cyc
Proposed by Nguyen Van Canh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2a3 2a? 4 2a3 2a?
b3+c3 b2 +cZ pre Z b2ttt
CYC cyc CyC cyc

2
and 2 +1+1

2
BN P
> _
b3 +¢3 3

cyc7+1+1+1 cyc

Holder
and

8a? 2 1 A-Gand Leibnitz
e - E a? E S
b3+c3+6a3 3 b? 4 c?

cyc cyc cyc

8(2s)? R2
3(2%cyc @3 + 6 Teye a3) 3 )ZZabc

cyc
4s? 2 . 2s 4s? 3R? R®-8r?
= ——.(9R?). = e
3(s2—-6Rr—3r2) 3 8Rrs 3(s2— 6Rr —3r2) 2r r3
?
& (6R® — 9Rr? — 40r®)s? > r(36R* + 18R*r — 54R?r? — 315Rr?® — 144r*)
©
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Gerretsen

6R? — 9Rr? — 40r® > 0 and then : LHS of (x) >

? 4 3 2.2
(6R3 — 9Rr2 — 40r3)(16Rr — 5r2) > r(36R +18R%r — 54R"r )
—315Rr® — 144r

? R
& 30t* — 243 — 45t — 140t + 172 >0 (t = ;)

Euler

s (t-2) ((t —2)(30t% + 96t +219) + 352) Strue vt > 2= (x)istrue

6R3 — 9Rr? — 40r3 < 0 and then : LHS of (x) = —(40r3 + 9Rr? — 6R?)s?

Gerretsen

— (40r® + 9Rr? — 6R?)(4R? + 4Rr + 3r?)
> r(36R* + 18R3r — 54R*r2 — 315Rr® — 144r*)

?
o 12t° —6t* —18t3 — 71t + 64t + 12 >0

Euler

& (t—2) ((t—2)(12¢3 + 4212 + 102t + 169) + 332) > true = t > 2

= () is true and combining cases 1 and 2, () is true V A ABC

2a3 2a?
b3 +c3 b2 + c2

cyc cyc

- (1)

Letf(n) = t"™1 —2ntly ¢ = ; >2andVn > 2 and then :

f'(n) =t""1.(Int) —2™1.(In2) >0~ t""1 > 2" 1 gnd Int > In2
R 3
=1 (Int) — 2™ (In2) > 0 - f(n)is Tvn > 2 = f(n) > f(2) = (;) _g

R3 -8 3 R n+1 R3 8 3 Rn+1
R e (_) _onit __r > _( _ 2n+1> L @)
r

rn+1

2a3 2a2 Rn+1
~ (1D and(2) = CZC: ’b3 — Z ’bz — 22 r“+1 “+1>
Y

2a® R"+1 a1 2a?
b3t o3 et 22 +Z b? + c?
CYC cyc

v AABC,” =" iff A ABCis equilateral (QED)

1482.

In any A ABC and V n > 2, the following relationship holds :
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R n+1
= + o
min e (o

cyc

4
> 1+ max Z

cyc

2a3
b3 + ¢3’

cyc

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

2a3 8r3 (1) 2a?
Firstly, we shall prove : b3 + c3 z b2 + 2
cyc cyc

2a3 \/ a? G H
b3+c3 b+ c b%— bc+c2 Zb+c b2 — bc+c2
cyc cye 5= + 2 +2
8a? Bergstrom
=gc:a(b+c) +2bZ% — 2bc + 2¢2 + 4a?
8.4s? _4s?
2 cycab +2 chc az -2 chc ab + 2 chca + 4 Yy a? - Yy a?
2a3
b3 + c3 — 4Rr —r?

cyc

2 2 + 2
2a 2a AGZb2+ c2 2 Z“Z Z 1
bZ+cZ b2+c2 bZ + ¢2
CYC CYC cyc cyc cyc

A<GZ Z Z _2.2s 2a? (Z)S — 4Rr —r?
2abc | 3.8Rrs b2 + c2 -
cyc cyc cyc cyc

~ (1),(2) = in order to prove (i), it suffices to prove :
2s? N R3 —8r3 (@) s2 — 4Rr —r?
s2 — 4Rr — r2 8r3 3Rr
(R® — 8r%)(s? — 4Rr — r?) + 16r3s? - s? — 4Rr — r?
8r3(s2 — 4Rr —r?) - 3Rr
& 8r2s* — (3R* + 88Rr? + 16r%)s?

+r(12R5 + 3R*r + 32R?*r® + 40Rr* + 8r°) (s) 0
Now, Rouche = s> — (m —n) > 0 and s> — (m + n) < 0, where
m = 2R% + 10Rr —r? and n = 2(R — 2r).4/R% — 2Rr
(s2 —(m+ n)) (sZ —(m— n)) <0
= s* —s?2(2m) + m? —n? < 0 = s* — s?(4R? + 20Rr — 2r?) + r4R +1)3 < 0
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= 8r?s* — 8r?s%(4R? + 20Rr — 2r?) + 8r3(4R + r)? < 0 - in order to prove (x),
it suffices to prove : 8r%s* — (3R* + 88Rr® + 161*)s?
+r(12R5 + 3R*r + 32R?r® + 40Rr* + 8r°)
< 8r2s* — 8r2s?(4R? + 20Rr — 2r2) +8r3(4R + )3

4 3 2.2
o (3R* — 32R?r% — 72Rr? + 32r%)s? < Rr(lZR + 3R°r - 512R°r )
—352Rr3 — 56r*

[Case 1|3R* — 32R?*r? — 72Rr? + 32r* > 0 and then, LHS of (+*)
Gerretsen

(3R* — 32R?*r? — 72Rr? + 32r*)(16Rr — 5r?)
> Rr(12R4 + 3R3r — 512R?r? — 352Rr? — 56r*)
’ R
& 18t5 — 9t* — 320t% + 464t — 80> 0 (t = ;)

Euler

& (t—2) ((t—2)(18t% + 63t? + 180t + 148) + 336) > true = t > 2

= (**) is true
Rouche

[Case 2] 3R* — 32R?r? — 72Rr? + 32r* < 0 and then, LHS of () >
— (—(3R* - 32R%r? — 72Rr? + 32r*) ) (2R? + 10Rr — r? + 2(R — 2r).VRZ — 2Rr)
?
> Rr(12R* + 3R3r — 512R?r? — 352Rr> — 56r*)

(***)
& 2(R—2r)(3R® + 15R*r — 5R®r? + 14R’r® — 108Rr* + 8r%) >

- - - r’+ 32r —2r). — 2Rr
2 (—(3R* - 32R%r? — 72Rr® + 32r*) ) (R — 2r).//R? - 2R
Now, 3R® + 15R*r — 5R3r? + 14R?*r3 — 108Rr* + 8r°
Euler
= —2r + r—+ r<+ r’°+68r*) + r’ = re >
(R —2r)(3R* + 21R3r + 37R?r? + 88Rr? + 68r*) + 144r° 144r5 >0
.~ in order to prove (**x), it suffices to prove :
(3RS + 15R*r — 5R3r? + 14R?r3 — 108Rr* + 8r5)°
Euler
> (R? — 2Rr) (3R* — 32R?*r2 — 72Rr3 + 32r%)° ( R-2r > 0)

& 108t? + 387t8 — 18t7 — 2283t — 5508t° + 7596t*
+7776t3 + 1648t* + 320t + 64> 0 &

7 6 5 4
6168t°> + 9288t~ + 20256t + 45520

Euler
—true vt > 2= (x*x) > (x) is true

.. combining cases 1 and 2, () = () = (i) is true V A ABC

2a? 8r3 (") Z 2a3
bZyct b3+ c3

cyc cyc

Weh Z 2a3 A G 2a3.2 24 2a? 2a 11
¢have: b3 +c3 (b2 +c2)(b+¢) b2+c2'b+c
cyc cy

A-G 1 242 AGl
< | ) =—— <
4 b2+ 2+ + Zb+c - Z ZZabc 2.b+c

cyc cyc cyc cyc cyc

We shall now prove :
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cyc

'24 2a3 (3)s — 4Rr — r? Z dz 2a?
h D3+c3 4Rr T2 lbrc™ b2 + c2

cyc cyc

Z 2a? G H z Z Bergstrom
>
b2+c2 b2+c2 b2+c2+4a2 -

cyc

cye—5 5 —

6.4s

.4s? 3| 2a2 @ 2s?
> ~3)4) >
2y + 4 Yy a? z b2+ c2 ~ s?2 —4Rr —r? 3,4
cyc

in order to prove (ii), it suffices to prove :

2s2 . —8r3>sz—4Rr—r 1 a 4 (m)
> — Y —— and ~ via (=
— 4Rr —r? 8r3 4Rr 2 b+c
cyc
2s? —8r3 s%—4Rr - r?

>
— 4Rr — r2 + 8r3 3Rr

-~ it suffices to prove :

52—4-Rr—r2>sz—4Rr—r2+1z a s — 4Rr — r? zZs—(b+c)
— =
3Rr - 4Rr 2 b+c 12Rr 2 b+c
cyc cyc
s? —4Rr —r? - 2s(5s? + 4Rr + r?)
@ —
6Rr ~ 2s(s? + 2Rr +r?)
)
& s* — 14Rrs? + r?(4R? + 6Rr—r?) > 0
Gerretsen
Now,LHSof (¢) > (2Rr — 5r2)s? + r2(4R? + 6Rr — r?)
Gerretsen
= (2Rr — 4r?)s? — r?s? + r?(4R? + 6Rr — r?)
(2Rr — 4r?)(16Rr — 5r%) — 2(4R2 +4Rr + 3r2) + r2(4R2 + 6Rr —r?)
Euler
=8r’(R-2r)(4R—r) > 0= (+) = (ii) is true - (i) and (ii) =
) 4| 2a3 3| 2a? R3 - 8r3
min z b3 +c3’z b2 + 2 *
cyc cy
2a3 2a?
= max Z b3+c3' b2+ c?
cyc cyc
R3 — 8r3 (i) 4| 2a3 3| 2a? ] 2a3 2a?
> 8r3 = max Z b3+c3'z bz ™ Z b3+c3' bZ + c2
cyc cyc cyc cyc
n+1

R
Now,n > 2 and Euler = (n+ 1 — 3)1n—>0:( ) >( )
2r 2r 2r

R n+1 R 81-3 via (iii)

Z 2a3 2a? 4 2a3 Z 3| 2a?

max ) — min )

b3+c3 b2+ c2 b3 +¢3 bZ + c2
cyc cyc CyC cyc
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4| 2a3 2a? “+1
~ min ,
Z b3 +c3 c3 bZ + 2 Zr
cyc cyc

4| 2a3 3| 2a?
=1+ max Z b3+c3'z b2 + 2

cyc cyc

VAABCandVn > 2, =" iff A ABC is equilateral (QED)

1483.
Letn > 2. Then, in A ABC, the following relationship holds :

a R\" m,
Srreat (=2 7
b+c—a \r my + mg —

cyc cyc

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a a-s+s_ s(4Rr +r?)\ 2R-r
Ay )
btc—a r’s r

cyc
=>Zb+c— =T_1_>(1)

cyc
2m, 2my 2m.

E 3’3"’ 3"’
elementary calculations = 3’ we arrive at : z
cyc

whose area via

Invoking (1) on a triangle with sides
ma
my, + me. —m,

2m, n 2m, n 2m,

2m Zmb 2m 3 3 3
—2 33 3 2 _1_4mambmc(ma+mb+mc)_1
- 4F F B 9r2s2
3 3
SZ
mgmpme =3
and
mg+mp+mc < 4R+1r 2Rs2(4R + 1) m, 8R? + 2Rr — 9r?
mem RS URY 5 L@
9r2s? my, + m, — m, 9r2

cyc

= ve : +
an 1n oraer to prO e 2 =
cyc

m
\/Z —— % _itsuffices to prove :
m, + m,—m,

cyc
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8R%2+2Rr—9r¢? 2R-r
2R—r+R2—4r2> 8R2 + 2Rr — 9r2 R2—4r2> 912 T r
(—1
r 4rz = 9r2 4rz \/BRZ + 2Rr — 9r2 JZR—r
+

9r2 r

(R-2r)(R+2r) (;) 3r.8R(R — 2r)
4r? ~ or2 (JBRZ + 2Rr — 9r2 + \/9r(2R — r))

Euler
8R%Z +2Rr —9r?2 —27r? =2(R-2r)(4R+9r) > 0

@
= \/8R2 + 2Rr — 9r2 > /2712

Euler (ii)
and9r(2R-r) > 9r(4r-r) = /9r(2R-r) > /27r?

Euler
Now, R—2r > 0 . inorder to prove (x),it suffices to prove :
R+ 2r 8Rr

>
4 3(J8R2 + 2Rr — 9r2 +w/9r(2R—r))
2
& 9(R + 2r)? (JBRZ +2Rr—9r2 +/9r@R—1)) > 1024R?r?
8R% + 2Rr—9r? + 9r(2R—r) (+%)
> 1024R>?r?

+2.4/8R2 + 2Rr — 9r2.,/9r(2R — 1)
Again, via (i) and (ii), LHS of (xx) >

?
9(R + 2r)?(8R? + 2Rr — 9r% + 9r(2R —r) + 54r%) > 1024R’r?
?
© 72R* + 468R3r + 308R?*r? + 2016Rr3 + 1296r* > 0 - true

o (%) = (5) / a RE —4r _ M
Istrue = Zb+c—a+ 4r2 2\/Zmb+mc—ma
cyc cyc
:R2—4r2> z z L @)
4r? _\/cy mb+mc—ma \/ b+c

R
Let f(n) =t“—2“Vt=;22(t—>fixed) and V n > 2 and then :
f'n) =t".(Int) —2".(In2) >0~ t">2"and Int>In2 = t".(Int) — 2". (In2)

R\’ R\" R? — 4r?
>0-.f(n)isTvn=>2= f(n) > f(Z)—(—) —4:>( ) —Z“ZTr

2
via (3)
\/ mb+mc—ma \/ b+c—a
cyc

a n m,
§—+(—) >ony E—
b+c—a r my +m. —mg,
cyc cyc

VAABCandVn > 2, =" iff A ABCis equilateral (QED)

& 9(R + 2r)? <

Rs?
Proof of m,mym, < -

1
mZmfm?2 = o1 (2b? + 2¢? — a?)(2c¢? + 2a® — b?)(2a® + 2b% — ¢?)
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1)1
v a{—tlz a®+6 (Z a*b? + Z a2b4> + 3a2b2c2}

cyc cyc cyc

Now,z ab = (Z a2> — 3(a?+b?)(b? + c?)(c? + a?)

cyc cyc

(5] fosver 5w {50

cyc cyc cyc

o] el
w25 ssovs( v (50)

cyc cyc cyc cyc

z a*b? + z a’b* = z a’b? (Z a’— c2> @

cyc cyc cyc cyc

(Z a? bz) (Z a2> — 3a?b?c? - (1),(2),(3) = mZmim?

cyc cyc

(50 -t )50

cyc cyc cyc

\ +6 (Z a? b2> (Z a2> — 18a?b?c? + 3a%b?c?

cyc cyc

Aol o

cyc cyc cyc

3 2
1
=1 —4 (Z a2> +18 (Z ab) — 16Rrs? (Z a2> — 27a%b?c?

cyc cyc cyc

\.
)

_ 1 (-32(s? — 4Rr — %)’ + 36(s2 — 4Rr — r?)(s? + 4Rr +12)"
64 —576Rrs?(s? — 4Rr — r?) — 432R?*r?s?
1
= E{s6 — s*(12Rr — 33r?) — s?(60R?*r? + 120Rr® + 33r*) — r3(4R + r)3}
R2s*
<
4

=1
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)
s® — s*(4R? + 12Rr — 33r%) — s?(60R?*r? + 120Rr> + 33r*) —r3(4R+ )3 < 0

Gerretsen

Now,LHSof (+) < —s*(8Rr—36r?)—s?(60R?*r?+ 120Rr> + 33r*)
?
-r3(4R+r1)3<0

?
& s*(8R — 16r1) + s?(60R*r + 120Rr? + 33r%) + r?(4R + r)* > 20rs*
()
Gerretsen
Now,LHSof (+¢) > s?(16Rr — 5r%)(8R — 16r)
(o)
+s2(60R?*r + 120Rr? + 33r3) + r2(4R + r)® and

Geretsen

RHS of (¢¢) < 20rs?(4R? + 4Rr + 3r?)
(b)
(a),(b) = in order to prove (¢°), it suffices to prove :
s?(16Rr — 5r%)(8R — 16r) + s?(60R?r + 120Rr? + 33r®) + r(4R + )3
> 20rs?(4R? + 4Rr + 3r?)
& s2(108R? — 256Rr + 53r?) + r(4R+1)% > 0

(“‘)
& s2(108R? — 256Rr + 80r?) + r(4R +1)% > 27r%s?
Gerretsen

Now, LHS of (ees) (108R? — 256Rr + 80r2?)(16Rr — 5r?) + r(4R + r)3
(C)

Geretsen

and RHS of (se¢) <  27r%(4R? + 4Rr + 3r?)
(d)
(c), (d) = in order to prove (ee°), it suffices to prove :

(108R? — 256Rr + 80r?)(16Rr — 5r%) + r(4R + r)® > 27r%(4R? + 4Rr + 3r?)

R
© 22443 — 587t% + 308t — 60 > 0 (where t= ;)
Euler
& (t—2)((t—2)(224t+309) + 648) =0 > true ~ t = 2 = (se0) = (o0)
5 , RZs* Rs?
= (+) is true = mZmZm? < 7 = MaMpmc < - (QED)

1484. Letn > 2. In AABC the following relationship holds

a+b R\" 3| mg +my
——+(3) z2n ) .
a+b—-c \r m, +my, —mg,
cyc

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality, we have

Cesaro
Z a+b 39 (a+b)(b+c)(c+a) P“g"a 3 8abc
a+b—-c~ (a+b-c)(b+c—a)(c+a—b) — abc

cyc

cyc

=3%2.
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Since (m, + my, + m,)(m, + my — m,)(m, — my + m,)(-m, + m, + m,)

= 9FZ then
Z 3 m, + m,
m, + my, —m,

cyc

3 Z 3](ma +my + m)(m, + my)(my, + me —m,)(mc + m, —my)
B 9F?

cyc

- 9F2.4 3

cyc

T \/"ﬂl +my +me $(mg +my) +20my + me —myg) +20mc +mg —my)

Gotman 3
Mitrinovic
_32(mg +my + m)t T
9s2r2

So it suffices to prove that

3f+ >2"+—3/ / ( ;)22”—3§/§,

4 nz2

/ 3 3 3"Z
which is true because, ( ) i/_—Z\/_ and( ) —522 3—5 > 0.

So the proof is complete. Equality holds iff AABC is equilateral.

1485.
In any acute triangle ABC, the following relationship holds :

(p —a)VcotA+ (p—b)VcotB+ (p — c)VcotC > gp

Proposed by Vasile Mircea Popa-Romania
Solution by Soumava Chakraborty-Kolkata-India

WLOG we may assumea >b >candthen:p—a<p-b<p-c

and VcotA < VcotB < VcotC - (p —a)VcotA + (p — b)Veot B + (p — ¢)Vceot C

ChebYShev 1 (Z(p a)> (Z Vot ) >-pe Z VcotA > 2-(1)
2

cyc cyc cyc

Let VcotA = x,VcotB =y,VcotC =z . (1) @Zx> 2 <Zx> >4 =

cyc cyc
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4
4, Z:xzy2 Z cotA cotB = Z x’y?=1|e Zx > 16Zx2y2 - (2)
cyc cyc cyc cyc cyc

Assigningy+z=Xz+x=Y,x+y=2Z2=>X+Y-Z=2z>0,Y+Z—-X=2x
>0andZ+X-Y=2y>0=2X4+Y>ZY+Z>X,Z+X>Y=>X,Y,Z form
sides of a triangle with semiperimeter, circumradius and inradius = s,R, r (say)

yieldingZszZX=Zs=>Zx:s—>(i)=>x:s—X,y=s—Y,

cyc cyc cyc
zZ = s — Z and such substitutions = Z xy = Z(s -X)(s—-Y)
cyc cyc
2
= ny = 4Rr + r? - (ii) and szyz = ny —2xyz Zx
cyc cyc cyc cyc

d
via ( and @ (4Rr + 2) -2 H(s —X) |.s = (4Rr + rz)2 —2r%s.s
cyc
= z x?y? = r?((4R +r)? — 2s2) - (iii) - via (i) and (iii), (2)
cyc
O]
s* > 16r%((4R +1)? — 25?) & s* + 32r%s% > 16r?(4R + 1)?
Gerretsen Gerretsen
Now, LHS of(\) > (16Rr+27r?)s? (16Rr +27r?)(16Rr — 5r?)

Euler

> 16r’(4R+1r)? & 76r(R — 2r) + 148Rr + r? > 0->truevR > 2r
= (x)  (2) = (1) is true

2
~(p—a)VcotA+ (p—b)VcotB + (p — c)VcotC > §p Vv acute A ABC (QED)

1486.
In any A ABC, the following relationship holds :

m, wn* /m, wy,)%¥ /m, w 3.212 8
(2 ()
w,  h, hy w,  h.) = 3(3R*—32rH)? — 512r

m, w,5 /my w,\5 /m, w5 3.215 r10
@<_+ C) +(_b+_a> +<_+_b> - 5 5)2 _ 21110
w, hg hy, w, h, 3(81R> — 2560r>)% — 211r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

Proof of (1):
m, &)“ (ﬂ ﬂ)‘* (& ﬂ)‘*
<Wb+ha + +hb + Wa+hc

h, wn* h, wn,* h, w *a-c w2 w2 Wy, \ 2
e (e o) ()
Wy ha hb Wq hc Wp W¢ Wq
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= 16( (GG GG - G G = 1o+

Bergstrom + w, = hy and analogs

and
W,% Wﬁ Wcz wg<+/s(s—a) and analogs
= 16< + + ) =
WoWp WpWe  WW,
2 Bergstrom| 2 9 2
Irs d IS.
16 (chc ) l(llgS 16( 2s ) 16_811‘Z Mitrinovic
= = =
chc(\/s(s—a)\/s(s—b)) s.V3s — 2s.4/3s — 2s s2
26.81r?% ? 3.21%2 8

2 ?
> & 3(3R*—32r*)" >512r® + 64R%r®
2780 2 3GRF—3zr? —5128 o %) goer TR
Euler ?
Now,512r® + 64R?r® < 128RZr® + 64R?r® = 3.64R%r¢ < 3(3R* — 32r*)’

Euler

? ?
& 3R*-32r*>8Rr3 & 3R(R3 8r3) +16r3(R—2r) >0 ->true~R > 2r
m, wn?* /m, w m, w 3.212 8
.-.(—"+—°> +(—b+—“) +(—c+—b) > — 5
wp, h, h;, w, h 3(3R* —32r%)2 — 512r

Proof of (2):

m, wa,3 /m 3 /m, wy,\3A-G
Now,(—a+—c) +(—"+—) +(—“+—b) >
Wp ha hb Wq hc

m, W.\ /my m, Wwp\ A-G m, we m, W, me w ?
3(_+—)( + )(—+—) S 3.8 |De We Mo Wa Me Wb o 58>
Wy ha hb hc Wy h W hb W, hc
3.2%.r6 2 ? ?
& (9R3 — 64r3)” > 64r® © 9R3 — 6413 > 8r3
3(9R® — 64r3)% — 12816 ( rf) r r=9r

? Euler m, Ww, 3 my, 3 m, w, 3
©R¥>8r3>truevR > 2r.-( + ) +(_+_) +(_+_)
wp by hy, w, h

- 3.2%.r®
~ 3(9R3 — 64r3)2 — 128r6

. m, Wc 5 (nlb Wa)s (nlc Wb)5
_ 4 — _ 4 — _ 4 — >
Via Chebyshev,( . + ha) + + By + 5 + h) =

v AABC - (1)

[ )

1/m, wn2 /my w,\2 /mg wp\2 (w_b+h_a) *

(s e )

3 Wp ha Wc hb Wq hc (mb + Wa) c Wb
We hb

A-

>

vie 1/ /h, wo\> (hy wg\° /h, wp\> 3. 29 3 G
S (LT ST DL I S
3\\wy, h, w, hy w, h, 3(9R3 — 64r3)2 — 128r

4<wc + Wa +wb> 3.29.r6 AG4 3 3.2%.r¢
3\w, | We | Wa/ 3(9R3 — 6413)2 — 128r° ~ 3~ 3(9R3 — 6413)% — 12816
? 3.215.p10
>
= 3(81R° — 2560r5)Z — 211710
?
& 3(81R5 — 2560r5)” — 211710 > 48r4(9R? — 64r3)” — 24.14.27.r6
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? Euler
& R3(R?—4r?) +8(R°—32r°) >0 > true~ R > 2r
5 5 5 915 .10
(E+ﬂ) +<ﬂ+ﬂ) +(ﬁ+ﬂ) > 3.27"r
w, h, w, hy w, h, 3(81R5 — 2560r5)2 — 211510
m, wc)4 (mb wa)4 (mc wb)4 3.212 r8
L4 — 42 —~+2) >
© (wb ) T\ Thy) TG, Th.) T 3GRI—32092 — 5128 MM
m, w,® /mp wg\® /mg wp\® 3.215 r10
@(_a+_c) +<_b+_a) +(_c+_b) = 5 52 11,1
wp, h, w, hy w, h 3(81R> — 2560r°)2 — 21110
Vv A ABC, equalities iff A ABC is equilateral (QED)

? ?
& 81R5 — 256015 > 4r%(9R3 — 64r%) © 9R5 — 4R%r? — 25615 > 0

1487.
In any A ABC, the following relationship holds :
2

(B s G (2 =2 (3 3 -) -

Wp hc mg
Proposed by Zaza Mzhavanadze-Georgia

4h?
1 1 3
_ = 2 |(= 2|__ 2 2p2 <
Za ( ) Z“ 4.4r2s22“ -
161r2s?
3R®* 3R 3R®-6Rr?? (9 (R
—rs =9 (5.(5) -8
8 \r
?
& (t—2) ((t—2)(243t* + 97213 + 2916t% + 4304t + 5552) + 5024) > 0 - true

Solution by Soumava Chakraborty-Kolkata-India
cyc
Leibnitz
and
2 4r2s2
cyc cyc cyc
81R* 81R* 3.4Rrs.2s
AN o 9(R - 64r3)” — 384r"
T 4r3 2r  4r3 B 6416
?
& 3(9R® — 64r3)” — 128r® > 16r3(3R® — 6Rr?)
?
my\%2  /wp\2 h,\2 9 (R\?
:(—“) +<—") +(—") <9, —.(—) ~-8) -6
Wy h, m, 8 \r

(ma>2 N (mb)z N (mc)2 B z 2b? + 2c? + 2a% — 3a?
hb hc ha B
Gerretsen
3abc(a+b+c) Elier
4r2,(27Rr + 5r(R — 2r)) 4r2.27Rr  16r2s?
& 243t° —3472t3 + 32t + 12160 > 0
v AABC,” =" iff A ABCis equilateral (QED)
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1488. In any A ABC, the following relationship holds :

m, +m wy, +w h.+h 7 /R\3
e__Db,_b <, < “g9.—() -6
W, + W, h.+h, m,+m,

8 \r
Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

m,+m, w,+w., h.+h, m,+m, mp+m. mg+m,
+ < +
w,+w, h.+h, m,+my hy, + h, h. +h, h, + hy

m,+m.,+m, —m 1 m
_ b [ a a < (4R + I') z _ a
h.+ h, h.+h, h.+h,
cyc cyc cyc
1 h
< 2R(4R + z — z 2
( r) b(c+ a) h. +h,
cyc cyc
ca(b? + Z ab bc Cesaro
=2R(4R+71) z ( cye ab) - <
abc(a+ b)(b+ c)(c+ a) ab + bc
cyc cyc
2
2RUR+D) [ z b c?  Bergstrom
st Yo (To) |- Taa™
8.16R2%r2s2 abc/.@ a ac + c2
cyc cyc cyc
8R(4R + 1) 202 452 Goldstone
8.16R?r2s2 £, ¢ s2 +4Rr + 12 + 2(s — 4Rr —r2)
cyc
8R(4R + r).4R?s? 4s? 3
8.16R2r2s? 3s2 —4Rr—r?
R(4R + 1) 4s? 2o 7 (R)3 .
4r2 3s2—4Rr—-r2~ "'\8'\r

?
& (63R® — 24R%r — 6Rr? — 400r®)s® >
&)
r(84R* — 11R®r — 16R?r? — 578Rr® — 144r1*)
63R3 — 24R?r — 6Rr? — 400r3 > 0 and then :

Gerretsen

(63R3 — 24R?*r — 6Rr? — 400r%)s? >
(63R3 — 24R?*r — 6Rr? — 400r®)(16Rr — 5r?)

?
> r(84R* — 11R%r — 16R?r? — 578Rr?> — 144r*)
? R
& 231t* — 172¢3 + 10t% — 1448t + 536 > 0 (t ==
?
e (t-2) (231t3 +290t% + 456t + 134(t — 2)) >0

Euler
- true -t = 2. (x)istrue

63R3 — 24R?r — 6Rr? — 400r® < 0 and then :
(63R3 — 24R?*r — 6Rr? — 400r3)s?
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Gerretsen

— (~(63R® — 24R?r — 6Rr? — 400r%))s? >

— (~(63R® — 24R?r — 6Rr? — 400r?) ) (4R? + 4Rr + 3r?)
?
> r(84R* — 11R%r — 16R?*r? — 578Rr? — 144r*)
?
& 63t° + 18t* + 20t3 — 420t% — 260t-264 >0
Euler

& (t—2)(63t* + 144t3 + 308t + 196t + 132) S0otruert > 2
=~ (x) is true .. combining cases 1 and 2, (*) is true V A ABC

h.+h 7 (R
:-ma+mb wb+wc+ ¢t a _g _() —6
wp, +w, he+h, m,;+my

\8'\r
v AABC,’ =" iff A ABC is equilateral (QED)

1489. In acute AABC, H —orthocenter, AH = d,,BH = d;,,CH = d_. Prove

that:
z tanA - =2 Z cotA
cyc cyc
Proposed by Ertan Yildirim-Turkiye
Solution by Daniel Sitaru-Romania
Z tA_zcosA b? + c? — a? Zb2+c2—a2_
COtA= /. sinA 2bcsinA 4F B
cyc cyc cyc cyc
1 1
- 2 2 _ P 2
T 4F Zb +ZC Z“ 4an
cyc cyc cyc cyc
Z A = a? + b? + ¢? L
cotA = AF (1)

cyc

Let be :

!

AC
CC' 1 AB, cosA = 5 = AC' = bcosA

(«BAA") AC (n B) bcosA
= - _— =
cos Al cos 2 Al
2RsinBcosA
AH = — = 2RcosA =d,
sinB
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Z tand d, Z tanA 2RcosA Z sinA a  2RCoSA — aRsinA
R an 2F ~ L.cosA 2F “"¢%° F
cyc cyc a cyc cyc
_12 ZR'A—lz 2 _ o a+b2+c2(l)zz A
=35/.% sind =-- ) a” = = co
cyc cyc cyc

1490. Let ADEF be the orthic triangle of acute AABC,D € (BC),E € (CA),
F € (AB),r,,15, 13 —inradii of AAFE, ABDF, ACED respectively.
Prove that

a

— + —+—== Z tanA

r1 L) 1'3

cyc
Proposed by Mehmet Sahin-Turkiye

Solution by Daniel Sitaru-Romania
AF = ACcosA = bcosA, AE = ABcosA = ccosA

EF%? = AF? + AE? — 2AF - AEcosA = b%*cos*A + c*cos?A — 2bccos3A =

= (b? + ¢? — 2bccosA)cos*A = a*cos*A

EF = acosA
1 : ,
B [AEF] 3 AE-AF -sind __bcosA - ccosA-sinA
"' = AE + AF + EF ~ acosA + bcosA + ccosA (a+b+c)cosA
2 2

bcsinA -cosA 4FcosA 2rscosA
= = = = 2rcosA

2s - 2s s

a+b+c 2RsmA+2RsmB 2RsinC R Zt 2
r, 1, 13 2rcosA 2rcosB 2rcosC an

1491. In AABC the following relationship holds:

cyc

a® + b + 8 >— F* + Z(a — b*)?
cyc

Proposed by Daniel Sitaru — Romania

Solution by Tapas Das — India
We know that
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16F?% = 2(a?b? + b%*c? + c?a?) — (a* + b* + ¢*) (1)

Since, (b2 —c?)?2 + (c? — a®)?+ (a2 - b?*)?2 >0
i.e., b2c? + c?a® + a’b? < a* + b* + ¢*
So, we can say from (1): 16 F% < b?c? + c%*a? + a?b?

~F < ﬁ(azbZ + b%c? + c*a?)? (2)

(Yt -] =3 (L) -2 (R aw)] = (L) - Yaw

We need to show: a® + b® + ¢® > %F“ + ;Z(a“ — b*)2

or, a® + b® + c® > 2°F* + (L a®) — X a*b* Or L a*b* > 22 F*
or, Y a'b" = % ' ﬁ(bzc2 + c?a? + a*b?)?

[Using relation (2)] Or Y, a*b* > %(bzc2 + c?a? + a?b?)?

This is true by CBS inequality.

1492.
G-centroid
prove :
1 1 1 __ cosA 18
d? » d2  d? "~ sin?A *be
[31-07-23 A.B.T. J
B =

Proposed by Thanasis Gakopoulos-Greece
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Solution by Daniel Sitaru-Romania

1 1 1 1 1 1 9(b2+c2—a2)_

Zt@ T ET T T T T e
9b%Z 9¢2 9q?
B 9(a? + 2bccosA — a ) 9bccosA 9bccosA 18bccosA  18cosA
- AF2 2F? ~ (bcsinA)? ~ besin?A

2 —(bcsmA)2
1493.
Let the quadrilateral ABCD circumscribe a circle of radius r
and let A’'B'C'D’ be the

quadrilateral whose vertices are the points of contact of

the sides of the quadrilateral ABCD with the circle. Prove that :
1 1 1 64
V(¢ TR Yoo | Y /)Z AfB_. BfC_. CtA
AA BB cc DD sin sin sin

2 2 2
o AinBanCand 2
SIHZSIHZSIDZSIHZ

Proposed by Radu Diaconu-Romania
Solution by Soumava Chakraborty-Kolkata-India

LetAA'=AD' =¢,BB'=BA'=f,CC'=CB' =g,
DD’ = DC’' = h and with reference to article “"Calculations concerning
the Tangent Lengths and
Tangency Chords of a Tangential Quadrilateral”’ by Martin Josefsson, published in
"Forum Geometricum’’,Volume 10 (2010) 119 — 130, we get :

0
r=\/;(§=e+f+g+hand9:efg+fgh+ghe+hef),

L A_|®@ B_86_C_ 86 D_|0

sing = |zsing = o sing = |, sino = |, where
E=(e+f)(e+g)(e+h),F=(f+e)f+g)(f+h),

G=(g+e)g+fH)(g+h)andH=(h+e)h+f)(h+ g)

A A A 4
and using cos— = - sm2 — and analogs, we get : cos 7= e. E’

_f _ A+B A B + A B
cos = cos =g. . sin = sin 2 cos 2 cos 2 sin 2
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A+B %
=> sin (e + f) and analogously,

A+B . B+C . C+A
B+C C+A 0t sin 7 Sin—5—sin—;

> —(f+g)andsm > = —(g+e)

sin B C D
sm sin+ 2 sin 2 sin+ 2

:(J%E(eﬁ))(f(ﬁg))(f(gﬂ))
(B () (Je) ()

£ \E.\/_EFGH. (e+D)(f+g)(g+e)
B EFG
<ch}:c e> (e+DE+g)g+e)Jle+ND2(e+g)2(e+ W2+ g)%(f + h)2(h + e)?

- (e+H2(e+g)2(f+g)2th+te)h+H(h+g)
A+B . B+C . C+A

Yece Ssin sin sin Y
Bl LN 2 2 2 1 12=29" 112
r . A_. B _. E . D r
siny sinz sin; sin5
. A+B . B+C ., C+A
sin——sin——sin—; V—( 1+1+1)
4/ 7T 4 T 4T A
sin ‘g sin ]23 sin g sin ]2) AA BB cC DD

<chc +12> 4\/—2 1 ]ensen <chc +12>_‘{/F

r

4
cyc 4 chce
N 4

Zc c€
4 (== 12
" 5 < r " 4(4t* + 12)
f(x)——lsconvexasf xX)=—=5>0]= -
Vx 16x2 4/chce t
4r
4 chce ? ? 2 ) ?
t= = >64ot*—4t+3>0o (2 +2t+3)(t—1)? > 0 - true
. A+B . B+C in C+A
sin—5—sin—; 1 1 1
A . B , -t =+ ,)264
smzsmzsm sm \/AA \/BB vCC' VDD
:’W(\/—l ,/—1 oo T > - (QED)
4 7 =
AA w/DD SmA-Zi-BsmB-Z}-CSinC-;A
+12

~A_B_.C_.D
SanSlIIZSlIIZSlnz
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1494. In any A ABC with k® = h,h h, and

3 = (abc)?, the following relationship holds
2 2 2 108 3
g N Iy, N r¢ - r
k+a? k+b? k+c?2 ™ t+6R3
Proposed by Elsen Kerimov-Azerbaijan
Solution by Soumava Chakraborty-Kolkata-India

(a—s+s)?
DO I o Ch B
s—a s—a

cyc cyc cyc

_ 2 _ 2
=rs< (s “) _ 25 zs :Tsz(s—b)(s—c)>
cyc

cyc cyc

=rs<s—6s +M> :Zazra =4(R-1r)s? - (1)
r

cyc

Va?bZc2. (4R +r1)3  Euler Y16R?r2s2.(9r)2 R Euler
ow, 3 = =— > 1
(4R +r).324r3. /hhyh, 3(2r2s? 2r
324l'3. T

= t(4R +1r)% > 324r°k(4R+71) - (2)

R3(4R +1r)3 Mitrinovic  4R3(4R + r)3 :
Also, > >1
216(R — r)r3s? 216(R — r)r3.27R?
?

& RMAR +1)3 > 1458(R-1)r3
? R
& 64t* +48t3 + 12t2 — 1457t + 1458 >0 ( = F)

Euler

e (t-2) ((t —2)(64t% + 304t + 972) + 1215) > 0 Strue vt > 2

= 6R3(4R+1)? >108.12(R—-r3s? - (3)
r2 2 r2 r3 rlf’ rd

So

, + = + +
Kk + a2 k+b2 Kk+c2 Kkr,+a?r, Kr,+b?n, kr.+ c?r,
Holder
and

via (1) (4R +1)3 2 108r3
~ 3k(4R+r)+12(R—r)s? t+6R3
?
& t(A4R+1)% + 6R3(4R + 1) > 324r3k(4R + 1) + 108.12(R — r)r3s?

2 2 2 3
. Iy Iy e 108r
t 2)+(3) -~ + + >
- truevia (2) +(3) k+a? k+b?2 Kk+c? t+6R3
v AABC,”' =" iff A ABCis equilateral (QED)
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1495. If H —orthocenter in acute AABC,AD, BE, CF —altitudes, HD = x,

HE = y,HF = z then:
X y z 1
— =+ —<—
bc ca ab  4Ar
Proposed by Ertan Yildirim-lzmir-Turkiye
Solution by Daniel Sitaru-Romania

BD
cosB = —= BD = ccosB

AB
HBD) = HD HD = BD i = B i =
tan(x ) = ﬁ = = tan (E - C) = ccosBtan (E - C) =
cosC . cosC
= ccosBcotC = ccosB - —— = 2RsinCcosB - —— = 2RcosBcosC
sinC sinC

y Z 2RcosBcosC 2RcosCcosA 2RcosAcosB
—t—+—= + + =
bc ca ab bc ca ab

_ 2RcosBcosC 4 2RcosCcosA 4 2RcosAcosB _
" 2RsinB - 2RsinC  2RsinC - 2RsinA  2RsinA-2RsinB

_ cotBcotC 4 cotCcotA 4 cotAcotB _
2R 2R 2R
1 EULER 1 1
- =_—. <
ZRZ cotBcotC 2R 1 <
cyc
Equality holds for:a = b = c.
1496. In any A ABC, the following relationship holds :

2-2r 4r

O

P’ + = (27+30rL0<i<

1 1 2

rz g ré
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
For own convenience,p = s

2
First] 1+1+1>121 1 Zl>1

_— 4 — — = — -
sty 2 r2 3 I, 3r2 rZ2  3r?

a cyc cyc

= 3r? —

1
1 >0-(1)
chcg
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2
s +i+i+1_(27+3)t)r & s? 5 1
r2 12 r? Yer2

to prove which it suffices to prove :

9 1 9
52—27r225 3r? — i (via(l)and '-'OSASE)
chcg
r2s4
st -27r2 > 2 3r?2 — 5
(chc rbrc) - Zrarbrc chc Iq
9 3p2 r2s 97 9r 2s2 — 24Rr — 612
= - —_— @ J—
A 2rs?2(4R+r) s* ré "2 \ s2—8Rr - 2r2

O]
& (s? — 8Rr— 2r?)(s? — 27r%) = 9r%(s? — 12Rr — 3r?)
? ?
s? —27r2 > s2 — 12Rr — 3r? © 12Rr > 24r? - true via Euler
.82 —27r2 >s? - 12Rr-3r? - (2)
? ?
Also,s? — 8Rr — 2r? > 9r?  sZ — 16Rr + 5r? + 8r(R — 2r) > 0 - true

Gerretsen

Euler
+s2—16Rr+5r> > 0and8r(R—2r) > 0 -s?—8Rr—2r?>9r%- (3)
% (2)e(3) = (x) is true -

p? + > (27 + 3M)r? v AABC,” =" iff A ABC is equilateral (QED)

1497. In any A ABC, the following relationship holds :

8R (b + ¢)? R?
L W LAPPPY L
r | ¥ r

cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

WLOG we may assume a >b > cand then:

1 1
(b+c)? <(c+a)?<(a+b)and —2 < 2 ~ via Chebyshev,
| v Iy c
b + c)?
PR Z“’HV >a
cyc cyc cyc

A-G (Ecyc l‘brc 21‘arbrc chc Iy
> 4 ab |. 53
r<s
cyc

s* —2rs?(4R+r) ; 8R

= 4(s? + 4Rr +r?).

r2st r
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?
& s* — (10Rr + r?)s? — 2r?(4R + r)? >0
()
Gerretsen Gerretsen

Now,LHSof () > (6Rr—6r?)s?—2r?(4R+r)? >
?

? ?
(6Rr — 6r?)(16Rr — 5r%) — 2r?(4R+r1)? > 0 & 32R?> — 71Rr + 14r2 > 0

? Euler b+ c 2 8R
< (R-2r)(32R—7r) =0 - true * R = 2r = (%) istrue - Z# > -
rll

cyc
Again,Z((b +0?2%(s—a)?) = Z((s +s—a)i(s—a)?)

cyc cyc
= z ((s2 +(s—a)?+2s(s— a)) (s — a)z)
cyc
=s? z:(s2 —2sa+a?)+ Zsz:(s3 —3s?a + 3sa? — a?)
cyc cyc
+ 2(54 —4s3a + 6s?a? — 4sa® + a*)
cyc
= s2.3s% — 253,25 + 52 z a’ + 2s.3s3 — 6s3.2s + 6522 a? — ZSZ a® + 3s*
cyc cyc cyc

—4s3.2s + 652 z a? — 452 a3 +2 z a’b? — 16r%s?

cyc cyc cyc

= —12s* + 26s?(s? — 4Rr — r?) — 12s%(s? — 6Rr — 3r?)
+2((s? + 4Rr +12)” — 16Rrs?) — 16r2s?
= 2(2s* — (24Rr + r?)s? + r?(4R + r)?)

(b+c)? 2(2s*—(24Rr+r?)s? + r?(4R +r)?) » R?
:z — = — <16(—-3
ry res r

cyc
?
& 2s* +r?(4R+ 1)? < (8R? + 24Rr — 23r?)s?

(**)
Gerretsen

?
Now,LHS of (xx) <  (8R?+8Rr+6r?)s*+r2(4R+r1)? <
?
(8R? + 24Rr — 23r?)s? & (16Rr - 29r%)s? > r?(4R+1)?

(k%)
Gerretsen ?
Again, LHS of (++x) >  (16Rr — 29r?)(16Rr — 5r%?) > r?(4R + r)?
Euler

? ?
& 240R? — 552Rr + 144r> > 0 © 24(R—2r)(10R—3r) >0 > true ~ R > 2r

b + ¢)? R? 8R b + ¢)?
= (xxx) = (xx) is true Z%S 16<——3> —SZ%
| ¥ r Ia

r2
cyc cyc

RZ
<16 <r_2 — 3) v A ABC,”" =" iff A ABC is equilateral (QED)
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1498. In any A ABC, the following relationship holds :

LR

cyc cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

sinE sinE ssin ( ) cos A
_ 2 2] _ 2 2 _ 22
I, +r.=s E+ E = A B E_ ( ) = 4Rcos
cos5  COs5 C0S 5 C0S5 COS 5

@ 2 A
~ Ty + r. = 4Rcos 2 and analogs

2
ra IpIe Iy
I IpTe
cyc

cyc cyc

—3+—Z(S—a)3 (S—b)(S—C)ASGS-l_

(s —a)?

cyc cyc

1 / Z(s—a) \

I'ZS cyc
\ 3((5 —a)+ (s — b))((s —b)+(s— c))((s —c)+(s— a))/

(a—s+s)? (s —a)? —2s(s—a) +s?
+Z —(s ) Zs (s - 3. 4Rrs)+ z G_a)?

cyc cyc

s?—12Rr 1 2 1,
=3t Tt 3—;Zra+r—22ra

cyc cyc

s2 —12Rr 1( 2(4R+r)+(4R+r)2—2s2>

=3+——+—-(3—
r2 4 r r2
s?—12Rr 8R* +r? —s? ? 8R? 2 2 oora )
=3+ > + > <— — 23 ©s“ <8R“+ 24Rr — 53r
r 2r r
Gerretsen

and ~s*> <  4R? +4Rr + 3r? . it suffices to prove : 4R? + 4Rr + 3r?
? ? ?
< 8R? + 24Rr—53r? © R? + 5Rr— 14r2 > 0 © (R— 2r)(R+ 7r) = 0 > true

% r.. i — I, I I I
I r bic\1b C r 2

cyc cyc cyc
. I'q Iy 1‘c
Iy l‘bl‘c
cyc cyc cyc
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3
|
22 | (Z I'brc> — 3(rpre + rerg) (rerg + ralp) (K Ty + Ipre)

ris*
cyc

3
% |/ (Z (s— a)) via (i)

cyc

\ 3((s—a)+(s—b))((s—b)+(s—c))((s—c)+(s—a))
3+ 15 <s — 3rs%.64R3.

? 9R
16R2> +—(s — 3.4Rrs) > >r

& 2s* — (57Rr — 6r%)s? + 2r(4R +r)3 > 0 and - 2(s? — 16Rr + 5r2)2 Gengisen 0

™
- in order to prove (%), it suffices to prove : LHS of () > 2(s? — 16Rr + 5r2)2
& 128R3 — 416R?r + 344Rr? — 48r3 + 7(R — 2r)s? (g) 0
Again, LHS of (+) > " 128R® — 416R?r + 344Rr? — 48r3
+7(R - 2r)(16Rr — 5r?) > 0 & 1283 — 30442 + 85t 4 22 > 0 ( = g)

Euler

e (t-2)((t—2)(128t + 208) +405) > O->true~t > 2

= (xx) > (%) is true - |— S z — —| and hence,

cyc cyc

z — <———23VAABC," =" iff A ABC is equilateral (QED)

cyc cyc

1499. Prove that in all triangle ABC with usual notations,

the following relationship holds

9 2 10
L
chc m, cyc m, + my, chc m,

Proposed by Neculai Stanciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

2 10 1 5
Za+b chca (a+b)(b+c)(c+a) Z(a +Zab><—=>

cyc

1 Z +ZZ b+z b < 4s +s% + 4Rr + r? <5
2s(s? + 2Rr +r2) a a a s2 + 2Rr + r?

cyc cyc
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2 10

& 10Rr + 5r% > 4Rr + r? © 6Rr + 4r2 > 0 - true Z—<
a+b Yca

cyc

and implementing it on a triangle with sides m,, my,, m., we arrive at :

2 10 2 Bergstrom 18
Z < and also, Z SuE— = —
m, +my chc m, cye m, + my 2 chc m,

cyc

9 Z 2
< ) ———— (QED)
chc m, m, + my

cyc

1500. Prove the following inequalities : (i) If x,y,z > 0, then :

1 4x ZCYC xz . .
2 < Z 5 5 < and (ii) In all triangle ABC
x+ 3y“ + 2yz + 3z 2xyz
cyc cyc
with usual notations, the following relationship holds :

5s2 +r? + 4Rr a s’ —r? — 4Rr

<> <

8s(s? + 2Rr + r?) 3b2 + 2bc + 3c? 16sRr

cyc

Proposed by Neculai Stanciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Assigningy+z=a,z+x=b,x+y=c=>a+b-c=2z>0,b+c—a
=2x>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>b=ab,cform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

Q)
yielding22x=2a225:>2x:s:>x:s—a,y:s—b,z=s—c

cyc cyc cyc

. XYZ © r’s and,z xy = Z(s —a)(s—b)=4Rr+r? > ny () 4Rr + r?

cyc

cyc cyc
4x AG X 4X  Neyex?
Firstly,z 3 5 < S el A
3y“ + 2yz + 3z 8yz 2xyz
cyc cyc

Bergstrom

Again Z 4x _ Z 4x?
’ o 3y? + 2yz + 3z2 o 3xy? + 2xyz + 3xz?
4(chc x)z _ 4(chc .X')Z via () ,(--land (vee)
3 Yeye (xy(chcx — z)) + 6xyz - 3(Ecyc x) (chc xY) — 3xyz -

4s? ;Z 1 _Z:l_sz+4Rr+r2
3s(4Rr +12) —3r2s ~ Lix+y Lia 4Rrs
cyc cyc

? ?
& 4R(s? — 12Rr — 3r?) > 0 © s — 16Rr + 5r? + 4r(R— 2r) > 0 - true
Gerretsen Euler

~+s2—16Rr+5r*% > Oand4r(R-2r) > 0
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DINIE S it S
T Li3y24+2yz+ 3227 Lux+y andhence,
cyc cyc

1 4x x?
x+y cyc3y + 2yz + 3z 2xyz

cyc

and implementing this with x = a,y = b,z = c (a,b, c > sides of A ABC),
4a Yeyea®  s?2—r1r?—4Rr
we get : Z 2 7 = =
3b% + 2bc + 3c 2abc 4sRr

cyc

Z a <sz—r2—4Rr dal Z 4a >Z 1
3b% + 2bc +3¢2 = 16sRr A0 / 3h2 i 2bc+ 32 = Lub+ ¢
cyc

cyc cyc

1
= 2 b
Zs(sz+2Rr+r2)'z a +Z“

cyc cyc

B 1 z 2"'22 b +z b _ 4s? +s? + 4Rr + r?
" 2s(s?2 + 2Rr +r?)’ @ @ = 2s(s% + 2Rr + r?)

cyc cyc cyc

5s% + r2 + 4Rr z a 5sZ + r? + 4Rr
=
3bZ +
cyc

= >
2s(s2 + 2Rr +r?) 2bc + 3c2 — 8s(sZ + 2Rr + r?)

5s% 4+ r2 + 4Rr z a s —r?2 —4Rr
. < <
8s(s% + 2Rr + r?) 3b2 + 2bc + 3c? 16sRr
cyc

" =""iff A ABC is equilateral (QED)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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