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1401. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐰𝒂
𝐤

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
(𝟑𝐫)𝐤

𝟐𝐑𝟐
, 𝐤 ∈ ℕ, 𝐤 ≥ 𝟐 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝐰𝒂
𝐤

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

=∑

(𝐰𝒂

𝐤
𝟐)

𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

(∑ 𝐰𝒂

𝐤
𝟐

𝐜𝐲𝐜 )

𝟐

𝟐∑ 𝒂𝟐𝐜𝐲𝐜
≥

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
(∑ 𝐰𝒂

𝐤
𝟐

𝐜𝐲𝐜 )

𝟐

𝟏𝟖𝐑𝟐
≥
? (𝟑𝐫)𝐤

𝟐𝐑𝟐
 

⇔∑𝐰𝒂

𝐤
𝟐

𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑(𝟑𝐫)
𝐤
𝟐 

𝐍𝐨𝐰,∑𝐰𝒂

𝐤
𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑. √(∏𝐰𝒂
𝐜𝐲𝐜

)

𝐤
𝟐𝟑

≥
?
𝟑(𝟑𝐫)

𝐤
𝟐 ⇔ (∏𝐰𝒂

𝐜𝐲𝐜

)

𝐤
𝟐

≥
?
(𝟐𝟕𝐫𝟑)

𝐤
𝟐 

⇔
𝐤

𝟐
. 𝐥𝐧 (

∏ 𝐰𝒂𝐜𝐲𝐜

𝟐𝟕𝐫𝟑
) ≥

?
𝟎 ⇔ 𝐥𝐧(

∏ 𝐰𝒂𝐜𝐲𝐜

𝟐𝟕𝐫𝟑
) ≥

?
𝟎 (∵ 𝐤 ∈ ℕ, 𝐤 ≥ 𝟐) ⇔∏𝐰𝒂

𝐜𝐲𝐜

≥
?
⏟
(∗∗)

𝟐𝟕𝐫𝟑 

𝐀𝐠𝒂𝐢𝐧,∏𝐰𝒂
𝐜𝐲𝐜

≥∏𝐡𝒂
𝐜𝐲𝐜

=
𝟐𝐫𝟐𝐬𝟐

𝐑
≥
?
𝟐𝟕𝐫𝟑 ⇔ 𝟐𝐬𝟐 ≥

?
𝟐𝟕𝐑𝐫 → 𝐭𝐫𝐮𝐞 

∵ 𝟐𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟕𝐑𝐫 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑
𝐰𝒂
𝐤

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≥
(𝟑𝐫)𝐤

𝟐𝐑𝟐
, 𝐤 ∈ ℕ, 𝐤 ≥ 𝟐, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
  

1402. 𝑨𝑫 – altitude in acute 𝚫𝑨𝑩𝑪,𝑫𝑬,𝑫𝑭, 𝑶𝟏, 𝑶𝟐 – altitudes and 

circumcenters in 𝚫𝑨𝑩𝑫,𝚫𝑨𝑪𝑫. Prove that: 

𝟒√[𝑨𝑩𝑫] ⋅ [𝑨𝑪𝑫] ≤ (√𝑫𝑬 ⋅ 𝑫𝑶𝟐 + √𝑫𝑭 ⋅ 𝑫𝑶𝟏)
𝟐
≤
𝑹𝑭

𝒓
 

Proposed by Radu Diaconu – Romania  
Solution by Tapas Das – India 

Since 𝚫𝑨𝑩𝑫 is right angle triangle 

∴ 𝑶𝟏 = circumcentre of 𝚫𝑨𝑩𝑫 = Mid point of 𝑨𝑩. Similarly, 𝑶𝟐 = Mid point of 𝑨𝑪 
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𝚫𝑨𝑩𝑪 = 𝚫𝑨𝑩𝑫 + 𝑨𝑫𝑪. 

𝑭 =
𝟏

𝟐
⋅ 𝑪 ⋅ 𝑫𝑬+

𝟏

𝟐
⋅ 𝒃 ⋅ 𝑫𝑭 ⇒ 𝟐𝑭 = 𝑪 ⋅ 𝑫𝑬+ 𝒃 ⋅ 𝑫𝑭 

∴ 𝑫𝑶𝟏 =
𝒄

𝟐
, 𝑫𝑶𝟐 =

𝒃

𝟐
 

𝟒√[𝑨𝑩𝑫] ⋅ [𝑨𝑪𝑫] = 𝟒√
𝟏

𝟐
𝑨𝑩 ⋅ 𝑫𝑬 ⋅

𝟏

𝟐
𝑨𝑪 ⋅ 𝑫𝑭 = 𝟐√𝑪 ⋅ 𝑫𝑬 ⋅ 𝒃 ⋅ 𝑫𝑭              (1) 

Now (√𝑫𝑬 ⋅ 𝑫𝑶𝟐 + √𝑫𝑭 ⋅ 𝑫𝑶𝟏)
𝟐

≥
𝑨𝑴−𝑮𝑴

𝟒(√𝑫𝑬 ⋅ 𝑫𝑶𝟐 ⋅ 𝑫𝑭 ⋅ 𝑫𝑶𝟏) 

= 𝟒√
𝒄

𝟐
⋅ 𝑫𝑬 ⋅

𝒃

𝟐
⋅ 𝑫𝑭 = 𝟐√𝒄 ⋅ 𝑫𝑬 ⋅ 𝒃 ⋅ 𝑫𝑭            (2) 

From (1) and (2): 

𝟒√[𝑨𝑩𝑫] ⋅ [𝑨𝑪𝑫] ≤ (√𝑫𝑬 ⋅ 𝑫𝑶𝟐 + √𝑫𝑭 ⋅ 𝑫𝑶𝟏)
𝟐

 

[√𝑫𝑬 ⋅ 𝑫𝑶𝟐 +√𝑫𝑭 ⋅ 𝑫𝑶𝟏]
𝟐
= [√𝑫𝑬 ⋅

𝒃

𝟐
+ √𝑫𝑭 ⋅

𝒄

𝟐
]

𝟐

= [√
𝑫𝑬 ⋅ 𝒄

𝟐
⋅
𝒃

𝒄
+ √

𝑫𝑭 ⋅ 𝒃

𝟐
⋅
𝒄

𝒃
]

𝟐

 

= [√[𝑨𝑩𝑫] ⋅
𝒃

𝒄
+ √[𝑨𝑩𝑪] ⋅

𝒄

𝒃
]

𝟐

≤
𝑪𝒂𝒖𝒄𝒉𝒚−𝑺𝒄𝒘𝒂𝒓𝒛

([𝑨𝑩𝑫] + [𝑨𝑫𝑪]) (
𝒃

𝒄
+
𝒄

𝒃
) = 

= [𝑨𝑩𝑪] ⋅ (
𝒃

𝒄
+
𝒄

𝒃
) ≤ 𝑭 ⋅

𝑹

𝒓
    

1403. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑(
𝒎𝒂
𝟐

𝒃𝒄 ⋅ 𝐜𝐬𝐜
𝑩
𝟐

)

𝟐

≥ (
𝟑𝒓

𝟐𝑹
)
𝟑

 

Proposed by Marin Chirciu – Romania  
Solution 1 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

∑
𝒎𝒂
𝟐

𝒃𝒄 ⋅ 𝐜𝐬𝐜
𝑩
𝟐

≥∑
𝒔(𝒔 − 𝒂)

𝒃𝒄
⋅ 𝐬𝐢𝐧

𝑩

𝟐
= 

=∑𝐜𝐨𝐬𝟐
𝑨

𝟐
⋅ 𝐬𝐢𝐧

𝑩

𝟐
≥

𝑨𝑴−𝑮𝑴
𝟑√∏(𝐜𝐨𝐬𝟐

𝑨

𝟐
⋅ 𝐬𝐢𝐧

𝑩

𝟐
)

𝟑

= 
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= 𝟑 ⋅
√
∏𝐜𝐨𝐬𝟐

𝑨

𝟐⏟      

(
𝒔
𝟒𝑹
)
𝟐

⋅∏𝐬𝐢𝐧
𝑨

𝟐⏟      
𝒓
𝟒𝑹

𝟑 = 𝟑√(
𝒔

𝟒𝑹
)
𝟐

⋅
𝒓

𝟒𝑹

𝟑

= 

= 𝟑√
𝒔𝟐⋅𝒓

(𝟒𝑹)𝟑

𝟑
≥

𝒔𝟐≥𝟐𝟕𝒓𝟐

𝟑√
𝟐𝟕𝒓𝟑

(𝟒𝑹)𝟑

𝟑
= 𝟑(

𝟑𝒓

𝟒𝑹
)         (*) 

∑(
𝒎𝒂
𝟐

𝒃𝒄 ⋅ 𝐜𝐬𝐜
𝑩
𝟐

)

𝟐

≥
(∗)

𝟑 (
𝟑𝒓

𝟒𝑹
)
𝟐

=
𝟑

𝟒
(
𝟑𝒓

𝟐𝑹
)
𝟐

=
𝟑

𝟒
(
𝟑𝒓

𝟐𝑹
)
𝟐

≥
𝑬𝒖𝒍𝒆𝒓 𝟑

𝟒
⋅
𝟐𝒓

𝑹
⋅ (
𝟑𝒓

𝟐𝑹
)
𝟐

= (
𝟑𝒓

𝟐𝑹
)
𝟑

 

Solution 2 by Tapas Das-India 

NOTE:- 𝒎𝒂 ⋅ 𝒎𝒃 ⋅ 𝒎𝒄 ≥ √𝒓𝒂𝒓𝒃 ⋅ √𝒓𝒃𝒓𝒄 ⋅ √𝒓𝒄𝒓𝒂 = (𝒓𝒂𝒓𝒃𝒓𝒄) = 𝒔
𝟐𝒓 

NOTE:- ∏𝐬𝐢𝐧
𝑨

𝟐
=

𝒓

𝟒𝑹
 

Now: ∑(
𝒎𝒂
𝟐

𝒃𝒄⋅𝐜𝐬𝐜
𝑩

𝟐

)

𝟐

≥
𝑨𝑴−𝑮𝑴

𝟑 [(
𝒎𝒂𝒎𝒃𝒎𝒄

𝒂𝒃𝒄
)
𝟐

⋅ ∏ 𝐬𝐢𝐧
𝑨

𝟐
]

𝟐

𝟑

= 𝟑 [(
𝒔𝟐𝒓

𝟒𝑹𝑭
)
𝟐

⋅
𝒓

𝟒𝑹
]

𝟐

𝟑

 

≥ 𝟑 [(
𝒔𝟐 ⋅ 𝒓

𝟒𝑹 ⋅ 𝒓 ⋅ 𝒔
)

𝟐

⋅
𝒓

𝟒𝑹
]

𝟐
𝟑

= 𝟑 [
𝒔𝟐

𝟏𝟔𝑹𝟐
⋅
𝒓

𝟒𝑹
]

𝟐
𝟑

≥ 𝟑 [
𝟐𝟕𝒓𝟐 ⋅ 𝒓𝟐

𝟔𝟒𝑹𝟑
] (∵ 𝒔𝟐 ≥ 𝟐𝟕𝒓𝟐) 

= 𝟑 ⋅
𝟗𝒓𝟐

𝟏𝟔𝑹𝟐
=
𝟐𝟕𝒓𝟐

𝟏𝟔𝑹𝟐
=
𝟐𝟕𝒓𝟐 ⋅ 𝒓

𝟏𝟔𝑹𝟐 ⋅ 𝒓
≥

𝑬𝒖𝒍𝒆𝒓 𝟐𝟕𝒓𝟑

𝟏𝟔𝑹𝟐 ⋅
𝑹
𝟐

= (
𝟑𝒓

𝟐𝑹
)
𝟑

 

1404. In any triangle 𝑨𝑩𝑪 we have the inequality: 

(𝐭𝐚𝐧
�̂�

𝟐
𝐭𝐚𝐧

�̂�

𝟐
)

𝐭𝐚𝐧
�̂�
𝟐
𝐭𝐚𝐧

�̂�
𝟐

⋅ (𝐭𝐚𝐧
�̂�

𝟐
𝐭𝐚𝐧

�̂�

𝟐
)

𝐭𝐚𝐧
�̂�
𝟐
𝐭𝐚𝐧

�̂�
𝟐

⋅ (𝐭𝐚𝐧
�̂�

𝟐
𝐭𝐚𝐧

�̂�

𝟐
)

𝐭𝐚𝐧
�̂�
𝟐
𝐭𝐚𝐧

�̂�
𝟐

≤
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒔𝟐
 

Proposed by Radu Diaconu – Romania  
Solution by Tapas Das – India  

Note: ∑ 𝐭𝐚𝐧
𝑨

𝟐
=
𝟒𝑹+𝒓

𝒔
 

∑𝐭𝐚𝐧
𝑨

𝟐
⋅ 𝐭𝐚𝐧

𝑩

𝟐
= 𝟏 

∴ (𝐭𝐚𝐧
𝑨

𝟐
𝐭𝐚𝐧

𝑩

𝟐
)
𝐭𝐚𝐧

𝑨
𝟐
⋅𝐭𝐚𝐧

𝑩
𝟐
⋅ (𝐭𝐚𝐧

𝑩

𝟐
𝐭𝐚𝐧

𝑪

𝟐
)
𝐭𝐚𝐧

𝑩
𝟐
⋅𝐭𝐚𝐧

𝑪
𝟐
⋅ (𝐭𝐚𝐧

𝑪

𝟐
𝐭𝐚𝐧

𝑨

𝟐
)
𝐭𝐚𝐧

𝑪
𝟐
𝐭𝐚𝐧

𝑨
𝟐
≤ 
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≤
𝑨𝑴−𝑮𝑴

[
∑ 𝐭𝐚𝐧𝟐

𝑨
𝟐 𝐭𝐚𝐧

𝟐 𝑩
𝟐

∑ 𝐭𝐚𝐧
𝑨
𝟐 ⋅ 𝐭𝐚𝐧

𝑩
𝟐

]

∑ 𝐭𝐚𝐧
𝑨
𝟐
⋅𝐭𝐚𝐧

𝑩
𝟐

=∑𝐭𝐚𝐧𝟐
𝑨

𝟐
𝐭𝐚𝐧𝟐

𝑩

𝟐
= 𝟏 −

𝟐𝒓𝟐 + 𝟖𝑹𝒓

𝒔𝟐
 

=
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒔𝟐
 

Note:- ∑𝐭𝐚𝐧𝟐
𝑨

𝟐
𝐭𝐚𝐧𝟐

𝑩

𝟐
= 𝟏 −

𝟐𝒓𝟐+𝟖𝑹𝒓

𝒔𝟐
 

1405. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟗 ≤∑
𝒘𝒂
𝒉𝒂
∑

𝒉𝒂
𝒘𝒂

≤ 𝟗 (
𝑹

𝟐𝒓
)
𝟐

 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India 

1st part: 

∑
𝒘𝒂
𝒉𝒂
⋅∑

𝒉𝒂
𝒘𝒂

≥
𝑪𝒂𝒖𝒄𝒉𝒚−𝑺𝒄𝒉𝒘𝒂𝒓𝒛

(𝟏 + 𝟏 + 𝟏)𝟐 = 𝟗 

2nd part: Now 

∑
𝒘𝒂
𝒉𝒂

≤
𝑪𝑩𝑺

√(∑𝒘𝒂𝟐) (∑
𝟏

𝒉𝒂𝟐
) ≤ √(∑𝒓𝒃𝒓𝒄) ⋅

∑𝒂𝟐

𝟒𝑭𝟐
≤

𝑳𝒆𝒊𝒃𝒏𝒊𝒛
√
𝒔𝟐𝟗𝑹𝟐

𝟒𝒓𝟐𝒔𝟐
=
𝟑𝑹

𝟐𝒓
 

∑
𝒉𝒂

𝒘𝒂
≤ ∑

𝒉𝒂

𝒉𝒂
 (∵ 𝒉𝒂 ≤ 𝒘𝒂)   (analog)= 𝟑 

∴ ∑
𝒘𝒂
𝒉𝒂
⋅∑

𝒉𝒂
𝒘𝒂

≤
𝟑𝑹

𝟐𝒓
⋅ 𝟑 = 𝟗(

𝑹

𝟐𝒓
) ≤ 𝟗 ⋅

𝑹 ⋅ 𝑹

𝟐𝒓𝑹
≤

𝑬𝒖𝒍𝒆𝒓
𝟗

𝑹𝟐

𝟐𝒓 ⋅ 𝟐𝒓
= 𝟗(

𝑹

𝟐𝒓
)
𝟐

 

1406. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 − 𝐜𝐨𝐬𝑪 + 𝟏 ≥
𝟑√𝟑𝒓𝟐

(𝒔 − 𝒄)𝑹
 

Proposed by Daniel Sitaru – Romania  
Solution 1 by Tapas Das-India 

𝐜𝐨𝐬 𝑨 + 𝐜𝐨𝐬𝑩 − 𝐜𝐨𝐬 𝑪 + 𝟏 = 𝟒𝐜𝐨𝐬
𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
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= 𝟒√
𝒔(𝒔 − 𝒂)

𝒃𝒄
⋅ √
𝒔(𝒔 − 𝒃)

𝒄𝒂
⋅ √
(𝒔 − 𝒂)(𝒔 − 𝒃)

𝒂𝒃
 

=
𝟒 ⋅ 𝒔 ⋅ (𝒔 − 𝒂)(𝒔 − 𝒃)

𝒂𝒃𝒄
=
𝟒𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄(𝒔 − 𝒄)
=
𝟒 ⋅ 𝒔 ⋅ 𝒔𝒓𝟐

𝒂𝒃𝒄(𝒔 − 𝒄)
 

=
𝟒 ⋅ 𝒔𝟐𝒓𝟐

𝟒𝑹 ⋅ 𝒓 ⋅ 𝒔 ⋅ (𝒔 − 𝒄)
=

𝒔𝒓

𝑹(𝒔 − 𝒄)
≥

𝒔𝟐≥𝟐𝟕𝒓𝟐 𝟑√𝟑𝒓 ⋅ 𝒓

𝑹(𝒔 − 𝒄)
=
𝟑√𝟑𝒓𝟐

𝑹(𝒔 − 𝒄)
 

Note: 

𝐜𝐨𝐬 𝑨 + 𝐜𝐨𝐬 𝑩 − 𝐜𝐨𝐬 𝑪 = 𝟐𝐜𝐨𝐬
𝑨 + 𝑩

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
− 𝐜𝐨𝐬𝑪 

= 𝟐 𝐜𝐨𝐬
𝝅 − 𝑪

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
− 𝐜𝐨𝐬 (𝟐 ⋅

𝑪

𝟐
) = 𝟐𝐬𝐢𝐧

𝑪

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
+ 𝟐𝐬𝐢𝐧𝟐

𝑪

𝟐
− 𝟏 

= 𝟐𝐬𝐢𝐧
𝑪

𝟐
(𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
+ 𝐬𝐢𝐧

𝝅 − (𝑨 + 𝑩)

𝟐
) − 𝟏 = 𝟐𝐬𝐢𝐧

𝑪

𝟐
(𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
+ 𝐜𝐨𝐬

𝑨 + 𝑩

𝟐
) − 𝟏 

= 𝟐𝐬𝐢𝐧
𝑪

𝟐
⋅ 𝟐 𝐜𝐨𝐬

𝑨

𝟐
⋅ 𝐜𝐨𝐬

𝑩

𝟐
− 𝟏 = 𝟒𝐜𝐨𝐬

𝑨

𝟐
⋅ 𝐜𝐨𝐬

𝑩

𝟐
⋅ 𝐬𝐢𝐧

𝑪

𝟐
− 𝟏 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

𝐬𝐢𝐧𝟐
𝑪

𝟐
=
𝒓𝒄−𝒓

𝟒𝑹
      (1) 

𝒔 ≥ 𝟑√𝟑𝒓      (2) 

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 − 𝐜𝐨𝐬𝑪 + 𝟏 ≥
𝟑√𝟑𝒓𝟐

(𝒔 − 𝒄)𝑹
 

𝛁:∑𝐜𝐨𝐬 𝑨 + 𝟏 − 𝟐𝐜𝐨𝐬𝑪 =
𝒓

𝑹
+ 𝟐 ⋅ 𝟐 𝐬𝐢𝐧𝟐

𝑪

𝟐
=
𝒓

𝑹
+ 𝟒 ⋅ 𝐬𝐢𝐧𝟐

𝑪

𝟐
=
(𝟏)

 

=
𝒓

𝑹
+ 𝟒 ⋅

(𝒓𝒄 − 𝒓)

𝟒𝑹
=
𝒓𝒄
𝑹
=

𝑭

(𝒔 − 𝒄)𝑹
=

𝒔 ⋅ 𝒓

(𝒔 − 𝒄)𝑹
≥
(𝟐) 𝟑√𝟑𝒓𝟐

(𝒔 − 𝒄)𝑹
 

Solution 3 by Ertan Yildirim-Izmir-Turkiye 

Lemma 1: 𝐜𝐨𝐬
𝑨

𝟐
= √

𝒔(𝒔−𝒂)

𝒃𝒄
 

Lemma 2: 𝐭𝐚𝐧
𝑨

𝟐
=

𝒓

𝒔−𝒂
 

𝐜𝐨𝐬 𝑨 + 𝐜𝐨𝐬𝑩 − 𝐜𝐨𝐬 𝑪 + 𝟏 = 𝟐𝐜𝐨𝐬 (
𝑨 + 𝑩

𝟐
) ⋅ 𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) + 𝟏 − 𝐜𝐨𝐬𝑪 
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= 𝟐 ⋅ 𝐬𝐢𝐧
𝑪

𝟐
⋅ 𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) + 𝟐𝐬𝐢𝐧𝟐

𝑪

𝟐
= 𝟐 ⋅ 𝐬𝐢𝐧

𝑪

𝟐
⋅ (𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) + 𝐬𝐢𝐧

𝑪

𝟐
) 

= 𝟐 ⋅ 𝐬𝐢𝐧
𝑪

𝟐
⋅ (𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) + 𝐜𝐨𝐬 (

𝑨 + 𝑩

𝟐
)) = 𝟐 ⋅ 𝐬𝐢𝐧

𝑪

𝟐
⋅ 𝟐 ⋅ 𝐜𝐨𝐬

𝑨

𝟐
⋅ 𝐜𝐨𝐬

𝑩

𝟐
 

= 𝟒 ⋅ 𝐜𝐨𝐬
𝑨

𝟐
⋅ 𝐜𝐨𝐬

𝑩

𝟐
⋅ 𝐜𝐨𝐬

𝑪

𝟐
⋅ 𝐭𝐚𝐧

𝑪

𝟐
= 𝟒 ⋅ √

𝒔(𝒔 − 𝒂)

𝒃𝒄
⋅ √
𝒔(𝒔 − 𝒃)

𝒂𝒄
⋅ √
𝒔(𝒔 − 𝒄)

𝒂𝒃
⋅
𝒓

𝒔 − 𝒄
 

= 𝟒 ⋅
𝒔 ⋅ 𝒔𝒓

𝒂𝒃𝒄
⋅ 𝒓 = 𝟒 ⋅

𝒔 ⋅ 𝒔𝒓

𝟒𝑹 ⋅ 𝒔𝒓
⋅
𝒓

𝒔 − 𝒄
=

𝒔 ⋅ 𝒓

(𝒔 − 𝒄)𝑹
≥

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟑√𝟑𝒓𝟐

(𝒔 − 𝒄)𝑹
 

Solution 4 by Aissa Hiyab-Morocco 

∑𝐜𝐨𝐬𝑨 = 𝟏 +
𝒓

𝑹
   (Lemma 1),  𝐬𝐢𝐧𝟐

𝑪

𝟐
=

𝒄

𝒔−𝒄
+

𝒓

𝟒𝑹
   (Lemma 2) 

𝒔 ≥ 𝟑√𝟑𝒓        (Lemma 3) 

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 − 𝐜𝐨𝐬 𝑪 + 𝟏 = (∑𝐜𝐨𝐬𝑨) − 𝟐𝐜𝐨𝐬 𝑪 + 𝟏 

= (𝟏 +
𝒓

𝑹
) − 𝟐𝐜𝐨𝐬 𝑪 + 𝟏      (Lemma 1) 

=
𝒓

𝑹
+ 𝟐(𝟏 − 𝐜𝐨𝐬𝑪) =

𝒓

𝑹
+ 𝟒𝐬𝐢𝐧𝟐

𝑪

𝟐
=

𝒓

𝑹
+ 𝟒 ×

𝒄

𝒔−𝒄
×

𝒓

𝟒𝑹
    (Lemma 2) 

=
𝒓

𝑹
(𝟏 +

𝒄

𝒔 − 𝒄
) 

=
𝒓

𝑹
×

𝒔

𝒔 − 𝒄
≤

𝑳𝒆𝒎𝒎𝒂 𝟑 𝒓 × 𝟑√𝟑𝒓

𝑹 × (𝒔 − 𝒄)
=
𝟑√𝟑𝒓𝟐

(𝒔 − 𝒄)𝑹
 

Solution 5 by Soumitra Mandal-India 

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 − 𝐜𝐨𝐬𝑪 + 𝟏 = 𝟐𝐜𝐨𝐬 (
𝑨 + 𝑩

𝟐
)𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) + 𝟐 𝐬𝐢𝐧𝟐 (

𝑪

𝟐
) 

= 𝟐𝐜𝐨𝐬 (
𝑨 + 𝑩

𝟐
) 𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) + 𝟐𝐬𝐢𝐧𝟐 (

𝝅 − 𝑨 −𝑩

𝟐
) 

= 𝟐𝐜𝐨𝐬 (
𝑨+ 𝑩

𝟐
)𝐜𝐨𝐬 (

𝑨− 𝑩

𝟐
) + 𝟐 𝐜𝐨𝐬𝟐 (

𝑨 + 𝑩

𝟐
) 

= 𝟐𝐜𝐨𝐬 (
𝑨 + 𝑩

𝟐
) [𝐜𝐨𝐬 (

𝑨 − 𝑩

𝟐
) + 𝐜𝐨𝐬 (

𝑨 + 𝑩

𝟐
)] 

= 𝟐𝐜𝐨𝐬 (
𝑨 + 𝑩

𝟐
) ⋅ 𝟐 𝐜𝐨𝐬 (

𝑨 − 𝑩
𝟐 +

𝑨 + 𝑩
𝟐

𝟐
)𝐜𝐨𝐬 (

𝑨 + 𝑩
𝟐 −

𝑨 − 𝑩
𝟐

𝟐
) 
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= 𝟒𝐜𝐨𝐬 (
𝝅 − 𝑪

𝟐
) 𝐜𝐨𝐬

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
= 𝟒𝐜𝐨𝐬

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
 

= 𝟒 ⋅ √
𝒔(𝒔 − 𝒂)

𝒃𝒄
⋅ √
𝒔(𝒔 − 𝒃)

𝒄𝒂
⋅ √
(𝒔 − 𝒂)(𝒔 − 𝒃)

𝒂𝒃
=
𝟒

𝒄
⋅
𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)

𝒂𝒃
 

=
𝟒𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄
⋅
𝟏

𝒔 − 𝒄
=
𝟒𝚫𝟐

𝒂𝒃𝒄
⋅
𝟏

𝒔 − 𝒄
=
𝟒𝒔𝟐𝒓𝟐

𝟒𝑹𝒓𝒔
⋅
𝟏

𝒔 − 𝒄
[∵ 𝚫 = 𝒔𝒓] 

=
𝒔𝒓

𝑹(𝒔−𝒄)
≥

𝟑√𝟑𝒓𝟐

𝑹(𝒔−𝒄)
[∵ 𝒔 ≥ 𝟑√𝟑𝒓] (proved) 

1407. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
(𝐫𝐛
𝟒 + 𝟐𝐫𝐛𝐫𝐜(𝐫𝐛

𝟐 + 𝐫𝐜
𝟐) + 𝐫𝐜

𝟒)
𝟑

𝐫𝐛
𝟔 + 𝟐𝐫𝐛𝐫𝐜(𝐫𝐛

𝟒 + 𝐫𝐜
𝟒) + 𝐫𝐜

𝟔
𝐜𝐲𝐜

≥
𝟗. 𝟔𝟕𝐫𝟏𝟏

𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Tapas Das-India 

∑(𝒓𝒂
𝟒 + 𝟐𝒓𝒃𝒓𝒂(𝒓𝒂

𝟐 + 𝒓𝒃
𝟐) + 𝒓𝒃

𝟒) = [𝟐 (∑𝒓𝒂
𝟑) (∑𝒓𝒂)] 

∑[𝒓𝒂
𝟔 + 𝟐𝒓𝒃𝒓𝒂(𝒓𝒂

𝟒 + 𝒓𝒃
𝟒) + 𝒓𝒃

𝟔] = [𝟐 (∑𝒓𝒂
𝟒) (∑𝒓𝒂)] 

∑
(𝒓𝒂
𝟒 + 𝟐𝒓𝒂𝒓𝒃(𝒓𝒂

𝟐 + 𝒓𝒃
𝟐) + 𝒓𝒃

𝟒)
𝟑

𝒓𝒂
𝟔 + 𝟑𝒓𝒂𝒓𝒃(𝒓𝒂

𝟒 + 𝒓𝒃
𝟒) + 𝒓𝒃

𝟔 ≥
𝑯𝒐𝒍𝒅𝒆𝒓 𝟏

𝟑
⋅
[𝟐(∑𝒓𝒂

𝟑) ⋅ (∑ 𝒓𝒂)]
𝟑

𝟐(∑𝒓𝒂𝟓)(∑𝒓𝒂)
=
𝟒

𝟑
⋅
(∑ 𝒓𝒂

𝟑)𝟑 ⋅ (∑ 𝒓𝒂)
𝟐

∑𝒓𝒂𝟓
 

≥
𝑨𝑴−𝑮𝑴 𝟒

𝟑
⋅
(𝟑𝒓𝒂𝒓𝒃𝒓𝒄)

𝟑(𝟒𝑹 + 𝒓)𝟐

∑𝒓𝒂𝟓
≥

𝑬𝒖𝒍𝒆𝒓 𝟒

𝟑
⋅
𝟐𝟕(𝒔𝟐𝒓)𝟑(𝟗𝒓)𝟐

∑𝒓𝒂𝟓
 

≥
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟒

𝟑
⋅
𝟐𝟕(𝟐𝟕𝒓𝟑)𝟑(𝟗)𝟐 ⋅ 𝒓𝟐

∑𝒓𝒂𝟓
≥
𝟒

𝟑
⋅
𝟐𝟕 ⋅ 𝟑𝟗 ⋅ 𝒓𝟗 ⋅ 𝟗𝟐 ⋅ 𝒓𝟐

𝟑𝟔

𝟑𝟐
(𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓)

 

= (𝟗) ⋅
𝟐𝟕𝟗𝟗𝟑𝟔 ⋅ 𝒓𝟏𝟏

(𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓)
=

𝟗 ⋅ 𝟔𝟕 ⋅ 𝒓𝟏𝟏

𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓
 

Now let 𝒂 = 𝒙 + 𝒚 + 𝒛, 𝒃 = 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙, 𝒄 = 𝒙𝒚𝒛 

∴∑𝒙𝟓 = 𝒂𝟓 − 𝟓𝒂𝟑𝒃 + 𝟓𝒂𝒃𝟐 + 𝟓𝒂𝟐𝒄 − 𝟓𝒃𝒄 

⇒∑𝒙𝟓 = (∑𝒙)
𝟓

− 𝟓(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) 

∴⇒∑𝒓𝒂
𝟓 = (∑𝒓𝒂)

𝟓

− 𝟓(𝒓𝒂 + 𝒓𝒃)(𝒓𝒃 + 𝒓𝒄)(𝒓𝒄 + 𝒓𝒂) 
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≥
𝑨𝑴−𝑮𝑴

= (𝟒𝑹+ 𝒓)𝟓 − 𝟓 ⋅ (𝟖 ⋅ 𝒓𝒂𝒓𝒃𝒓𝒄) (𝟐 ⋅ 𝟑(𝒓𝒂𝒓𝒃𝒓𝒄)
𝟐
𝟑) 

=
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

(𝟒𝑹 + 𝒓)𝟓 − 𝟓 ⋅ (𝟖 ⋅ 𝒔𝟐𝒓) (𝟐 ⋅ 𝟑(𝒔𝟐𝒓)
𝟐
𝟑) ≤

𝑬𝒖𝒍𝒆𝒓
(
𝟗𝑹

𝟐
)
𝟓

− 𝟓(𝟖 ⋅ 𝟑𝟑𝒓𝟑)(𝟐 ⋅ 𝟑𝟑𝒓𝟐) 

= 𝟑𝟔
(𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓)

𝟑𝟐
 

Solution 2 by Soumava Chakraborty-Kolkata-India 
 

∑
(𝐫𝐛
𝟒 + 𝟐𝐫𝐛𝐫𝐜(𝐫𝐛

𝟐 + 𝐫𝐜
𝟐) + 𝐫𝐜

𝟒)
𝟑

𝐫𝐛
𝟔 + 𝟐𝐫𝐛𝐫𝐜(𝐫𝐛

𝟒 + 𝐫𝐜
𝟒) + 𝐫𝐜

𝟔
𝐜𝐲𝐜

≥
𝐇𝐨𝒍𝐝𝐞𝐫 𝟖(∑ 𝐫𝒂

𝟒
𝐜𝐲𝐜 + ∑ 𝐫𝐛𝐫𝐜(𝐫𝐛

𝟐 + 𝐫𝐜
𝟐)𝐜𝐲𝐜 )

𝟑

𝟔(∑ 𝐫𝒂
𝟔

𝐜𝐲𝐜 + ∑ 𝐫𝐛𝐫𝐜(𝐫𝐛
𝟒 + 𝐫𝐜

𝟒)𝐜𝐲𝐜 )
 

=
𝟒(∑ 𝐫𝒂

𝟑
𝐜𝐲𝐜 )

𝟑
(∑ 𝐫𝒂𝐜𝐲𝐜 )

𝟑

𝟑(∑ 𝐫𝒂𝐜𝐲𝐜 )(∑ 𝐫𝒂
𝟓

𝐜𝐲𝐜 )
≥

𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟒(∑ 𝐫𝒂
𝟑

𝐜𝐲𝐜 )
𝟑
(∑ 𝐫𝒂𝐜𝐲𝐜 )

𝟑

𝟗(∑ 𝐫𝒂
𝟔

𝐜𝐲𝐜 )
≥

𝐇𝐨𝒍𝐝𝐞𝐫 𝟒(∑ 𝐫𝒂𝐜𝐲𝐜 )
𝟗
(∑ 𝐫𝒂𝐜𝐲𝐜 )

𝟑

𝟗𝟒(∑ 𝐫𝒂
𝟔

𝐜𝐲𝐜 )
 

=
𝟒(𝟒𝐑+ 𝐫)𝟗(𝟒𝐑+ 𝐫)𝟑

𝟗𝟒(∑ 𝐫𝒂
𝟔

𝐜𝐲𝐜 )
≥

𝐄𝐮𝐥𝐞𝐫 𝟒.𝟗𝟗. 𝐫𝟗. (𝟒𝐑 + 𝐫)𝟑

𝟗𝟒(∑ 𝐫𝒂
𝟔

𝐜𝐲𝐜 )
≥
? 𝟗. 𝟔𝟕𝐫𝟏𝟏

𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓
 

=
𝟑𝟗. 𝟐𝟕. 𝐫𝟏𝟏

𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓
⇔
𝟑(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)(𝟒𝐑+ 𝐫)𝟑

𝟑𝟐𝐫𝟐
≥
?
⏟
(∗)

∑𝐫𝒂
𝟔

𝐜𝐲𝐜

 

𝐍𝐨𝐰,∑𝐫𝒂
𝟔

𝐜𝐲𝐜

= (∑𝐫𝒂
𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟑∏(𝐫𝐛
𝟐 + 𝐫𝐜

𝟐)

𝐜𝐲𝐜

≤
𝐂𝐞𝐬𝒂𝐫𝐨

((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐)
𝟑
− 𝟐𝟒𝐫𝒂

𝟐𝐫𝐛
𝟐𝐫𝐜
𝟐 

≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

((𝟒𝐑+ 𝐫)𝟐 − 𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐))
𝟑

− 𝟔𝐫𝟐(𝟐𝐬𝟐)
𝟐

≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟏𝟔𝐑𝟐 − 𝟐𝟒𝐑𝐫 + 𝟏𝟏𝐫𝟐)
𝟑
− 𝟔𝐫𝟐(𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑 − 𝟐𝐫))

𝟐
  

(
∵ 𝟏𝟔𝐑𝟐 − 𝟐𝟒𝐑𝐫 + 𝟏𝟏𝐫𝟐 = 𝟏𝟔𝐑(𝐑 − 𝟐𝐫)

+𝟖𝐑𝐫 + 𝟏𝟏𝐫𝟐 ≥
𝐄𝐮𝐥𝐞𝐫

𝟖𝐑𝐫 + 𝟏𝟏𝐫𝟐 > 0
) ≤
𝐄𝐮𝐥𝐞𝐫

(𝟏𝟔𝐑𝟐 − 𝟐𝟒𝐑𝐫 + 𝟏𝟏𝐫𝟐)
𝟑
 

−𝟔𝐫𝟐(𝟐𝟕𝐑𝐫)𝟐 ≤
? 𝟑(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)(𝟒𝐑+ 𝐫)𝟑

𝟑𝟐𝐫𝟐
 

⇔ 𝟏𝟓𝟓𝟓𝟐𝐭𝟖 + 𝟏𝟏𝟔𝟔𝟒𝐭𝟕 − 𝟏𝟐𝟖𝟏𝟓𝟔𝐭𝟔 + 𝟓𝟗𝟎𝟎𝟔𝟕𝐭𝟓 − 𝟏𝟏𝟓𝟓𝟎𝟕𝟐𝐭𝟒 + 𝟕𝟔𝟏𝟖𝟓𝟔𝐭𝟑 

−𝟏𝟎𝟐𝟐𝟕𝟖𝟒𝐭𝟐 + 𝟏𝟖𝟔𝟔𝟐𝟒𝐭− 𝟓𝟎𝟐𝟕𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(
(𝐭 − 𝟐) (𝟏𝟓𝟓𝟓𝟐𝐭

𝟔 + 𝟕𝟑𝟖𝟕𝟐𝐭𝟓 + 𝟏𝟎𝟓𝟏𝟐𝟒𝐭𝟒 + 𝟕𝟏𝟓𝟎𝟕𝟓𝐭𝟑

+𝟏𝟐𝟖𝟒𝟕𝟑𝟐𝐭𝟐 + 𝟑𝟎𝟒𝟎𝟒𝟖𝟒𝐭+ 𝟔𝟎𝟎𝟎𝟐𝟐𝟒
)

+𝟏𝟐𝟎𝟐𝟓𝟓𝟖𝟒

) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑
(𝐫𝐛
𝟒 + 𝟐𝐫𝐛𝐫𝐜(𝐫𝐛

𝟐 + 𝐫𝐜
𝟐) + 𝐫𝐜

𝟒)
𝟑

𝐫𝐛
𝟔 + 𝟐𝐫𝐛𝐫𝐜(𝐫𝐛

𝟒 + 𝐫𝐜
𝟒) + 𝐫𝐜

𝟔
𝐜𝐲𝐜

 

≥
𝟗.𝟔𝟕𝐫𝟏𝟏

𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓
,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1408. If 𝒙, 𝒚, 𝒛 > 0 and 𝒏 ∈ ℕ, then in 𝚫𝑨𝑩𝑪 holds: 

𝒂𝟒𝒏−𝟏 ⋅ 𝒙𝟐𝒏

𝒉𝒂
+
𝒃𝟒𝒏−𝟏 ⋅ 𝒚𝟐𝒏

𝒉𝒃
+
𝒄𝟒𝒏−𝟏 ⋅ 𝒛𝟐𝒏

𝒉𝒄
≥
𝟑

𝟐𝑭
(
𝟏𝟔

𝟗
𝑭𝟐∑𝒚𝒛)

𝒏

 

 Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India  
 

𝒂𝟒𝒏−𝟏 ⋅ 𝒙𝟐𝒏

𝒉𝒂
+
𝒃𝟒𝒏−𝟏 ⋅ 𝒚𝟐𝒏

𝒉𝒃
+
𝒄𝟒𝒏−𝟏 ⋅ 𝒛𝟐𝒏

𝒉𝒄
=
𝒂𝟒𝒏𝒙𝟐𝒏

𝟐𝑭
+
𝒃𝟒𝒏𝒚𝟐𝒏

𝟐𝑭
+
𝒄𝟒𝒏𝒛𝟐𝒏

𝟐𝑭
 

(∵ 𝒉𝒂 =
𝟐𝑭

𝒂
  ) 

=
𝟏

𝟐𝑭
[(𝒂𝟐𝒙)𝟐𝒏 + (𝒃𝟐𝒚)𝟐𝒏 + (𝒄𝟐𝒛)𝟐𝒏] ≥

𝑪𝑩𝑺 𝟏

𝟐𝑭
⋅
𝟏

𝟑𝟐𝒏−𝟏
(𝒂𝟐𝒙 + 𝒃𝟐𝒚 + 𝒄𝟐𝒛)𝟐𝒏 

≥
𝟏

𝟐𝑭
⋅

𝟏

𝟑𝟐𝒏−𝟏
(𝟒𝑭√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

𝟐𝒏
(Oppenheim) 

=
𝟏

𝟐𝑭
⋅
𝟑

𝟑𝟐𝒏
(𝟏𝟔𝑭𝟐 (∑𝒙𝒚))

𝒏

=
𝟑

𝟐𝑭
(
𝟏𝟔

𝟗
(∑𝒙𝒚))

𝒏

 

1409. 𝚫𝑫𝑬𝑭,𝚫𝑿𝒀𝒁 – are the orthic and the circumcevian triangle of altitudes 

in acute 𝚫𝑨𝑩𝑪. Prove that: 

𝟔𝑹𝑭 ⋅ √
𝟐𝒓

𝑹
⋅∏𝐜𝐨𝐬(𝑩 − 𝑪)

𝒄𝒚𝒄

𝟑
≤∑𝑨𝑫 ⋅ 𝑨𝑿

𝒄𝒚𝒄

⋅ (𝒔 − 𝒂) ≤ 𝒔(𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓) 

Proposed by Radu Diaconu – Romania  
Solution by Tapas Das – India  

 
From 𝚫𝑨𝑩𝑫 we get 

𝐬𝐢𝐧𝑩 =
𝑨𝑫

𝑨𝑩
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𝐬𝐢𝐧𝑩 =
𝑨𝑫

𝑪
 

∴ 𝑨𝑫 = 𝒄 𝐬𝐢𝐧𝑩 
(analog) 

 
∠𝑩𝑨𝑿 = ∠𝑩𝑪𝑿 = 𝟗𝟎° − 𝑩 
(angles are on the same arc) 

∴ ∠𝑨𝑪𝑿 = 𝑪 + 𝟗𝟎° − 𝑩 = 𝟗𝟎° − (𝑩 − 𝑪) 
From 𝚫𝑨𝑪𝑿 we get: 
𝑨𝑿

𝐬𝐢𝐧 ∠𝑨𝑪𝑿
=

𝑨𝑪

𝐬𝐢𝐧∠𝑨𝑿𝑪
 

[∠𝑨𝑿𝑪 = ∠𝑨𝑩𝑪 = 𝑩] ⇒
𝑨𝑿

𝐬𝐢𝐧[𝟗𝟎° − (𝑩 − 𝑪)]
=

𝒃

𝐬𝐢𝐧𝑩
 

∴ 𝑨𝑿 =
𝒃 𝐜𝐨𝐬(𝑩−𝑪)

𝐬𝐢𝐧𝑩
   (analog) 

∴ 𝑨𝑫 ⋅ 𝑨𝑿 ⋅ (𝒔 − 𝒂) = 𝒄𝐬𝐢𝐧𝑩 ⋅
𝒃 𝐜𝐨𝐬(𝑩 − 𝑪)

𝐬𝐢𝐧𝑩
⋅ (𝒔 − 𝒂) = 𝒃𝒄(𝒔 − 𝒂) 𝐜𝐨𝐬(𝑩 − 𝑪) 

RHS 

∴ ∑𝑨𝑫 ⋅ 𝑨𝑿 ⋅ (𝒔 − 𝒂) =∑𝒃𝒄(𝒔 − 𝒂) 𝐜𝐨𝐬(𝑩 − 𝑪) ≤ 𝒃𝒄(𝒔 − 𝒂) ⋅ 𝟏 

[Note: 𝐜𝐨𝐬(𝑩 − 𝑪) ≤ 𝟏] 

= 𝒔(∑𝒂𝒃) − 𝟑𝒂𝒃𝒄 = 𝒔(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) − 𝟏𝟐𝑹𝒓𝒔 = 𝒔[𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓] 

LHS 

∑𝑨𝑫 ⋅ 𝑨𝑿 ⋅ (𝒔 − 𝒂) =∑𝒃𝒄 (𝒔 − 𝒂) 𝐜𝐨𝐬(𝑩 − 𝑪) 

= 𝒂𝒃𝒄∑
(𝒔 − 𝒂)

𝒂
⋅ 𝐜𝐨𝐬(𝑩 − 𝑪) 

≥
𝑨𝑴−𝑮𝑴

𝟑𝒂𝒃𝒄 [
(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄
⋅∏𝐜𝐨𝐬(𝑩 − 𝑪)]

𝟏
𝟑

 

≥ 𝟏𝟐𝑹𝑭 [
𝒔𝒓𝟐

𝟒𝑹𝒓𝒔
∏𝐜𝐨𝐬(𝑩 − 𝑪)]

𝟏
𝟑

= 𝟏𝟐𝑹𝑭[
𝒓

𝟒𝑹
∏𝐜𝐨𝐬(𝑩 − 𝑪)]

𝟏
𝟑
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= 𝟏𝟐𝑹𝑭 [
𝟐𝒓

𝟖𝑹
∏𝐜𝐨𝐬(𝑩 − 𝑪)]

𝟏
𝟑
=
𝟏𝟐𝑹𝑭

𝟐
[
𝟐𝒓

𝑹
∏𝐜𝐨𝐬(𝑩 − 𝑪)]

𝟏
𝟑

= 𝟔𝑹𝑭√
𝟐𝒓

𝑹
∏𝐜𝐨𝐬(𝑩 − 𝑪)

𝟑

 

1410. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑𝐬𝐢𝐧
𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
≤
𝟏

𝟐
+

𝟏

𝟑√𝟑
⋅
𝑹

𝟐𝒓
∑𝐬𝐢𝐧

𝑨

𝟐
√𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
 

Proposed by Marin Chirciu – Romania  

Solution by Tapas Das – India  

Let 𝒇(𝒙) = 𝐬𝐢𝐧
𝑿

𝟐
, 𝒙 ∈ (𝟎,𝝅) 

∴ 𝒇′(𝒙) =
𝟏

𝟐
𝐜𝐨𝐬

𝒙

𝟐
, 𝒇′′(𝒙) = −

𝟏

𝟒
𝐬𝐢𝐧

𝒙

𝟐
< 0 

∴ 𝒇 is concave, using Jensen’s 

∴
𝐬𝐢𝐧

𝑨
𝟐 + 𝐬𝐢𝐧

𝑩
𝟐 + 𝐬𝐢𝐧

𝑪
𝟐

𝟑
≤ 𝐬𝐢𝐧 (

𝑨 + 𝑩 + 𝑪

𝟔
) = 𝐬𝐢𝐧 (

𝝅

𝟔
) =

𝟏

𝟐
 

∴ ∑𝐬𝐢𝐧
𝑨

𝟐
≤
𝟑

𝟐
 

∴ ∑𝐬𝐢𝐧
𝑨

𝟐
𝐬𝐢𝐧

𝑩

𝟐
≤

(𝐬𝐢𝐧
𝑨

𝟐
+𝐬𝐢𝐧

𝑩

𝟐
+𝐬𝐢𝐧

𝑪

𝟐
)
𝟐

𝟑
≤

(
𝟑

𝟐
)
𝟐

𝟑
=
𝟑

𝟒
       (1) 

[Note: ∑𝒙𝒚 ≤
(∑ 𝒙)𝟐

𝟑
] 

Now, 

∑𝐬𝐢𝐧
𝑨

𝟐
√𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
≥

𝑨𝑴−𝑮𝑴
𝟑 [∏𝐬𝐢𝐧

𝑨

𝟐
⋅∏𝐜𝐨𝐬

𝑨

𝟐
]

𝟏
𝟑
= 𝟑 [

𝒓

𝟒𝑹
⋅
𝒔

𝟒𝑹
]

𝟏
𝟑

 

≥ 𝟑 [
𝒓

𝟒𝑹
⋅
𝟑√𝟑𝒓

𝟒𝑹
⋅
𝟒𝑹

𝟒𝑹
]

𝟏
𝟑

 (∵ 𝒔 ≥ 𝟑√𝟑𝒓) ≥
𝑬𝒖𝒍𝒆𝒓

𝟑 [
𝒓

𝟒𝑹
⋅
𝟑√𝟑𝒓

𝟒𝑹
⋅
𝟖𝒓

𝟒𝑹
]

𝟏
𝟑

=
𝟑√𝟑𝒓 ⋅ 𝟐

𝟒𝑹
 

∴
𝟏

𝟐
+

𝟏

𝟑√𝟑
⋅
𝑹

𝟐𝒓
∑𝐬𝐢𝐧

𝑨

𝟐
√𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
≥
𝟏

𝟐
+

𝟏

𝟑√𝟑
⋅
𝑹

𝟐𝒓
⋅
𝟑√𝟑𝒓⋅𝟐

𝟒𝑹
=

𝟏

𝟐
+
𝟏

𝟒
=

𝟑

𝟒
        (2) 

From (1) and (2) we get the desired result. 
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1411. Prove that in any triangle 𝑨𝑩𝑪 holds the inequality 

(
𝒂

𝟐𝒎𝒂
)
𝟐

+ (
𝒃

𝟐𝒎𝒃
)

𝟐

+ (
𝒄

𝟐𝒎𝒄
)
𝟐

≥ 𝟏 

Proposed by D.M.Bătinețu-Giurgiu, Neculai Stanciu – Romania  
Solution by Tapas Das-India 

Let 𝒂 > 𝑏 > 𝑐 

∴ 𝒎𝒂 < 𝒎𝒃 < 𝒎𝒄 

∴ (
𝒂

𝟐𝒎𝒂
)
𝟐

+ (
𝒃

𝟐𝒎𝒃
)
𝟐

+ (
𝒄

𝟐𝒎𝒄
)
𝟐

≥ 

≥
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ⋅

𝟏

𝟒
(
𝟏

𝒎𝒂
𝟐
+
𝟏

𝒎𝒃
𝟐 +

𝟏

𝒎𝒄
𝟐
) 

≥
𝟏

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ⋅

𝟏

𝟒
⋅
(𝟏 + 𝟏 + 𝟏)𝟐

𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐
=
𝟏

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ⋅

𝟏

𝟒
⋅

𝟗

𝟑
𝟒
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

 

=
𝟏

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ⋅

𝟏

𝟒
⋅

𝟑 × 𝟒

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
= 𝟏 

1412. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟖∏
𝐦𝒂𝐬𝒂
𝐡𝒂𝐫𝒂

𝐜𝐲𝐜

≤∏
𝐫𝒂 + 𝐫𝐛
𝐫𝐜

𝐜𝐲𝐜

 

  Proposed by Bogdan Fuștei-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐

)𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐂
𝟐

=
𝐬𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)
= 𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

∴ 𝐫𝐛 + 𝐫𝐜 =
(𝐢)
𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

𝐍𝐨𝐰,
𝐦𝒂
𝟐

𝐬(𝐬 − 𝒂)
− 𝟏 ≤

? 𝐛𝟐 + 𝐜𝟐

𝟐𝐛𝐜
− 𝟏 ⇔

(𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) − 𝟒𝐬(𝐬 − 𝒂)

𝟒𝐬(𝐬 − 𝒂)
≤
? (𝐛 − 𝐜)𝟐

𝟐𝐛𝐜
 

⇔ (𝐛 − 𝐜)𝟐. (
𝟏

𝟐𝐛𝐜
−

𝟏

𝟒𝐬(𝐬 − 𝒂)
) ≥
?
𝟎 ⇔ (𝐛 − 𝐜)𝟐. (

𝟒𝐬(𝐬 − 𝒂) − 𝟐𝐛𝐜

𝟖𝐬𝐛𝐜(𝐬 − 𝒂)
) ≥
?
𝟎 

⇔ (𝐛− 𝐜)𝟐.
𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐

𝟖𝐬𝐛𝐜(𝐬 − 𝒂)
≥
?
𝟎 ⇔ (𝐛 − 𝐜)𝟐.

𝐜𝐨𝐬𝐀

𝟒𝐬(𝐬 − 𝒂)
≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐜𝐨𝐬𝐀 > 0 
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𝐢𝐧 𝒂𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝒂𝐧𝒈𝐥𝐞𝐬 ⇒
𝐦𝒂
𝟐

𝐬(𝐬 − 𝒂)
≤
𝐛𝟐 + 𝐜𝟐

𝟐𝐛𝐜
⇒ 𝐦𝒂

𝟐 .
𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐
≤ 𝐬(𝐬 − 𝒂) 

⇒
𝐦𝒂𝐬𝒂
𝐡𝒂𝐫𝒂

=
𝐦𝒂
𝟐 .

𝟐𝐛𝐜
𝐛𝟐 + 𝐜𝟐

𝐡𝒂𝐫𝒂
≤
𝐬(𝐬 − 𝒂)

𝐡𝒂𝐫𝒂
=
𝟐𝐑. 𝐬(𝐬 − 𝒂)

𝐛𝐜𝐫𝒂
=

𝐯𝐢𝒂 (𝐢) 𝐫𝐛 + 𝐫𝐜
𝟐𝐫𝒂

⇒
𝟐𝐦𝒂𝐬𝒂
𝐡𝒂𝐫𝒂

≤
𝐫𝐛 + 𝐫𝐜
𝐫𝒂

 

𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒ 𝟖∏
𝐦𝒂𝐬𝒂
𝐡𝒂𝐫𝒂

𝐜𝐲𝐜

≤∏
𝐫𝐛 + 𝐫𝐜
𝐫𝒂

𝐜𝐲𝐜

=∏
𝐫𝒂 + 𝐫𝐛
𝐫𝐜

𝐜𝐲𝐜

∴ 𝐢𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, 

𝟖∏
𝐦𝒂𝐬𝒂
𝐡𝒂𝐫𝒂

𝐜𝐲𝐜

≤∏
𝐫𝒂 + 𝐫𝐛
𝐫𝐜

𝐜𝐲𝐜

,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine-Tanger-Morocco 
 

 

𝐋𝐞𝐭 𝐀′ 𝐛𝐞 𝐭𝐡𝐞 𝐦𝐢𝐝𝐩𝐨𝐢𝐧𝐭 𝐨𝐟 𝐁𝐂 𝐚𝐧𝐝 𝐎 𝐭𝐡𝐞 𝐜𝐢𝐫𝐜𝐮𝐦𝐜𝐞𝐧𝐭𝐞𝐫 𝐨𝐟 ∆𝑨𝑩𝑪.  𝐈𝐧 ∆𝑨𝑨′𝑶,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒎𝒂 = 𝑨𝑨
′ ≤ 𝑨𝑶 +𝑶𝑨′ = 𝑹+ 𝑹𝐜𝐨𝐬 𝑨 = 𝑹(𝟏 + 𝐜𝐨𝐬𝑨) = 𝟐𝑹𝐜𝐨𝐬𝟐

𝑨

𝟐
. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐢𝐬 𝐫𝐞𝐬𝐮𝐥𝐭,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒉𝒂
𝒎𝒂𝒔𝒂

=
𝒃𝒄

𝟐𝑹
.
𝒃𝟐 + 𝒄𝟐

𝟐𝒃𝒄𝒎𝒂
𝟐
=
𝒃𝟐 + 𝒄𝟐

𝑹. 𝟒𝒎𝒂
𝟐
=
𝟏

𝟐𝑹
(𝟏 +

𝒂𝟐

𝟒𝒎𝒂
𝟐
) ≥

𝟏

𝟐𝑹
(𝟏+

(𝟒𝑹𝐬𝐢𝐧
𝑨
𝟐 𝐜𝐨𝐬

𝑨
𝟐
)
𝟐

𝟒 (𝟐𝑹𝐜𝐨𝐬𝟐
𝑨
𝟐
)
𝟐
) 

=
𝟏

𝟐𝑹
(𝟏 + 𝐭𝐚𝐧𝟐

𝑨

𝟐
) =

𝟏

𝟐𝑹𝐜𝐨𝐬𝟐
𝑨
𝟐

=
𝒃𝒄

𝟐𝑹𝒔(𝒔 − 𝒂)
=
𝟐𝒓(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂. 𝒔𝒓𝟐
=

𝟐
𝒔𝒓
𝒔 − 𝒃

+
𝒔𝒓
𝒔 − 𝒄

=
𝟐

𝒓𝒃 + 𝒓𝒄
. 

𝐓𝐡𝐮𝐬,
𝟐𝒎𝒂𝒔𝒂
𝒉𝒂𝒓𝒂

≤
𝒓𝒃 + 𝒓𝒄
𝒓𝒂

. 

𝐌𝐮𝐥𝐭𝐢𝐩𝐥𝐲𝐢𝐧𝐠 𝐭𝐡𝐢𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐰𝐢𝐭𝐡 𝐬𝐢𝐦𝐢𝐥𝐚𝐫 𝐨𝐧𝐞𝐬 𝐲𝐢𝐞𝐥𝐝𝐬 𝐭𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐫𝐞𝐬𝐮𝐥𝐭. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 
𝟖 ⋅ ∏

𝒎𝒂 ⋅𝒔𝒂

𝒉𝒂⋅𝒓𝒂
≤ ∏

𝒓𝒃+𝒓𝒄

𝒓𝒂
, 𝒃𝟐 + 𝒄𝟐 ≤ 𝟒𝑹 ⋅ 𝒎𝒂    (1) 
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𝒎𝒂 ≤ 𝟐𝑹𝐜𝐨𝐬
𝟐
𝑨

𝟐
 

𝟒𝑹 ⋅ 𝐜𝐨𝐬𝟐
𝑨

𝟐
=

𝟐𝒂

𝐬𝐢𝐧𝑨
⋅ 𝐜𝐨𝐬𝟐

𝑨

𝟐
= 𝒂 ⋅ 𝐜𝐨𝐭

𝑨

𝟐
=

𝒂 ⋅ 𝑭

(𝒔 − 𝒃)(𝒔 − 𝒄)
= 

=
(𝒔 − 𝒃 + 𝒔 − 𝒄) ⋅ 𝑭

(𝒔 − 𝒃)(𝒔 − 𝒄)
=

𝑭

𝒔 − 𝒃
+

𝑭

𝒔 − 𝒄
= 𝒓𝒃 + 𝒓𝒄 

𝟒𝑹 ⋅ 𝐜𝐨𝐬𝟐
𝑨

𝟐
= 𝒓𝒃 + 𝒓𝒄      (3) 

⇛
𝟐 ⋅ 𝒎𝒂 ⋅ 𝒔𝒂
𝒉𝒂 ⋅ 𝒓𝒂

=
𝟐𝒎𝒂 ⋅

𝟐𝒃𝒄
𝒃𝟐 + 𝒄𝟐

⋅ 𝒎𝒂

𝒉𝒂 ⋅ 𝒓𝒂
=
𝟒𝒃𝒄

𝒉𝒂
⋅

𝒎𝒂
𝟐

(𝒃𝟐 + 𝒄𝟐)𝒓𝒂
= 

=
𝟖𝑹

𝒓𝒂
(
𝟐(𝒃𝟐 + 𝒄𝟐) − 𝒂𝟐

𝟒(𝒃𝟐 + 𝒄𝟐)
) =

𝟐𝑹

𝒓𝒂
⋅ (𝟐 −

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
) ≤
(𝟏)

 

≤
𝟐𝑹

𝒓𝒂
⋅ (𝟐 −

𝒂𝟐

𝟒𝑹 ⋅ 𝒎𝒂
) ≤
(𝟐) 𝟐𝑹

𝒓𝒂
⋅ (𝟐 −

𝒂𝟐

𝟖𝑹𝟐 ⋅ 𝐜𝐨𝐬𝟐
𝑨
𝟐

) = 

=
𝟐𝑹

𝒓𝒂
(𝟐 −

𝐬𝐢𝐧𝟐
𝑨
𝟐

𝟐𝐜𝐨𝐬𝟐
𝑨
𝟐

) =
𝟐𝑹

𝒓𝒂
(𝟐 − 𝟐𝐬𝐢𝐧𝟐

𝑨

𝟐
) =

𝟒𝑹 ⋅ 𝐜𝐨𝐬𝟐
𝑨
𝟐

𝒓𝒂
=
(𝟑) 𝒓𝒃 + 𝒓𝒄

𝒓𝒂
 

1413. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑(
𝐧𝒂
𝟐

𝐰𝒂
𝟐
+

𝟒𝐫𝒂

𝐫𝐛 + 𝐫𝐜
)

𝐜𝐲𝐜

≥ 𝟏 +
𝟒𝐑

𝐫
 

  Proposed by Bogdan Fuștei-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐

)𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐂
𝟐

=
𝐬𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)
= 𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

∴ 𝐫𝐛 + 𝐫𝐜 =
(𝐢)
𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 − 𝐜) + 𝐜𝟐(𝐬 − 𝐛) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝐛𝐜(𝟐𝐬 − 𝒂) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬𝟐 − 𝐬(𝟐𝐬 − 𝒂) + 𝐛𝐜) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝟐𝐬𝐛𝐜 

= 𝒂𝐧𝒂
𝟐 + 𝒂(𝒂𝐬 − 𝐬𝟐) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐 − 𝟐𝐛𝐜) = 𝒂𝐧𝒂

𝟐 − 𝒂𝐬𝟐 

⇒ 𝒂𝐧𝒂
𝟐 = 𝒂𝐬𝟐 + 𝐬(𝟐𝐛𝐜𝐜𝐨𝐬𝐀 − 𝟐𝐛𝐜) = 𝒂𝐬𝟐 − 𝟒𝐬𝐛𝐜𝐬𝐢𝐧𝟐

𝐀

𝟐
 

= 𝒂𝐬𝟐 −
𝟒𝐬𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐬 − 𝒂)

𝐛𝐜(𝐬 − 𝒂)
= 𝒂𝐬𝟐 −

𝟒∆𝟐

𝐬 − 𝒂
= 𝒂𝐬𝟐 − 𝟐𝒂(

𝟐∆

𝒂
) (

∆

𝐬 − 𝒂
) 
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= 𝒂𝐬𝟐 − 𝟐𝒂𝐡𝒂𝐫𝒂 ⇒ 𝐧𝒂
𝟐 = 𝐬𝟐 − 𝟐𝐡𝒂𝐫𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒∑(

𝐧𝒂
𝟐

𝐰𝒂
𝟐
+

𝟒𝐫𝒂
𝐫𝐛 + 𝐫𝐜

)

𝐜𝐲𝐜

 

= 𝐬𝟐∑
𝟏

𝐰𝒂
𝟐

𝐜𝐲𝐜

−∑
𝟐𝐡𝒂𝐫𝒂

𝐰𝒂
𝟐

𝐜𝐲𝐜

+ 𝟒((∑𝐫𝒂
𝐜𝐲𝐜

)(∑
𝟏

𝐫𝐛 + 𝐫𝐜
𝐜𝐲𝐜

)− 𝟑) =
𝐯𝐢𝒂 (𝐢)

 

𝐬𝟐∑
(𝐛+ 𝐜)𝟐𝒂

𝟒𝒂𝐛𝐜𝐬(𝐬 − 𝒂)
𝐜𝐲𝐜

−∑
𝟒𝐫𝟐𝐬𝟐(𝐛 + 𝐜)𝟐

𝒂(𝐬 − 𝒂).𝟒𝐛𝐜𝐬(𝐬 − 𝒂)
𝐜𝐲𝐜

+ 𝟒((𝟒𝐑+ 𝐫)∑
𝟏

𝟒𝐑𝐜𝐨𝐬𝟐
𝐀
𝟐𝐜𝐲𝐜

− 𝟑) 

=
𝐬𝟐

𝟏𝟔𝐑𝐫𝐬𝟐
∑(

𝒂(𝐬𝟐 + (𝐬 − 𝒂)𝟐 + 𝟐𝐬(𝐬 − 𝒂))

𝐬 − 𝒂
)

𝐜𝐲𝐜

 

−
𝐫𝟐𝐬𝟐

𝟒𝐑𝐫𝐬𝟐
.∑

𝐬𝟐 + (𝐬 − 𝒂)𝟐 + 𝟐𝐬(𝐬 − 𝒂)

(𝐬 − 𝒂)𝟐
𝐜𝐲𝐜

+
(𝟒𝐑 + 𝐫)(𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐) − 𝟏𝟐𝐑𝐬𝟐

𝐑𝐬𝟐
 

=
𝟏

𝟏𝟔𝐑𝐫
(𝐬𝟐∑

𝒂− 𝐬 + 𝐬

𝐬 − 𝒂
𝐜𝐲𝐜

+ 𝐬(𝟐𝐬) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝟐𝐬.𝟐𝐬) 

−
𝐫

𝟒𝐑
(
𝟏

𝐫𝟐
∑𝐫𝒂

𝟐

𝐜𝐲𝐜

+ 𝟑 +
𝟐𝐬(𝟒𝐑𝐫 + 𝐫𝟐)

𝐫𝟐𝐬
) +

(𝟒𝐑 + 𝐫)(𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐) − 𝟏𝟐𝐑𝐬𝟐

𝐑𝐬𝟐
 

=
𝟏

𝟏𝟔𝐑𝐫
(𝐬𝟐 (−𝟑 +

𝐬(𝟒𝐑𝐫 + 𝐫𝟐)

𝐫𝟐𝐬
) + 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) + 𝟒𝐬𝟐) 

−
𝐫

𝟒𝐑
(
(𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐 + 𝟑𝐫𝟐

𝐫𝟐
+
𝟐(𝟒𝐑+ 𝐫)

𝐫
) +

(𝟒𝐑 + 𝐫)(𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐) − 𝟏𝟐𝐑𝐬𝟐

𝐑𝐬𝟐
 

=
(𝟐𝐑 + 𝟓𝐫)𝐬𝟒 − 𝐫𝐬𝟐(𝟑𝟐𝐑𝟐 + 𝟗𝟐𝐑𝐫 + 𝟑𝐫𝟐) + 𝟖𝐫𝟐(𝟒𝐑+ 𝐫)𝟑

𝟖𝐑𝐫𝟐𝐬𝟐
≥ 𝟏 +

𝟒𝐑

𝐫
=
𝟒𝐑+ 𝐫

𝐫
 

⇔ (𝟐𝐑+ 𝟓𝐫)𝐬𝟒 − 𝐫𝐬𝟐(𝟔𝟒𝐑𝟐 + 𝟏𝟎𝟎𝐑𝐫 + 𝟑𝐫𝟐) + 𝟖𝐫𝟐(𝟒𝐑+ 𝐫)𝟑 ≥
(∗)

𝟎 𝒂𝐧𝐝 

∵ (𝟐𝐑 + 𝟓𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ (𝟐𝐑 + 𝟓𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟒𝟎𝐑− 𝟓𝟑𝐫)𝐬𝟐 ≥
(∗∗)

𝐫(𝟓𝟕𝟔𝐑𝟐 − 𝟖𝟒𝟔𝐑𝐫 + 𝟏𝟏𝟕𝐫𝟐) 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟒𝟎𝐑 − 𝟓𝟑𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟓𝟕𝟔𝐑𝟐 − 𝟖𝟒𝟔𝐑𝐫 + 𝟏𝟏𝟕𝐫𝟐) 

⇔ 𝟑𝟐𝐑𝟐 − 𝟏𝟎𝟏𝐑𝐫 + 𝟕𝟒𝐫𝟐 ≥
?
𝟎 ⇔ (𝟑𝟐𝐑− 𝟑𝟕𝐫)(𝐑− 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑(
𝐧𝒂
𝟐

𝐰𝒂
𝟐
+

𝟒𝐫𝒂
𝐫𝐛 + 𝐫𝐜

)

𝐜𝐲𝐜

≥ 𝟏+
𝟒𝐑

𝐫
, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞  𝒘𝒂
𝟐 =

𝟒𝒃𝒄

(𝒃 + 𝒄)𝟐
. 𝒓𝒃𝒓𝒄 ≤ 𝒓𝒃𝒓𝒄. 
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𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞   𝒏𝒂
𝟐 = 𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
=  𝒔𝟐 −

𝒔[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒂

= 𝒔𝟐 −
𝟒𝒔(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
 

= 𝒔𝟐 −
𝟒𝒔. 𝒔𝒓𝟐

𝒂(𝒔 − 𝒂)
= 𝒔𝟐 − 𝟐𝒉𝒂𝒓𝒂,   𝐭𝐡𝐞𝐧   𝒏𝒂

𝟐 + 𝟐𝒉𝒂𝒓𝒂 = 𝒔
𝟐. 

𝐀𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 
𝟏

𝒓𝒃
+
𝟏

𝒓𝒄
=
𝒂

𝑭
=
𝟐

𝒉𝒂
,   𝐭𝐡𝐞𝐧 𝐰𝐞 𝐡𝐚𝐯𝐞  𝒓𝒃 + 𝒓𝒄 =

𝟐𝒓𝒃𝒓𝒄
𝒉𝒂

. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬,𝐰𝐞 𝐡𝐚𝐯𝐞 ∶ 
𝒏𝒂

𝟐

𝒘𝒂𝟐
+

𝟒𝒓𝒂
𝒓𝒃 + 𝒓𝒄

≥
𝒏𝒂

𝟐

𝒓𝒃𝒓𝒄
+
𝟐𝒉𝒂𝒓𝒂
𝒓𝒃𝒓𝒄

=
𝒔𝟐

𝒓𝒃𝒓𝒄
=
𝒓𝒂
𝒓
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞, 

∑(
𝒏𝒂

𝟐

𝒘𝒂𝟐
+

𝟒𝒓𝒂
𝒓𝒃 + 𝒓𝒄

)

𝒄𝒚𝒄

≥∑
𝒓𝒂
𝒓

𝒄𝒚𝒄

= 𝟏 +
𝟒𝑹

𝒓
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1414. 

𝐈𝐧 ∆ 𝐀𝐁𝐂 𝐩𝐢𝐜𝐭𝐮𝐫𝐢𝐬𝐞𝐝 𝐢𝐧 𝐭𝐡𝐞 𝐝𝐢𝒂𝐠𝐫𝒂𝐦, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬  

𝟐√𝟐 ∙ 𝐈𝐈𝒂 < 𝑰𝑨 

 

  Proposed by Aissa Hiyab-Morocco 
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Solution by Soumava Chakraborty-Kolkata-India 

𝐕𝐢𝒂 𝐬𝐢𝐧𝐞 𝒍𝒂𝐰 𝐨𝐧 ∆ 𝐀𝐈𝐘,
𝐀𝐈

𝐬𝐢𝐧(𝐂 +
𝐁
𝟐
)
=

𝐘𝐈

𝐬𝐢𝐧
𝐀
𝟐

 

⇒
𝐀𝐈

𝐬𝐢𝐧
𝟏𝟖𝟎° − 𝐀 + 𝐂

𝟐

=
𝐘𝐈

𝐬𝐢𝐧
𝐀
𝟐

⇒ 𝐘𝐈 =
(𝐢) 𝐀𝐈 𝐬𝐢𝐧

𝐀
𝟐

𝐜𝐨𝐬
𝐀 − 𝐂
𝟐

 

𝐕𝐢𝒂 𝐬𝐢𝐧𝐞 𝒍𝒂𝐰 𝐨𝐧 ∆ 𝐀𝐈𝐙,
𝐀𝐈

𝐬𝐢𝐧(𝐁 +
𝐂
𝟐
)
=

𝐙𝐈

𝐬𝐢𝐧
𝐀
𝟐

⇒
𝐀𝐈

𝐬𝐢𝐧
𝟏𝟖𝟎° − 𝐀 + 𝐁

𝟐

=
𝐙𝐈

𝐬𝐢𝐧
𝐀
𝟐

⇒ 𝐙𝐈 =
(𝐢𝐢) 𝐀𝐈 𝐬𝐢𝐧

𝐀
𝟐

𝐜𝐨𝐬
𝐀 − 𝐁
𝟐

 

𝐕𝐢𝒂 ∆ 𝐈𝐈𝒂𝐘, 𝐈𝐈𝒂 = 𝐘𝐈 𝐬𝐢𝐧 𝒙  𝒂𝐧𝐝 𝐯𝐢𝒂 ∆ 𝐈𝐈𝒂𝐙, 𝐈𝐈𝒂 = 𝐙𝐈 𝐬𝐢𝐧 𝐲 ∴ 𝐈𝐈𝒂
𝟐 = 𝐘𝐈. 𝐙𝐈. 𝐬𝐢𝐧 𝒙 𝐬𝐢𝐧 𝐲 

⇒
𝐯𝐢𝒂 (𝐢),(𝐢)

𝟖𝐈𝐈𝒂
𝟐 = 𝟖𝐬𝐢𝐧𝒙 𝐬𝐢𝐧𝐲 .

𝐀𝐈𝟐 𝐬𝐢𝐧𝟐
𝐀
𝟐

𝐜𝐨𝐬
𝐀 − 𝐂
𝟐

. 𝐜𝐨𝐬
𝐀 − 𝐁
𝟐

<
?
𝐀𝐈𝟐 

⇔ (𝐜𝐨𝐬(𝒙 − 𝐲) − 𝐜𝐨𝐬(𝒙 + 𝐲)). 𝟖 𝐬𝐢𝐧𝟐
𝐀

𝟐
<
?
𝐜𝐨𝐬

𝟐𝐀 − (𝟏𝟖𝟎° − 𝐀)

𝟐
 

+𝐜𝐨𝐬
𝐁 − 𝐂

𝟐
 (∵

−𝛑

𝟐
<
𝐀− 𝐂

𝟐
,
𝐀 − 𝐁

𝟐
<
𝛑

𝟐
⇒ 𝐜𝐨𝐬

𝐀 − 𝐂

𝟐
, 𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
> 0) 

⇔ (𝐜𝐨𝐬(𝒙 − 𝐲) − 𝐜𝐨𝐬
𝐁 + 𝐂

𝟐
) . 𝟖 𝐬𝐢𝐧𝟐

𝐀

𝟐
<
?
𝐬𝐢𝐧

𝟑𝐀

𝟐
+
𝐛 + 𝐜

𝒂
. 𝐬𝐢𝐧

𝐀

𝟐
 

= 𝟑𝐬𝐢𝐧
𝐀

𝟐
− 𝟒𝐬𝐢𝐧𝟑

𝐀

𝟐
+
𝐛 + 𝐜

𝒂
. 𝐬𝐢𝐧

𝐀

𝟐
 

⇔ (𝐜𝐨𝐬(𝒙 − 𝐲) − 𝐜𝐨𝐬
𝐁 + 𝐂

𝟐
) . 𝟖 𝐬𝐢𝐧

𝐀

𝟐
<
?
𝟑 − 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
+
𝐛 + 𝐜

𝒂
 

⇔ 𝟖𝐬𝐢𝐧
𝐀

𝟐
. 𝐜𝐨𝐬(𝒙 − 𝐲) − 𝟖 𝐬𝐢𝐧𝟐

𝐀

𝟐
<
?
𝟑 − 𝟒𝐬𝐢𝐧𝟐

𝐀

𝟐
+
𝐛+ 𝐜

𝒂
 

⇔ 𝟖𝐬𝐢𝐧
𝐀

𝟐
. 𝐜𝐨𝐬(𝒙 − 𝐲) <

?
⏟
(∗)

𝟑 + 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
+
𝐛 + 𝐜

𝒂
 

𝐍𝐨𝐰, 𝒙 < 𝑥 + 𝐲 =
𝐁+ 𝐂

𝟐
= 𝟗𝟎° −

𝐀

𝟐
< 90° 𝒂𝐧𝐝 𝐬𝐢𝐦𝐢𝒍𝒂𝐫𝒍𝐲, 𝐲 < 90° ∴ 𝟎 < 𝑥 < 90°   

𝒂𝐧𝐝 − 𝟗𝟎° < −𝑦 < 0 ⇒ −90° < 𝑥 − 𝐲 < 90° ∴ 𝟎 < 𝐜𝐨𝐬(𝒙 − 𝐲) < 𝟏 

⇒ 𝟖𝐬𝐢𝐧
𝐀

𝟐
. 𝐜𝐨𝐬(𝒙 − 𝐲) < 𝟖 𝐬𝐢𝐧

𝐀

𝟐
⇒ 𝐋𝐇𝐒 𝐨𝐟 (∗) <

(⦁)

𝟖 𝐬𝐢𝐧
𝐀

𝟐
 𝒂𝐧𝐝 𝟑 + 𝟒 𝐬𝐢𝐧𝟐

𝐀

𝟐
+
𝐛 + 𝐜

𝒂
 

> 3+ 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
+ 𝟏 ⇒ 𝐑𝐇𝐒 𝐨𝐟 (∗) >

(⦁⦁)

𝟒 + 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
∴ (⦁), (⦁⦁) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫  

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟒 + 𝟒𝐬𝐢𝐧𝟐
𝐀

𝟐
> 𝟖 𝐬𝐢𝐧

𝐀

𝟐
⇔ 𝟒(𝟏 − 𝐬𝐢𝐧

𝐀

𝟐
)
𝟐

> 0 

→ 𝐭𝐫𝐮𝐞 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝟖𝐈𝐈𝒂
𝟐 < 𝐀𝐈𝟐 ⇒ 𝟐√𝟐 ∗ 𝐈𝐈𝒂 < 𝑰𝑨 (𝑸𝑬𝑫) 

1415. 𝐈𝐧 ∆𝑨𝑩𝑪 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬: 

(∑
𝒏𝒂
𝒉𝒂

𝒄𝒚𝒄

)

𝟐

.∑(𝒔 − 𝒏𝒃)(𝒔 − 𝒏𝒄)

𝒄𝒚𝒄

> 4𝒔𝟐 

Proposed by Bogdan Fuștei-Romania 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 𝐋𝐞𝐭 𝑵 𝐛𝐞 𝐭𝐡𝐞 𝐍𝐚𝐠𝐞𝐥′𝐬 𝐩𝐨𝐢𝐧𝐭 𝐨𝐟 𝜟𝑨𝑩𝑪 𝐚𝐧𝐝 𝑨𝑨′, 𝑩𝑩′, 𝑪𝑪′𝐛𝐞 𝐭𝐡𝐞 𝐍𝐚𝐠𝐞𝐥′𝐬 𝐜𝐞𝐯𝐢𝐚𝐧𝐬. 

 

𝐒𝐢𝐧𝐜𝐞 𝑨𝑩′ = 𝒔 − 𝒄,   𝑨𝑪′ = 𝒔 − 𝒃,   𝑩𝑪′ = 𝑪𝑩′ = 𝒔 − 𝒂,  

𝐚𝐧𝐝 𝐮𝐬𝐢𝐧𝐠 𝐕𝐚𝐧 𝐀𝐮𝐛𝐞𝐥′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝑵𝑨

𝑵𝑨′
=
𝑨𝑪′

𝑪′𝑩
+
𝑨𝑩′

𝑩′𝑪
=
𝒔 − 𝒃

𝒔 − 𝒂
+
𝒔 − 𝒄

𝒔 − 𝒂
=

𝒂

𝒔 − 𝒂
 

⇒ 
𝒏𝒂
𝑵𝑨

= 𝟏 +
𝑵𝑨

𝑵𝑨′
= 𝟏 +

𝒔 − 𝒂

𝒂
=
𝒔

𝒂
 ⇒  𝑵𝑨 =

𝒂𝒏𝒂
𝒔
= 𝟐𝒓.

𝒏𝒂
𝒉𝒂
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬). 

𝐀𝐥𝐬𝐨, 𝐢𝐧 ∆𝑵𝑩𝑪,𝐰𝐞 𝐡𝐚𝐯𝐞 

   𝒂 < 𝑁𝐵 + 𝑁𝐶 = 2𝒓 (
𝒏𝒃
𝒉𝒃
+
𝒏𝒄
𝒉𝒄
)  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬), (𝐬𝐞𝐞, 𝐟𝐨𝐫 𝐞𝐱𝐚𝐦𝐩𝐥𝐞, 𝐁𝐨𝐠𝐝𝐚𝐧 

𝐅𝐮ş𝐭𝐞𝐢 − 𝑨𝒃𝒐𝒖𝒕 𝒂 𝑭𝒆𝒘 𝑺𝒑𝒆𝒄𝒊𝒂𝒍 𝑻𝒓𝒊𝒂𝒏𝒈𝒍𝒆𝒔 − 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡.𝐫𝐨) 

𝐍𝐨𝐰,𝐰𝐞 𝐡𝐚𝐯𝐞 

  𝒔𝟐 − 𝒏𝒂
𝟐 = 𝒔𝟐 − (𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
) =

𝒔[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒂
=
𝟒𝒔(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
 

                                              =
𝟒𝒔. 𝒔𝒓𝟐

𝒂(𝒔 − 𝒂)
= 𝟐𝒓𝒂𝒉𝒂. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬,𝐰𝐞 𝐡𝐚𝐯𝐞,  

  𝒔 − 𝒏𝒂 =
𝒔𝟐 − 𝒏𝒂

𝟐

𝒔 + 𝒏𝒂
=
𝟐𝒓𝒂𝒉𝒂
𝒔 + 𝒏𝒂

=
𝟐𝒓𝒂
𝒂
𝟐𝒓 +

𝒏𝒂
𝒉𝒂

>
𝟐𝒓𝒂

(
𝒏𝒃
𝒉𝒃
+
𝒏𝒄
𝒉𝒄
) +

𝒏𝒂
𝒉𝒂
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⇒ (
𝒏𝒂
𝒉𝒂
+
𝒏𝒃
𝒉𝒃
+
𝒏𝒄
𝒉𝒄
) (𝒔 − 𝒏𝒂) > 𝟐𝒓𝒂  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬). 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

(∑
𝒏𝒂
𝒉𝒂

𝒄𝒚𝒄

)

𝟐

.∑(𝒔 − 𝒏𝒃)(𝒔 − 𝒏𝒄)

𝒄𝒚𝒄

≥∑𝟐𝒓𝒃. 𝟐𝒓𝒄
𝒄𝒚𝒄

= 𝟒𝒔𝟐. 

    1416. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, ∆ 𝐀′𝐁′𝐂′ 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝐢𝐧{∑ √
𝐰𝒂

𝐰𝐛 + 𝐰𝐜

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂′

𝐦𝐛′ + 𝐦𝐜′

𝟑

𝐜𝐲𝐜

} +
𝐑𝟐𝐑′

𝐫𝟐𝐫′
 

≥ 𝟖 +𝐦𝒂𝐱{∑ √
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

} 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑√
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

=
𝟏

√𝟐
𝟑
∑√

𝟐𝐰𝒂
𝐰𝐛 +𝐰𝐜

. 𝟏. 𝟏
𝟑

𝐜𝐲𝐜

≥
𝐆−𝐇 𝟏

√𝟐
𝟑
∑

𝟔𝐰𝒂
𝐰𝐛 +𝐰𝐜

𝟐𝐰𝒂
𝐰𝐛 +𝐰𝐜

+
𝟐𝐰𝒂

𝐰𝐛 +𝐰𝐜
+ 𝟏𝐜𝐲𝐜

 

=
𝟔

√𝟐
𝟑
∑

𝐰𝒂
𝟐

𝟒𝐰𝒂
𝟐 +𝐰𝒂𝐰𝐛 +𝐰𝒂𝐰𝐜𝐜𝐲𝐜

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
𝒂𝐧𝐝

∑ 𝐰𝒂𝐰𝐛𝐜𝐲𝐜  ≤ ∑ 𝐰𝒂
𝟐

𝐜𝐲𝐜 𝟏

√𝟐
𝟑 .

𝟔(∑ 𝐰𝒂𝐜𝐲𝐜 )
𝟐

𝟒∑ 𝐰𝒂
𝟐

𝐜𝐲𝐜 + 𝟐∑ 𝐰𝒂
𝟐

𝐜𝐲𝐜

 

≥
𝐰𝒂≥ 𝐡𝒂  = 

𝟐𝐫𝐬
𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 𝟏

√𝟐
𝟑 .

(𝟐𝐫𝐬.∑
𝟏
𝒂𝐜𝐲𝐜 )

𝟐

∑ 𝐬(𝐬 − 𝒂)𝐜𝐲𝐜
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟏

√𝟐
𝟑 .

𝟒 (𝟐𝐫𝐬.
𝟗
𝟐𝐬
)
𝟐

𝟐𝟕𝐑𝟐
 

⇒∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

≥
(∎) 𝟏

√𝟐
𝟑 .

𝟏𝟐𝐫𝟐

𝐑𝟐
≥
? 𝟑

√𝟐
𝟑 −

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
 

⇔
𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
≥
? 𝟑

√𝟐
𝟑 (𝟏 −

𝟒𝐫𝟐

𝐑𝟐
) =

𝟑

√𝟐
𝟑 .

𝐑𝟐 − 𝟒𝐫𝟐

𝐑𝟐
, 𝒂𝐧𝐝 𝐩𝐫𝐨𝐯𝐢𝐧𝐠 𝐢𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞  

𝐢𝐟 𝐰𝐞 𝐜𝒂𝐧 𝐬𝐡𝐨𝐰 ∶ 𝟐. √𝟐
𝟑
. 𝐑𝟐 > 3𝐫𝟐  (∵ 𝐑𝟐 − 𝟒𝐫𝟐 ≥

𝐄𝐮𝐥𝐞𝐫
𝟎) → 𝐭𝐫𝐮𝐞 

∵ 𝟐. √𝟐
𝟑
. 𝐑𝟐 ≥

𝐄𝐮𝐥𝐞𝐫
𝟖. √𝟐

𝟑
. 𝐫𝟐 > 3𝐫𝟐 ∴∑ √

𝐰𝒂
𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

≥
(⦁) 𝟑

√𝟐
𝟑 −

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
 

∑√
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

=
𝟏

√𝟐
𝟑
∑√

𝟐𝐦𝒂

𝐦𝐛 +𝐦𝐜
. 𝟏. 𝟏

𝟑

𝐜𝐲𝐜

≥
𝐆−𝐇 𝟏

√𝟐
𝟑
∑

𝟔𝐦𝒂
𝐦𝐛 +𝐦𝐜

𝟐𝐦𝒂

𝐦𝐛 +𝐦𝐜
+

𝟐𝐦𝒂

𝐦𝐛 +𝐦𝐜
+ 𝟏𝐜𝐲𝐜
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=
𝟔

√𝟐
𝟑
∑

𝐦𝒂
𝟐

𝟒𝐦𝒂
𝟐 +𝐦𝒂𝐦𝐛 +𝐦𝒂𝐦𝐜𝐜𝐲𝐜

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
𝒂𝐧𝐝

∑ 𝐦𝒂𝐦𝐛𝐜𝐲𝐜  ≤ ∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜 𝟏

√𝟐
𝟑 .

𝟔(∑ 𝐦𝒂𝐜𝐲𝐜 )
𝟐

𝟒∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜 + 𝟐∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜

 

≥
𝐦𝒂≥ 𝐡𝒂 = 

𝟐𝐫𝐬
𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 𝟏

√𝟐
𝟑 .

(𝟐𝐫𝐬.∑
𝟏
𝒂𝐜𝐲𝐜 )

𝟐

𝟑
𝟒
∑ 𝒂𝟐𝐜𝐲𝐜

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳 𝟏

√𝟐
𝟑 .

𝟒 (𝟐𝐫𝐬.
𝟗
𝟐𝐬
)
𝟐

𝟐𝟕𝐑𝟐
 

⇒∑√
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

≥
(∎∎) 𝟏

√𝟐
𝟑 .

𝟏𝟐𝐫𝟐

𝐑𝟐
≥
? 𝟑

√𝟐
𝟑 −

𝟒(𝐑 − 𝟐𝐫)

𝐫
 

⇔
𝟒(𝐑− 𝟐𝐫)

𝐫
≥
? 𝟑

√𝟐
𝟑 .

(𝐑 − 𝟐𝐫)(𝐑+ 𝟐𝐫)

𝐑𝟐
 𝒂𝐧𝐝 𝐩𝐫𝐨𝐯𝐢𝐧𝐠 𝐢𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞  

𝐢𝐟 𝐰𝐞 𝐜𝒂𝐧 𝐬𝐡𝐨𝐰 ∶ 𝟒𝐑𝟐 > 3𝐫(𝐑 + 𝟐𝐫) (∵ 𝐑𝟐 − 𝟒𝐫𝟐 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 𝒂𝐧𝐝 √𝟐
𝟑

> 1) 

⇔ (𝐑− 𝟐𝐫)(𝟒𝐑+ 𝟓𝐫) + 𝟒𝐫𝟐 > 0 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 

∴∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

≥
(⦁⦁) 𝟑

√𝟐
𝟑 −

𝟒(𝐑 − 𝟐𝐫)

𝐫
 

∑√
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

=
𝟏

√𝟐
𝟑
∑√

𝟐𝐰𝒂
𝐰𝐛 +𝐰𝐜

. 𝟏. 𝟏
𝟑

𝐜𝐲𝐜

≤
𝐀−𝐆 𝟏

√𝟐
𝟑
∑

𝟐𝐰𝒂
𝐰𝐛 +𝐰𝐜

+ 𝟐

𝟑
𝐜𝐲𝐜

 

=
𝟐

𝟑
.
𝟏

√𝟐
𝟑 (∑𝐰𝒂

𝐜𝐲𝐜

)(∑
𝟏

𝐰𝐛 +𝐰𝐜
𝐜𝐲𝐜

) ≤
𝐀−𝐆 𝟏

𝟑
.
𝟏

√𝟐
𝟑
(√𝟑𝐬)(∑

𝟏

√𝐰𝐛𝐰𝐜𝐜𝐲𝐜

) ≤

𝐰𝒂≥ 𝐡𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 + 𝐂𝐁𝐒
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜
 

𝟏

𝟑
.
𝟏

√𝟐
𝟑 . √𝟑.

𝟑√𝟑𝐑

𝟐
.√∑

𝟏

𝐡𝒂
𝐜𝐲𝐜

. √∑
𝟏

𝐡𝒂
𝐜𝐲𝐜

⇒∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

≤
(∎∎∎)

 

𝟑

𝟐. √𝟐
𝟑 .

𝐑

𝐫
≤
? 𝟑

√𝟐
𝟑 +

𝟒(𝐑 − 𝟐𝐫)

𝐫
⇔
𝟒(𝐑 − 𝟐𝐫)

𝐫
≥
? 𝟑

√𝟐
𝟑 .

𝐑 − 𝟐𝐫

𝟐𝐫
 𝒂𝐧𝐝 𝐩𝐫𝐨𝐯𝐢𝐧𝐠 𝐢𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞  

𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞 𝐢𝐟 𝐰𝐞 𝐜𝒂𝐧 𝐬𝐡𝐨𝐰 ∶ 𝟖. √𝟐
𝟑

> 3 (∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 𝒂𝐧𝐝 √𝟐
𝟑

> 1) → 𝐭𝐫𝐮𝐞 

∴∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

≤
(⦁⦁⦁) 𝟑

√𝟐
𝟑 +

𝟒(𝐑 − 𝟐𝐫)

𝐫
 

∑√
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

=
𝟏

√𝟐
𝟑
∑√

𝟐𝐦𝒂

𝐦𝐛 +𝐦𝐜
. 𝟏. 𝟏

𝟑

𝐜𝐲𝐜

≤
𝐀−𝐆 𝟏

√𝟐
𝟑
∑

𝟐𝐦𝒂
𝐦𝐛 +𝐦𝐜

+ 𝟐

𝟑
𝐜𝐲𝐜

 

=
𝟐

𝟑
.
𝟏

√𝟐
𝟑 (∑𝐦𝒂

𝐜𝐲𝐜

)(∑
𝟏

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

) ≤
𝐀−𝐆 𝟏

𝟑
.
𝟏

√𝟐
𝟑
(𝟒𝐑 + 𝐫)(∑

𝟏

√𝐦𝐛𝐦𝐜𝐜𝐲𝐜

) 
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≤

𝐦𝒂≥ 𝐡𝒂  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 + 𝐂𝐁𝐒

𝒂𝐧𝐝
𝐄𝐮𝐥𝐞𝐫 𝟏

𝟑
.
𝟏

√𝟐
𝟑 (

𝟗𝐑

𝟐
) .√∑

𝟏

𝐡𝒂
𝐜𝐲𝐜

. √∑
𝟏

𝐡𝒂
𝐜𝐲𝐜

 

⇒∑√
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

≤
(∎∎∎∎) 𝟑

𝟐. √𝟐
𝟑 .

𝐑

𝐫
≤
? 𝟑

√𝟐
𝟑 +

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
 

⇔
𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
≥
? 𝟑

√𝟐
𝟑 .

𝐑 − 𝟐𝐫

𝟐𝐫
 𝒂𝐧𝐝 𝐩𝐫𝐨𝐯𝐢𝐧𝐠 𝐢𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞 𝐢𝐟 𝐰𝐞 𝐜𝒂𝐧 𝐬𝐡𝐨𝐰 ∶ 

𝟒(𝐑+ 𝟐𝐫) > 3𝐫 (∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 𝒂𝐧𝐝 √𝟐
𝟑

> 1) ⇔ 𝟒𝐑+ 𝟓𝐫 > 0 → 𝐭𝐫𝐮𝐞 

∴∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

≤
(⦁⦁⦁) 𝟑

√𝟐
𝟑 +

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
 

𝐀𝐠𝒂𝐢𝐧,
𝐑𝟐𝐑′

𝐫𝟐𝐫′
=
(𝐑𝟐 − 𝟒𝐫𝟐 + 𝟒𝐫𝟐)(𝐑′ − 𝟐𝐫′ + 𝟐𝐫′)

𝐫𝟐𝐫′
 

=
𝟐𝐫′(𝐑𝟐 − 𝟒𝐫𝟐) + 𝟒𝐫𝟐(𝐑′ − 𝟐𝐫′) + 𝟖𝐫𝟐𝐫′ + (𝐑𝟐 − 𝟒𝐫𝟐)(𝐑′ − 𝟐𝐫′)

𝐫𝟐𝐫′
 

= 𝟖+
𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
+
𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
+
(𝐑𝟐 − 𝟒𝐫𝟐)(𝐑′ − 𝟐𝐫′)

𝐫𝟐𝐫′
 

≥
𝐄𝐮𝐥𝐞𝐫

𝟖 +
𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
+
𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
∴
𝐑𝟐𝐑′

𝐫𝟐𝐫′
≥
(◆)

𝟖 +
𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
+
𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
 

𝐋𝐞𝐭 𝐦 = 𝐦𝐢𝐧{∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂′

𝐦𝐛′ +𝐦𝐜′

𝟑

𝐜𝐲𝐜

}𝒂𝐧𝐝  

𝐌 = 𝐦𝒂𝐱{∑ √
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

} 

𝐂𝒂𝐬𝐞 𝟏  𝐦 =∑√
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

;𝐌 =∑√
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐯𝐢𝒂 (∎), (∎∎∎∎), 

𝐋𝐇𝐒 − 𝐑𝐇𝐒 ≥
𝟏

√𝟐
𝟑 .

𝟏𝟐𝐫𝟐

𝐑𝟐
−

𝟑

𝟐. √𝟐
𝟑 .

𝐑

𝐫
+
𝐑𝟐𝐑′

𝐫𝟐𝐫′
− 𝟖 ≥

𝐄𝐮𝐥𝐞𝐫
−
𝟑

√𝟐
𝟑 (

𝐑

𝟐𝐫
−
𝟒𝐫𝟐

𝐑𝟐
) 

+
𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
≥
?
𝟎 ⇔

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
≥
? 𝟑

√𝟐
𝟑 .

𝐑𝟑 − 𝟖𝐫𝟑

𝟐𝐑𝟐𝐫
 𝒂𝐧𝐝 𝐩𝐫𝐨𝐯𝐢𝐧𝐠 𝐢𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞 

𝐢𝐟 𝐰𝐞 𝐜𝒂𝐧 𝐬𝐡𝐨𝐰 ∶ 𝟒𝐑𝟐(𝐑 + 𝟐𝐫) > 3𝐫(𝐑𝟐 + 𝟒𝐫𝟐 − 𝟐𝐑𝐫)  

(∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 𝒂𝐧𝐝 √𝟐
𝟑

> 1) ⇔ 𝟒𝐑𝟑 + 𝟓𝐑𝟐𝐫 + 𝟔𝐫𝟐(𝐑− 𝟐𝐫) > 0 → 𝐭𝐫𝐮𝐞 

∵ 𝐑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ∴ 𝐦𝐢𝐧{∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂′

𝐦𝐛′ +𝐦𝐜′

𝟑

𝐜𝐲𝐜

} +
𝐑𝟐𝐑′

𝐫𝟐𝐫′
 

≥ 𝟖+𝐦𝒂𝐱{∑ √
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

} 
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𝐂𝒂𝐬𝐞 𝟐  𝐦 =∑ √
𝐦𝒂′

𝐦𝐛′ + 𝐦𝐜′

𝟑

𝐜𝐲𝐜

;𝐌 =∑√
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐯𝐢𝒂 (∎∎), (∎∎∎), 

𝐋𝐇𝐒 − 𝐑𝐇𝐒 ≥
𝟏

√𝟐
𝟑 .

𝟏𝟐𝐫′
𝟐

𝐑′𝟐
−

𝟑

𝟐. √𝟐
𝟑 .

𝐑′

𝐫′
+
𝐑𝟐𝐑′

𝐫𝟐𝐫′
− 𝟖 ≥

𝐄𝐮𝐥𝐞𝐫
−
𝟑

√𝟐
𝟑 (

𝐑′

𝟐𝐫′
−
𝟒𝐫′

𝟐

𝐑′𝟐
) 

+
𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
≥
?
𝟎 ⇔

𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
≥
? 𝟑

√𝟐
𝟑 .

𝐑′𝟑 − 𝟖𝐫′𝟑

𝟐𝐑′𝟐𝐫′
 𝒂𝐧𝐝 𝐩𝐫𝐨𝐯𝐢𝐧𝐠 𝐢𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞  

𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞 𝐢𝐟 𝐰𝐞 𝐜𝒂𝐧 𝐬𝐡𝐨𝐰 ∶ 𝟖𝐑′𝟐 > 3(𝐑′𝟐 + 𝟒𝐫′𝟐 − 𝟐𝐑′𝐫′)  

(∵ 𝐑′ − 𝟐𝐫′ ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 𝒂𝐧𝐝 √𝟐
𝟑

> 1) ⇔ 𝟓𝐑′𝟐 + 𝟔𝐫′(𝐑′ − 𝟐𝐫′) > 0 → 𝐭𝐫𝐮𝐞 

∵ 𝐑′ ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫′ ∴ 𝐦𝐢𝐧{∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂′

𝐦𝐛′ + 𝐦𝐜′

𝟑

𝐜𝐲𝐜

} +
𝐑𝟐𝐑′

𝐫𝟐𝐫′
 

≥ 𝟖+𝐦𝒂𝐱{∑ √
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

} 

𝐂𝒂𝐬𝐞 𝟑  𝐦 =∑√
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

; 𝐌 =∑√
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

, 𝐭𝐡𝐞𝐧, 𝐯𝐢𝒂 (⦁), (⦁⦁⦁), (◆), 

𝐋𝐇𝐒 − 𝐑𝐇𝐒 ≥
𝟑

√𝟐
𝟑 −

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
+ 𝟖 +

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
+
𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
− 𝟖 −

𝟑

√𝟐
𝟑  

−
𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
= 𝟎 ∴ 𝐦𝐢𝐧{∑ √

𝐰𝒂
𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂′

𝐦𝐛′ +𝐦𝐜′

𝟑

𝐜𝐲𝐜

} +
𝐑𝟐𝐑′

𝐫𝟐𝐫′
 

≥ 𝟖+𝐦𝒂𝐱{∑ √
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

} 

𝐂𝒂𝐬𝐞 𝟒  𝐦 =∑√
𝐦𝒂′

𝐦𝐛′ +𝐦𝐜′

𝟑

𝐜𝐲𝐜

; 𝐌 =∑√
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

, 𝐭𝐡𝐞𝐧, 𝐯𝐢𝒂 (⦁⦁), (⦁⦁⦁⦁), (◆), 

𝐋𝐇𝐒 − 𝐑𝐇𝐒 ≥
𝟑

√𝟐
𝟑 −

𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
+ 𝟖 +

𝟐(𝐑𝟐 − 𝟒𝐫𝟐)

𝐫𝟐
+
𝟒(𝐑′ − 𝟐𝐫′)

𝐫′
− 𝟖−

𝟑

√𝟐
𝟑  

−
𝟐(𝐑′𝟐 − 𝟒𝐫′𝟐)

𝐫′𝟐
= 𝟎 ∴ 𝐦𝐢𝐧{∑ √

𝐰𝒂
𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂′

𝐦𝐛′ +𝐦𝐜′

𝟑

𝐜𝐲𝐜

} +
𝐑𝟐𝐑′

𝐫𝟐𝐫′
 

≥ 𝟖 +𝐦𝒂𝐱{∑ √
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

} ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 

𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∆ 𝐀′𝐁′𝐂′, 

𝐦𝐢𝐧{∑ √
𝐰𝒂

𝐰𝐛 +𝐰𝐜

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂′

𝐦𝐛′ +𝐦𝐜′

𝟑

𝐜𝐲𝐜

} +
𝐑𝟐𝐑′

𝐫𝟐𝐫′
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≥ 𝟖

+𝐦𝒂𝐱{∑ √
𝐰𝒂′

𝐰𝐛′ + 𝐰𝐜′

𝟑

𝐜𝐲𝐜

,∑ √
𝐦𝒂

𝐦𝐛 +𝐦𝐜

𝟑

𝐜𝐲𝐜

} , ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂, ∆ 𝐀′𝐁′𝐂′ 𝒂𝐫𝐞 𝐞𝒂𝐜𝐡 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

  

1417. In acute 𝚫𝑨𝑩𝑪 the following relationship holds: 

√𝟑∑𝐬𝐞𝐜𝑨

𝒄𝒚𝒄

+ 𝟗∑𝐜𝐬𝐜 𝑨

𝒄𝒚𝒄

≥ 𝟐𝟒√𝟑 

Proposed by Daniel Sitaru – Romania  
Solution 1 by Adrian Popa-Romania 

𝒇(𝒙) =
𝟏

𝐜𝐨𝐬 𝒙
⇒ 𝒇′(𝒙) =

𝐬𝐢𝐧 𝒙

𝐜𝐨𝐬𝟐 𝒙
> 0 (∀)𝒙 ∈ [𝟎;

𝝅

𝟐
] 

𝒇′′(𝒙) =
𝐜𝐨𝐬𝟑 𝒙 + 𝟐𝐜𝐨𝐬 𝒙 𝐬𝐢𝐧𝟐 𝒙

𝐜𝐨𝐬𝟒 𝒙
> 0 (∀)𝒙 ∈ [𝟎;

𝝅

𝟐
] ⇒ 

⇒ 𝒇 → convex on [𝟎;
𝝅

𝟐
] ⇒

𝒇(𝑨)+𝒇(𝑩)+𝒇(𝑪)

𝟑
≥

𝑱𝒆𝒏𝒔𝒆𝒏

 𝒇 (
𝑨+𝑩+𝑪

𝟑
) ⇒ 

⇒ ∑𝐬𝐞𝐜𝑨 ≥ 𝟑𝐬𝐞𝐜
𝝅

𝟑
=

𝟑

𝐜𝐨𝐬
𝝅

𝟑

=
𝟑
𝟏

𝟐

= 𝟔     (1) 

𝒈(𝒙) = 𝐜𝐬𝐜𝒙 =
𝟏

𝐬𝐢𝐧𝒙
⇒ 𝒈′(𝒙) =

− 𝐜𝐨𝐬 𝒙

𝐬𝐢𝐧𝟐 𝒙
⇒ 𝒈′′(𝒙) =

𝐬𝐢𝐧𝟑 𝒙 + 𝟐𝐬𝐢𝐧𝒙 𝐜𝐨𝐬𝟑 𝒙

𝐬𝐢𝐧𝟒 𝒙
> 0 

⇒ 𝒈(𝒙) → convex on [𝟎;
𝝅

𝟐
] ⇒

𝒈(𝑨)+𝒈(𝑩)+𝒈(𝑪)

𝟑
≥ 𝒈(

𝑨+𝑩+𝑪

𝟑
) 

⇒ ∑𝐜𝐬𝐜𝑨 ≥ 𝟑
𝟏

𝐬𝐢𝐧
𝝅

𝟑

= 𝟑 ⋅
𝟏

√𝟑

𝟐

=
𝟔

√𝟑
=
𝟔√𝟑

𝟑
= 𝟐√𝟑     (2) 

From (1) and (2) ⇒ √𝟑∑𝐬𝐞𝐜𝑨 + 𝟗∑𝐜𝐬𝐜𝑨 ≥ 𝟔√𝟑+ 𝟏𝟖√𝟑 = 𝟐𝟒√𝟑 

Solution 2 by Marin Chirciu-Romania 

Lemma: In 𝚫𝑨𝑩𝑪 holds: 

∑𝐬𝐞𝐜𝑨 ≥ 𝟔 

∑𝐜𝐬𝐜𝑨 ≥ 𝟐√𝟑 

Proof. 

∑𝐬𝐞𝐜𝑨 =∑
𝟏

𝐜𝐨𝐬 𝑨
=
𝒑𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐

𝒑𝟐 − (𝟐𝑹+ 𝒓)𝟐
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
𝟔, 
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∑𝐜𝐬𝐜𝑨 =∑
𝟏

𝐬𝐢𝐧𝑨
=
𝒑𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝒑𝒓
≥

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
𝟐√𝟑. 

Let’s get back to the main problem.Using the Lemma we obtain: 

𝑳𝑯𝑺 = √𝟑∑𝐬𝐞𝐜𝑨 + 𝟗∑𝐜𝐬𝐜𝑨 ≥ 𝟐𝟒√𝟑 ≥
𝑳𝒆𝒎𝒎𝒂

√𝟑 ⋅ 𝟔 + 𝟗 ⋅ 𝟐√𝟑 = 𝟐𝟒√𝟑 

Equality holds if and only if the triangle is equilateral. 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

For acute triangle 𝑨𝑩𝑪 

√𝟑(𝐬𝐞𝐜𝑨 +𝐬𝐞𝐜𝑩 + 𝐬𝐞𝐜𝑪) + 𝟗(𝐜𝐬𝐜𝑨 + 𝐜𝐬𝐜𝑩 + 𝐜𝐬𝐜𝑪) 

= √𝟑(
𝟏

𝐜𝐨𝐬𝑨
+

𝟏

𝐜𝐨𝐬𝑩
+

𝟏

𝐜𝐨𝐬 𝑪
) + 𝟗(

𝟏

𝐬𝐢𝐧 𝑨
+

𝟏

𝐬𝐢𝐧𝑩
+

𝟏

𝐬𝐢𝐧 𝑪
) 

≥ √𝟑(𝟔) + 𝟗(𝟐√𝟑) = √𝟑(𝟐𝟒)  ok 

Because 𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬 𝑪 ≤
𝟑

𝟐
 

⇒ 𝟏 ≤
𝟑

𝟐
⋅

𝟏

𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬 𝑪
⇒ 𝟏 ≤

𝟑

𝟐
(
𝟏

𝟗
(
𝟏

𝐜𝐨𝐬𝑨
+

𝟏

𝐜𝐨𝐬𝑩
+

𝟏

𝐜𝐨𝐬 𝑪
)) 

⇒ 𝟔 ≤
𝟏

𝐜𝐨𝐬𝑨
+

𝟏

𝐜𝐨𝐬𝑩
+

𝟏

𝐜𝐨𝐬𝑪
 

and 𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪 ≤
𝟑√𝟑

𝟐
⇒ 𝟏 ≤

𝟑√𝟑

𝟐
(

𝟏

𝐬𝐢𝐧𝑨+𝐬𝐢𝐧𝑩+𝐬𝐢𝐧𝑪
) 

⇒ 𝟏 ≤
𝟑√𝟑

𝟐
(
𝟏

𝟗
(
𝟏

𝐬𝐢𝐧𝑨
+

𝟏

𝐬𝐢𝐧𝑩
+

𝟏

𝐬𝐢𝐧𝑪
)) ⇒ 𝟐√𝟑 ≤

𝟏

𝐬𝐢𝐧𝑨
+

𝟏

𝐬𝐢𝐧𝑩
+

𝟏

𝐬𝐢𝐧 𝑪
 

Therefore it is to be true. 

Solution 4 by Hikmat Mammadov-Azerbaijan 

∑𝐬𝐞𝐜𝑨 ≥ 𝟑√∏𝐬𝐞𝐜𝑨
𝟑

≥ 𝟑√𝐬𝐞𝐜𝟑
𝝅

𝟑

𝟑
= 𝟔 

∑𝐜𝐬𝐜𝑨 ≥ 𝟑√∏𝐜𝐬𝐜𝑨
𝟑

≥ 𝟑√𝐜𝐬𝐜
𝝅

𝟑

𝟑
= 𝟐√𝟑 ⇒ 𝑳𝑯𝑺 = √𝟑 ⋅ 𝟔 + 𝟗 ⋅ 𝟐√𝟑 = 𝟐𝟒√𝟑 

Therefore ⇒ √𝟑∑ 𝐬𝐞𝐜𝑨𝒄𝒚𝒄 + 𝟗∑ 𝐜𝐬𝐜𝑨𝒄𝒚𝒄 ≥ 𝟐𝟒√𝟑 
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1418. In any 𝚫𝑨𝑩𝑪 the following relationship holds: 

√
𝒂𝟐 + 𝒃𝒄

𝒃𝟐 + 𝒂𝒄
+ √

𝒃𝟐 + 𝒂𝒄

𝒄𝟐 + 𝒂𝒃
+ √

𝒄𝟐 + 𝒂𝒃

𝒂𝟐 + 𝒃𝒄
+
𝑹𝟐

𝟒𝒓𝟐
≥ 𝟏 +

𝟐𝒂

𝒃 + 𝒄
+

𝟐𝒃

𝒂 + 𝒄
+

𝟐𝒄

𝒂 + 𝒃
 

Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Tapas Das-India 

First of all, we can easily prove the following equality 

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
=
𝟐(𝒔𝟐 − 𝑹𝒓 − 𝒓𝟐)

𝒔𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐
 

Consequently, it is sufficient to prove 

𝟐(𝒔𝟐−𝑹𝒓−𝒓𝟐)

𝒔𝟐+𝟐𝑹𝒓+𝒓𝟐
≤

𝑹

𝟔𝒓
+
𝑭

𝟔
.  Let 𝒇(𝒔𝟐) =

𝑹

𝟔𝒓
+
𝟕

𝟔
−
𝟐(𝒔𝟐−𝑹𝒓−𝒓𝟐)

𝒔𝟐+𝟐𝑹𝒓+𝒓𝟐
 

𝒇 is a decreasing function and we need to prove 𝒇(𝒔𝟐) ≥ 𝟎 

Applying Gerretsen’s inequality we deduce that: 𝒔𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 

Therefore, it is sufficient to prove  𝒇(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) ≥ 𝟎 

After some simplification, we get 

(𝑹 − 𝟐𝒓)(𝟐(𝑹 − 𝟐𝒓) + 𝟓(𝑹 − 𝟐𝒓) + 𝒓𝟐) ≥ 𝟎 

(Euler) 

∴
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
≤
𝑹

𝟔𝒓
+
𝟕

𝟔
 

We need to show:  𝟏 + 𝟐 (
𝑹

𝟔𝒓
+
𝟕

𝟔
) ≤

𝑹𝟐

𝟒𝒓𝟐
+ 𝟑 

or 
𝑹𝟐

𝟒𝒓𝟐
+ 𝟑 − 𝟏 − 𝟐(

𝑹

𝟔𝒓
+
𝟕

𝟔
) ≥ 𝟎 or  

𝑹𝟐

𝟒𝒓𝟐
−

𝑹

𝟑𝒓
−
𝟏

𝟑
≥ 𝟎 

or (𝑹 − 𝟐𝒓)(𝟑𝑹+ 𝟐𝒓) ≥ 𝟎 (True) Euler 

Note:  √
𝒂𝟐+𝒃𝒄

𝒃𝟐+𝒂𝒄
+ √

𝒃𝟐+𝒂𝒄

𝒄𝟐+𝒂𝒃
+√

𝒄𝟐+𝒂𝒃

𝒂𝟐+𝒃𝒄
≥ 𝟑 

By (AM-GM) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

1) ∑√
𝒂𝟐+𝒃𝒄

𝒃𝟐+𝒄𝒂
+

𝑹𝟐

𝟒𝒓𝟐
≥

𝑨𝑴≥𝑮𝑴
𝟑 +

𝑹𝟐

𝟒𝒓𝟐
     (1) 
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2) 𝟏 + 𝟐∑
𝒂

𝒃+𝒄
= 𝟏 +

𝟏

𝟐
∑𝒂 ⋅

𝟒

𝒃+𝒄
≤ 𝟏 +

𝟏

𝟐
∑𝒂 (

𝟏

𝒃
+
𝟏

𝒄
) 

= 𝟏 +
𝟏

𝟐𝒂𝒃𝒄
⋅∑𝒂𝟐 (𝒃 + 𝒄) = 𝟏 +

∑𝒂∑𝒂𝒃 − 𝟑𝒂𝒃𝒄

𝟐𝒂𝒃𝒄
= 

= 𝟏 −
𝟑

𝟐
+
∑𝒂 ⋅ ∑𝒂𝒃

𝟐𝒂𝒃𝒄
= −

𝟏

𝟐
+
𝟐𝒑(𝒑𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐)

𝟖𝒑 ⋅ 𝑹𝒓
≤ 

≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

−
𝟏

𝟐
+
𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐

𝟒𝑹𝒓
= 𝟐 −

𝟏

𝟐
+
𝑹

𝒓
+
𝒓

𝑹
= 

=
𝟑

𝟐
+
𝑹

𝒓
+
𝒓

𝑹
≤
?
𝟑 +

𝑹𝟐

𝟒𝒓𝟐
 

𝑹

𝒓
= 𝒚 

𝒚𝟐

𝟒
+
𝟑

𝟐
− 𝒚 −

𝟏

𝒚
≥ 𝟎 

𝒚𝟑 − 𝟒𝒚𝟐 + 𝟔𝒚 − 𝟒 ≥ 𝟎 

(𝒚 − 𝟐)(𝒚𝟐 − 𝟐𝒚 + 𝟐) = (𝒚 − 𝟐)⏟    
≥𝟎

((𝒚 − 𝟏)𝟐 + 𝟏)⏟          
>0

≥ 𝟎 

1419. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝐢𝐧{∑√
𝐧𝒂

𝐧𝐛
𝐜𝐲𝐜

,∑√
𝐰𝒂

𝐰𝐛
𝐜𝐲𝐜

}+
𝐑 + √𝟑𝐬

𝐫
≥ 𝟏𝟏 + 𝟐 ∙ 𝐦𝒂𝒙{∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

,∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

} 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

∑√
𝐧𝒂
𝐧𝐛

𝐜𝐲𝐜

,∑√
𝐰𝒂
𝐰𝐛

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑 ∴ 𝐦𝐢𝐧 {∑√
𝐧𝒂
𝐧𝐛

𝐜𝐲𝐜

,∑√
𝐰𝒂
𝐰𝐛

𝐜𝐲𝐜

} ≥ 𝟑 

∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝐑 + √𝟑𝐬

𝐫
≥
(⦁)

𝟖 + 𝟐.𝐦𝒂𝒙{∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

,∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

}  

𝐍𝐨𝐰, 𝟖 + 𝟐∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≤
𝐀−𝐆

𝟖 +
∑ 𝒂𝟑𝐜𝐲𝐜

𝒂𝐛𝐜
= 𝟖 +

𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

𝟒𝐑𝐫𝐬
  

=
𝐬𝟐 + 𝟏𝟎𝐑𝐫 − 𝟑𝐫𝟐

𝟐𝐑𝐫
≤
? 𝐑 + √𝟑𝐬

𝐫
⇔
𝐑𝟐 + 𝟑𝐬𝟐 + 𝟐√𝟑𝐑𝐬

𝐫𝟐
≥
?
⏟
(∗)

(𝐬𝟐 + 𝟏𝟎𝐑𝐫 − 𝟑𝐫𝟐)𝟐

𝟒𝐑𝟐𝐫𝟐
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𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

𝐑𝟐 + 𝟑𝐬𝟐 + 𝟐√𝟑𝐬.
𝟐𝐬

𝟑√𝟑
𝐫𝟐

 

=
𝟑𝐑𝟐 + 𝟏𝟑𝐬𝟐

𝟑𝐫𝟐
≥
? (𝐬𝟐 + 𝟏𝟎𝐑𝐫 − 𝟑𝐫𝟐)𝟐

𝟒𝐑𝟐𝐫𝟐
⇔ 𝟒𝐑𝟐(𝟑𝐑𝟐 + 𝟏𝟑𝐬𝟐) ≥

?
𝟑(𝐬𝟐 + 𝟏𝟎𝐑𝐫 − 𝟑𝐫𝟐)𝟐 

⇔ 𝟏𝟐𝐑𝟒 − 𝟑𝟎𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟖𝟎𝐑𝐫𝟑 − 𝟐𝟕𝐫𝟒 + (𝟓𝟐𝐑𝟐 − 𝟔𝟎𝐑𝐫 + 𝟏𝟖𝐫𝟐)𝐬𝟐 ≥
?
⏟
(∗∗)

𝟑𝐬𝟒 

𝐍𝐨𝐰, 𝟑𝐬𝟒 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟐𝐑𝟐 + 𝟏𝟐𝐑𝐫 + 𝟗𝐫𝟐)𝐬𝟐 

≤
?
𝟏𝟐𝐑𝟒 − 𝟑𝟎𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟖𝟎𝐑𝐫𝟑 − 𝟐𝟕𝐫𝟒 + (𝟓𝟐𝐑𝟐 − 𝟔𝟎𝐑𝐫 + 𝟏𝟖𝐫𝟐)𝐬𝟐 

⇔ (𝟒𝟎𝐑𝟐 − 𝟕𝟐𝐑𝐫 + 𝟗𝐫𝟐)𝐬𝟐 + 𝟏𝟐𝐑𝟒 − 𝟑𝟎𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟖𝟎𝐑𝐫𝟑 − 𝟐𝟕𝐫𝟒 ≥
?
⏟
(∗∗∗)

𝟎 

𝐀𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟒𝟎𝐑𝟐 − 𝟕𝟐𝐑𝐫 + 𝟗𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝟏𝟐𝐑𝟒 − 𝟑𝟎𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟖𝟎𝐑𝐫𝟑 − 𝟐𝟕𝐫𝟒 ≥
?
𝟎 

⇔ 𝟑𝐭𝟒 + 𝟏𝟔𝟎𝐭𝟑 − 𝟒𝟏𝟑𝐭𝟐 + 𝟏𝟕𝟏𝐭 − 𝟏𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟑𝐭𝟑 + 𝟏𝟐𝟓𝐭𝟐 + 𝟒𝟏𝐭(𝐭 − 𝟐) + 𝐭 + 𝟗) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐑 + √𝟑𝐬

𝐫
≥
(∎)

𝟖 + 𝟐∑
𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

 

𝐀𝐥𝐬𝐨,
𝐑 + √𝟑𝐬

𝐫
≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝐑

𝐫
+ 𝟗 ≥

?
𝟖 + 𝟐∑

𝒂

𝐛+ 𝐜
𝐜𝐲𝐜

 

⇔
𝐑

𝐫
+ 𝟏 ≥

?
𝟐(∑𝒂

𝐜𝐲𝐜

)(∑
𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

) − 𝟔 

⇔
𝐑

𝐫
+ 𝟕 ≥

? 𝟒𝐬

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
. ((∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

) +∑𝒂𝐛

𝐜𝐲𝐜

) 

⇔
𝐑+ 𝟕𝐫

𝐫
≥
? 𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
⇔ (𝐑− 𝟑𝐫)𝐬𝟐 + 𝐫(𝟐𝐑𝟐 + 𝟕𝐑𝐫 + 𝟓𝐫𝟐) ≥

?
⏟

(∗∗∗∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝐑 − 𝟑𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥ 𝐫(𝟐𝐑𝟐 + 𝟕𝐑𝐫 + 𝟓𝐫𝟐) > 0 
⇒ (∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝐑 − 𝟑𝐫 < 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) 
= −(𝟑𝐫 − 𝐑)𝐬𝟐 + 𝐫(𝟐𝐑𝟐 + 𝟕𝐑𝐫 + 𝟓𝐫𝟐) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (𝟑𝐫 − 𝐑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝐫(𝟐𝐑𝟐 + 𝟕𝐑𝐫 + 𝟓𝐫𝟐) ≥
?
𝟎 

⇔ 𝟐𝐭𝟑 − 𝟑𝐭𝟐 − 𝐭 − 𝟐 ≥
?
𝟎 ⇔ (𝐭 − 𝟐)(𝟐𝐭𝟐 + 𝐭 + 𝟏) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐  
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⇒ (∗∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐑 + √𝟑𝐬

𝐫
≥
(∎∎)

𝟖 + 𝟐∑
𝒂

𝐛+ 𝐜
𝐜𝐲𝐜

 

∴ (∎), (∎∎) ⇒
𝐑 + √𝟑𝐬

𝐫
≥ 𝟖 + 𝟐.𝐦𝒂𝒙{∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

,∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

} ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐦𝐢𝐧 {∑√
𝐧𝒂
𝐧𝐛

𝐜𝐲𝐜

,∑√
𝐰𝒂
𝐰𝐛

𝐜𝐲𝐜

} +
𝐑 + √𝟑𝐬

𝐫
≥ 𝟏𝟏 + 𝟐.𝐦𝒂𝒙{∑

𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

,∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

} 

′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

Solution 2 by Tapas Das-India 
We show that: 

∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≥∑

𝒂

𝒃+ 𝒄
 

We have, 
𝒂𝟐

𝒃𝟐+𝒄𝟐
−

𝒂

𝒃+𝒄
=
𝒂𝒃(𝒂−𝒃)+𝒂𝒄(𝒂−𝒄)

(𝒃𝟐+𝒄𝟐)(𝒃+𝒄)
 

𝒃𝟐

𝒄𝟐 + 𝒂𝟐
−

𝒃

𝒄 + 𝒂
=
𝒃𝒄(𝒃 − 𝒄) + 𝒂𝒃(𝒃 − 𝒂)

(𝒄𝟐 + 𝒂𝟐)(𝒃 + 𝒄)
 

𝒄𝟐

𝒂𝟐 + 𝒃𝟐
−

𝒄

𝒂 + 𝒃
=
𝒂𝒄(𝒄 − 𝒂) + 𝒃𝒄(𝒄 − 𝒃)

(𝒃𝟐 + 𝒂𝟐)(𝒃 + 𝒂)
 

Now we obtain, 

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
+

𝒃𝟐

𝒄𝟐 + 𝒂𝟐
+

𝒄𝟐

𝒂𝟐 + 𝒃𝟐
− (

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
) =∑

𝒂𝒃(𝒂 − 𝒃) + 𝒂𝒄(𝒃 − 𝒄)

(𝒃𝟐 + 𝒄𝟐)(𝒃 + 𝒄)
 

= (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)∑
𝒂𝒃(𝒂 − 𝒃)𝟐

(𝒃 + 𝒄)(𝒄 + 𝒂)(𝒃𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒂𝟐)
≥ 𝟎 

∴ ∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≥∑

𝒂

𝒃 + 𝒄
 

∴ 𝐦𝐚𝐱 {∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
;∑

𝒂

𝒃 + 𝒄
} ≤∑

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
 

∑√
𝒓𝒂

𝒓𝒃
≥ 𝟑   (AM-GM),  ∑√

𝒘𝒂

𝒘𝒃
≥ 𝟑    (AM-GM) 

∴ 𝐦𝐢𝐧 {∑√
𝒓𝒂
𝒓𝒃
,∑√

𝒘𝒂
𝒘𝒃
} ≥ 𝟑 
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We need to show 

𝟑 +
𝑹+√𝟑𝒔

𝒓
≥ 𝟏𝟏 + 𝟐∑

𝒂𝟐

𝒃𝟐+𝒄𝟐
  or  

𝑹+√𝟑𝒔

𝒓
≥ 𝟖 + 𝟐∑

𝒂𝟐

𝒃𝟐+𝒄𝟐
 

now  
𝑹+√𝟑𝒔

𝒓
≥
𝑹+√𝟑⋅𝟑√𝟑𝒓

𝒓
=
𝑹

𝒓
+ 𝟗      (1) 

(∵ 𝒔𝟐 ≥ 𝟐𝟕𝒓𝟐) 

∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
=∑(

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
−
𝟏

𝟐
)

𝒄𝒚𝒄

+
𝟑

𝟐
=∑

𝟐𝒂𝟐 − 𝒃𝟐 − 𝒄𝟐

𝟐(𝒃𝟐 + 𝒄𝟐)
+
𝟑

𝟐
 

=∑
𝒂𝟐 − 𝒃𝟐

𝟐(𝒃𝟐 + 𝒄𝟐)
𝒄𝒚𝒄

+∑
𝒂𝟐 − 𝒄𝟐

𝟐(𝒃𝟐 + 𝒄𝟐)
𝒄𝒚𝒄

+
𝟑

𝟐
 

=∑(𝒂𝟐 − 𝒃𝟐) (
𝟏

𝟐(𝒃𝟐 + 𝒄𝟐)
−

𝟏

𝟐(𝒂𝟐 + 𝒄𝟐)
) +

𝟑

𝟐
 

=∑
(𝒂 − 𝒃)𝟐(𝒂 + 𝒃)𝟐

𝟐(𝒂𝟐 + 𝒄𝟐)(𝒃𝟐 + 𝒄𝟐)
+
𝟑

𝟐
 

According Cauchy – Schwarz, 

(𝒂𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒃𝟐) ≥ 𝒄𝟐(𝒂 + 𝒃)𝟐 

By AM-GM 

𝒄𝟐 =
(𝒄 + 𝒂 − 𝒃 + 𝒄 + 𝒃 − 𝒂)𝟐

𝟒
≥ (𝒄 + 𝒂 − 𝒃)(𝒄 + 𝒃 − 𝒂) 

∴ (𝒂𝟐 + 𝒄𝟐)(𝒄𝟐 + 𝒃𝟐) ≥ (𝒄 + 𝒂 − 𝒃)(𝒄 + 𝒃 − 𝒂)(𝒂 + 𝒃)𝟐 

∴∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
=∑

(𝒂− 𝒃)𝟐(𝒂 + 𝒃)𝟐

𝟐(𝒂𝟐 + 𝒄𝟐)(𝒃𝟐 + 𝒄𝟐)
+
𝟑

𝟐
≤∑

(𝒂 − 𝒃)𝟐

𝟐(𝒄 + 𝒂 − 𝒃)(𝒄 + 𝒂 − 𝒃)
+
𝟑

𝟐
 

=
∑(𝒂 + 𝒃 − 𝒄) (𝒂 − 𝒃)𝟐

𝟐(𝒂 + 𝒃 − 𝒄)(𝒃 + 𝒄 − 𝒂)(𝒄 + 𝒂 − 𝒃)
+
𝟑

𝟐
=

𝒂𝒃𝒄

(𝒂 + 𝒃 − 𝒄)(𝒃 + 𝒄 − 𝒂)(𝒄 + 𝒂 − 𝒃)
+
𝟏

𝟐
 

=
𝑹

𝟐𝒓
+
𝟏

𝟐
 

∴ 𝟐∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≤
𝑹

𝒓
+ 𝟏 

∴ 𝟖 + 𝟐∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≤ 𝟖 +

𝑹

𝒓
+ 𝟏 = 𝟗 +

𝑹

𝒓
≤
𝑹 + √𝟑𝒔

𝒓
 

(using (1))  

 



 
www.ssmrmh.ro 

32 RMM-GEOMETRY MARATHON 1401-1500 

 

1420. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟓 −
𝟒𝒓

𝑹
≤
𝒂𝟐

𝒃𝒄
+
𝒃𝟐

𝒄𝒂
+
𝒄𝟐

𝒂𝒃
≤
𝟐𝑹

𝒓
− 𝟏 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India  

𝒂𝟐

𝒃𝒄
+
𝒃𝟐

𝒄𝒂
+
𝒄𝟐

𝒂𝒃
=
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑

𝒂𝒃𝒄
=
𝟐(𝒔𝟑 − 𝟑𝒓𝟐𝑺 − 𝟔𝑹𝒓𝒔)

𝟒𝑹𝒓𝒔
=
𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝟐𝑹𝒓
 

≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝟐𝑹𝒓
=
𝟒𝑹𝟐 + 𝟒𝑹𝒓 − 𝟔𝑹𝒓

𝟐𝑹𝒓
=
𝟒𝑹𝟐 − 𝟐𝑹𝒓

𝟐𝑹𝒓
 

=
𝟐𝑹

𝒓
− 𝟏 

Again, 

𝒂𝟐

𝒃𝒄
+
𝒃𝟐

𝒄𝒂
+
𝒄𝟐

𝒂𝒃
=
𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝟐𝑹𝒓
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝟐𝑹𝒓
 

=
𝟏𝟎𝑹𝒓 − 𝟖𝒓𝟐

𝟐𝑹𝒓
= 𝟓 −

𝟒𝒓

𝑹
 

1421.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟐, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑√
𝒂

𝟐𝐛+ 𝟑𝐜

𝟑

𝐜𝐲𝐜

+ (
𝐑

𝟐𝐫
)
𝐧

≥ 𝟏 +∑ √
𝒂

𝟐𝐜 + 𝟑𝐛

𝟑

𝐜𝐲𝐜

 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐋𝐞𝐭 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 𝒂𝐧𝐝 𝐬 − 𝐜 = 𝐳 ∴ 𝐬 = 𝒙 + 𝐲 + 𝐳 ⇒ 𝒂 = 𝐲 + 𝐳, 
𝐛 = 𝐳 + 𝐱 𝒂𝐧𝐝 𝐜 = 𝒙 + 𝐲 

𝐍𝐨𝐰,
𝐬𝟐

𝐫𝟐
=
𝐬𝟒

∆𝟐
=

𝐬𝟒

𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
=
(𝟏) (∑ 𝒙𝐜𝐲𝐜 )

𝟑

𝒙𝐲𝐳
 𝒂𝐧𝐝 𝟏 +

𝟒𝐑

𝐫
 

= 𝟏+
𝟒𝐬𝒂𝐛𝐜

𝟒𝐬(𝐬 −  𝒂)(𝐬 −  𝐛)(𝐬 − 𝐜)
= 𝟏 +

∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
 

⇒ 𝟏+
𝟒𝐑

𝐫
=
(𝟐) 𝒙𝐲𝐳 + ∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
 

𝐍𝐨𝐰,∑
𝐛

𝒂
𝐜𝐲𝐜

=∑
𝐳+ 𝒙

𝐲 + 𝐳
⇒∑

𝐛

𝒂
𝐜𝐲𝐜

=
(𝟑) ∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
∴ (𝟏), (𝟐), (𝟑) ⇒

𝐬𝟐

𝐫𝟐
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≥ (∑
𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇔

(∑ 𝒙𝐜𝐲𝐜 )
𝟑

𝒙𝐲𝐳
≥ (

𝒙𝐲𝐳 + ∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
)(
∑ (𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
) 

⇔ (∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥ (𝒙𝐲𝐳 +∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)

𝐜𝐲𝐜

) 

⇔∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
(𝐢)

𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

𝐍𝐨𝐰 ∀ 𝐮, 𝐯,𝐰 > 0, 𝐮𝟑 + 𝐮𝟑 + 𝐯𝟑 ≥
𝐀−𝐆

𝟑𝐮𝟐𝐯, 𝐯𝟑 + 𝐯𝟑 +𝐰𝟑 ≥
𝐀−𝐆

𝟑𝐯𝟐𝐰 𝒂𝐧𝐝 

 𝐰𝟑 +𝐰𝟑 + 𝐮𝟑 ≥
𝐀−𝐆

𝟑𝐰𝟐𝐮 ∴ 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩 ∶∑𝐮𝟑

𝐜𝐲𝐜

≥∑𝐮𝟐𝐯

𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐮 = 𝒙𝐲, 

𝐯 = 𝐲𝐳 𝒂𝐧𝐝 𝐰 = 𝐳𝒙,∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥ 𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)  𝒂𝐧𝐝 ∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

≥ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

∴∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥ 𝒙𝐲𝐳(∑𝒙𝐲𝟐

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒
𝐬𝟐

𝐫𝟐
≥ (∑

𝐛

𝒂
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇒∑

𝐛

𝒂
𝐜𝐲𝐜

≤
(◆) 𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

𝐀𝐥𝐬𝐨,∑
𝒂

𝐛
𝐜𝐲𝐜

=∑
𝐲+ 𝐳

𝐳 + 𝒙
𝐜𝐲𝐜

⇒∑
𝒂

𝐛
𝐜𝐲𝐜

=
(𝟒) ∑ (𝒙 + 𝐲)(𝐲 + 𝐳)𝟐𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
∴ (𝟏), (𝟐), (𝟒) ⇒

𝐬𝟐

𝐫𝟐
 

≥ (∑
𝒂

𝐛
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇔

(∑ 𝒙𝐜𝐲𝐜 )
𝟑

𝒙𝐲𝐳
≥ (

𝒙𝐲𝐳 + ∏ (𝐲 + 𝐳)𝐜𝐲𝐜

𝒙𝐲𝐳
)(
∑ (𝒙 + 𝐲)(𝐲 + 𝐳)𝟐𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
) 

⇔ (∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥ (𝒙𝐲𝐳 +∏(𝐲 + 𝐳)

𝐜𝐲𝐜

)(∑(𝒙 + 𝐲)(𝐲 + 𝐳)𝟐

𝐜𝐲𝐜

) 

⇔∑𝒙𝟐𝐲𝟒

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥
(𝐢𝐢)

𝒙𝐲𝐳(∑𝒙𝟐𝐲

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

𝐍𝐨𝐰 ∀ 𝐮, 𝐯,𝐰 > 0, 𝐯𝟑 + 𝐯𝟑 + 𝐮𝟑 ≥
𝐀−𝐆

𝟑𝐯𝟐𝐮,𝐰𝟑 +𝐰𝟑 + 𝐯𝟑 ≥
𝐀−𝐆

𝟑𝐰𝟐𝐯 𝒂𝐧𝐝  

𝐮𝟑 + 𝐮𝟑 +𝐰𝟑 ≥
𝐀−𝐆

𝟑𝐮𝟐𝐰 ∴ 𝐬𝐮𝐦𝐦𝐢𝐧𝐠 𝐮𝐩 ∶ ∑𝐮𝟑

𝐜𝐲𝐜

≥∑𝐮𝐯𝟐

𝐜𝐲𝐜

𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠 𝐮 = 𝒙𝐲, 

𝐯 = 𝐲𝐳 𝒂𝐧𝐝 𝐰 = 𝐳𝒙,∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

 ≥ 𝒙𝐲𝐳(∑𝒙𝟐𝐲

𝐜𝐲𝐜

)𝒂𝐧𝐝 ∑𝒙𝟐𝐲𝟒

𝐜𝐲𝐜

≥ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

∴∑𝒙𝟐𝐲𝟒

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

≥ 𝒙𝐲𝐳(∑𝒙𝟐𝐲

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ⇒ (𝐢𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 



 
www.ssmrmh.ro 

34 RMM-GEOMETRY MARATHON 1401-1500 

 

⇒
𝐬𝟐

𝐫𝟐
≥ (∑

𝒂

𝐛
𝐜𝐲𝐜

)(𝟏 +
𝟒𝐑

𝐫
) ⇒∑

𝒂

𝐛
𝐜𝐲𝐜

≤
(◆◆) 𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
 

∑√
𝒂

𝟐𝐛+ 𝟑𝐜

𝟑

𝐜𝐲𝐜

=
𝟏

√𝟓
𝟑 .∑ √

𝟓𝒂

𝟐𝐛 + 𝟑𝐜
. 𝟏. 𝟏

𝟑

𝐜𝐲𝐜

≥
𝐆−𝐇 𝟏

√𝟓
𝟑 .∑

𝟏𝟓𝒂
𝟐𝐛+ 𝟑𝐜

𝟓𝒂
𝟐𝐛+ 𝟑𝐜 +

𝟓𝒂
𝟐𝐛+ 𝟑𝐜 + 𝟏𝐜𝐲𝐜

 

=
𝟏𝟓

√𝟓
𝟑 .∑

𝒂𝟐

𝟏𝟎𝒂𝟐 + 𝟐𝒂𝐛+ 𝟑𝐜𝒂
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

√𝟓
𝟑 .

𝟏𝟓(∑ 𝒂𝐜𝐲𝐜 )
𝟐

𝟏𝟎∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟓∑ 𝒂𝐛𝐜𝐲𝐜
 

=
𝟏

√𝟓
𝟑 .

𝟏𝟓(∑ 𝒂𝐜𝐲𝐜 )
𝟐

𝟏𝟎∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟓∑ 𝒂𝟐𝐜𝐲𝐜
=
𝟏

√𝟓
𝟑 .

𝟒𝐬𝟐

∑ 𝒂𝟐𝐜𝐲𝐜
⇒ ∑√

𝒂

𝟐𝐛+ 𝟑𝐜

𝟑

𝐜𝐲𝐜

≥
(⦁) 𝟏

√𝟓
𝟑 .

𝟐𝐬𝟐

𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐
 

∑√
𝒂

𝟐𝐜+ 𝟑𝐛

𝟑

𝐜𝐲𝐜

=
𝟏

√𝟓
𝟑 .∑ √

𝟓𝒂

𝟑𝐛+ 𝟐𝐜
. 𝟏. 𝟏

𝟑

𝐜𝐲𝐜

≤
𝐀−𝐆 𝟏

√𝟓
𝟑 .∑

𝟓𝒂
𝟑𝐛+ 𝟐𝐜

+ 𝟐

𝟑
𝐜𝐲𝐜

 

=
𝟏

√𝟓
𝟑 . (

𝟓

𝟑
∑

𝒂

𝟑𝐛+ 𝟐𝐜
𝐜𝐲𝐜

+ 𝟐) ≤
𝐖𝐞𝐢𝐠𝐡𝐭𝐞𝐝 𝐀−𝐇 𝟏

√𝟓
𝟑 .

(

 
 
 
 
𝟓

𝟑
∑

𝒂

(
𝟐𝟓
𝟑
𝐛 +

𝟐
𝐜

)
𝐜𝐲𝐜

+ 𝟐

)

 
 
 
 

 

=
𝟏

√𝟓
𝟑 . (

𝟏

𝟏𝟓
∑

𝟑𝐜𝒂 + 𝟐𝒂𝐛

𝐛𝐜
𝐜𝐲𝐜

+ 𝟐) =
𝟏

√𝟓
𝟑 . (

𝟏

𝟓
∑

𝒂

𝐛
𝐜𝐲𝐜 

+
𝟐

𝟏𝟓
∑

𝒂

𝐜
𝐜𝐲𝐜 

+ 𝟐) ≤
𝐯𝐢𝒂 (◆),(◆◆)

 

𝟏

√𝟓
𝟑 . (

𝐬𝟐

𝟑𝐫(𝟒𝐑 + 𝐫)
+ 𝟐) ⇒ ∑ √

𝒂

𝟐𝐜 + 𝟑𝐛

𝟑

𝐜𝐲𝐜

≤
(⦁⦁) 𝟏

√𝟓
𝟑 . (

𝐬𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐

𝟑𝐫(𝟒𝐑 + 𝐫)
)  

∴∑ √
𝒂

𝟐𝐛+ 𝟑𝐜

𝟑

𝐜𝐲𝐜

+
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
−∑ √

𝒂

𝟐𝐜 + 𝟑𝐛

𝟑

𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (⦁).(⦁⦁)

 

𝟏

√𝟓
𝟑 . (

𝟐𝐬𝟐

𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐
−
𝐬𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐

𝟑𝐫(𝟒𝐑+ 𝐫)
)+

𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥
?
𝟎 

⇔
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥
? 𝟏

√𝟓
𝟑 . (

𝐬𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐

𝟑𝐫(𝟒𝐑 + 𝐫)
−

𝟐𝐬𝟐

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐
) 

⇔
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥
?
⏟
(∗)

𝟏

√𝟓
𝟑 .

(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐) − 𝟔𝐫(𝟒𝐑+ 𝐫)𝐬𝟐

𝟑𝐫(𝟒𝐑 + 𝐫)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
 

𝐍𝐨𝐰, (𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐) − 𝟔𝐫(𝟒𝐑+ 𝐫)𝐬𝟐 

= 𝐬𝟒 − (𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟐 − 𝟔(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐄𝐮𝐥𝐞𝐫

𝟑(𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟐 − (𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟐 

−𝟔(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
= 𝟐(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐄𝐮𝐥𝐞𝐫
𝟎 

∴
𝟏

√𝟓
𝟑 .

(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐) − 𝟔𝐫(𝟒𝐑 + 𝐫)𝐬𝟐

𝟑𝐫(𝟒𝐑+ 𝐫)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
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≤
√𝟓
𝟑
 > 
𝟓
𝟑 𝟑

𝟓
.
(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐) − 𝟔𝐫(𝟒𝐑 + 𝐫)𝐬𝟐

𝟑𝐫(𝟒𝐑 + 𝐫)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
≤
? 𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
 

⇔ −𝟒𝐫𝐬𝟒 + (𝟐𝟎𝐑𝟑 + 𝟓𝐑𝟐𝐫 − 𝟔𝟒𝐑𝐫𝟐 − 𝟏𝟔𝐫𝟑)𝐬𝟐 

−𝐫(𝟖𝟎𝐑𝟒 + 𝟒𝟎𝐑𝟑𝐫 − 𝟔𝟗𝟗𝐑𝟐𝐫𝟐 − 𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟒𝟒𝐫𝟒) ≥
?
⏟
(∗∗)

𝟎 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(
−𝟒𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝟐𝟎𝐑𝟑

+𝟓𝐑𝟐𝐫 − 𝟔𝟒𝐑𝐫𝟐 − 𝟏𝟔𝐫𝟑
)𝐬𝟐 

−𝐫(𝟖𝟎𝐑𝟒 + 𝟒𝟎𝐑𝟑𝐫 − 𝟔𝟗𝟗𝐑𝟐𝐫𝟐 − 𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟒𝟒𝐫𝟒) ≥
?
𝟎 

⇔ (𝟐𝟎𝐑𝟑 − 𝟏𝟏𝐑𝟐𝐫 − 𝟖𝟎𝐑𝐫𝟐 − 𝟐𝟖𝐫𝟑)𝐬𝟐 

−𝐫(𝟖𝟎𝐑𝟒 + 𝟒𝟎𝐑𝟑𝐫 − 𝟔𝟗𝟗𝐑𝟐𝐫𝟐 − 𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟒𝟒𝐫𝟒) ≥
?
⏟
(∗∗∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟐𝟎𝐑𝟑 − 𝟏𝟏𝐑𝟐𝐫 − 𝟖𝟎𝐑𝐫𝟐 − 𝟐𝟖𝐫𝟑 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝟎𝐑𝟑 − 𝟏𝟏𝐑𝟐𝐫 − 𝟖𝟎𝐑𝐫𝟐 − 𝟐𝟖𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

−𝐫(𝟖𝟎𝐑𝟒 + 𝟒𝟎𝐑𝟑𝐫 − 𝟔𝟗𝟗𝐑𝟐𝐫𝟐 − 𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟒𝟒𝐫𝟒) ≥
?
𝟎 

⇔ 𝟏𝟐𝟎𝐭𝟒 − 𝟏𝟓𝟖𝐭𝟑 − 𝟐𝟔𝟑𝐭𝟐 + 𝟏𝟓𝟐𝐭+ 𝟗𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟏𝟐𝟎𝐭𝟐 + 𝟑𝟐𝟐𝐭+ 𝟓𝟒𝟓) + 𝟏𝟎𝟒𝟒) 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
𝐂𝒂𝐬𝐞 𝟐  𝟐𝟎𝐑𝟑 − 𝟏𝟏𝐑𝟐𝐫 − 𝟖𝟎𝐑𝐫𝟐 − 𝟐𝟖𝐫𝟑 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) 

= −(−(𝟐𝟎𝐑𝟑 − 𝟏𝟏𝐑𝟐𝐫 − 𝟖𝟎𝐑𝐫𝟐 − 𝟐𝟖𝐫𝟑))𝐬𝟐 

−𝐫(𝟖𝟎𝐑𝟒 + 𝟒𝟎𝐑𝟑𝐫 − 𝟔𝟗𝟗𝐑𝟐𝐫𝟐 − 𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟒𝟒𝐫𝟒) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (−(𝟐𝟎𝐑𝟑 − 𝟏𝟏𝐑𝟐𝐫 − 𝟖𝟎𝐑𝐫𝟐 − 𝟐𝟖𝐫𝟑)) (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)  

−𝐫(𝟖𝟎𝐑𝟒 + 𝟒𝟎𝐑𝟑𝐫 − 𝟔𝟗𝟗𝐑𝟐𝐫𝟐 − 𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟒𝟒𝐫𝟒) ≥
?
𝟎 

⇔ 𝟒𝟎𝐭𝟓 − 𝟐𝟐𝐭𝟒 − 𝟏𝟕𝟐𝐭𝟑 + 𝟏𝟏𝟕𝐭𝟐 − 𝟐𝟎 ≥
?
𝟎 

⇔ (𝐭 − 𝟐)(𝟒𝟎𝐭𝟒 + 𝟑𝟎𝐭𝟑 + 𝟐𝟖𝐭𝟐(𝐭 − 𝟐) + 𝟓𝐭 + 𝟏𝟎) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 

∴
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥
(∎)

∑√
𝒂

𝟐𝐜+ 𝟑𝐛

𝟑

𝐜𝐲𝐜

−∑ √
𝒂

𝟐𝐛+ 𝟑𝐜

𝟑

𝐜𝐲𝐜

 𝒂𝐧𝐝 (𝐧 − 𝟐). 𝐥𝐧(
𝐑

𝟐𝐫
) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 

⇒ 𝐥𝐧(
𝐑

𝟐𝐫
)
𝐧

≥ 𝐥𝐧 (
𝐑

𝟐𝐫
)
𝟐

⇒ (
𝐑

𝟐𝐫
)
𝐧

− 𝟏 ≥
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥

𝐯𝐢𝒂 (∎)

 

∑√
𝒂

𝟐𝐜 + 𝟑𝐛

𝟑

𝐜𝐲𝐜

−∑√
𝒂

𝟐𝐛+ 𝟑𝐜

𝟑

𝐜𝐲𝐜

⇒∑√
𝒂

𝟐𝐛+ 𝟑𝐜

𝟑

𝐜𝐲𝐜

+ (
𝐑

𝟐𝐫
)
𝐧

 

≥ 𝟏 +∑ √
𝒂

𝟐𝐜+ 𝟑𝐛

𝟑

𝐜𝐲𝐜

 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟐,′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1422. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(
𝑹

𝟐𝒓
)
𝒏

+ (
𝒘𝒂𝒘𝒃𝒘𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

)
𝒏

≥ 𝟐, 𝒏 ∈ ℕ 

Proposed by Marin Chirciu – Romania  
Solution 1 by Adrian Popa – Romania 

𝒘𝒂𝒘𝒃𝒘𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

≥
𝒉𝒂𝒉𝒃𝒉𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

=

𝟐𝒔
𝒂 ⋅

𝟐𝒔
𝒃 ⋅

𝟐𝒔
𝒄

𝒔
𝒑 − 𝒂 ⋅

𝒔
𝒑 − 𝒃 ⋅

𝒔
𝒑 − 𝒄

= 

=
𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄
=
𝟖𝒑(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒑 ⋅ 𝒂𝒃𝒄
= 

=
𝟖𝒔𝟐

𝒑 ⋅ 𝟒𝑹𝒔
=
𝟖 ⋅ 𝒓 ⋅ 𝒑

𝒑 ⋅ 𝟒𝑹
=
𝟐𝒓

𝑹
⇒ 

⇒ (
𝑹

𝟐𝒓
)
𝒏

+ (
𝒘𝒂𝒘𝒃𝒘𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

)
𝒏

≥ (
𝑹

𝟐𝒓
)
𝒏

+ (
𝟐𝒓

𝑹
)
𝒏

≥
𝑴𝑨≥𝑴𝑮

𝟐√(
𝑹

𝟐𝒓
)
𝒏

⋅ (
𝟐𝒓

𝑹
)
𝒏

= 𝟐 

Solution 2 by Tapas Das – India  

𝑹

𝟐𝒓
=

𝒂𝒃𝒄

(𝒂 + 𝒃 − 𝒄)(𝒃 + 𝒄 − 𝒂)(𝒄 + 𝒂 − 𝒃)
=

𝒂𝒃𝒄

𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
 

𝒘𝒂𝒘𝒃𝒘𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

≥
𝒉𝒂𝒉𝒃𝒉𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

=
𝟖𝑭𝟑

𝒂𝒃𝒄𝒔𝟐𝒓
=
𝟖𝑭 ⋅ 𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄 ⋅ 𝒔𝟐 ⋅ 𝒓
 

=
𝟖𝑭(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄 ⋅ 𝑭
=
𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄
 

∴ (
𝑹

𝟐𝒓
)
𝒏

+ (
𝒘𝒂𝒘𝒃𝒘𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

)
𝒏

≥ 

≥ [
𝒂𝒃𝒄

𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
]
𝟐

+ [
𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄
]

𝒏

 

≥
𝑨𝑴−𝑮𝑴

 𝟐√[
𝒂𝒃𝒄

𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
⋅
𝟖(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄
]

𝒏

= 𝟐 
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1423. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩𝐬 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐑

𝟐𝐫
(∑√

𝐧𝒂
𝐧𝐛

𝐜𝐲𝐜

) ≥∑√
𝐧𝐛
𝐧𝒂

𝐜𝐲𝐜

;
𝐑𝟐

𝟒𝐫𝟐
(∑√

𝒈𝒂
𝒈𝐛

𝐜𝐲𝐜

) ≥∑
𝒈𝐛
𝒈𝒂

𝐜𝐲𝐜

; 

𝒂𝐧𝐝 𝐢𝐧 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝒂 = 𝐦𝐢𝐧{𝒂, 𝐛, 𝐜}, 𝐡𝐨𝒍𝐝𝐬 ∶ 𝒈𝒂 + 𝐡𝒂 > 𝐧𝒂 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Tapas Das-India 
 

𝒏𝒂

𝒏𝒃
+
𝒏𝒃

𝒏𝒄
+
𝒏𝒄

𝒏𝒂
≤ √(∑𝒏𝒂𝟐) (∑

𝟏

𝒏𝒂
𝟐)     (1) 

Since 𝒏𝒂 ≥ 𝒉𝒂 (analog) 

∴
𝟏

𝒏𝒂𝟐
+
𝟏

𝒏𝒃
𝟐 +

𝟏

𝒏𝒄𝟐
≤
𝟏

𝒉𝒂𝟐
+
𝟏

𝒉𝒃
𝟐 +

𝟏

𝒉𝒄𝟐
=
∑𝒂𝟐

(𝟐𝑭)𝟐
≤

𝑳𝒆𝒊𝒃𝒏𝒊𝒕𝒛′𝒔
(
𝟑𝑹

𝟐𝑭
)
𝟐

 

𝒏𝒂
𝟐 = 𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
= 𝒔𝟐 − 𝒔 ⋅

𝒂𝟐 − (𝒃 − 𝒄)𝟐

𝒂
 

= 𝒔𝟐 −
𝟒𝒔(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂
= 𝒔𝟐 −

𝟒𝒔𝟐𝒓𝟐

𝒂(𝒔 − 𝒂)
 

= 𝒔𝟐 − 𝟒𝒔𝒓𝟐 (
𝟏

𝒔−𝒂
+
𝟏

𝒂
) = 𝒔𝟐 − 𝟒𝒓𝒓𝒂 − 𝟐𝒓𝒉𝒂  (analog) 

∴ ∑𝒏𝒂
𝟐 = 𝟑𝒔𝟐 − 𝟒𝒓(∑𝒓𝒂) − 𝟐𝒓 (∑𝒉𝒂) 

= 𝟑𝒔𝟐 − 𝟒𝒓(𝟒𝑹+ 𝒓) − 𝟐𝒓
𝒔𝟐 + 𝒓(𝟒𝑹+ 𝒓)

𝟐𝑹
=
(𝟑𝑹− 𝒓)𝒔𝟐 − 𝒓(𝟒𝑹 + 𝒓)𝟐

𝑹
 

By Doucets, (𝟒𝑹 + 𝒓)𝟐 ≥ 𝟑𝒔𝟐 we get 

∑𝒏𝒂
𝟐 ≤

(𝟑𝑹− 𝒓)𝒔𝟐 − 𝟑𝒓𝒔𝟐

𝑹
= (𝟑−

𝟒𝒓

𝑹
) 𝒔𝟐 ≤

𝑨𝑴−𝑮𝑴
 (
𝑹

𝟐𝒓
)
𝟐

⋅ 𝒔𝟐 = (
𝑹𝒔

𝟐𝒓
)
𝟐

 

∴ ∑
𝒏𝒂
𝒏𝒃
≤
𝑹𝒔

𝟐𝒓
⋅
𝟑𝑹

𝟐𝑭
= 𝟑(

𝑹

𝟐𝒓
)
𝟐

 

Now √
𝒏𝒂

𝒏𝒃
≤
𝑪𝑩𝑺

√𝟑(∑
𝒏𝒂

𝒏𝒃
) ≤ √𝟑 ⋅ 𝟑 ⋅ (

𝑹

𝟐𝒓
)
𝟐

=
𝟑𝑹

𝟐𝒓
 

∴
𝑹

𝟐𝒓
(∑√

𝒏𝒂

𝒏𝒃
) ≥

𝟑𝑹

𝟐𝒓
 (AM-GM) [Since √

𝒏𝒂

𝒏𝒃
≥ 𝟑] 
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∴
𝑹

𝟐𝒓
(∑√

𝒏𝒂
𝒏𝒃
) ≥ √

𝒏𝒂
𝒏𝒃

 

∑
𝒈𝒃
𝒈𝒂
≤ √(∑𝒈𝒃

𝟐) (∑
𝟏

𝒈𝒂𝟐
) ≤ √(∑𝒔(𝒔 − 𝒂))(∑

𝟏

𝒓𝒂𝟐
) 

= √𝒔𝟐 ⋅
∑ 𝒂𝟐

𝟒𝑭𝟐
≤

𝑳𝒆𝒊𝒃𝒏𝒊𝒕𝒛
 √
𝟗𝑹𝟐

𝟒𝒓𝟐
 

Now 
𝑹𝟐

𝟒𝒓𝟐
(∑√

𝒈𝒂

𝒈𝒃
) ≥

𝑹𝟐

𝟒𝒓𝟐
⋅ 𝟑 (AM-GM) 

We need to show 

𝟑𝑹𝟐

𝟒𝒓𝟐
≥
𝟑𝑹

𝟐𝒓
 or 

𝑹

𝟐𝒓
≥ 𝟏 ∴ 𝑹 ≥ 𝟐𝒓 (Euler) 

Note: 𝟗𝒂𝟐 = 𝒔(𝒔 − 𝒂) −
(𝒃−𝒄)𝟐(𝒔−𝒂)

𝒂
≤ 𝒔(𝒔 − 𝒂)  (analog) 

If we take: 𝒂 = 𝒄 = 𝟔 and 𝒃 = 𝟐 

We have 𝒔 =
𝟔+𝟔+𝟐

𝟐
= 𝟕 

𝒏𝒂
𝟐 =

𝒃𝟐(𝒔 − 𝒄) + 𝒄𝟐(𝒔 − 𝒃) − 𝒂(𝒔 − 𝒄)(𝒔 − 𝒃)

𝒂
 

=
𝟒(𝟕−𝟔)+𝟑𝟔(𝟕−𝟐)−𝟔(𝟕−𝟔)(𝟕−𝟐)

𝟔
=
𝟕𝟕

𝟑
∴ 𝒏𝒂 = √

𝟕𝟕

𝟑
= 𝟓 ⋅ 𝟎𝟔 (APP) 

𝒉𝒂
𝟐 =

𝟒𝑭𝟐

𝒂𝟐
=
𝟒𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝟐
=
𝟒 × 𝟕 × 𝟏 × 𝟏 × 𝟓

𝟗
=
𝟑𝟓

𝟗
 

∴ 𝒉𝒂 = √
𝟑𝟓

𝟗
= 𝟏 ⋅ 𝟗𝟕  (APP) 

𝒈𝒂
𝟐 = 𝒔(𝒔 − 𝒂) −

(𝒔 − 𝒂)(𝒃 − 𝒄)𝟐

𝒂
 

= 𝟕 −
𝟏𝟔

𝟔
=
𝟏𝟑

𝟑
∴ 𝒈𝒂 = √

𝟏𝟑

𝟑
= 𝟐 ⋅ 𝟎𝟖 

∴ 𝒈𝒂 + 𝒉𝒂 = 𝟐. 𝟎𝟖 + 𝟏. 𝟗𝟕 = 𝟒. 𝟎𝟓 < 𝒏𝒂 

(∵ 𝒏𝒂 = 𝟓. 𝟎𝟔) 

∴ so 3rd problem-Not always true 
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Solution 2 by Soumava Chakraborty-Kolkata-India 

𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 − 𝐜) + 𝐜𝟐(𝐬 − 𝐛) =
(𝐦)

𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜)   

𝒂𝐧𝐝 𝐛𝟐(𝐬 − 𝐛) + 𝐜𝟐(𝐬 − 𝐜) =
(𝐧)
𝒂𝒈𝒂

𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 𝒂𝐧𝐝 (𝐦) + (𝐧) ⇒ 
(𝐛𝟐 + 𝐜𝟐)(𝟐𝐬 − 𝐛 − 𝐜) = 𝒂𝐧𝒂

𝟐 + 𝒂𝒈𝒂
𝟐 + 𝟐𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) ⇒ 𝟐𝒂(𝐛𝟐 + 𝐜𝟐)  

= 𝟐𝒂(𝐧𝒂
𝟐 + 𝒈𝒂

𝟐) + 𝒂(𝒂 + 𝐛 − 𝐜)(𝐜 + 𝒂 − 𝐛) 
⇒ 𝟐(𝐛𝟐 + 𝐜𝟐) = 𝟐(𝐧𝒂

𝟐 + 𝒈𝒂
𝟐) + 𝒂𝟐 − (𝐛 − 𝐜)𝟐 ⇒ 𝟐(𝐛𝟐 + 𝐜𝟐) − 𝒂𝟐 + (𝐛 − 𝐜)𝟐 

= 𝟐(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) ⇒ 𝟒𝐦𝒂
𝟐 + (𝐛 − 𝐜)𝟐 = 𝟐(𝐧𝒂

𝟐 + 𝒈𝒂
𝟐) ⇒ (𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) + (𝐛 − 𝐜)𝟐 

= 𝟐(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) ⇒ 𝐧𝒂
𝟐 +𝒈𝒂

𝟐 =
(𝟏)
(𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂) 

𝐍𝐨𝐰,∑
𝐧𝒂
𝐑

𝐜𝐲𝐜

=∑
𝟐𝐧𝒂𝐡𝒂
𝐛𝐜

𝐜𝐲𝐜

≤∑
𝟐𝐧𝒂𝒈𝒂
𝐛𝐜

𝐜𝐲𝐜

≤
𝐀−𝐆

∑
𝐧𝒂
𝟐 + 𝒈𝒂

𝟐

𝐛𝐜
𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) (𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂)

𝐛𝐜
 

=
𝟏

𝟒𝐑𝐫𝐬
(∑(𝒂(𝐛𝟐 + 𝐜𝟐 − 𝟐𝐛𝐜))

𝐜𝐲𝐜

+ 𝟐𝐬∑(𝒂(𝐬 − 𝒂))

𝐜𝐲𝐜

) 

=
𝟏

𝟒𝐑𝐫𝐬
(𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟑𝟔𝐑𝐫𝐬 + 𝟐𝐬(𝟐𝐬𝟐 − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐))) 

=
𝐬𝟐 − 𝟔𝐑𝐫+ 𝟑𝐫𝟐

𝟐𝐑𝐫
⇒ 𝟐𝐫∑𝐧𝒂

𝐜𝐲𝐜

≤
(∗)

𝐬𝟐 − 𝟔𝐑𝐫 + 𝟑𝐫𝟐 

∑√
𝐧𝐛
𝐧𝒂

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

√∑𝐧𝒂
𝐜𝐲𝐜

. √∑
𝟏

𝐧𝒂
𝐜𝐲𝐜

≤ √∑𝐧𝒂
𝐜𝐲𝐜

. √∑
𝟏

𝐡𝒂
𝐜𝐲𝐜

= √
∑ 𝐧𝒂𝐜𝐲𝐜

𝐫
≤
? 𝟑𝐑

𝟐𝐫
 

⇔
∑ 𝐧𝒂𝐜𝐲𝐜

𝐫
≤
? 𝟗𝐑𝟐

𝟒𝐫𝟐
⇔ 𝟐𝐫∑𝐧𝒂

𝐜𝐲𝐜

≤
?
⏟
(⦁)

𝟗𝐑𝟐

𝟐
 𝒂𝐧𝐝 𝐯𝐢𝒂 (∗), 

𝟐𝐫∑𝐧𝒂
𝐜𝐲𝐜

≤ 𝐬𝟐 − 𝟔𝐑𝐫+ 𝟑𝐫𝟐 ≤
? 𝟗𝐑𝟐

𝟐
⇔ 𝟐𝐬𝟐 ≤

?
⏟
(⦁⦁)

𝟗𝐑𝟐 + 𝟏𝟐𝐑𝐫 − 𝟔𝐫𝟐 𝒂𝐧𝐝 𝐯𝐢𝒂 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧, 

𝟐𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟖𝐑𝟐 + 𝟖𝐑𝐫 + 𝟔𝐫𝟐 ≤
?
𝟗𝐑𝟐 + 𝟏𝟐𝐑𝐫 − 𝟔𝐫𝟐⇔ 𝐑𝟐 + 𝟒𝐑𝐫− 𝟏𝟐𝐫𝟐 ≥

?
𝟎 

⇔ (𝐑− 𝟐𝐫)(𝐑+ 𝟔𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ⇒ (⦁⦁) ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒∑√
𝐧𝐛
𝐧𝒂

𝐜𝐲𝐜

≤
𝟑𝐑

𝟐𝐫
≤
𝐀−𝐆 𝐑

𝟐𝐫
(∑√

𝐧𝒂
𝐧𝐛

𝐜𝐲𝐜

) ∴
𝐑

𝟐𝐫
(∑√

𝐧𝒂
𝐧𝐛

𝐜𝐲𝐜

) ≥∑√
𝐧𝐛
𝐧𝒂

𝐜𝐲𝐜

 

𝐀𝐠𝒂𝐢𝐧, 𝐀𝐈𝟐 = 𝐛𝐜 − 𝟒𝐑𝐫 ⇔ (
𝐫

(
𝐫
𝟒𝐑
)
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
)

𝟐

 

= 𝟏𝟔𝐑𝟐𝐬𝐢𝐧
𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
𝐜𝐨𝐬

𝐁

𝟐
𝐜𝐨𝐬

𝐂

𝟐
− 𝟏𝟔𝐑𝟐𝐬𝐢𝐧

𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
⇔ 𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
 

= 𝐜𝐨𝐬
𝐁

𝟐
𝐜𝐨𝐬

𝐂

𝟐
− 𝐬𝐢𝐧

𝐀

𝟐
⇔ 𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
= 𝐬𝐢𝐧

𝐀

𝟐
→ 𝐭𝐫𝐮𝐞 

∴ 𝐀𝐈𝟐 = 𝐛𝐜 − 𝟒𝐑𝐫 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴∑
𝒈𝐛
𝒈𝒂

𝐜𝐲𝐜

≤
𝐓𝐫𝐢𝒂𝐧𝐠𝐥𝐞−𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲

∑
𝐀𝐈 + 𝐫

𝐡𝒂
𝐜𝐲𝐜
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=∑
𝒂.𝐀𝐈 + 𝐫. 𝒂

𝟐𝐫𝐬
𝐜𝐲𝐜

≤
𝐂𝐁𝐒 𝟏

𝟐𝐫𝐬
.√∑𝒂𝟐

𝐜𝐲𝐜

. √∑𝐀𝐈𝟐

𝐜𝐲𝐜

+
𝟐𝐫𝐬

𝟐𝐫𝐬
≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳 𝟑𝐑

𝟐𝐫𝐬
.√∑𝐛𝐜

𝐜𝐲𝐜

− 𝟏𝟐𝐑𝐫 + 𝟏 

=
𝟑𝐑.√𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐

𝟐𝐫𝐬
+ 𝟏 ≤

? 𝟑𝐑𝟐

𝟒𝐫𝟐
⇔
𝐬𝟐(𝟑𝐑𝟐 − 𝟒𝐫𝟐)

𝟐

𝟒𝐫𝟐
≥
?
𝟗𝐑𝟐(𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐) 

⇔ (𝟗𝐑𝟒 − 𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐫𝟒)𝐬𝟐 + 𝐫𝟑(𝟐𝟖𝟖𝐑𝟑 − 𝟑𝟔𝐑𝟐𝐫) ≥
?
⏟
(⦁⦁⦁)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟗𝐑𝟒 − 𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐫𝟒 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) 

≥ 𝟐𝟕𝟎𝐑𝟑 + 𝟏𝟖𝐑𝟐(𝐑− 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟕𝟎𝐑𝟑 > 0 ⇒ (⦁⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 
𝐂𝒂𝐬𝐞 𝟐  𝟗𝐑𝟒 − 𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐫𝟒 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) 

= −𝐬𝟐. (−(𝟗𝐑𝟒 − 𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐫𝟒)) + 𝐫𝟑(𝟐𝟖𝟖𝐑𝟑 − 𝟑𝟔𝐑𝟐𝐫) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

−(𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐). (−(𝟗𝐑𝟒 − 𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐫𝟒)) + 𝐫𝟑(𝟐𝟖𝟖𝐑𝟑 − 𝟑𝟔𝐑𝟐𝐫) ≥
?
𝟎 

⇔ 𝟑𝟔𝐭𝟔 + 𝟑𝟔𝐭𝟓 − 𝟐𝟏𝟑𝐭𝟒 + 𝟒𝟖𝐭𝟑 − 𝟏𝟓𝟐𝐭𝟐 + 𝟔𝟒𝐭+ 𝟒𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) (𝟑𝟔𝐭𝟓 + 𝟏𝟎𝟖𝐭𝟒 + 𝟑𝐭𝟑 + 𝟐𝟔𝐭𝟐 + 𝟐𝟐𝐭(𝐭 − 𝟐) + 𝟔(𝐭 − 𝟐)(𝐭 + 𝟐)) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (⦁⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (⦁⦁⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 

⇒∑
𝒈𝐛
𝒈𝒂

𝐜𝐲𝐜

≤
𝟑𝐑𝟐

𝟒𝐫𝟐
≤
𝐀−𝐆 𝐑𝟐

𝟒𝐫𝟐
(∑√

𝒈𝒂
𝒈𝐛

𝐜𝐲𝐜

) ∴
𝐑𝟐

𝟒𝐫𝟐
(∑√

𝒈𝒂
𝒈𝐛

𝐜𝐲𝐜

) ≥∑
𝒈𝐛
𝒈𝒂

𝐜𝐲𝐜

 

𝐖𝐞 𝐧𝐨𝐰 𝒔𝒉𝒂𝒍𝒍 𝐩𝐫𝐨𝐯𝐞 ∶ 𝒈𝒂 + 𝐡𝒂 > 𝐧𝒂 𝒊𝒏 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝒂 = 𝐦𝐢𝐧{𝒂,𝐛, 𝐜} 
𝐛 + 𝐜

𝒂
≥
𝐑

𝐫
=
𝒂𝐛𝐜𝐬

𝟒𝐅𝟐
=

𝟐𝒂𝐛𝐜

(𝐛 + 𝐜 − 𝒂)(𝐜 + 𝒂 − 𝐛)(𝒂 + 𝐛 − 𝐜)
 

⇔ (𝐛 + 𝐜)(𝒂 + 𝐛 − 𝐜). (𝐛 + 𝐜 − 𝒂)(𝐜 + 𝒂 − 𝐛) ≥ 𝟐𝒂𝟐𝐛𝐜 
⇔ (𝒂𝐛+ 𝐛𝟐 − 𝐛𝐜 + 𝐜𝒂 + 𝐛𝐜 − 𝐜𝟐)(𝐛𝐜 + 𝒂𝐛 − 𝐛𝟐 + 𝐜𝟐 + 𝐜𝒂 − 𝐛𝐜 − 𝐜𝒂 − 𝒂𝟐 + 𝒂𝐛) 

≥ 𝟐𝒂𝟐𝐛𝐜 

⇔ 𝟐𝒂𝟐𝐛𝟐 + 𝟐𝒂𝟐𝐛𝐜+ 𝟐𝒂𝐛(𝐛𝟐 − 𝐜𝟐) − (𝒂𝟐 + 𝐛𝟐 − 𝐜𝟐)(𝒂𝐛 + 𝒂𝐜 + 𝐛𝟐 − 𝐜𝟐) ≥ 𝟐𝒂𝟐𝐛𝐜 

⇔ 𝟐𝒂𝟐𝐛𝟐 − (𝒂𝟐 + 𝐛𝟐 − 𝐜𝟐)(𝒂𝐛 + 𝒂𝐜) + 𝟐𝒂𝐛(𝐛𝟐 − 𝐜𝟐) − 𝟐𝒂𝐛(𝐛𝟐 − 𝐜𝟐). 𝐜𝐨𝐬𝐂 ≥ 𝟎 

⇔ 𝟐𝒂𝟐𝐛𝟐 − 𝒂𝟐(𝒂𝐛 + 𝒂𝐜) − (𝐛𝟐 − 𝐜𝟐)(𝒂𝐛 + 𝒂𝐜) + 𝟐𝒂𝐛(𝐛𝟐 − 𝐜𝟐). 𝟐 𝐬𝐢𝐧𝟐
𝐂

𝟐
≥ 𝟎 

⇔ 𝒂𝟐(𝟐𝐛𝟐 − 𝒂𝐛 − 𝒂𝐜) − (𝐛𝟐 − 𝐜𝟐)(𝒂𝐛 + 𝒂𝐜) + (𝐛𝟐 − 𝐜𝟐)(𝐜𝟐 − (𝒂 − 𝐛)𝟐) ≥ 𝟎 

⇔ 𝒂𝟐(𝟐𝐛𝟐 − 𝒂𝐛− 𝒂𝐜) + (𝐛𝟐 − 𝐜𝟐)(𝐜𝟐 − 𝒂𝟐 − 𝐛𝟐 + 𝟐𝒂𝐛− 𝒂𝐛 − 𝒂𝐜) ≥ 𝟎 

⇔ ((𝒂𝟐 − 𝐛𝟐 + 𝐜𝟐) + (𝐛𝟐 − 𝐜𝟐)) (𝟐𝐛𝟐 − 𝒂𝐛− 𝒂𝐜) 

+(𝐛𝟐 − 𝐜𝟐)(𝐜𝟐 − 𝒂𝟐 − 𝐛𝟐 + 𝒂𝐛− 𝒂𝐜) ≥ 𝟎 

⇔ (𝐜𝟐 + 𝒂𝟐 − 𝐛𝟐)(𝟐𝐛𝟐 − 𝒂𝐛− 𝒂𝐜) + (𝐛𝟐 − 𝐜𝟐)(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐 − 𝟐𝒂𝐜) ≥ 𝟎 

⇔ (𝐛𝟐 − 𝐜𝟐)(𝐛𝟐 + 𝐜𝟐 − 𝟐𝒂𝐜) − (𝐛𝟐 − 𝐜𝟐)(𝟐𝐛𝟐 − 𝒂𝐛− 𝒂𝐜) 

+𝒂𝟐(𝟐𝐛𝟐 − 𝒂𝐛− 𝒂𝐜) − 𝒂𝟐(𝐛𝟐 − 𝐜𝟐) ≥ 𝟎 

⇔ (𝐛𝟐 − 𝐜𝟐) ((𝐜𝟐 − 𝐜𝒂) − (𝐛𝟐 − 𝒂𝐛))+ 𝒂𝟐 ((𝐜𝟐 − 𝐜𝒂) + (𝐛𝟐 − 𝒂𝐛)) ≥ 𝟎 

⇔ (𝐜𝟐 − 𝐜𝒂)(𝐛𝟐 − 𝐜𝟐 + 𝒂𝟐) + (𝐛𝟐 − 𝒂𝐛)(𝒂𝟐 + 𝐜𝟐 − 𝐛𝟐) ≥ 𝟎 

⇔ 𝐜(𝐜 − 𝒂)(𝒂𝟐 + 𝐛𝟐 − 𝐜𝟐) + 𝐛(𝐛 − 𝒂)(𝐜𝟐 + 𝒂𝟐 − 𝐛𝟐) ≥ 𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ ∆ 𝐀𝐁𝐂 𝐛𝐞𝐢𝐧𝐠 𝒂𝐜𝐮𝐭𝐞 ⇒ (𝒂𝟐 + 𝐛𝟐 − 𝐜𝟐), (𝐜𝟐 + 𝒂𝟐 − 𝐛𝟐) > 0 𝑎𝐧𝐝  
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𝒂 = 𝐦𝐢𝐧{𝒂,𝐛, 𝐜} ⇒ (𝐜 − 𝒂), (𝐛 − 𝒂) ≥ 𝟎 ∴
𝐛 + 𝐜

𝒂
≥
𝐑

𝐫
 

∴
𝟒𝐑𝐜𝐨𝐬

𝐀
𝟐 𝐜𝐨𝐬

𝐁 − 𝐂
𝟐

𝟒𝐑𝐜𝐨𝐬
𝐀
𝟐 𝐬𝐢𝐧

𝐀
𝟐

≥
𝐑

𝟒𝐑𝐬𝐢𝐧
𝐀
𝟐 𝐬𝐢𝐧

𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐

 

⇒ 𝟐(𝐜𝐨𝐬
𝐁 − 𝐂

𝟐
− 𝐬𝐢𝐧

𝐀

𝟐
) 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
≥ 𝟏 ⇒ 𝟐𝐜𝐨𝐬𝟐

𝐁− 𝐂

𝟐
− 𝟐𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
𝐬𝐢𝐧

𝐀

𝟐
− 𝟏 ≥

(∎)

𝟎 

𝐖𝐞 𝐡𝒂𝐯𝐞 𝐧𝒂 + 𝐫𝒂 ≤
𝐂𝐁𝐒

√𝟐(𝐧𝒂
𝟐 + 𝐫𝒂

𝟐) =
𝐯𝐢𝒂 (∗)

√𝟐(𝐬𝟐 − 𝟐𝐫𝒂𝐡𝒂 + 𝐫𝒂
𝟐) ≤

?
𝟐𝐡𝒂 

⇔ 𝐬𝟐 − 𝟐𝐫𝒂𝐡𝒂 + 𝐬
𝟐 𝐭𝒂𝐧𝟐

𝐀

𝟐
≤
?
𝟐𝐡𝒂

𝟐 

⇔
𝟖𝐬𝟐. 𝟏𝟔𝐑𝟐𝐬𝐢𝐧𝟐

𝐀
𝟐
𝐬𝐢𝐧𝟐

𝐁
𝟐
𝐬𝐢𝐧𝟐

𝐂
𝟐

𝟏𝟔𝐑𝟐𝐬𝐢𝐧𝟐
𝐀
𝟐 𝐜𝐨𝐬

𝟐 𝐀
𝟐

+
𝟒. 𝟒𝐑𝐬𝐢𝐧

𝐀
𝟐
𝐬𝐢𝐧

𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐
𝐬. 𝐬 𝐭𝒂𝐧

𝐀
𝟐

𝟒𝐑𝐜𝐨𝐬𝟐
𝐀
𝟐 𝐭𝒂𝐧

𝐀
𝟐

≥
?
𝐬𝟐𝐬𝐞𝐜𝟐

𝐀

𝟐
 

⇔ 𝟖𝐬𝐢𝐧𝟐
𝐁

𝟐
𝐬𝐢𝐧𝟐

𝐂

𝟐
+ 𝟒𝐬𝐢𝐧

𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
≥
?
𝟏 

⇔ 𝟐(𝐜𝐨𝐬
𝐁 − 𝐂

𝟐
− 𝐬𝐢𝐧

𝐀

𝟐
)
𝟐

+ 𝟐𝐬𝐢𝐧
𝐀

𝟐
(𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝐬𝐢𝐧

𝐀

𝟐
) ≥
?
𝟏 

(∵ 𝟐 𝐬𝐢𝐧
𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
= 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
= 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
− 𝐬𝐢𝐧

𝐀

𝟐
) 

⇔ 𝟐(𝐜𝐨𝐬𝟐
𝐁 − 𝐂

𝟐
+ 𝐬𝐢𝐧𝟐

𝐀

𝟐
− 𝟐𝐬𝐢𝐧

𝐀

𝟐
. 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
) + 𝟐 𝐬𝐢𝐧

𝐀

𝟐
. 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
 

−𝟐𝐬𝐢𝐧𝟐
𝐀

𝟐
− 𝟏 ≥

?
𝟎 ⇔ 𝟐𝐜𝐨𝐬𝟐

𝐁− 𝐂

𝟐
− 𝟐𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
𝐬𝐢𝐧

𝐀

𝟐
− 𝟏 ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 (∎) 

∴ 𝐧𝒂 + 𝐫𝒂 ≤ 𝟐𝐡𝒂 ≤ 𝐡𝒂 +𝒈𝒂 ⇒ 𝒈𝒂 + 𝐡𝒂 ≥ 𝐧𝒂 + 𝐫𝒂 > 𝐧𝒂 

∴ 𝐢𝐧 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝒂 = 𝐦𝐢𝐧{𝒂,𝐛, 𝐜}, 𝐡𝐨𝒍𝐝𝐬 ∶ 𝒈𝒂 + 𝐡𝒂 > 𝐧𝒂  (𝐐𝐄𝐃) 

 

1424. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧 ∈ ℕ, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 + 𝐰𝐜)
𝟐 +

𝐰𝐛
𝐧(𝐰𝐛

𝟐 + 𝐰𝐜𝐰𝒂)

(𝐰𝐜 + 𝐰𝒂)
𝟐 +

𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 + 𝐰𝐛)
𝟐 ≥

𝟑𝐧+𝟏. 𝐫𝐧

𝟐
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒ 𝐰𝒂
𝒙 ≤ 𝐰𝐛

𝒙 ≤ 𝐰𝐜
𝒙 𝒂𝐧𝐝  

𝐰𝒂
𝟐

(𝐰𝐛 +𝐰𝐜)𝟐
≤

𝐰𝐛
𝟐

(𝐰𝐜 +𝐰𝒂)𝟐
≤

𝐰𝐜
𝟐

(𝐰𝒂 +𝐰𝐛)𝟐
 𝒂𝐧𝐝 

𝟏

(𝐰𝐛 +𝐰𝐜)𝟐
≤

𝟏

(𝐰𝐜 +𝐰𝒂)𝟐
≤

𝟏

(𝐰𝒂 +𝐰𝐛)𝟐
 𝐰𝐡𝐞𝐫𝐞 𝒙 > 0 → (𝟏) 

𝐰𝒂𝐰𝐛𝐰𝐜 ≥ 𝐡𝒂𝐡𝐛𝐡𝐜 =
𝟐𝐫𝟐𝐬𝟐

𝐑
≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝐫𝟐(𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑 − 𝟐𝐫))

𝐑
≥

𝐄𝐮𝐥𝐞𝐫 𝐫𝟐(𝟐𝟕𝐑𝐫)

𝐑
 

∴ 𝐰𝒂𝐰𝐛𝐰𝐜 ≥ 𝟐𝟕𝐫
𝟑 → (𝟐) 
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∑𝐰𝒂
𝐜𝐲𝐜

≥∑𝐡𝒂
𝐜𝐲𝐜

= 𝟐𝐫𝐬∑
𝟏

𝒂
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟐𝐫𝐬.𝟗

𝟐𝐬
∴∑𝐰𝒂
𝐜𝐲𝐜

≥ 𝟗𝐫 → (𝟑) 

𝐂𝒂𝐬𝐞 𝟏  𝐧 = 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧,
𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)
𝟐

+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)
𝟐

+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)
𝟐

 

=∑
𝐰𝒂(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)
𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆

∑
𝟐𝐰𝒂

𝟐. √𝐰𝐛𝐰𝐜
(𝐰𝐛 +𝐰𝐜)

𝟐
𝐜𝐲𝐜

= 𝟐∑
(

𝐰𝒂
𝐰𝐛 +𝐰𝐜

)
𝟐

𝟏

√𝐰𝐛𝐰𝐜
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝟐(∑
𝐰𝒂

𝐰𝐛 +𝐰𝐜
𝐜𝐲𝐜 )

𝟐

∑
𝟏

√𝐰𝐛𝐰𝐜
𝐜𝐲𝐜

≥

𝐍𝐞𝐬𝐛𝐢𝐭𝐭
𝒂𝐧𝐝
𝐂𝐁𝐒

𝟐.𝟗
𝟒

√∑
𝟏
𝐰𝐛

𝐜𝐲𝐜 . √∑
𝟏
𝐰𝐜

𝐜𝐲𝐜

≥
𝐰𝒂 ≥ 𝐡𝒂  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

𝟗
𝟐

∑
𝟏
𝐡𝒂

𝐜𝐲𝐜

=
𝟗𝐫

𝟐
 

∴
𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)𝟐
+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)𝟐
≥
𝟑𝐧+𝟏. 𝐫𝐧

𝟐
 

𝐂𝒂𝐬𝐞 𝟐  𝐧 = 𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧,
𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)
𝟐

+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)
𝟐

+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)
𝟐

 

=∑
𝐰𝒂
𝟐(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)
𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆

∑
𝟐𝐰𝒂

𝟑. √𝐰𝐛𝐰𝐜
(𝐰𝐛 +𝐰𝐜)

𝟐
𝐜𝐲𝐜

≥
𝐆−𝐇

∑
𝟒𝐰𝒂

𝟑𝐰𝐛𝐰𝐜
(𝐰𝐛 +𝐰𝐜)

𝟑
𝐜𝐲𝐜

= 𝟒∑
(

𝐰𝒂
𝐰𝐛 +𝐰𝐜

)
𝟑

𝟏
𝐰𝐛𝐰𝐜

𝐜𝐲𝐜

 

≥
𝐇𝐨𝐥𝐝𝐞𝐫 𝟒(∑

𝐰𝒂
𝐰𝐛 +𝐰𝐜

𝐜𝐲𝐜 )
𝟑

𝟑∑
𝟏

𝐰𝐛𝐰𝐜
𝐜𝐲𝐜

≥
𝐍𝐞𝐬𝐛𝐢𝐭𝐭

𝟒.𝟐𝟕
𝟖 .𝐰𝒂𝐰𝐛𝐰𝐜

𝟑∑ 𝐰𝒂𝐜𝐲𝐜
≥
𝟗.

𝟏𝟔𝐑𝐫𝟐𝐬𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐

𝟐. √𝟑𝐬
≥
? 𝟐𝟕𝐫𝟐

𝟐
 

⇔ 𝟐𝟓𝟔𝐑𝟐𝐬𝟐 ≥
?
⏟
(∗)

𝟐𝟕(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
𝟐
 𝒂𝐧𝐝 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟐𝟓𝟔.𝟒𝐬𝟒

𝟐𝟕
 

≥
?
𝟐𝟕(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)

𝟐
⇔ 𝟑𝟐𝐬𝟐 ≥

?
𝟐𝟕(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) ⇔ 𝟓𝐬𝟐 ≥

?
𝟐𝟕(𝟐𝐑𝐫 + 𝐫𝟐) 

𝒂𝐧𝐝 𝟓𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟓

𝟐
(𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑− 𝟐𝐫)) ≥

𝐄𝐮𝐥𝐞𝐫 𝟓

𝟐
(𝟐𝟕𝐑𝐫) ≥

?
𝟐𝟕(𝟐𝐑𝐫 + 𝐫𝟐) ⇔ 𝐑 ≥

?
𝟐𝐫 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ∴∑
𝐰𝒂
𝟐(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
𝐜𝐲𝐜

≥
𝟐𝟕𝐫𝟐

𝟐
 

∴
𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)𝟐
+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)𝟐
≥
𝟑𝐧+𝟏. 𝐫𝐧

𝟐
 

𝐂𝒂𝐬𝐞 𝟑  𝐧 = 𝟑 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧,
𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)𝟐
+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)𝟐
 

 

=∑
𝐰𝒂
𝟑(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
𝐜𝐲𝐜

≥
𝐀−𝐆 𝟐𝐰𝒂

𝟒. √𝐰𝐛𝐰𝐜
(𝐰𝐛 +𝐰𝐜)𝟐

≥
𝐆−𝐇

∑
𝟒𝐰𝒂

𝟒𝐰𝐛𝐰𝐜
(𝐰𝐛 +𝐰𝐜)𝟑

𝐜𝐲𝐜

 

= 𝟒𝐰𝒂𝐰𝐛𝐰𝐜∑(
𝐰𝒂

𝐰𝐛 + 𝐰𝐜
)
𝟑

𝐜𝐲𝐜

≥
𝐇𝐨𝐥𝐝𝐞𝐫 𝟒

𝟗
.𝐰𝒂𝐰𝐛𝐰𝐜 . (∑

𝐰𝒂
𝐰𝐛 +𝐰𝐜

𝐜𝐲𝐜

)

𝟑

≥

𝐍𝐞𝐬𝐛𝐢𝐭𝐭
𝒂𝐧𝐝
(𝟐) 𝟒

𝟗
. 𝟐𝟕𝐫𝟑.

. 𝟐𝟕

𝟖
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=
𝟖𝟏𝐫𝟑

𝟐
∴
𝐰𝒂
𝐧(𝐰𝒂

𝟐 + 𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)
𝟐

+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)
𝟐

+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)
𝟐

≥
𝟑𝐧+𝟏. 𝐫𝐧

𝟐
 

𝐂𝒂𝐬𝐞 𝟒  𝐧 ∈ ℕ − {𝟏,𝟐, 𝟑} 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧,
𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)
𝟐

+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)
𝟐

 

+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)𝟐
=∑(𝐰𝒂

𝐧. (
𝐰𝒂

𝐰𝐛 +𝐰𝐜
)
𝟐

)

𝐜𝐲𝐜

+𝐰𝒂𝐰𝐛𝐰𝐜 .∑
𝐰𝒂
𝐧−𝟏

(𝐰𝐛 +𝐰𝐜)𝟐
𝐜𝐲𝐜

 

≥

𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯,𝐯𝐢𝒂 (𝟏)

𝒂𝐧𝐝
(𝟐) 𝟏

𝟑
(∑𝐰𝒂

𝐧

𝐜𝐲𝐜

)(∑(
𝐰𝒂

𝐰𝐛 +𝐰𝐜
)
𝟐

𝐜𝐲𝐜

) 

+𝟗𝐫𝟑. (∑𝐰𝒂
𝐧−𝟏

𝐜𝐲𝐜

)(∑
𝟏𝟑

(𝐰𝐛 +𝐰𝐜)𝟐
𝐜𝐲𝐜

) ≥

𝐑𝐞𝐩𝐞𝒂𝐭𝐞𝐝 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯
𝒂𝐧𝐝
𝐑𝒂𝐝𝐨𝐧 𝟏

𝟑. 𝟑. 𝟑𝐧−𝟏
(∑𝐰𝒂
𝐜𝐲𝐜

)

𝐧

(∑
𝐰𝒂

𝐰𝐛 +𝐰𝐜
𝐜𝐲𝐜

)

𝟐

 

+
𝟗𝐫𝟑

𝟑𝐧−𝟐
(∑𝐰𝒂
𝐜𝐲𝐜

)

𝐧−𝟏

.
𝟐𝟕

𝟒(∑ 𝐰𝒂𝐜𝐲𝐜 )
𝟐 ≥
𝐍𝐞𝐬𝐛𝐢𝐭𝐭 𝟏

𝟑𝐧+𝟏
.
𝟗

𝟒
. (∑𝐰𝒂

𝐜𝐲𝐜

)

𝐧

 

+
𝟑𝟓𝐫𝟑

𝟒. 𝟑𝐧−𝟐
. (∑𝐰𝒂

𝐜𝐲𝐜

)

𝐧−𝟑

≥
𝐯𝐢𝒂 (𝟑) 𝟏

𝟑𝐧+𝟏
.
𝟗

𝟒
. 𝟑𝟐𝐧. 𝐫𝐧 +

𝟑𝟓𝐫𝟑

𝟒.𝟑𝐧−𝟐
. 𝟑𝟐𝐧−𝟔. 𝐫𝐧−𝟑 

=
𝟑𝐧+𝟏. 𝐫𝐧

𝟒
+
𝟑𝐧+𝟏. 𝐫𝐧

𝟒
∴∑

𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
𝐜𝐲𝐜

≥
𝟑𝐧+𝟏. 𝐫𝐧

𝟐
 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧 ∈ ℕ, 
𝐰𝒂
𝐧(𝐰𝒂

𝟐 +𝐰𝐛𝐰𝐜)

(𝐰𝐛 +𝐰𝐜)𝟐
+
𝐰𝐛
𝐧(𝐰𝐛

𝟐 +𝐰𝐜𝐰𝒂)

(𝐰𝐜 +𝐰𝒂)𝟐
+
𝐰𝐜
𝐧(𝐰𝐜

𝟐 +𝐰𝒂𝐰𝐛)

(𝐰𝒂 +𝐰𝐛)𝟐
≥
𝟑𝐧+𝟏. 𝐫𝐧

𝟐
, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐖𝐞 𝐡𝐚𝐯𝐞: 

  
𝒘𝒂

𝒏(𝒘𝒂
𝟐 + 𝒘𝒃𝒘𝒄)

(𝒘𝒃 +𝒘𝒄)𝟐
=

𝒘𝒂
𝒏

(𝒘𝒃 +𝒘𝒄)𝟐
(𝒘𝒂 − 𝒘𝒃)(𝒘𝒂 −𝒘𝒄) +

𝒘𝒂
𝒏+𝟏

𝒘𝒃 +𝒘𝒄
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐖𝐋𝐎𝐆,𝐰𝐞 𝐦𝐚𝐲 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒘𝒂 ≥ 𝒘𝒃 ≥ 𝒘𝒄 .   

𝐖𝐞 𝐡𝐚𝐯𝐞  
𝒘𝒂

𝒏

(𝒘𝒃 + 𝒘𝒄)𝟐
≥

𝒘𝒃
𝒏

(𝒘𝒄 +𝒘𝒂)𝟐
≥

𝒘𝒄
𝒏

(𝒘𝒂 + 𝒘𝒃)𝟐
, 

𝐭𝐡𝐞𝐧 𝐛𝐲 𝐭𝐡𝐞 𝐆𝐞𝐧𝐞𝐫𝐚𝐥𝐢𝐳𝐞𝐝 𝐒𝐜𝐡𝐮𝐫 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒘𝒂

𝒏

(𝒘𝒃 +𝒘𝒄)𝟐
(𝒘𝒂 − 𝒘𝒃)(𝒘𝒂 −𝒘𝒄)

𝒄𝒚𝒄

≥ 𝟎. 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

∑
𝒘𝒂

𝒏(𝒘𝒂
𝟐 +𝒘𝒃𝒘𝒄)

(𝒘𝒃 + 𝒘𝒄)𝟐
𝒄𝒚𝒄

≥∑
𝒘𝒂

𝒏+𝟏

𝒘𝒃 +𝒘𝒄
𝒄𝒚𝒄

 ≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 
(𝒘𝒂 + 𝒘𝒃 +𝒘𝒄)

𝒏+𝟏

𝟑𝒏−𝟏. 𝟐(𝒘𝒂 + 𝒘𝒃 +𝒘𝒄)
≥
(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄)

𝟐

𝟔
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      ≥⏞
𝑨𝑴−𝑯𝑴

 
𝟏

𝟔
(

𝟗

𝟏
𝒉𝒂
+
𝟏
𝒉𝒃
+
𝟏
𝒉𝒄

)

𝟐

=
(𝟗𝒓)𝟐

𝟔
=
𝟐𝟕𝒓𝟐

𝟐
. 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 ∆𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥.  
1425. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐦, 𝐧 ∈ ℕ 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 ∶ 𝐧 ≥ 𝐦 − 𝟐, 

𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐦

+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)
𝐦

+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)
𝐦

≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∀ 𝒙, 𝐲, 𝐳 > 0,∑
𝒙𝟑 + 𝒙𝐲𝐳

(𝐲 + 𝐳)𝟑
𝐜𝐲𝐜

≥
(◆) 𝟑

𝟒
 

∑
𝒙𝟑 + 𝒙𝐲𝐳

(𝐲 + 𝐳)𝟑
𝐜𝐲𝐜

=∑
𝒙𝟑

(𝐲 + 𝐳)𝟑
𝐜𝐲𝐜

+ 𝒙𝐲𝐳∑
𝟏𝟒

(𝐲 + 𝐳)𝟑
𝐜𝐲𝐜

≥

𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯
𝒂𝐧𝐝
𝐑𝒂𝐝𝐨𝐧

 

𝟏

𝟑
(∑

𝒙

𝐲 + 𝐳
𝐜𝐲𝐜

)(∑
𝒙𝟐

(𝐲 + 𝐳)𝟐
𝐜𝐲𝐜

)+
𝟖𝟏𝒙𝐲𝐳

𝟖(∑ 𝒙𝐜𝐲𝐜 )
𝟑 ≥
𝐍𝐞𝐬𝐛𝐢𝐭𝐭 𝟏

𝟑
.
𝟑

𝟐
.∑

𝒙𝟒

𝒙𝟐𝐲𝟐 + 𝒙𝟐𝐳𝟐 + 𝟐𝒙𝟐𝐲𝐳
𝐜𝐲𝐜

 

+
𝟖𝟏𝒙𝐲𝐳

𝟖(∑ 𝒙𝐜𝐲𝐜 )
𝟑 ≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝒙𝟐𝐜𝐲𝐜 )

𝟐

𝟒(∑ 𝒙𝟐𝐲𝟐𝐜𝐲𝐜 + 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜 )
+

𝟖𝟏𝒙𝐲𝐳

𝟖(∑ 𝒙𝐜𝐲𝐜 )
𝟑 ≥
? 𝟑

𝟒
 

⇔
(∑ 𝒙𝟐𝐜𝐲𝐜 )

𝟐

∑ 𝒙𝟐𝐲𝟐𝐜𝐲𝐜 + 𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜
+

𝟖𝟏𝒙𝐲𝐳

𝟐(∑ 𝒙𝐜𝐲𝐜 )
𝟑 ≥

?
⏟
(∎)

𝟑  

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗+ 𝐘− 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 
> 𝟎 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑿,𝒁 + 𝑿 > 𝑌 ⇒ 𝑋, 𝑌, 𝑍  

𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 → (𝟏) 

⇒ 𝒙 = 𝐬− 𝐗, 𝐲 = 𝐬 − 𝐘, 𝐳 = 𝐬 − 𝐙 ⇒ 𝒙𝐲𝐳 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨, 𝐬𝐮𝐜𝐡 

𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝐗)(𝐬 − 𝐘)

𝐜𝐲𝐜

⇒∑𝒙𝐲

𝐜𝐲𝐜

= 𝟒𝐑𝐫+ 𝐫𝟐 → (𝟑) 𝒂𝐧𝐝 

∑𝒙𝟐

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟑)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 

⇒∑𝒙𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒) 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨,∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜
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=
𝐯𝐢𝒂 (𝟏),(𝟐) 𝒂𝐧𝐝 (𝟑)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 ∴ ∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟓) 

∴ 𝐯𝐢𝒂 (𝟏), (𝟐), (𝟒), (𝟓), (∎) ⇔
(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝟐

𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝐫𝟐𝐬. 𝐬
+
𝟖𝟏𝐫𝟐𝐬

𝟐𝐬𝟑
≥ 𝟑 

⇔ 𝟐𝐬𝟔 − (𝟑𝟐𝐑𝐫 + 𝟐𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟑𝟐𝐑𝟐 + 𝟏𝟔𝐑𝐫 − 𝟕𝟗𝐫𝟐) 

+𝐫𝟒(𝟏𝟐𝟗𝟔𝐑𝟐 + 𝟔𝟒𝟖𝐑𝐫 + 𝟖𝟏𝐫𝟐) ≥
(∎∎)

𝟎 𝒂𝐧𝐝 ∵ 𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∎∎), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∎∎) 

≥ 𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑
⇔ (𝟔𝟒𝐑𝐫 − 𝟑𝟐𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟏𝟓𝟎𝟒𝐑𝟐 − 𝟗𝟕𝟔𝐑𝐫 + 𝟐𝟐𝟗𝐫𝟐) 

+𝐫𝟑(𝟖𝟏𝟗𝟐𝐑𝟑 − 𝟔𝟑𝟖𝟒𝐑𝟐𝐫 + 𝟑𝟎𝟒𝟖𝐑𝐫𝟐 − 𝟏𝟔𝟗𝐫𝟑) ≥
(∎∎∎)

𝟎 𝒂𝐧𝐝 

∵ (𝟔𝟒𝐑𝐫 − 𝟑𝟐𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎, ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∎∎∎), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∎∎∎) ≥ (𝟔𝟒𝐑𝐫 − 𝟑𝟐𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟓𝟒𝟒𝐑𝟐 − 𝟔𝟖𝟖𝐑𝐫 + 𝟗𝟏𝐫𝟐)𝐬𝟐 ≥ 𝐫(𝟖𝟏𝟗𝟐𝐑𝟑 − 𝟏𝟐𝟎𝟒𝟖𝐑𝟐𝐫 + 𝟑𝟔𝟕𝟐𝐑𝐫𝟐 − 𝟔𝟑𝟏𝐫𝟑) 

⇔ 𝟔𝟒𝐭𝟑 − 𝟐𝟏𝟎𝐭𝟐 + 𝟏𝟓𝟑𝐭 + 𝟐𝟐 ≥ 𝟎 (𝐭 =
𝐑

𝐫
) ⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟔𝟒𝐭 + 𝟒𝟔) + 𝟖𝟏) 

≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∎∎∎) ⇒ (∎∎) ⇒ (∎) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∑
𝒙𝟑 + 𝒙𝐲𝐳

(𝐲 + 𝐳)𝟑
𝐜𝐲𝐜

≥
𝟑

𝟒
 ∀ 𝒙, 𝐲, 𝐳 > 0 

𝐂𝒂𝐬𝐞 𝟏  𝐧 − 𝐦 = −𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐦

+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)
𝐦

+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)
𝐦

 

≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
⇔ ∑

𝐫𝒂
𝐦−𝟐(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐦
𝐜𝐲𝐜

≥
(∗) 𝟑

𝟐𝐦−𝟏
 

𝐍𝐨𝐰, 𝐧 −𝐦 = −𝟐 ⇒ 𝐦− 𝟐 = 𝐧 ≥ 𝟏 ⇒ 𝐦− 𝟑 ≥ 𝟎 ∴∑
𝐫𝒂
𝐦−𝟐(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐦
𝐜𝐲𝐜

 

=∑((
𝐫𝒂

𝐫𝐛 + 𝐫𝐜
)
𝐦−𝟑

. (
𝐫𝒂
𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜
(𝐫𝐛 + 𝐫𝐜)𝟑

))

𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯

(∑(
𝐫𝒂

𝐫𝐛 + 𝐫𝐜
)
𝐦−𝟑

𝐜𝐲𝐜

)(∑
𝐫𝒂
𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜
(𝐫𝐛 + 𝐫𝐜)𝟑

𝐜𝐲𝐜

) 

(

 
 
 
 

∵ 𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒ (
𝐫𝒂

𝐫𝐛 + 𝐫𝐜
)
𝐦−𝟑

≥ (
𝐫𝐛

𝐫𝐜 + 𝐫𝒂
)
𝐦−𝟑

(
𝐫𝐜

𝐫𝒂 + 𝐫𝐛
)
𝐦−𝟑

𝒂𝐧𝐝 

𝐫𝒂
𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜 ≥ 𝐫𝐛

𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜 ≥ 𝐫𝐜
𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜 𝒂𝒍𝐨𝐧𝐠𝐰𝐢𝐭𝐡 

𝟏

(𝐫𝐛 + 𝐫𝐜)𝟑
≥

𝟏

(𝐫𝐜 + 𝐫𝒂)𝟑
≥

𝟏

(𝐫𝒂 + 𝐫𝐛)𝟑

⇒
𝐫𝒂
𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜
(𝐫𝐛 + 𝐫𝐜)𝟑

≥
𝐫𝐛
𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜
(𝐫𝐜 + 𝐫𝒂)𝟑

≥
𝐫𝐜
𝟑 + 𝐫𝒂𝐫𝐛𝐫𝐜
(𝐫𝒂 + 𝐫𝐛)𝟑 )

 
 
 
 

 

≥

𝐑𝐞𝐩𝐞𝒂𝐭𝐞𝐝 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯
𝒂𝐧𝐝

𝐯𝐢𝒂 (◆) 𝟏

𝟑
.
𝟏

𝟑𝐦−𝟒
. (∑

𝐫𝒂
𝐫𝐛 + 𝐫𝐜

𝐜𝐲𝐜

)

𝐦−𝟑

.
𝟑

𝟒
≥

𝐍𝐞𝐬𝐛𝐢𝐭𝐭 𝟏

𝟒. 𝟑𝐦−𝟒
.
𝟑𝐦−𝟑

𝟐𝐦−𝟑
=

𝟑

𝟐𝐦−𝟏
 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐦
+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)𝐦
+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)𝐦
≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
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𝐂𝒂𝐬𝐞 𝟐  𝐧 − 𝐦 = −𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐦

+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)
𝐦

+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)
𝐦

 

≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
⇔ ∑

𝐫𝒂
𝐦−𝟏(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐦

𝐜𝐲𝐜

≥
(∗∗) 𝟗𝐫

𝟐𝐦−𝟏
 

𝐍𝐨𝐰,∑
𝐫𝒂
𝐦−𝟏(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐦

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟐∑
𝐫𝒂
𝐦. √𝐫𝐛𝐫𝐜
(𝐫𝐛 + 𝐫𝐜)

𝐦
𝐜𝐲𝐜

= 𝟐∑
(

𝐫𝒂
𝐫𝐛 + 𝐫𝐜

)
𝐦

𝟏

√𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

≥
𝐇𝐨𝐥𝐝𝐞𝐫

 

𝟐.
(∑

𝐫𝒂
𝐫𝐛 + 𝐫𝐜𝐜𝐲𝐜 )

𝐦

𝟑𝐦−𝟐. ∑
𝟏

√𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

≥

𝐍𝐞𝐬𝐛𝐢𝐭𝐭
𝒂𝐧𝐝
𝐂𝐁𝐒 𝟐

𝟑𝐦−𝟐
.
𝟑𝐦

𝟐𝐦
.

𝟏

√∑
𝟏
𝐫𝒂𝐜𝐲𝐜 . √∑

𝟏
𝐫𝒂𝐜𝐲𝐜

=
𝟗𝐫

𝟐𝐦−𝟏
⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐦
+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)𝐦
+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)𝐦
≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
 

𝐂𝒂𝐬𝐞 𝟑  𝐧 − 𝐦 = 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐦

+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)
𝐦

+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)
𝐦

 

≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
⇔ ∑

𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐧
𝐜𝐲𝐜

≥
(∗∗) 𝟐𝟕𝐫𝟐

𝟐𝐧−𝟏
 

𝐍𝐨𝐰,∑
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐧

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟐∑
𝐫𝒂
𝐧+𝟏. √𝐫𝐛𝐫𝐜
(𝐫𝐛 + 𝐫𝐜)

𝐧
𝐜𝐲𝐜

≥
𝐆−𝐇

𝟒𝐫𝒂𝐫𝐛𝐫𝐜∑((
𝐫𝒂

𝐫𝐛 + 𝐫𝐜
)
𝐧

.
𝟏

𝐫𝐛 + 𝐫𝐜
)

𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯

 

𝟒𝐫𝐬𝟐

𝟑
(∑(

𝐫𝒂
𝐫𝐛 + 𝐫𝐜

)
𝐧

𝐜𝐲𝐜

)(∑
𝟏

𝐫𝐛 + 𝐫𝐜
𝐜𝐲𝐜

) ≥

𝐑𝐞𝐩𝐞𝒂𝐭𝐞𝐝 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯
𝒂𝐧𝐝

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟒𝐫𝐬𝟐

𝟑.𝟑𝐧−𝟏
. (∑

𝐫𝒂
𝐫𝐛 + 𝐫𝐜

𝐜𝐲𝐜

)

𝐧

.
𝟗

𝟐(𝟒𝐑 + 𝐫)
 

≥
𝐍𝐞𝐬𝐛𝐢𝐭𝐭 𝟐𝐫𝐬𝟐

𝟑𝐧
.
𝟑𝐧

𝟐𝐧
.

𝟗

𝟒𝐑+ 𝐫
≥
? 𝟐𝟕𝐫𝟐

𝟐𝐧−𝟏
⇔ 𝐬𝟐 ≥

?
𝟑𝐫(𝟒𝐑 + 𝐫) → 𝐭𝐫𝐮𝐞 

∵ 𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟑𝐫(𝟒𝐑 + 𝐫) + 𝟒𝐫(𝐑− 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟑𝐫(𝟒𝐑 + 𝐫) 

⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐦
+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)𝐦
+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)𝐦
≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
 

𝐂𝒂𝐬𝐞 𝟒  𝐧 − 𝐦 ≥ 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐦
+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)𝐦
+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)𝐦
 

≥
𝐀−𝐆

𝟐∑
𝐫𝒂
𝐧+𝟏. √𝐫𝐛𝐫𝐜
(𝐫𝐛 + 𝐫𝐜)𝐦

𝐜𝐲𝐜

≥
𝐆−𝐇

𝟒𝐫𝒂𝐫𝐛𝐫𝐜.∑
𝐫𝒂
𝐧

(𝐫𝐛 + 𝐫𝐜)𝐦+𝟏
𝐜𝐲𝐜

 

= 𝟒𝐫𝐬𝟐.∑((
𝐫𝒂

𝐫𝐛 + 𝐫𝐜
)
𝐦+𝟏

. 𝐫𝒂
𝐧−𝐦−𝟏)

𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟒𝐫𝐬𝟐

𝟑
(∑(

𝐫𝒂
𝐫𝐛 + 𝐫𝐜

)
𝐦+𝟏

𝐜𝐲𝐜

)(∑𝐫𝒂
𝐧−𝐦−𝟏

𝐜𝐲𝐜

) 

≥
𝐑𝐞𝐩𝐞𝒂𝐭𝐞𝐝 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟒𝐫𝐬𝟐

𝟑.𝟑𝐦
. (∑

𝐫𝒂
𝐫𝐛 + 𝐫𝐜

𝐜𝐲𝐜

)

𝐦+𝟏

.
𝟏

𝟑𝐧−𝐦−𝟐
. (∑𝐫𝒂

𝐜𝐲𝐜

)

𝐧−𝐦−𝟏

≥

𝐍𝐞𝐬𝐛𝐢𝐭𝐭
𝒂𝐧𝐝
𝐄𝐮𝐥𝐞𝐫

 



 
www.ssmrmh.ro 

47 RMM-GEOMETRY MARATHON 1401-1500 

 

𝟒𝐫𝐬𝟐

𝟑𝐦+𝟏
.
𝟑𝐦+𝟏

𝟐𝐦+𝟏
.

𝟏

𝟑𝐧−𝐦−𝟐
. (𝟗𝐫)𝐧−𝐦−𝟏 ≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟑𝟑. 𝐫𝟑. 𝐫𝐧−𝐦−𝟏

𝟐𝐦−𝟏
.

𝟏

𝟑𝐧−𝐦−𝟐
. 𝟑𝟐𝐧−𝟐𝐦−𝟐 

=
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
∴
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)
𝐦

+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)
𝐦

+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)
𝐦

 

≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐦,𝐧 ∈ ℕ 

𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 ∶ 𝐧 ≥ 𝐦− 𝟐,
𝐫𝒂
𝐧(𝐫𝒂

𝟐 + 𝐫𝐛𝐫𝐜)

(𝐫𝐛 + 𝐫𝐜)𝐦
+
𝐫𝐛
𝐧(𝐫𝐛

𝟐 + 𝐫𝐜𝐫𝒂)

(𝐫𝐜 + 𝐫𝒂)𝐦
+
𝐫𝐜
𝐧(𝐫𝐜

𝟐 + 𝐫𝒂𝐫𝐛)

(𝐫𝒂 + 𝐫𝐛)𝐦
 

≥
𝟑𝐧−𝐦+𝟑. 𝐫𝐧−𝐦+𝟐

𝟐𝐦−𝟏
,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1426. 
𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩𝐬 𝐡𝐨𝒍𝐝 ∶ 

𝐑

𝟐𝐫
(∑√

𝐛

𝒂
𝐜𝐲𝐜

) ≥∑√
𝒂

𝐛
𝐜𝐲𝐜

;
𝐑𝟐

𝟒𝐫𝟐
(∑√

𝐦𝒂

𝐦𝐛
𝐜𝐲𝐜

) ≥∑√
𝐰𝒂

𝐰𝐛
𝐜𝐲𝐜

;
𝐑

𝟐𝐫
∑(𝒈𝒂 + 𝐡𝒂)

𝐜𝐲𝐜

>∑𝐧𝒂
𝐜𝐲𝐜

 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Tapas Das-India 

𝒏𝒂
𝟐 = 𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
= 𝒔𝟐 −

𝒔[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒂
 

= 𝒔𝟐 −
𝟒𝒔(𝒔−𝒃)(𝒔−𝒄)

𝒂
= 𝒔𝟐 −

𝟒𝒔⋅𝒔𝒓𝟐

𝒂(𝒔−𝒂)
= 𝒔𝟐 − 𝟐𝒓𝒂𝒉𝒂   (1) 

also 𝟐𝒓𝒂(𝒏𝒂 + 𝒉𝒂) ≤ 𝒓𝒂
𝟐 + 𝒏𝒂

𝟐 + 𝟐𝒓𝒂𝒉𝒂 = 𝒓𝒂
𝟐 + 𝒔𝟐    (using (1)) 

(AM-GM) 

= 𝒔𝟐 (𝐭𝐚𝐧𝟐
𝑨

𝟐
+ 𝟏) =

𝒔𝟐

𝐜𝐨𝐬𝟐
𝑨
𝟐

=
𝒔 ⋅ 𝒃𝒄

𝒔 − 𝒂
=
𝒓𝒂
𝒓
⋅ 𝟐𝑹𝒉𝒂 

𝒏𝒂 + 𝒉𝒂 ≤ 𝑹 ⋅
𝒉𝒂

𝒓
 or 

𝒏𝒂

𝒉𝒂
≤
𝑹

𝒓
− 𝟏 

∴ 𝒏𝒂 ≤ (
𝑹

𝒓
− 𝟏)𝒉𝒂   (analog) 

∴ ∑𝒏𝒂 ≤ (
𝑹

𝒓
− 𝟏) (𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄) 

𝑹

𝟐𝒓
⋅∑(𝟗𝒂 + 𝒉𝒂) ≥

𝑹

𝟐𝒓
∑(𝒉𝒂 + 𝒉𝒂)     (∵ 𝒓𝒂 ≥ 𝒉𝒂) =

𝑹

𝒓
∑𝒉𝒂 

We need to show 

𝑹

𝒓
∑𝒉𝒂 ≥ (

𝑹

𝒓
− 𝟏) (𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄) or 

𝑹

𝒓
(∑𝒉𝒂) − (

𝑹

𝒓
− 𝟏)∑𝒉𝒂 ≥ 𝟎 

or ∑𝒉𝒂 ≥ 𝟎  (True) 
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1) √
𝒂

𝒃
≤
𝑪𝑩𝑺

√(∑𝒂) (∑
𝟏

𝒂
) ≤ √𝟐𝒔 ⋅

𝟗𝑹

𝟒𝑭
= √𝟐𝒔 ⋅

𝟗𝑹

𝟒𝒓𝒔
= √

𝟗𝑹

𝟐𝒓
= √

𝟗𝑹𝟐

𝟐𝒓⋅𝑹
≤

𝑬𝒖𝒍𝒆𝒓
√𝟗𝑹

𝟐

𝟗𝒓𝟐
=
𝟑𝑹

𝟐𝒓
 

Now 

𝑹

𝟐𝒓
∑√

𝒃

𝒂
≥
𝟑𝑹

𝟐𝒓
 

(AM-GM) 

Note √
𝒃

𝒂
≥ 𝟑 (AM-GM) 

𝑹

𝟐𝒓
∑√

𝒂

𝒃
≥∑√

𝒂

𝒃
 

Note: 
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
=
𝒂𝒃+𝒃𝒄+𝒄𝒂

𝒂𝒃𝒄
=
𝒔𝟐+𝒓𝟐+𝟒𝑹𝒓

𝟒𝑹𝑭
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟒𝑹𝟐+𝟖𝑹𝒓+𝟒𝒓𝟐

𝟒𝑹𝑭
=

(𝑹+𝒓)𝟐

𝑹𝑭
≤

𝑬𝒖𝒍𝒆𝒓 𝟗𝑹𝟐

𝟒𝑹𝑭
=

𝟗𝑹

𝟒𝑭
 

∑√
𝒘𝒂
𝒘𝒃

≤ √𝟑 (∑
𝒘𝒂
𝒘𝒃
) ≤ √

𝟑𝑹

𝟐𝒓
⋅ 𝟑 = √

𝟗𝑹

𝟐𝒓
= √

𝟗𝑹𝟐

𝟐𝑹 ⋅ 𝒓
≤

𝑬𝒖𝒍𝒆𝒓
√
𝟗𝑹𝟐

𝟒𝒓𝟐
=
𝟑𝑹

𝟐𝒓
 

Note: 

∑
𝒘𝒂
𝒘𝒃

≤ √(∑𝒘𝒂𝟐) (∑
𝟏

𝒘𝒃
𝟐) ≤ √∑(𝒔(𝒔 − 𝒂))∑

𝟏

𝒉𝒂𝟐
≤ √𝒔𝟐 ⋅

∑ 𝒂𝟐

𝟒𝒓𝟐𝒔𝟐
 

≤
𝑳𝒆𝒊𝒃𝒏𝒊𝒕𝒛

√
𝒔𝟐 ⋅ 𝟗𝑹𝟐

𝟗𝒓𝟐𝒔𝟐
=
𝟑𝑹

𝟐𝒓
 

We need to show 

𝑹𝟐

𝟒𝒓𝟐
∑(√

𝒎𝒂

𝒎𝒃
) ≥

𝟑𝑹

𝟐𝒓
 or 

𝑹𝟐

𝟒𝒓𝟐
× 𝟑 ≥

𝟑𝑹

𝟐𝒓
 

[Note: √
𝒎𝒂

𝒎𝒃
≥ 𝟑] (AM-GM) or 

𝑹𝟐

𝟒𝒓𝟐
≥

𝑹

𝟐𝒓
 

𝑹 ≥ 𝟐𝒓 (True) Euler 

∴
𝑹𝟐

𝟒𝒓𝟐
(∑√

𝒎𝒂

𝒎𝒃

) ≥
𝟑𝑹

𝟐𝒓
≥∑√

𝒘𝒂
𝒘𝒃
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Solution 2 by Soumava Chakraborty-Kolkata-India 
 

∑√
𝒂

𝐛
𝐜𝐲𝐜

≤
𝐀−𝐆

∑

𝒂
𝐛
+ 𝟏

𝟐
𝐜𝐲𝐜

=∑
𝒂+ 𝐛 + 𝐜

𝟐𝐛
𝐜𝐲𝐜

−
𝟏

𝟐
∑

𝐜

𝐛
𝐜𝐲𝐜

≤
𝐀−𝐆 𝟐𝐬

𝟐
.
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟒𝐑𝐫𝐬
−
𝟑

𝟐
 

≤
? 𝟑𝐑

𝟐𝐫
⇔
𝟑𝐑+ 𝟑𝐫

𝟐𝐫
≥
? 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟒𝐑𝐫
⇔ 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 ≤

?
𝟔𝐑𝟐 + 𝟔𝐑𝐫 

⇔ (𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫− 𝟑𝐫𝟐) − 𝟐(𝐑 + 𝐫)(𝐑 − 𝟐𝐫) ≤
?
𝟎 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝒂𝐧𝐝  

𝐄𝐮𝐥𝐞𝐫 ∴∑√
𝒂

𝐛
𝐜𝐲𝐜

≤
𝟑𝐑

𝟐𝐫
≤
𝐀−𝐆 𝐑

𝟐𝐫
(∑√

𝐛

𝒂
𝐜𝐲𝐜

) ∴
𝐑

𝟐𝐫
(∑√

𝐛

𝒂
𝐜𝐲𝐜

) ≥∑√
𝒂

𝐛
𝐜𝐲𝐜

 

∑√
𝐰𝒂
𝐰𝐛

𝐜𝐲𝐜

≤
𝐀−𝐆

∑

𝐰𝒂
𝐰𝐛

+ 𝟏

𝟐
𝐜𝐲𝐜

=∑
𝐰𝒂 +𝐰𝐛 +𝐰𝐜

𝟐𝐰𝐛
𝐜𝐲𝐜

−
𝟏

𝟐
∑

𝐰𝐜
𝐰𝐛

𝐜𝐲𝐜

≤
𝐀−𝐆 ∑ 𝐰𝒂𝐜𝐲𝐜

𝟐
.∑

𝟏

𝐰𝒂
𝐜𝐲𝐜

−
𝟑

𝟐
 

≤
∑ 𝐦𝒂𝐜𝐲𝐜

𝟐
.∑

𝟏

𝐡𝒂
𝐜𝐲𝐜

−
𝟑

𝟐
≤

𝐁𝒂𝐠𝐞𝐫 𝟒𝐑+ 𝐫

𝟐𝐫
−
𝟑

𝟐
≤
? 𝟑𝐑𝟐

𝟒𝐫𝟐
⇔
𝟑𝐑𝟐 + 𝟔𝐫𝟐

𝟒𝐫𝟐
≥
? 𝟒𝐑+ 𝐫

𝟐𝐫
 

⇔ 𝟑𝐑𝟐 − 𝟖𝐑𝐫+ 𝟒𝐫𝟐 ≥
?
𝟎 ⇔ (𝟑𝐑 − 𝟐𝐫)(𝐑 − 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 

∴∑√
𝐰𝒂
𝐰𝐛

𝐜𝐲𝐜

≤
𝟑𝐑𝟐

𝟒𝐫𝟐
≤
𝐀−𝐆 𝐑𝟐

𝟒𝐫𝟐
(∑√

𝐦𝒂

𝐦𝐛
𝐜𝐲𝐜

) ∴
𝐑𝟐

𝟒𝐫𝟐
(∑√

𝐦𝒂

𝐦𝐛
𝐜𝐲𝐜

) ≥∑√
𝐰𝒂
𝐰𝐛

𝐜𝐲𝐜

 

𝐍𝐨𝐰,𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 − 𝐜) + 𝐜𝟐(𝐬 − 𝐛) =
(𝐦)

𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜)    

𝒂𝐧𝐝 𝐛𝟐(𝐬 − 𝐛) + 𝐜𝟐(𝐬 − 𝐜) =
(𝐧)
𝒂𝒈𝒂

𝟐 + 𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) 𝒂𝐧𝐝 (𝐦) + (𝐧) ⇒ 
(𝐛𝟐 + 𝐜𝟐)(𝟐𝐬 − 𝐛 − 𝐜) = 𝒂𝐧𝒂

𝟐 + 𝒂𝒈𝒂
𝟐 + 𝟐𝒂(𝐬 − 𝐛)(𝐬 − 𝐜) ⇒ 𝟐𝒂(𝐛𝟐 + 𝐜𝟐)  

= 𝟐𝒂(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) + 𝒂(𝒂 + 𝐛 − 𝐜)(𝐜 + 𝒂 − 𝐛) ⇒ 𝟐(𝐛𝟐 + 𝐜𝟐) 
= 𝟐(𝐧𝒂

𝟐 +𝒈𝒂
𝟐) + 𝒂𝟐 − (𝐛 − 𝐜)𝟐 ⇒ 𝟐(𝐛𝟐 + 𝐜𝟐) − 𝒂𝟐 + (𝐛 − 𝐜)𝟐 

= 𝟐(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) ⇒ 𝟒𝐦𝒂
𝟐 + (𝐛 − 𝐜)𝟐 = 𝟐(𝐧𝒂

𝟐 + 𝒈𝒂
𝟐) ⇒ (𝐛 − 𝐜)𝟐 + 𝟒𝐬(𝐬 − 𝒂) + (𝐛 − 𝐜)𝟐 

= 𝟐(𝐧𝒂
𝟐 +𝒈𝒂

𝟐) ⇒ 𝐧𝒂
𝟐 +𝒈𝒂

𝟐 =
(𝟏)
(𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂) 

𝐍𝐨𝐰,∑
𝐧𝒂
𝐑

𝐜𝐲𝐜

=∑
𝟐𝐧𝒂𝐡𝒂
𝐛𝐜

𝐜𝐲𝐜

≤∑
𝟐𝐧𝒂𝒈𝒂
𝐛𝐜

𝐜𝐲𝐜

≤
𝐀−𝐆

∑
𝐧𝒂
𝟐 + 𝒈𝒂

𝟐

𝐛𝐜
𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) (𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂)

𝐛𝐜
 

=
𝟏

𝟒𝐑𝐫𝐬
(∑(𝒂(𝐛𝟐 + 𝐜𝟐 − 𝟐𝐛𝐜))

𝐜𝐲𝐜

+ 𝟐𝐬∑(𝒂(𝐬 − 𝒂))

𝐜𝐲𝐜

) 

=
𝟏

𝟒𝐑𝐫𝐬
(𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐) − 𝟑𝟔𝐑𝐫𝐬 + 𝟐𝐬(𝟐𝐬𝟐 − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐))) 

=
𝐬𝟐 − 𝟔𝐑𝐫 + 𝟑𝐫𝟐

𝟐𝐑𝐫
⇒ 𝟐𝐫∑𝐧𝒂

𝐜𝐲𝐜

≤ 𝐬𝟐 − 𝟔𝐑𝐫 + 𝟑𝐫𝟐 <
?
𝟐𝐑.∑𝐡𝒂

𝐜𝐲𝐜

= 𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐 

⇔ 𝟗𝐑𝐫+ 𝐫(𝐑 − 𝟐𝐫) >
?
𝟎 ∴ 𝟐𝐫∑𝐧𝒂

𝐜𝐲𝐜

< 𝟐𝐑.∑𝐡𝒂
𝐜𝐲𝐜

≤ 𝐑∑(𝒈𝒂 + 𝐡𝒂)

𝐜𝐲𝐜
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∴
𝐑

𝟐𝐫
∑(𝒈𝒂 + 𝐡𝒂)

𝐜𝐲𝐜

>∑𝐧𝒂
𝐜𝐲𝐜

 (𝐐𝐄𝐃) 

 

1427. Let 𝚫𝑨′𝑩′𝑪′ be the circumcevian triangle of incenter in acute 𝚫𝑨𝑩𝑪 

with 𝒓′ - inradii. Prove that: 

𝒓′ ≥
𝒔

𝟑√𝟑
 , [𝑨′𝑩′𝑪′] =

𝟏

𝟒
[𝑰𝒂𝑰𝒃𝑰𝒄] 

Proposed by Mehmet Șahin-Ankara-Turkiye 
Solution by Tapas Das-India 

 

𝑨𝑰 = 𝒓 𝐜𝐬𝐜
𝑨

𝟐
. From 𝚫𝑨𝑵𝑰: 𝑰𝑵 = perpendicular from 𝑰 on 𝑨𝑩 = 𝒓 (in-radius) 

Again ∠𝑩𝑰𝑬 = ∠𝑩𝑨𝑰 + ∠𝑨𝑩𝑰 = ∠𝑪𝑨𝑬 + ∠𝑰𝑩𝑪 = ∠𝑪𝑩𝑬 + ∠𝑰𝑩𝑪 = ∠𝑬𝑩𝑰 

∴ 𝑰𝑬 = 𝑬𝑩 = 𝟐𝑹𝐬𝐢𝐧
𝑨

𝟐
 

∴ 𝑰𝑬 = 𝟐𝑹𝐬𝐢𝐧
𝑨

𝟐
     (analog) 
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From 𝚫𝑰𝑨′𝑩′  

∠𝑨𝑨′𝑩′ = ∠𝑨𝑩𝑩′ =
𝑩

𝟐
, ∠𝑩𝑩′𝑨′ = ∠𝑩𝑨𝑨′ =

𝑨

𝟐
 

∠𝑨′𝑰𝑩′ = 𝝅− (
𝑨 + 𝑩

𝟐
) 

From 𝚫𝑨′𝑰𝑩′ 

𝑨′𝑩′

𝐬𝐢𝐧∠𝑨′𝑰𝑩′
=
𝑨′𝑰

𝐬𝐢𝐧
𝑨
𝟐

⇒
𝑨′𝑩′

𝐬𝐢𝐧 (𝝅 −
𝑨 + 𝑩
𝟐 )

=
𝟐𝑹 𝐬𝐢𝐧

𝑨
𝟐

𝐬𝐢𝐧
𝑨
𝟐

= 𝟐𝑹 

𝑨′𝑩′ = 𝟐𝑹𝐬𝐢𝐧
𝑨 + 𝑩

𝟐
= 𝟐𝑹𝐜𝐨𝐬

𝑪

𝟐
 

(analog) 

[𝑨′𝑩′𝑪′] =
𝟏

𝟐
𝑩′𝑪′ ⋅ 𝑨′𝑩′ ⋅ 𝐬𝐢𝐧 ∠𝑨′𝑩′𝑪′ =

𝟏

𝟐
𝟐𝑹 𝐜𝐨𝐬

𝑪

𝟐
⋅ 𝟐𝑹𝐜𝐨𝐬

𝑨

𝟐
⋅ 𝐬𝐢𝐧

𝑨 + 𝑪

𝟐
 

[𝑨′𝑩′𝑪′] = 𝟐𝑹𝟐 𝐜𝐨𝐬
𝑪

𝟐
⋅ 𝐜𝐨𝐬

𝑨

𝟐
⋅ 𝐜𝐨𝐬

𝑩

𝟐
   (1) 

Now [𝑨′𝑩′𝑪′] = 𝒓′𝒔′  (𝒔′ = semi – perimeter of 𝚫𝑨′𝑩′𝑪′) 

or 𝟐𝑹𝟐∏𝐜𝐨𝐬
𝑨

𝟐
=
𝒓′

𝟐
𝟐𝑹(𝐜𝐨𝐬

𝑨

𝟐
+ 𝐜𝐨𝐬

𝑩

𝟐
+ 𝐜𝐨𝐬

𝑪

𝟐
) 

𝒓′ =
𝟐𝑹∏𝐜𝐨𝐬

𝑨
𝟐

𝐜𝐨𝐬
𝑨
𝟐 + 𝐜𝐨𝐬

𝑩
𝟐 + 𝐜𝐨𝐬

𝑪
𝟐

 

∴ 𝒓′ ≥
𝟐𝑹 ⋅

𝒔
𝟒𝑹

𝟑√𝟑
𝟐

=
𝒔

𝟑√𝟑
 

Note: 

𝐜𝐨𝐬
𝑨

𝟐
+ 𝐜𝐨𝐬

𝑩

𝟐
+ 𝐜𝐨𝐬

𝑪

𝟐
≤ 𝟑𝐜𝐨𝐬(

𝑨
𝟐 +

𝑩
𝟐 +

𝑪
𝟐

𝟑
) =
𝑱𝒆𝒏𝒔𝒆𝒏

 𝟑 𝐜𝐨𝐬 (
𝝅

𝟔
) =

𝟑√𝟑

𝟐
 

𝒇(𝒙) = 𝐜𝐨𝐬 𝒙  ∴ 𝒇′(𝒙) = −𝐬𝐢𝐧 𝒙 , 𝒇′′(𝒙) = −𝐜𝐨𝐬 𝒙 < 0, ∴ 𝒇 is concave 

2nd part: 
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Since 𝚫𝑨𝑩𝑪 is orthic triangle of 𝚫𝑰𝒂𝑰𝒃𝑰𝒄 then 

𝑩𝑪 = 𝒂 = 𝑰𝒂𝑰𝒄 ⋅ 𝐜𝐨𝐬 (𝟗𝟎° −
𝑨

𝟐
) = 𝑰𝒃𝑰𝒄 𝐬𝐢𝐧

𝑨

𝟐
, 𝒂 = 𝟐𝑹𝐬𝐢𝐧 𝑨 = 𝑰𝒃𝑰𝒄 𝐬𝐢𝐧

𝑨

𝟐
 

𝟐𝑹 𝟐 ⋅ 𝐬𝐢𝐧
𝑨

𝟐
𝐜𝐨𝐬

𝑨

𝟐
= 𝑰𝒃𝑰𝒄 𝐬𝐢𝐧

𝑨

𝟐
, 𝑰𝒃𝑰𝒄 = 𝟒𝑹𝐜𝐨𝐬

𝑨

𝟐
   (analog) 

[𝑰𝒂𝑰𝒃𝑰𝒄] =
𝟏

𝟐
⋅ 𝟒𝑹𝐜𝐨𝐬

𝑩

𝟐
𝟒𝑹𝐜𝐨𝐬

𝑪

𝟐
𝐬𝐢𝐧 (𝟗𝟎° −

𝑨

𝟐
) = 𝟖𝑹𝟐 𝐜𝐨𝐬

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
 

[𝑨′𝑩′𝑪′] = 𝟐𝑹𝟐 𝐜𝐨𝐬
𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
 

(From (1)) ∴ [𝑨′𝑩′𝑪′] =
𝟏

𝟒
[𝑰𝒂𝑰𝒃𝑰𝒄] 

1428. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝒘𝒂
𝒘𝒃

+
𝑹𝟑

𝒓𝟑
≥ 𝟖 +∑

𝒘𝒃
𝒘𝒂

 

Proposed by Marin Chirciu – Romania  

Solution by Tapas Das – India  

∑
𝒘𝒃
𝒘𝒂

≤∑
√𝒔(𝒔 − 𝒃)

𝒘𝒂
≤∑

√𝒔(𝒔 − 𝒃)

𝒉𝒂
 

≤
𝑪𝑩𝑺

√(∑𝒔(𝒔 − 𝒃)) (∑
𝟏

𝒉𝒂𝟐
) = √𝒔𝟐 ⋅

∑𝒂𝟐

𝟒𝒓𝟐𝒔𝟐
≤

𝑳𝒆𝒊𝒃𝒏𝒊𝒕𝒛′𝒔
√
𝟗𝑹𝟐

𝟒𝒓𝟐
=
𝟑𝑹

𝟐𝒓
 

∴ 𝟖 +∑
𝒘𝒃
𝒘𝒂

≤
𝟑𝑹

𝟐𝒓
+ 𝟖 

Note: ∑
𝒘𝒃

𝒘𝒂
≥ 𝟑 (AM-GM) 
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We need to show 

𝟑 +
𝑹𝟑

𝒓𝟑
≥
𝟑𝑹

𝟐𝒓
+ 𝟖 or  

𝑹𝟑

𝒓𝟑
≥
𝟑𝑹

𝟐𝒓
+ 𝟓 

or 𝒙𝟑 ≥
𝟑

𝟐
𝒙 + 𝟓     (

𝑹

𝒓
= 𝒙 ≥ 𝟐) 

or 𝟐𝒙𝟑 − 𝟑𝒙− 𝟏𝟎 ≥ 𝟎 

𝟐𝒙𝟑 − 𝟒𝒙𝟐 + 𝟒𝒙𝟐 − 𝟖𝒙 + 𝟓𝒙 − 𝟏𝟎 ≥ 𝟎 

or 𝟐𝒙𝟐(𝒙 − 𝟐) + 𝟒𝒙(𝒙 − 𝟐) + 𝟓(𝒙 − 𝟐) ≥ 𝟎 

(𝒙 − 𝟐)(𝟐𝒙𝟐 + 𝟒𝒙 + 𝟓) ≥ 𝟎      (True) 

as 𝒙 ≥ 𝟐. 

1429. Prove that: 

𝑳𝒂𝑳𝒃 =
𝟒𝑺√𝑹(𝑹 + 𝟐𝒓𝒄)

(𝒂 + 𝒄)(𝒃 + 𝒄)
 

 

Proposed by Aissa Hiyab-Morocco 
Solution by Tapas Das-India 
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𝑩𝑳𝒂
𝑪𝑳𝒂

=
𝒄

𝒃
 

∴ 𝑪𝑳𝒂 =
𝒂𝒃

𝒃 + 𝒄
 

𝑪𝑳𝑩 =
𝒂𝒃

𝒄 + 𝒂
 

∴ 𝑳𝒂𝑳𝒃
𝟐 =

𝒂𝟐𝒃𝟐

(𝒃 + 𝒄)𝟐
+

𝒂𝟐𝒃𝟐

(𝒄 + 𝒂)𝟐
− 𝟐 𝐜𝐨𝐬𝑪  𝑪𝑳𝒂 ⋅ 𝑪𝑳𝒃 

=
𝒂𝟐𝒃𝟐

(𝒃 + 𝒄)𝟐
+

𝒂𝟐𝒃𝟐

(𝒄 + 𝒂)𝟐
− 𝟐

𝒂𝟐𝒃𝟐

(𝒃 + 𝒄)(𝒄 + 𝒂)
⋅
𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝟐𝒂𝒃
 

=
𝒂𝟐𝒃𝟐(𝒄 + 𝒂)𝟐 + 𝒂𝟐𝒃𝟐(𝒃 + 𝒄)𝟐 − 𝒂𝒃(𝒃 + 𝒄)(𝒄 + 𝒂)(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)

(𝒃 + 𝒄)𝟐(𝒄 + 𝒂)𝟐
 

=
𝒂𝟐𝒃𝟐(𝒄𝟐 + 𝒂𝟐 + 𝟐𝒄𝒂 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒃𝒄) − 𝒂𝒃(𝒃𝒄 + 𝒂𝒃 + 𝒄𝟐 + 𝒂𝒄)(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)

(𝒃 + 𝒄)𝟐(𝒄 + 𝒂)𝟐
 

=
𝒂𝟐𝒃𝟐(𝒄𝟐+𝒂𝟐+𝟐𝒄𝒂+𝒃𝟐+𝒄𝟐+𝟐𝒃𝒄)−𝒂𝟐𝒃𝟐(𝒂𝟐+𝒃𝟐−𝒄𝟐)−𝒂𝒃(𝒄𝟐+𝒂𝒄+𝒃𝒄)(𝒂𝟐+𝒃𝟐−𝒄𝟐)

(𝒃+𝒄)𝟐(𝒄+𝒂)𝟐
   (1) 

Now, 𝒂𝟐𝒃𝟐(𝒄𝟐 + 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒄𝒂 + 𝟐𝒃𝒄) − 𝒂𝟐𝒃𝟐(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐) − 

−𝒂𝒃(𝒄𝟐 + 𝒂𝒄 + 𝒃𝒄)(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐) 

= 𝒂𝟐𝒃𝟐[𝒄𝟐 + 𝟐(𝒃𝒄 + 𝒄𝒂 + 𝒄𝟐)] − (𝒃𝒄 + 𝒄𝒂 + 𝒄𝟐)(𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)𝒂𝒃 

= 𝒂𝟐𝒃𝟐𝒄𝟐 + (𝒃𝒄 + 𝒄𝒂 + 𝒄𝟐)(𝟐𝒂𝟐𝒃𝟐 − (𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)𝒂𝒃) 

= 𝒂𝟐𝒃𝟐𝒄𝟐 + 𝟐𝒔𝒄 ⋅ 𝒂𝒃 [𝟐𝒂𝒃 − (𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐)] 

= 𝒂𝟐𝒃𝟐𝒄𝟐 + 𝟐𝒔𝒄 ⋅ 𝒂𝒃[𝒄𝟐 − (𝒂 − 𝒃)𝟐] 

= 𝒂𝟐𝒃𝟐𝒄𝟐 + 𝟐𝒔𝒄 ⋅ 𝒂𝒃(𝒄 + 𝒂 − 𝒃)(𝒄 − 𝒂 + 𝒃) 

= 𝟏𝟔𝑭𝟐𝑹𝟐 + 𝟐𝒔(𝟒𝑹𝑭)(𝟐𝒔 − 𝟐𝒃)(𝟐𝒔 − 𝟐𝒂) = 𝟏𝟔𝑭𝟐𝑹𝟐 + 𝟑𝟐𝒔𝑹𝑭(𝒔 − 𝒃)(𝒔 − 𝒂) 

= 𝟏𝟔𝑭𝟐𝑹𝟐 +
𝟑𝟐𝑭𝟐 ⋅ 𝑭𝑹

(𝒔 − 𝒄)
= 𝟏𝟔𝑭𝟐𝑹𝟐 + 𝟑𝟐𝒓𝒄 ⋅ 𝑭

𝟐𝑹 

= 𝟏𝟔𝑭𝟐𝑹𝟐 + 𝟑𝟐𝒓𝒄𝑭
𝟐𝑹 = 𝟏𝟔𝑭𝟐𝑹(𝑹 + 𝟐𝒓𝒄) 

∴ From (1) we get, 

𝑳𝒂𝑳𝒃
𝟐 =

𝟏𝟔𝑭𝟐𝑹(𝑹+ 𝟐𝒓𝒄)

(𝒃 + 𝒄)𝟐(𝒄 + 𝒂)𝟐
, 𝑳𝒂𝑳𝒃 =

𝟒𝑭√𝑹(𝑹 + 𝟐𝒓𝒄)

(𝒃 + 𝒄)(𝒄 + 𝒂)
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1430. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑
𝒎𝒂

𝒎𝒃𝒎𝒄(𝒎𝒃 +𝒎𝒄)
≥
𝟏𝟔𝒓𝟑

𝟑𝑹𝟓
 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India  

∑
𝒎𝒂

𝒎𝒃𝒎𝒄(𝒎𝒃 +𝒎𝒄)
=

𝟏

𝒎𝒂𝒎𝒃𝒎𝒄
∑

𝒎𝒂
𝟐

𝒎𝒃 +𝒎𝒄
 

≥
𝟏

𝒎𝒂𝒎𝒃𝒎𝒄

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)
𝟐

𝟐(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)
=

𝟏

𝟐𝒎𝒂𝒎𝒃𝒎𝒄

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄) 

Note: 

𝒎𝒂𝒎𝒃𝒎𝒄 ≤
𝑹𝟑𝒉𝒂𝒉𝒃𝒉𝒄
𝟖𝒓𝟑

=
𝑹𝟑

𝟖𝒓𝟑
𝟖𝑭𝟑

𝒂𝒃𝒄
=

𝑹𝟑𝑭𝟑

𝒓𝟑 ⋅ 𝟒𝑹𝑭
=
𝑹𝟑𝑭𝟐

𝟒𝑹𝒓𝟑
 

Note: 𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≥ 𝟗𝒓 

∴∑
𝒎𝒂

𝒎𝒃𝒎𝒄(𝒎𝒃 +𝒎𝒄)
≥

𝟏

𝟐𝒎𝒂𝒎𝒃𝒎𝒄

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄) ≥
𝟏

𝟐

𝟒𝑹𝒓𝟑

𝑹𝟑𝑭𝟐
⋅ 𝟗𝒓 

≥
𝑬𝒖𝒍𝒆𝒓 𝟏

𝟐

𝟒(𝟐𝒓)𝒓𝟑 ⋅ 𝟗𝒓

𝑹𝟑𝒓𝟐𝒔𝟐
≥
𝟏

𝟐
⋅
𝟒(𝟐𝒓)𝒓𝟑 ⋅ 𝟗𝒓

𝑹𝟑𝒓𝟐 ⋅
𝟐𝟕
𝟒 𝑹

𝟐
 

(𝒔𝟐 ≤
𝟐𝟕

𝟒
𝑹𝟐) 

=
𝟏

𝟐
⋅ 𝟖𝒓 ⋅ 𝟗𝒓𝟒 ×

𝟒

𝟐𝟕𝑹𝟓𝒓𝟐
=
𝟏𝟔𝒓𝟑

𝟑𝑹𝟓
 

Note: 

𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≥ √𝒔(𝒔 − 𝒂) + √𝒔(𝒔 − 𝒃) + √𝒔(𝒔 − 𝒄) 

≥
𝑨𝑴−𝑮𝑴

𝟑(√𝒔𝟑(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄))

𝟏
𝟑
= 𝟑(√𝒔𝟑 ⋅ 𝒔𝒓𝟐)

𝟏
𝟑
= 𝟑(𝒔𝟐𝒓)

𝟏
𝟑 

(𝒔𝟐 ≥ 𝟐𝟕𝒓𝟐) ≥ 𝟑(𝟐𝟕𝒓𝟐 ⋅ 𝒓)
𝟏
𝟑 = 𝟗𝒓 

1431. Prove that in any triangle 𝑨𝑩𝑪 with usual notations, 𝒙, 𝒚 ∈ ℝ+
∗ , 𝒙𝒚 = 𝟏, 

holds the following inequalities: 

i) (𝒂𝒙𝟐 + 𝒃 + 𝒄𝒚𝟐)(𝒂𝒚𝟐 + 𝒃 + 𝒄𝒙𝟐) ≥ 𝟒𝒔𝟐 
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ii)  (𝒂𝒙 + 𝒃 + 𝒄𝒚)(𝒂𝒚 + 𝒃 + 𝒄𝒙) ≥ 𝟒𝒔𝟐 

Proposed by D.M. Bătinețu-Giurgiu, Neculai Stanciu – Romania  

Solution by Tapas Das – India  

i) (𝒂𝒙𝟐 + 𝒃+ 𝒄𝒚𝟐)(𝒂𝒚𝟐 + 𝒃 + 𝒄𝒙𝟐) 

≥
𝑪𝒂𝒖𝒄𝒉𝒚−𝑺𝒄𝒉𝒘𝒂𝒓𝒛

 (𝒂𝒙𝒚 + 𝒃 + 𝒄𝒙𝒚)𝟐 = (𝒂 + 𝒃 + 𝒄)𝟐  (∵ 𝒙𝒚 = 𝟏) = (𝟐𝒔)𝟐 = 𝟒𝒔𝟐 

ii) (𝒂𝒙 + 𝒃 + 𝒄𝒚)(𝒂𝒚 + 𝒃 + 𝒄𝒙) ≥ (𝒂√𝒙𝒚 + 𝒃 + 𝒄√𝒙𝒚)
𝟐

 (Cauchy – Schwarz) 

= (𝒂+ 𝒃 + 𝒄)𝟐 = (𝟐𝒔)𝟐 = 𝟒𝒔𝟐 

∵ (𝒙𝒚 = 𝟏) 

1432. In 𝚫𝑨𝑩𝑪 the following relationships holds: 

(
(√𝒎𝒂)

𝟑
+ (√𝒘𝒂)

𝟑

𝟐
)

𝟐

≥ (𝟐√𝒔(𝒔 − 𝒂))
𝟑

 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India  

Note: 𝒎𝒂 ≥
𝒃+𝒄

𝟐
𝐜𝐨𝐬

𝑨

𝟐
 

𝒘𝒂 =
𝟐𝒃𝒄

𝒃 + 𝒄
𝐜𝐨𝐬

𝑨

𝟐
 

∴ 𝒎𝒂𝒘𝒂 =
𝒃 + 𝒄

𝟐
𝐜𝐨𝐬

𝑨

𝟐
⋅
𝟐𝒃𝒄

𝒃 + 𝒄
⋅ 𝐜𝐨𝐬

𝑨

𝟐
= 𝒃𝒄 𝐜𝐨𝐬𝟐

𝑨

𝟐
= 𝒃𝒄

𝒔(𝒔 − 𝒂)

𝒃𝒄
= 𝒔(𝒔 − 𝒂) 

∴ [
(√𝒎𝒂)

𝟑
+ (√𝒘𝒂)

𝟑

𝟐
]

𝟐

≥
𝑨𝑴−𝑮𝑴

[√(√𝒎𝒂)
𝟑
⋅ (√𝒘𝒂)

𝟑
]

𝟐

= (√𝒎𝒂 ⋅ 𝒘𝒂)
𝟑
≥ (√𝒔(𝒔 − 𝒂))

𝟑

 

1433. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟒𝒓𝟐(𝟓𝒓 − 𝒓) ≤∑𝒓𝒂 ⋅ 𝑰𝑨
𝟐 ≤ 𝟒𝒓(𝑹 + 𝒓)𝟐 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India  

∑𝒓𝒂𝑰𝒂
𝟐 =∑𝒓𝒂𝒓

𝟐 𝐜𝐬𝐜𝟐
𝑨

𝟐
=∑𝒓𝒂𝒓

𝟐 (𝟏 + 𝐜𝐨𝐭𝟐
𝑨

𝟐
) 
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=∑𝒓𝒂𝒓
𝟐 (𝟏 +

𝒔𝟐

𝒓𝒂𝟐
) =∑(𝒓𝒂𝒓

𝟐) + (
𝒓𝟐𝒔𝟐

𝒓𝒂
) = 𝒓𝟐∑𝒓𝒂 +∑

𝒓𝟐𝒔𝟐

𝒓 ⋅ 𝒔
(𝒔 − 𝒂) 

= 𝒓𝟐∑𝒓𝒂 +∑𝒓𝒔(𝒔 − 𝒂) = 𝒓𝟐(𝟒𝑹 + 𝒓) + (𝟑𝒔𝟐 − 𝟐𝒔𝟐)𝒓 = 𝒓𝟐(𝟒𝑹 + 𝒓) + 𝒔𝟐𝒓 

≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔

𝒓𝟐(𝟒𝑹 + 𝒓) + (𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)𝒓 
= 𝒓(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐) = 𝟒𝒓(𝑹 + 𝒓)𝟐 

Again, ∑𝒓𝒂 ⋅ 𝑰𝑨
𝟐 = 𝒓𝟐(𝟒𝑹 + 𝒓) + 𝒔𝟐𝒓 ≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔
𝒓𝟐(𝟒𝑹 + 𝒓) + 𝒓(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) 

= 𝒓[𝟒𝑹𝒓 + 𝒓𝟐 + 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐] = 𝒓[𝟐𝟎𝑹𝒓 − 𝟒𝒓𝟐] = 𝟒𝒓𝟐(𝟓𝑹 − 𝒓) 

1434. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

∑𝒂𝟐𝒏 ≥ 𝟑(
𝟒𝑭

𝟑
√∑

𝒂𝟐

𝒃𝟐
)

𝒏

, 𝒏 ∈ ℕ 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India  

Oppenheim, ∀𝒙, 𝒚, 𝒛 > 0 in 𝚫𝑨𝑩𝑪 

𝒂𝟐𝒙 + 𝒃𝟐𝒚 + 𝒄𝟐𝒛 ≥ 𝟒𝑭√𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 

Let 𝒙 =
𝒃𝟐

𝒂𝟐
, 𝒚 =

𝒄𝟐

𝒃𝟐
, 𝒛 =

𝒂𝟐

𝒄𝟐
 

∴ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝒂𝟐 ⋅
𝒃𝟐

𝒂𝟐
+ 𝒃𝟐 ⋅

𝒄𝟐

𝒃𝟐
+ 𝒄𝟐 ⋅

𝒂𝟐

𝒄𝟐
≥ 𝟒𝑭√

𝒃𝟐

𝒂𝟐
⋅
𝒄𝟐

𝒃𝟐
+
𝒄𝟐

𝒃𝟐
⋅
𝒂𝟐

𝒄𝟐
+
𝒂𝟐

𝒄𝟐
⋅
𝒃𝟐

𝒂𝟐
 

= 𝟒𝑭√
𝒄𝟐

𝒂𝟐
+
𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒄𝟐
          (1) 

∴ 𝒂𝟐𝒏 + 𝒃𝟐𝒏 + 𝒄𝟐𝒏 = (𝒂𝟐)𝒏 + (𝒃𝟐)𝒏 + (𝒄𝟐)𝒏 ≥
𝑪𝑩𝑺 𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝒏

𝟑𝒏
 

≥ 𝟑 [
𝟒𝑭

𝟑
√𝒂

𝟐

𝒃𝟐
+
𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒂𝟐
]

𝒏

(Using (1)) 

1435. In acute 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟐𝑹𝟐

𝒓𝟐
+ 𝟏 ≤∑

(𝟏 + 𝐬𝐞𝐜𝑨)𝟐

𝐭𝐚𝐧𝟐 𝑨
≤ (

𝟐𝑹

𝒓
− 𝟏)

𝟐

 

Proposed by Marin Chirciu – Romania  
Solution by Tapas Das – India 

1st part: 
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∑
(𝟏+ 𝐬𝐞𝐜𝑨)𝟐

𝐭𝐚𝐧𝟐 𝑨
=∑

(𝟏 + 𝐬𝐞𝐜𝑨)𝟐

(𝐬𝐞𝐜𝟐 𝑨 − 𝟏)
=∑

𝟏+ 𝐬𝐞𝐜𝑨

𝐬𝐞𝐜𝑨 − 𝟏
=∑

𝟏+ 𝐜𝐨𝐬𝑨

𝟏 − 𝐜𝐨𝐬𝑨
=∑𝐜𝐨𝐭

𝑨

𝟐
 

∴ ∑𝐜𝐨𝐭𝟐
𝑨

𝟐
=∑

𝟏

𝐭𝐚𝐧𝟐
𝑨
𝟐

=
∑ 𝐭𝐚𝐧𝟐

𝑨
𝟐
𝐭𝐚𝐧𝟐

𝑩
𝟐

∏𝐭𝐚𝐧𝟐
𝑨
𝟐

=
𝟏 −

𝟐𝒓𝟐 + 𝟖𝑹𝒓
𝒔𝟐

𝒓𝟐

𝒔𝟐

 

=
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏′𝒔 𝟒𝑹𝟐 − 𝟒𝑹𝒓 + 𝒓𝟐

𝒓𝟐
= (

𝟐𝑹

𝒓
− 𝟏)

𝟐

 

2nd part: 

∑
(𝟏+ 𝐬𝐞𝐜 𝑨)𝟐

𝐭𝐚𝐧𝟐 𝑨
=∑𝐜𝐨𝐭𝟐

𝑨

𝟐
=∑

𝟏

𝐭𝐚𝐧𝟐
𝑨
𝟐

=
∑𝐭𝐚𝐧𝟐

𝑨
𝟐 ⋅ 𝐭𝐚𝐧

𝟐 𝑩
𝟐

∏𝐭𝐚𝐧𝟐
𝑨
𝟐

=
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
 

≥

(𝑾𝒂𝒍𝒌𝒆𝒓′𝒔)

𝒔𝒊𝒏𝒄𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒊𝒔 𝒂𝒄𝒖𝒕𝒆 𝟐𝑹𝟐 + 𝟖𝑹𝒓 + 𝟑𝒓𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
=
𝟐𝑹𝟐

𝒓𝟐
+ 𝟏 

1436. 𝐈𝐧 𝐚𝐧𝐲 𝐚𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐡𝐨𝐥𝐝𝐬 ∶ 

𝒎𝒂√𝐜𝐨𝐭 𝑨 +𝒎𝒃√𝐜𝐨𝐭𝑩 +𝒎𝒄√𝐜𝐨𝐭 𝑪 > 6𝒓, 
𝐰𝐡𝐞𝐫𝐞 𝒎𝒂, 𝒎𝒃, 𝒎𝒄 𝐚𝐫𝐞 𝐭𝐡𝐞 𝐦𝐞𝐝𝐢𝐚𝐧𝐬 𝐚𝐧𝐝 𝒓 𝐢𝐬 𝐭𝐡𝐞 𝐢𝐧𝐫𝐚𝐝𝐢𝐮𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞. 

Proposed by Vasile Mircea Popa-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐖𝐋𝐎𝐆,𝐰𝐞 𝐦𝐚𝐲 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒂 ≤ 𝒃 ≤ 𝒄.   

𝐖𝐞 𝐡𝐚𝐯𝐞 𝒎𝒂 ≥ 𝒎𝒃 ≥ 𝒎𝒄  𝐚𝐧𝐝 √𝐜𝐨𝐭𝑨 ≥ √𝐜𝐨𝐭 𝑩 ≥ √𝐜𝐨𝐭 𝑪, 
𝐭𝐡𝐞𝐧 𝐛𝐲 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐠𝐞𝐭 

𝒎𝒂√𝐜𝐨𝐭 𝑨 +𝒎𝒃√𝐜𝐨𝐭𝑩 +𝒎𝒄√𝐜𝐨𝐭𝑪 ≥
𝟏

𝟑
(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)(√𝐜𝐨𝐭 𝑨 + √𝐜𝐨𝐭 𝑩 + √𝐜𝐨𝐭 𝑪). 

𝐒𝐢𝐧𝐜𝐞 𝒎𝒂 ≥ 𝒉𝒂 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 𝐚𝐧𝐝 

 
𝟏

𝒉𝒂
+
𝟏

𝒉𝒃
+
𝟏

𝒉𝒄
=
𝟏

𝒓
, 𝐭𝐡𝐞𝐧 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐀𝐌 −𝐇𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒎𝒂 +𝒎𝒃 +𝒎𝒄 ≥ 𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄 ≥
𝟗

𝟏
𝒉𝒂
+
𝟏
𝒉𝒃
+
𝟏
𝒉𝒄

= 𝟗𝒓. 

𝐍𝐨𝐰, 𝐥𝐞𝐭 𝐱 ≔ 𝐜𝐨𝐭𝑨 , 𝒚 ≔ 𝐜𝐨𝐭𝑩 , 𝒛 ≔ 𝐜𝐨𝐭 𝑪.  
𝐖𝐞 𝐡𝐚𝐯𝐞 𝒙 ≥ 𝒚 ≥ 𝒛 > 0, 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 = 𝟏 𝐚𝐧𝐝 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 

𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

(
√𝒙 + (√𝒚 + √𝒛)

𝟐
)

𝟒

≥ (√𝒙(√𝒚 + √𝒛))
𝟐

= 𝒙𝒚 + 𝟐𝒙√𝒚𝒛 + 𝒛𝒙 > 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 = 1, 

𝐭𝐡𝐞𝐧 √𝐜𝐨𝐭 𝑨 + √𝐜𝐨𝐭 𝑩 + √𝐜𝐨𝐭𝑪 = √𝒙+ √𝒚 + √𝒛 > 2. 
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𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

𝒎𝒂√𝐜𝐨𝐭𝑨 +𝒎𝒃√𝐜𝐨𝐭𝑩 +𝒎𝒄√𝐜𝐨𝐭 𝑪 >
𝟏

𝟑
. 𝟗𝒓. 𝟐 = 𝟔𝒓. 

 

1437. 𝑶 – the circumcenter of 𝚫𝑨𝑩𝑪 lies on the incircle of 𝚫𝑨𝑩𝑪. Prove that: 

𝟖√𝟐 + 𝐜𝐨𝐬
𝑨 − 𝑩

𝟐
𝐜𝐨𝐬

𝑩 − 𝑪

𝟐
𝐜𝐨𝐬

𝑪 − 𝑨

𝟐
> 12 

Proposed by Daniel Sitaru – Romania  

Solution by Tapas Das – India  

𝐜𝐨𝐬
𝑩 − 𝑪

𝟐
= 𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
 

𝐜𝐨𝐬
𝑨

𝟐
= √

𝒔(𝒔 − 𝒂)

𝒃𝒄
, 𝐬𝐢𝐧

𝑨

𝟐
= √

(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒃𝒄
 

Using Ravi’s transformation 

𝒂 = 𝒚 + 𝒛, 𝒃 = 𝒛 + 𝒙, 𝒄 = 𝒙 + 𝒚 

Now we need to show 𝐜𝐨𝐬
𝑩−𝑪

𝟐
≥ √

𝟐𝒓

𝑹
 

Now the inequality is equivalent to with 𝒔 = 𝒙 + 𝒚 + 𝒛 

𝐜𝐨𝐬
𝑩 − 𝑪

𝟐
= √

(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒄 ⋅ 𝒂𝒃
+ √

(𝒔 − 𝒂)(𝒔 − 𝒄)

𝒂𝒄
⋅
(𝒔 − 𝒃)(𝒔 − 𝒂)

𝒂𝒃
 

This is equivalent to:  (𝟐𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟖𝒙(𝒚 + 𝒛) 

This is true using AM-GM 

∴ 𝐜𝐨𝐬
𝑩 − 𝑪

𝟐
≥ √

𝟐𝒓

𝑹
 

∴ 𝐜𝐨𝐬
𝑩 − 𝑪

𝟐
⋅ 𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
⋅ 𝐜𝐨𝐬

𝑪 − 𝑨

𝟐
≥
𝟐𝒓

𝑹
√
𝟐𝒓

𝑹
 

Now incircle passes through circumcentre 

∴ 𝑶𝑰 = 𝒓 ⇒ √𝑹𝟐 − 𝟐𝑹𝒓 = 𝒓 



 
www.ssmrmh.ro 

60 RMM-GEOMETRY MARATHON 1401-1500 

 

∴ (
𝒓

𝑹
)
𝟐

+ 𝟐(
𝒓

𝑹
) − 𝟏 = 𝟎 

∴
𝒓

𝑹
=
−𝟐 ± √𝟒 + 𝟒

𝟐
∴
𝒓

𝑹
= (√𝟐 − 𝟏)     (

𝒓

𝑹
> 0) 

We need to show 

𝟖√𝟐 +∏𝐜𝐨𝐬
𝑨−𝑩

𝟐
> 12 or 𝟖√𝟐 +

𝟐𝒓

𝑹
√
𝟐𝒓

𝑹
> 12 

or 𝟖√𝟐 + 𝟐(√𝟐 − 𝟏)√𝟐(√𝟐 − 𝟏) > 12 or 𝟒√𝟐+ (√𝟐 − 𝟏)√𝟐(√𝟐 − 𝟏) > 6 

or 𝟒 + (√𝟐 − 𝟏)√√𝟐 − 𝟏 > 3√𝟐 or (𝟒 − 𝟑√𝟐) > −(√𝟐 − 𝟏)√√𝟐 − 𝟏 

or 𝟏𝟔 + 𝟏𝟖 − 𝟐𝟒√𝟐 > (√𝟐 − 𝟏)
𝟐
(√𝟐 − 𝟏) or 𝟑𝟒 − 𝟐𝟒√𝟐 > 3√𝟐− 𝟕 + 𝟐√𝟐 

or 𝟒𝟏 > 29√𝟐   True. 

∏𝐜𝐨𝐬
𝑨 −𝑩

𝟐
=
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝒂𝒃𝒄
∏𝐬𝐢𝐧

𝑨

𝟐
 

=
(𝒂+ 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − 𝒂𝒃𝒄

𝒂𝒃𝒄
⋅
𝒓

𝟒𝑹
=
𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓

𝟖𝑹𝟐
 

When incircle passes through circumcircle  

𝑶𝑰 = 𝒓 ⇒ √𝑹𝟐 − 𝟐𝑹𝒓 = 𝒓 or (
𝒓

𝑹
)
𝟐

+ 𝟐 (
𝒓

𝑹
) − 𝟏 = 𝟎 

or 
𝒓

𝑹
=
−𝟐±√𝟒+𝟒

𝟐
∴
𝒓

𝑹
= √𝟐 − 𝟏 

(
𝒓

𝑹
> 0) 

We need to show: 

𝟖√𝟐 +
𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓

𝟖𝑹𝟐
> 12 

Or 𝟖√𝟐 +
𝟐𝟕𝒓𝟐+𝒓𝟐+𝟐𝑹𝒓

𝟖𝑹𝟐
> 12   (Mitrinovic) 

or 𝟖√𝟐 +
𝟐𝟕(√𝟐−𝟏)

𝟐
⋅𝑹𝟐+(√𝟐−𝟏)

𝟐
𝑹𝟐+𝟐𝑹𝟐(√𝟐−𝟏)

𝟖𝑹𝟐
> 12 

(using 
𝑹

𝒓
= √𝟐 − 𝟏) 

or 𝟔𝟒√𝟐 + 𝟐𝟖(√𝟐 − 𝟏)
𝟐
+ 𝟐(√𝟐 − 𝟏) > 96 or 𝟔𝟒√𝟐+ 𝟐𝟖(𝟑 − 𝟐√𝟐) + 𝟐√𝟐 − 𝟐 > 96 
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or 𝟔𝟒√𝟐 + 𝟖𝟒 − 𝟓𝟔√𝟐 + 𝟐√𝟐− 𝟐 > 96 or 𝟏𝟎√𝟐+ 𝟖𝟐 > 96 or 𝟏𝟎√𝟐 > 14 

or (𝟏𝟎√𝟐)
𝟐
> (𝟏𝟒)𝟐 or 𝟐𝟓𝟎 > 196 (True) 

𝐜𝐨𝐬
𝑩−𝑪

𝟐
=

𝒉𝒂

𝒘𝒂
 (analog) 

We show that 

∏𝐜𝐨𝐬
𝑩−𝑪

𝟐
≥ 𝟖∏𝐬𝐢𝐧

𝑨

𝟐
 or 

𝒉𝒂𝒉𝒃𝒉𝒄

𝒘𝒂𝒘𝒃𝒘𝒄
≥ 𝟖 ⋅

𝒓

𝟒𝑹
 or 𝑹𝒉𝒂𝒉𝒃𝒉𝒄 ≥ 𝟐𝒓(𝒘𝒂𝒘𝒃𝒘𝒄) 

or 𝑹 ⋅
(𝟐𝑭)𝟑

𝒂𝒃𝒄
≥ 𝟐𝒓√𝒔(𝒔 − 𝒂)√𝒔(𝒔 − 𝒃)√𝒔(𝒔 − 𝒄) or 𝟖𝑭𝟑𝑹 ≥ 𝟐𝒓𝟐𝒔𝟐 ⋅ 𝟒𝑹𝒓𝒔 

or 𝟖𝒓𝟑𝒔𝟑𝑹 ≥ 𝟖𝒓𝟑𝒔𝟑𝑹     (True) 

∴∏𝐜𝐨𝐬
𝑩 − 𝑪

𝟐
≥ 𝟖∏𝐬𝐢𝐧

𝑨

𝟐
= 𝟐 ⋅

𝒓

𝑹
 

= 𝟐(√𝟐 − 𝟏) 

Now, incircle passes through circumcircle 

∴ 𝑶𝑰 = 𝒓 ⇒ √𝑹𝟐 − 𝟐𝑹𝒓 = 𝒓 ⇒ (
𝒓

𝑹
)
𝟐

+ 𝟐(
𝒓

𝑹
) − 𝟏 = 𝟎 

∴
𝒓

𝑹
=
−𝟐 ± √𝟒+ 𝟒

𝟐
∴
𝒓

𝑹
= √𝟐 − 𝟏 

(
𝒓

𝑹
> 0) 

We need to show  

𝟖√𝟐 +∏𝐜𝐨𝐬
𝑩−𝑪

𝟐
> 12 or 𝟖√𝟐 + 𝟐(√𝟐 − 𝟏) > 12 

or 𝟏𝟎√𝟐 > 14 or 𝟐𝟓𝟎 > 196    (True) 

1438. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧 ∈ ℕ, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂
𝟐 +𝐦𝐛𝐦𝐜

𝐦𝒂
𝐧(𝐦𝐛 +𝐦𝐜)

+
𝐦𝐛
𝟐 +𝐦𝐜𝐦𝒂

𝐦𝐛
𝐧(𝐦𝐜 +𝐦𝒂)

+
𝐦𝐜
𝟐 +𝐦𝒂𝐦𝐛

𝐦𝐜
𝐧(𝐦𝒂 +𝐦𝐛)

≥
𝟏

𝟑𝐧−𝟐
. (
𝟐

𝐑
)
𝐧−𝟏

 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

∑
𝟏

𝐦𝒂
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟗

∑ 𝐦𝒂𝐜𝐲𝐜
≥

𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 𝟗

𝟒𝐑+ 𝐫
≥

𝐄𝐮𝐥𝐞𝐫 𝟗

𝟗𝐑
𝟐

⇒∑
𝟏

𝐦𝒂
𝐜𝐲𝐜

≥
(𝐢) 𝟐

𝐑
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𝐂𝒂𝐬𝐞 𝟏  𝐧 = 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝐦𝒂
𝟐 +𝐦𝐛𝐦𝐜

𝐦𝒂
𝐧(𝐦𝐛 +𝐦𝐜)

+
𝐦𝐛
𝟐 +𝐦𝐜𝐦𝒂

𝐦𝐛
𝐧(𝐦𝐜 +𝐦𝒂)

+
𝐦𝐜
𝟐 +𝐦𝒂𝐦𝐛

𝐦𝐜
𝐧(𝐦𝒂 +𝐦𝐛)

 

=∑
𝐦𝒂

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

+∑
𝐦𝐛𝐦𝐜

𝐦𝒂𝐦𝐛 +𝐦𝒂𝐦𝐜
𝐜𝐲𝐜

≥
𝐍𝐞𝐬𝐛𝐢𝐭𝐭 𝟑

𝟐
+
𝟑

𝟐
= 𝟑 =

𝟏

𝟑𝐧−𝟐
. (
𝟐

𝐑
)
𝐧−𝟏

 

𝐂𝒂𝐬𝐞 𝟐  𝐧 ∈ ℕ − {𝟏} 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
𝐦𝒂
𝟐 +𝐦𝐛𝐦𝐜

𝐦𝒂
𝐧(𝐦𝐛 +𝐦𝐜)

+
𝐦𝐛
𝟐 +𝐦𝐜𝐦𝒂

𝐦𝐛
𝐧(𝐦𝐜 +𝐦𝒂)

+
𝐦𝐜
𝟐 +𝐦𝒂𝐦𝐛

𝐦𝐜
𝐧(𝐦𝒂 +𝐦𝐛)

 

=∑
(
𝟏
𝐦𝒂
)
𝐧−𝟐

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

+∑
(
𝟏
𝐦𝒂
)
𝐧

𝐦𝐛 +𝐦𝐜

𝐦𝐛𝐦𝐜
𝐜𝐲𝐜

≥
𝐇𝐨𝐥𝐝𝐞𝐫 (∑

𝟏
𝐦𝒂

𝐜𝐲𝐜 )
𝐧−𝟐

𝟑𝐧−𝟒 ∗ 𝟐 ∗ ∑ 𝐦𝒂𝐜𝐲𝐜
+

(∑
𝟏
𝐦𝒂

𝐜𝐲𝐜 )
𝐧

𝟑𝐧−𝟐 ∗ 𝟐 ∗ ∑
𝟏
𝐦𝒂

𝐜𝐲𝐜

 

≥

𝐯𝐢𝒂 (𝐢)

𝒂𝐧𝐝
𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 + 𝐄𝐮𝐥𝐞𝐫 (

𝟐
𝐑
)
𝐧−𝟐

𝟑𝐧−𝟒 ∗ 𝟐 ∗
𝟗𝐑
𝟐

+
(
𝟐
𝐑
)
𝐧−𝟏

𝟑𝐧−𝟐 ∗ 𝟐
=

𝟐𝐧−𝟐

𝟑𝐧−𝟐 ∗ 𝐑𝐧−𝟏
+

𝟐𝐧−𝟐

𝟑𝐧−𝟐 ∗ 𝐑𝐧−𝟏
 

=
𝟏

𝟑𝐧−𝟐
. (
𝟐

𝐑
)
𝐧−𝟏

 𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧 ∈ ℕ, 

𝐦𝒂
𝟐 +𝐦𝐛𝐦𝐜

𝐦𝒂
𝐧(𝐦𝐛 +𝐦𝐜)

+
𝐦𝐛
𝟐 +𝐦𝐜𝐦𝒂

𝐦𝐛
𝐧(𝐦𝐜 +𝐦𝒂)

+
𝐦𝐜
𝟐 +𝐦𝒂𝐦𝐛

𝐦𝐜
𝐧(𝐦𝒂 +𝐦𝐛)

 

≥
𝟏

𝟑𝐧−𝟐
. (
𝟐

𝐑
)
𝐧−𝟏

,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐖𝐋𝐎𝐆,𝐰𝐞 𝐦𝐚𝐲 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒎𝒂 ≥ 𝒎𝒃 ≥ 𝒎𝒄 . 

𝐒𝐢𝐧𝐜𝐞   
𝟏

𝒎𝒂
𝒏(𝒎𝒃 +𝒎𝒄)

≤
𝟏

𝒎𝒃
𝒏(𝒎𝒄 +𝒎𝒂)

≤
𝟏

𝒎𝒄
𝒏(𝒎𝒂 +𝒎𝒃)

,  

 
𝐭𝐡𝐞𝐧 𝐛𝐲 𝐭𝐡𝐞 𝐆𝐞𝐧𝐞𝐫𝐚𝐥𝐢𝐳𝐞𝐝 𝐒𝐜𝐡𝐮𝐫 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒎𝒂

𝟐 +𝒎𝒃𝒎𝒄

𝒎𝒂
𝒏(𝒎𝒃 +𝒎𝒄)

𝒄𝒚𝒄

=∑(
(𝒎𝒂 −𝒎𝒃)(𝒎𝒂 −𝒎𝒄)

𝒎𝒂
𝒏(𝒎𝒃 +𝒎𝒄)

+
𝟏

𝒎𝒂
𝒏−𝟏
)

𝒄𝒚𝒄

≥∑
𝟏

𝒎𝒂
𝒏−𝟏

𝒄𝒚𝒄

 

≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 
𝟑𝒏

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)𝒏−𝟏
≥⏞

𝑮𝒐𝒕𝒎𝒂𝒏

 
𝟑𝒏

(
𝟗𝑹
𝟐 )

𝒏−𝟏 =
𝟏

𝟑𝒏−𝟐
. (
𝟐

𝑹
)
𝒏−𝟏

, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

1439. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂
𝟐 +𝐦𝐛𝐦𝐜

𝐦𝒂
𝟓(𝐦𝐛 +𝐦𝐜)

+
𝐦𝐛
𝟐 +𝐦𝐜𝐦𝒂

𝐦𝐛
𝟓(𝐦𝐜 +𝐦𝒂)

+
𝐦𝐜
𝟐 +𝐦𝒂𝐦𝐛

𝐦𝐜
𝟓(𝐦𝒂 +𝐦𝐛)

≥
𝟏𝟔

𝟐𝟕𝐑𝟒
 

  Proposed by Zaza Mzhavanadze-Georgia 



 
www.ssmrmh.ro 

63 RMM-GEOMETRY MARATHON 1401-1500 

 

Solution 1 by Soumava Chakraborty-Kolkata-India 
𝐦𝒂
𝟐 +𝐦𝐛𝐦𝐜

𝐦𝒂
𝟓(𝐦𝐛 +𝐦𝐜)

+
𝐦𝐛
𝟐 +𝐦𝐜𝐦𝒂

𝐦𝐛
𝟓(𝐦𝐜 +𝐦𝒂)

+
𝐦𝐜
𝟐 +𝐦𝒂𝐦𝐛

𝐦𝐜
𝟓(𝐦𝒂 +𝐦𝐛)

 

=∑
(
𝟏
𝐦𝒂
)
𝟑

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

+∑
(
𝟏
𝐦𝒂
)
𝟓

𝐦𝐛 +𝐦𝐜

𝐦𝐛𝐦𝐜
𝐜𝐲𝐜

≥
𝐇𝐨𝐥𝐝𝐞𝐫 (∑

𝟏
𝐦𝒂

𝐜𝐲𝐜 )
𝟑

𝟔∑ 𝐦𝒂𝐜𝐲𝐜
+

(∑
𝟏
𝐦𝒂

𝐜𝐲𝐜 )
𝟓

𝟐𝟕 ∗ 𝟐∑
𝟏
𝐦𝒂

𝐜𝐲𝐜

 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

(
𝟗

∑ 𝐦𝒂𝐜𝐲𝐜
)

𝟑

𝟔∑ 𝐦𝒂𝐜𝐲𝐜
+

(
𝟗

∑ 𝐦𝒂𝐜𝐲𝐜
)

𝟒

𝟓𝟒
≥

𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫 𝟕𝟐𝟗

𝟔(𝟒𝐑 + 𝐫)𝟒
+

𝟕𝟐𝟗 ∗ 𝟗

𝟓𝟒(𝟒𝐑+ 𝐫)𝟒
 

≥
𝐄𝐮𝐥𝐞𝐫 𝟕𝟐𝟗 ∗ 𝟐𝟒

𝟔 ∗ 𝟕𝟐𝟗 ∗ 𝟗𝐑𝟒
+

𝟕𝟐𝟗 ∗ 𝟗 ∗ 𝟐𝟒

𝟓𝟒 ∗ 𝟕𝟐𝟗 ∗ 𝟗𝐑𝟒
=

𝟏𝟔

𝟐𝟕𝐑𝟒
,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒎𝒂

𝟐 +𝒎𝒃𝒎𝒄

𝒎𝒂
𝟓(𝒎𝒃 +𝒎𝒄)

𝒄𝒚𝒄

≥∑
𝟐𝒎𝒂√𝒎𝒃𝒎𝒄

𝒎𝒂
𝟓(𝒎𝒃 +𝒎𝒄)

𝒄𝒚𝒄

≥ 𝟐. 𝟑√
𝒎𝒂

𝟐𝒎𝒃
𝟐𝒎𝒄

𝟐

𝒎𝒂
𝟓𝒎𝒃

𝟓𝒎𝒄
𝟓(𝒎𝒂 +𝒎𝒃)(𝒎𝒃 +𝒎𝒄)(𝒎𝒄 +𝒎𝒂)

𝟑

 

=
𝟔

𝒎𝒂𝒎𝒃𝒎𝒄√(𝒎𝒂 +𝒎𝒃)(𝒎𝒃 +𝒎𝒄)(𝒎𝒄 +𝒎𝒂)
𝟑

 

≥
𝟔

(
𝒎𝒂 +𝒎𝒃 +𝒎𝒄

𝟑 )
𝟑

.
(𝒎𝒂 +𝒎𝒃) + (𝒎𝒃 +𝒎𝒄) + (𝒎𝒄 +𝒎𝒂)

𝟑

=
𝟐𝟒𝟑

(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)
𝟒

 

≥⏞
𝑳𝒆𝒖𝒆𝒏𝒃𝒆𝒓𝒈𝒆𝒓

𝟐𝟒𝟑

(𝟒𝑹+ 𝒓)𝟒
≥⏞

𝑬𝒖𝒍𝒆𝒓 𝟐𝟒𝟑

(
𝟗𝑹
𝟐 )

𝟒 =
𝟏𝟔

𝟐𝟕𝑹𝟒
, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

1440. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐰𝒂(𝐰𝐛
𝟐 + 𝐰𝐜

𝟐)

𝐰𝒂
𝟐 +𝐰𝐛𝐰𝐜

+
𝐰𝐛(𝐰𝐜

𝟐 + 𝐰𝒂
𝟐)

𝐰𝐛
𝟐 + 𝐰𝐜𝐰𝒂

+
𝐰𝐜(𝐰𝒂

𝟐 +𝐰𝐛
𝟐)

𝐰𝐜
𝟐 + 𝐰𝒂𝐰𝐛

≥ 𝟗𝐫 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐅𝐢𝐫𝐬𝐭𝐥𝐲,𝐰𝐞 𝐬𝐡𝒂𝒍𝒍 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∀ 𝒙, 𝐲, 𝐳 > 0 ,∏(𝐲𝟐 + 𝐳𝟐)

𝐜𝐲𝐜

≥∏(𝒙𝟐 + 𝐲𝐳)

𝐜𝐲𝐜

  

⇔∑𝒙𝟒𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟐𝐲𝟒

𝐜𝐲𝐜

≥
(𝐢)

𝒙𝐲𝐳∑𝒙𝟑

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜
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𝐋𝐇𝐒 𝐨𝐟 (𝐢) =∑
𝒙𝟒𝐲𝟐 + 𝒙𝟒𝐳𝟐

𝟐
𝐜𝐲𝐜

+∑
𝒙𝟒𝐲𝟐 + 𝒙𝟐𝐲𝟒

𝟐
𝐜𝐲𝐜

≥
𝐀−𝐆

∑𝒙𝟒𝐲𝐳

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

 

= 𝒙𝐲𝐳∑𝒙𝟑

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∀ 𝒙, 𝐲, 𝐳 > 0,
∏ (𝐲𝟐 + 𝐳𝟐)𝐜𝐲𝐜

∏ (𝒙𝟐 + 𝐲𝐳)𝐜𝐲𝐜
≥ 𝟏 → (𝟏) 

𝐍𝐨𝐰,
𝐰𝒂(𝐰𝐛

𝟐 +𝐰𝐜
𝟐)

𝐰𝒂
𝟐 +𝐰𝐛𝐰𝐜

+
𝐰𝐛(𝐰𝐜

𝟐 +𝐰𝒂
𝟐)

𝐰𝐛
𝟐 +𝐰𝐜𝐰𝒂

+
𝐰𝐜(𝐰𝒂

𝟐 +𝐰𝐛
𝟐)

𝐰𝐜
𝟐 +𝐰𝒂𝐰𝐛

≥
𝐀−𝐆

 

𝟑√𝐰𝒂𝐰𝐛𝐰𝐜.
∏ (𝐰𝐛

𝟐 +𝐰𝐜
𝟐)𝐜𝐲𝐜

∏ (𝐰𝒂
𝟐 +𝐰𝐛𝐰𝐜)𝐜𝐲𝐜

𝟑

≥
𝐯𝐢𝒂 (𝟏)

𝟑. √𝐰𝒂𝐰𝐛𝐰𝐜
𝟑 ≥ 𝟑. √𝐡𝒂𝐡𝐛𝐡𝐜

𝟑
= 𝟑. √

𝟐𝐫𝟐𝐬𝟐

𝐑

𝟑

 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟑. √
𝐫𝟐. (𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑− 𝟐𝐫))

𝐑

𝟑

≥
𝐄𝐮𝐥𝐞𝐫

𝟑. √
𝐫𝟐. 𝟐𝟕𝐑𝐫

𝐑

𝟑

= 𝟗𝐫 ∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 

𝐰𝒂(𝐰𝐛
𝟐 +𝐰𝐜

𝟐)

𝐰𝒂
𝟐 + 𝐰𝐛𝐰𝐜

+
𝐰𝐛(𝐰𝐜

𝟐 +𝐰𝒂
𝟐)

𝐰𝐛
𝟐 +𝐰𝐜𝐰𝒂

+
𝐰𝐜(𝐰𝒂

𝟐 +𝐰𝐛
𝟐)

𝐰𝐜
𝟐 +𝐰𝒂𝐰𝐛

≥ 𝟗𝐫, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

 Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐖𝐞 𝐡𝐚𝐯𝐞 

∑
𝒘𝒂(𝒘𝒃

𝟐 + 𝒘𝒄
𝟐)

𝒘𝒂𝟐 +𝒘𝒃𝒘𝒄
𝒄𝒚𝒄

≥⏞
𝑪𝑩𝑺

∑
𝒘𝒂(𝒘𝒃

𝟐 +𝒘𝒄
𝟐)

√(𝒘𝒂𝟐 +𝒘𝒃𝟐)(𝒘𝒂𝟐 +𝒘𝒄𝟐)𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

𝟑√∏
𝒘𝒂(𝒘𝒃𝟐 +𝒘𝒄𝟐)

√(𝒘𝒂𝟐 +𝒘𝒃𝟐)(𝒘𝒂𝟐 +𝒘𝒄𝟐)𝒄𝒚𝒄

𝟑
 

                               = 𝟑√𝒘𝒂𝒘𝒃𝒘𝒄
𝟑 ≥⏞

𝒘𝒂 ≥ 𝒉𝒂 (𝒂𝒏𝒅 𝒂𝒏𝒂𝒍𝒐𝒈𝒔)

𝟑√𝒉𝒂𝒉𝒃𝒉𝒄
𝟑  ≥⏞

𝑮𝑴−𝑯𝑴 𝟗

𝟏
𝒉𝒂
+
𝟏
𝒉𝒃
+
𝟏
𝒉𝒄

= 𝟗𝒓. 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1441. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐦𝒂

𝐦𝐛 (𝟓(𝐦𝒂
𝟐 +𝐦𝐛

𝟐) + 𝐦𝒂(𝟔𝐦𝐛 + 𝟏𝟏𝐦𝐜))𝐜𝐲𝐜

≥
𝟒

𝟖𝟏𝐑𝟐
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 

∀ 𝒙, 𝐲, 𝐳 > 0,∑
𝒙

𝐲(𝟓(𝒙𝟐 + 𝐲𝟐) + 𝒙(𝟔𝐲 + 𝟏𝟏𝐳))
𝐜𝐲𝐜

 

=∑
𝒙𝟐

𝟓𝒙𝟑𝐲 + 𝟓𝒙𝐲𝟑 + 𝟔𝒙𝟐𝐲𝟐 + 𝟏𝟏𝒙.𝒙𝐲𝐳
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

𝟓∑ 𝒙𝟑𝐲𝐜𝐲𝐜 + 𝟓∑ 𝒙𝐲𝟑𝐜𝐲𝐜 + 𝟔∑ 𝒙𝟐𝐲𝟐𝐜𝐲𝐜 + 𝟏𝟏𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜
≥
? 𝟏

(∑ 𝒙𝐜𝐲𝐜 )
𝟐 
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⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟒

≥
?
𝟓∑(𝒙𝐲(∑𝒙𝟐

𝐜𝐲𝐜

− 𝐳𝟐))

𝐜𝐲𝐜

+ 𝟔∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

+ 𝟏𝟏𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

 

⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟒

≥
?
⏟
(∗)

𝟓(∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙𝟐

𝐜𝐲𝐜

)+ 𝟔∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

+ 𝟔𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗+ 𝐘− 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 
> 0 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑋, 𝑍 + 𝑋 > 𝑌 ⇒ 𝑋, 𝑌, 𝑍 𝑓𝑜𝑟𝑚  

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)  

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒙 = 𝐬 − 𝐗, 𝐲 = 𝐬 − 𝐘, 

𝐳 = 𝐬 − 𝐙 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝐗)(𝐬 − 𝐘)

𝐜𝐲𝐜

 

⇒∑𝒙𝐲

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟐) 𝒂𝐧𝐝 ∑𝒙𝟐

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

 

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒙𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟑) 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨,∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

 

= (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐(∏(𝐬 − 𝐗)

𝐜𝐲𝐜

) . 𝐬 

= (𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 ⇒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟒) 

∴ 𝐯𝐢𝒂 (𝟏), (𝟐), (𝟑), (𝟒), (∗) ⇔ 𝐬𝟒 ≥ 𝟓(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) 

+𝟔𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟔(∏(𝐬 − 𝐗)

𝐜𝐲𝐜

)𝐬 

= 𝟓(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) + 𝟔𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟔𝐫𝟐𝐬 

⇔ 𝐬𝟒 − (𝟐𝟎𝐑𝐫 − 𝐫𝟐)𝐬𝟐 + 𝟒𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 ≥
(∗∗)

𝟎 𝒂𝐧𝐝 ∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟒𝐑− 𝟑𝐫)𝐬𝟐 ≥
(∗∗∗)

𝐫(𝟔𝟒𝐑𝟐 − 𝟔𝟒𝐑𝐫 + 𝟕𝐫𝟐) 

𝐍𝐨𝐰, (𝟒𝐑 − 𝟑𝐫)𝐬𝟐 ≥
𝐑𝐨𝐮𝐜𝐡𝐞

(𝟒𝐑 − 𝟑𝐫) (𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫) 

≥
?
𝐫(𝟔𝟒𝐑𝟐 − 𝟔𝟒𝐑𝐫 + 𝟕𝐫𝟐) ⇔ (𝟒𝐑 − 𝟑𝐫)(𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐) − 𝐫(𝟔𝟒𝐑𝟐 − 𝟔𝟒𝐑𝐫 + 𝟕𝐫𝟐) 

≥
?
𝟐(𝟒𝐑− 𝟑𝐫)(𝐑− 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

⇔ 𝟐(𝐑− 𝟐𝐫)(𝟒𝐑𝟐 − 𝟕𝐑𝐫+ 𝐫𝟐) ≥
?
𝟐(𝟒𝐑− 𝟑𝐫)(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 𝒂𝐧𝐝  

𝐩𝐫𝐨𝐯𝐢𝐧𝐠 𝐢𝐭 𝐰𝐢𝐥𝐥 𝐛𝐞 𝐝𝐨𝐧𝐞 𝐢𝐟 𝐰𝐞 𝐜𝒂𝐧 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟒𝐑𝟐 − 𝟕𝐑𝐫 + 𝐫𝟐 > (𝟒𝐑 − 𝟑𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

(∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎) ⇔ (𝟒𝐑𝟐 − 𝟕𝐑𝐫 + 𝐫𝟐)
𝟐
> (𝐑𝟐 − 𝟐𝐑𝐫)(𝟒𝐑 − 𝟑𝐫)𝟐 

⇔ 𝟒𝐑𝐫𝟑 + 𝐫𝟒 > 0 → 𝐭𝐫𝐮𝐞 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
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∴ ∀ 𝒙, 𝐲, 𝐳 > 0,∑
𝒙

𝐲(𝟓(𝒙𝟐 + 𝐲𝟐) + 𝒙(𝟔𝐲 + 𝟏𝟏𝐳))
𝐜𝐲𝐜

≥
𝟏

(∑ 𝒙𝐜𝐲𝐜 )
𝟐 

⇒∑
𝐦𝒂

𝐦𝐛 (𝟓(𝐦𝒂
𝟐 +𝐦𝐛

𝟐) + 𝐦𝒂(𝟔𝐦𝐛 + 𝟏𝟏𝐦𝐜))𝐜𝐲𝐜

≥
𝟏

(∑ 𝐦𝒂𝐜𝐲𝐜 )
𝟐 ≥

𝟏

𝟑∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜

 

=
𝟒

𝟗∑ 𝒂𝟐𝐜𝐲𝐜
≥

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳 𝟒

𝟖𝟏𝐑𝟐
∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 

∑
𝐦𝒂

𝐦𝐛 (𝟓(𝐦𝒂
𝟐 +𝐦𝐛

𝟐) + 𝐦𝒂(𝟔𝐦𝐛 + 𝟏𝟏𝐦𝐜))𝐜𝐲𝐜

 

≥
𝟒

𝟖𝟏𝐑𝟐
,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐋𝐞𝐭 𝒙, 𝒚, 𝒛 > 0.𝐵𝑦 𝐶𝐵𝑆 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦,𝑤𝑒 ℎ𝑎𝑣𝑒 

      ∑
𝒙

𝒚[𝟓(𝒙𝟐 + 𝒚𝟐) + 𝒙(𝟔𝒚 + 𝟏𝟏𝒛)]
𝒄𝒚𝒄

≥
(𝒙 + 𝒚 + 𝒛)𝟐

∑ 𝒙𝒚[𝟓(𝒙𝟐 + 𝒚𝟐) + 𝒙(𝟔𝒚 + 𝟏𝟏𝒛)]𝒄𝒚𝒄

=
(𝒙 + 𝒚 + 𝒛)𝟐

𝟑(∑ 𝒙𝒚𝒄𝒚𝒄 )
𝟐
+ 𝟓(∑ 𝒙𝒚𝒄𝒚𝒄 )(∑ 𝒙𝟐𝒄𝒚𝒄 ) + 𝟑∑ 𝒙𝟐𝒚𝟐𝒄𝒚𝒄

≥
(𝒙 + 𝒚 + 𝒛)𝟐

𝟐(∑ 𝒙𝟐𝒄𝒚𝒄 )
𝟐
+ 𝟔(∑ 𝒙𝒚𝒄𝒚𝒄 )(∑ 𝒙𝟐𝒄𝒚𝒄 ) + (∑ 𝒙𝟐𝒄𝒚𝒄 )

𝟐 =
𝟏

𝟑(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)
. 

𝐓𝐡𝐞𝐧 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐋𝐞𝐢𝐛𝐧𝐢𝐳′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐠𝐞𝐭 

∑
𝒎𝒂

𝒎𝒃[𝟓(𝒎𝒂
𝟐 +𝒎𝒃

𝟐) + 𝒎𝒂(𝟔𝒎𝒃 + 𝟏𝟏𝒎𝒄)]
𝒄𝒚𝒄

≥
𝟏

𝟑(𝒎𝒂
𝟐 +𝒎𝒃

𝟐 +𝒎𝒄
𝟐)

=
𝟒

𝟗(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)
≥

𝟒

𝟖𝟏𝑹𝟐
, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐖𝐞 𝐡𝐚𝐯𝐞 

∑
𝒎𝒂

𝒎𝒃[𝟓(𝒎𝒂
𝟐 +𝒎𝒃

𝟐) + 𝒎𝒂(𝟔𝒎𝒃 + 𝟏𝟏𝒎𝒄)]
𝒄𝒚𝒄

≥⏞
𝑪𝑩𝑺 (∑ √

𝒎𝒂

𝒎𝒃
𝒄𝒚𝒄 )

𝟐

∑ [𝟓(𝒎𝒂
𝟐 +𝒎𝒃

𝟐) +𝒎𝒂(𝟔𝒎𝒃 + 𝟏𝟏𝒎𝒄)]𝒄𝒚𝒄
 

≥⏞
𝑨𝑴−𝑮𝑴 𝟑𝟐

𝟏𝟎∑ 𝒎𝒂
𝟐

𝒄𝒚𝒄 + 𝟏𝟕∑ 𝒎𝒃𝒎𝒄𝒄𝒚𝒄
≥

𝟗

𝟐𝟕∑ 𝒎𝒂
𝟐

𝒄𝒚𝒄
=

𝟒

𝟗∑ 𝒂𝟐𝒄𝒚𝒄
≥⏞

𝐋𝐞𝐢𝐛𝐧𝐢𝐳 𝟒

𝟖𝟏𝑹𝟐
, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
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1442. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐫𝒂

𝐫𝐛 (𝟔(𝐫𝒂
𝟑 + 𝐫𝐛

𝟑) + 𝟏𝟎𝐫𝒂𝐫𝐛(𝐫𝒂 + 𝐫𝐛) + 𝐫𝒂𝐫𝐜(𝟏𝟗𝐫𝒂 + 𝟑𝟎𝐫𝐛))𝐜𝐲𝐜

≥ (
𝟐

𝟗𝐑
)
𝟑

 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 

∀ 𝒙, 𝐲, 𝐳 > 0,∑
𝒙

𝐲(𝟔(𝒙𝟑 + 𝐲𝟑) + 𝟏𝟎𝒙𝐲(𝒙+ 𝐲) + 𝒙𝐳(𝟏𝟗𝒙 + 𝟑𝟎𝐲))
𝐜𝐲𝐜

 

=∑
𝒙𝟐

𝟔𝒙𝟒𝐲 + 𝟔𝒙𝐲𝟒 + 𝟏𝟎𝒙𝟑𝐲𝟐 + 𝟏𝟎𝒙𝟐𝐲𝟑 + 𝒙𝐲𝐳(𝟏𝟗𝒙𝟐 + 𝟑𝟎𝒙𝐲)
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

𝟔∑ 𝒙𝟒𝐲𝐜𝐲𝐜 + 𝟔∑ 𝒙𝐲𝟒𝐜𝐲𝐜 + 𝟏𝟎∑ 𝒙𝟑𝐲𝟐𝐜𝐲𝐜 + 𝟏𝟎∑ 𝒙𝟐𝐲𝟑𝐜𝐲𝐜 + 𝒙𝐲𝐳(𝟏𝟗∑ 𝒙𝟐𝐜𝐲𝐜 + 𝟑𝟎∑ 𝒙𝐲𝐜𝐲𝐜 )
 

≥
? 𝟏

(∑ 𝒙𝐜𝐲𝐜 )
𝟑⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟓

≥
?
𝟔∑(𝒙𝐲(∑𝒙𝟑

𝐜𝐲𝐜

− 𝐳𝟑))

𝐜𝐲𝐜

 

+𝟏𝟎∑(𝒙𝟐𝐲𝟐(∑𝒙

𝐜𝐲𝐜

− 𝐳))

𝐜𝐲𝐜

+ 𝟏𝟗𝒙𝐲𝐳∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟑𝟎𝒙𝐲𝐳∑𝒙𝐲

𝐜𝐲𝐜

 

⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟓

≥
?
𝟔(∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙𝟑

𝐜𝐲𝐜

)− 𝟔𝒙𝐲𝐳(∑𝒙𝟐

𝐜𝐲𝐜

)+ 𝟏𝟎(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

) 

−𝟏𝟎𝒙𝐲𝐳(∑𝒙𝐲

𝐜𝐲𝐜

)+ 𝟏𝟗𝒙𝐲𝐳∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟑𝟎𝒙𝐲𝐳∑𝒙𝐲

𝐜𝐲𝐜

 

= 𝟔(∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙𝟑

𝐜𝐲𝐜

)+ 𝟏𝟎(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

)+ 𝟏𝟑𝒙𝐲𝐳(∑𝒙𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒙𝐲

𝐜𝐲𝐜

) 

−𝟔𝒙𝐲𝐳(∑𝒙𝐲

𝐜𝐲𝐜

) 

⇔

(∑𝒙

𝐜𝐲𝐜

)

𝟓

≥
?
⏟
(∗)

𝟔(∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙𝟑

𝐜𝐲𝐜

)+ 𝟏𝟎(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

)

+𝟏𝟑𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟔𝒙𝐲𝐳(∑𝒙𝐲

𝐜𝐲𝐜

)

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗+ 𝐘− 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 
> 0 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑋, 𝑍 + 𝑋 > 𝑌 ⇒ 𝑋, 𝑌, 𝑍 𝑓𝑜𝑟𝑚  



 
www.ssmrmh.ro 

68 RMM-GEOMETRY MARATHON 1401-1500 

 

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒙 = 𝐬 − 𝐗, 𝐲 = 𝐬 − 𝐘, 

𝐳 = 𝐬 − 𝐙 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝐗)(𝐬 − 𝐘)

𝐜𝐲𝐜

 

⇒∑𝒙𝐲

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟐) 𝒂𝐧𝐝 ∑𝒙𝟑

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟑

− 𝟑∏(𝐲 + 𝐳)

𝐜𝐲𝐜

 

=
𝐯𝐢𝒂 (𝟏)

𝐬𝟑 − 𝟑𝐗𝐘𝐙 = 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 ⇒∑𝒙𝟑

𝐜𝐲𝐜

= 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 → (𝟑) 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨, 

∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐

 

−𝟐(∏(𝐬 − 𝐗)

𝐜𝐲𝐜

) . 𝐬 = (𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 ⇒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) 

→ (𝟒) ∴ 𝐯𝐢𝒂 (𝟏), (𝟐), (𝟑), (𝟒), (∗) ⇔ 𝐬𝟓 ≥ 𝟔(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬) 

+𝟏𝟎𝐬𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟏𝟑(∏(𝐬 − 𝐗)

𝐜𝐲𝐜

)𝐬𝟐 − 𝟔𝐫𝟐𝐬(𝟒𝐑𝐫 + 𝐫𝟐) 

⇔ 𝐬𝟒 ≥ 𝟔(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟏𝟐𝐑𝐫) + 𝟏𝟎𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟏𝟑𝐬𝐫𝟐. 𝐬 

−𝟔𝐫𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇔ 𝐬𝟒 − (𝟐𝟒𝐑𝐫 − 𝐫𝟐)𝐬𝟐 + 𝟒𝐫𝟐(𝟑𝟐𝐑𝟐 + 𝟒𝐑𝐫 − 𝐫𝟐) ≥ 𝟎 

⇔ 𝐬𝟐 ≥
𝟐𝟒𝐑𝐫 − 𝐫𝟐 +√(𝟐𝟒𝐑𝐫 − 𝐫𝟐)𝟐 − 𝟏𝟔𝐫𝟐(𝟑𝟐𝐑𝟐 + 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐
 

⇔ 𝐬𝟐 ≥
(∗∗) 𝟐𝟒𝐑𝐫 − 𝐫𝟐 + 𝐫 ∗ √𝟔𝟒𝐑𝟐 − 𝟏𝟏𝟐𝐑𝐫 + 𝟏𝟕𝐫𝟐

𝟐
 

𝐍𝐨𝐰, 𝟐𝐬𝟐 ≥
𝐑𝐨𝐮𝐜𝐡𝐞

𝟐(𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫) ≥
?
𝟐𝟒𝐑𝐫 − 𝐫𝟐 

+𝐫 ∗ √𝟔𝟒𝐑𝟐 − 𝟏𝟏𝟐𝐑𝐫 + 𝟏𝟕𝐫𝟐 

⇔ 𝟒𝐑𝟐 − 𝟒𝐑𝐫− 𝐫𝟐 − 𝟒(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 ≥
?
⏟
(∗∗∗)

𝐫 ∗ √𝟔𝟒𝐑𝟐 − 𝟏𝟏𝟐𝐑𝐫 + 𝟏𝟕𝐫𝟐  

∵ (𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟐
− 𝟏𝟔(𝐑𝟐 − 𝟐𝐑𝐫)(𝐑− 𝟐𝐫)𝟐 

= 𝐫(𝟔𝟒𝐑𝟑 − 𝟏𝟖𝟒𝐑𝟐𝐫 + 𝟏𝟑𝟔𝐑𝐫𝟐 + 𝐫𝟑) 

= (𝐑 − 𝟐𝐫)(𝟑𝟔𝐑𝟐 + 𝟐𝟖𝐑(𝐑 − 𝟐𝐫) + 𝟐𝟒𝐫𝟐) + 𝟒𝟗𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟒𝟗𝐫𝟑 > 𝟎 

∴ 𝟒𝐑𝟐 − 𝟒𝐑𝐫− 𝐫𝟐 > 𝟒(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

⇒ 𝟒𝐑𝟐 − 𝟒𝐑𝐫− 𝐫𝟐 − 𝟒(𝐑− 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 > 𝟎 ⇒ (∗∗∗) ⇔ 

(𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐 − 𝟒(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫)
𝟐

≥ 𝐫𝟐(𝟔𝟒𝐑𝟐 − 𝟏𝟏𝟐𝐑𝐫 + 𝟏𝟕𝐫𝟐) 

⇔ (𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
𝟐
+ 𝟏𝟔(𝐑𝟐 − 𝟐𝐑𝐫)(𝐑− 𝟐𝐫)𝟐 − 𝐫𝟐(𝟔𝟒𝐑𝟐 − 𝟏𝟏𝟐𝐑𝐫 + 𝟏𝟕𝐫𝟐) 

≥ 𝟖(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 ∗ (𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) 
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⇔ (𝐑− 𝟐𝐫)(𝟒𝐑𝟑 − 𝟖𝐑𝟐𝐫 + 𝐑𝐫𝟐 + 𝐫𝟑) ≥ (𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 ∗ (𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)  

⇔ 𝟒𝐑𝟑 − 𝟖𝐑𝟐𝐫 + 𝐑𝐫𝟐 + 𝐫𝟑 > √𝐑𝟐 − 𝟐𝐑𝐫 ∗ (𝟒𝐑𝟐 − 𝟒𝐑𝐫− 𝐫𝟐) (∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎) 

⇔ (𝟒𝐑𝟑 − 𝟖𝐑𝟐𝐫 + 𝐑𝐫𝟐 + 𝐫𝟑)
𝟐
> (𝐑𝟐 − 𝟐𝐑𝐫)(𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐
⇔ 𝐫𝟓(𝟒𝐑+ 𝐫) > 0  

→ 𝐭𝐫𝐮𝐞 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∀ 𝒙, 𝐲, 𝐳 > 0, 

∑
𝒙

𝐲(𝟔(𝒙𝟑 + 𝐲𝟑) + 𝟏𝟎𝒙𝐲(𝒙 + 𝐲) + 𝒙𝐳(𝟏𝟗𝒙+ 𝟑𝟎𝐲))
𝐜𝐲𝐜

≥
𝟏

(∑ 𝒙𝐜𝐲𝐜 )
𝟑 

⇒∑
𝐫𝒂

𝐫𝐛 (𝟔(𝐫𝒂
𝟑 + 𝐫𝐛

𝟑) + 𝟏𝟎𝐫𝒂𝐫𝐛(𝐫𝒂 + 𝐫𝐛) + 𝐫𝒂𝐫𝐜(𝟏𝟗𝐫𝒂 + 𝟑𝟎𝐫𝐛))𝐜𝐲𝐜

≥
𝟏

(∑ 𝐫𝒂𝐜𝐲𝐜 )
𝟑 

=
𝟏

(𝟒𝐑 + 𝐫)𝟑
≥

𝐄𝐮𝐥𝐞𝐫 𝟏

(𝟒𝐑 +
𝐑
𝟐
)
𝟑 = (

𝟐

𝟗𝐑
)
𝟑

,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝑳𝑯𝑺 ≥⏞
𝑪𝑩𝑺

 

(∑ √
𝒓𝒂
𝒓𝒃𝒄𝒚𝒄 )

𝟐

∑ [𝟔(𝒓𝒂𝟑 + 𝒓𝒃𝟑) + 𝟏𝟎𝒓𝒂𝒓𝒃(𝒓𝒂 + 𝒓𝒃) + 𝒓𝒂𝒓𝒄(𝟏𝟗𝒓𝒂 + 𝟑𝟎𝒓𝒃)]𝒄𝒚𝒄
 

≥⏞
𝑨𝑴−𝑮𝑴 𝟑𝟐

𝟏𝟐∑ 𝒓𝒂𝟑𝒄𝒚𝒄 + 𝟏𝟎∑ 𝒓𝒂𝟐𝒓𝒃𝒄𝒚𝒄 + 𝟐𝟗∑ 𝒓𝒂𝒓𝒃𝟐𝒄𝒚𝒄 + 𝟗𝟎𝒓𝒂𝒓𝒃𝒓𝒄
 

≥⏞
𝑨𝑴−𝑮𝑴 𝟗

𝟏𝟐∑ 𝒓𝒂𝟑𝒄𝒚𝒄 + 𝟐𝟗∑ 𝒓𝒂𝒓𝒃(𝒓𝒂 + 𝒓𝒃)𝒄𝒚𝒄 + 𝟑𝟑𝒓𝒂𝒓𝒃𝒓𝒄
 

=
𝟗

𝟏𝟐(∑ 𝒓𝒂𝒄𝒚𝒄 )
𝟑
− 𝟕∑ 𝒓𝒂𝒄𝒚𝒄 . ∑ 𝒓𝒃𝒓𝒄𝒄𝒚𝒄 − 𝟏𝟖𝒓𝒂𝒓𝒃𝒓𝒄

=
𝟗

𝟏𝟐(𝟒𝑹 + 𝒓)𝟑 − 𝟕(𝟒𝑹+ 𝒓)𝒔𝟐 − 𝟏𝟖𝒔𝟐𝒓
 

≥⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟗

𝟏𝟐(𝟒𝑹 + 𝒓)𝟑 − (𝟐𝟖𝑹+ 𝟐𝟓𝒓)(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐)
 ≥⏞
?

 (
𝟐

𝟗𝑹
)
𝟑

 

⇔ 𝟒𝟏𝟕𝑹𝟑 − 𝟏𝟎𝟐𝟒𝑹𝟐𝒓 + 𝟗𝟐𝟖𝑹𝒓𝟐 − 𝟏𝟎𝟗𝟔𝒓𝟑 ≥ 𝟎 
⇔  (𝑹 − 𝟐𝒓)(𝟒𝟏𝟕𝑹𝟐 − 𝟏𝟗𝟎𝑹𝒓 + 𝟓𝟒𝟖𝒓𝟐) ≥ 𝟎 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐛𝐲 𝐄𝐮𝐥𝐞𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝑹 ≥ 𝟐𝒓.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1443. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(𝐫𝒂𝐰𝐛)
𝟓

𝐫𝒂
𝟓 +𝐰𝐛

𝟓 +
(𝐫𝐛𝐰𝐜)

𝟓

𝐫𝐛
𝟓 + 𝐰𝐜

𝟓
+
(𝐫𝐜𝐰𝒂)

𝟓

𝐫𝐜
𝟓 +𝐰𝒂

𝟓 ≤ (
𝟑

𝟐
)
𝟔 (𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)

𝟐

𝟑𝟐𝐫𝟓
 

  Proposed by Zaza Mzhavanadze-Georgia 
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Solution by Soumava Chakraborty-Kolkata-India 

𝐰𝒂 =
𝟐√𝐛𝐜

𝐛 + 𝐜
.√𝐬(𝐬 − 𝒂) ≤

𝐀−𝐆 √𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

√(𝐬 − 𝐛)(𝐬 − 𝐜)
≤
𝐆−𝐇

 

𝐫𝐬(𝐬 − 𝒂)(𝐬 − 𝐛+ 𝐬 − 𝐜)

𝟐(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
=
𝐫𝐬𝒂(𝐬 − 𝒂)

𝟐𝐫𝟐𝐬
=
𝒂(𝐬 − 𝒂)

𝟐𝐫
 

⇒ 𝐰𝒂
𝟓 ≤ 𝐬𝟐(𝐬 − 𝒂)𝟐.

𝒂(𝐬 − 𝒂)

𝟐𝐫
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑𝐰𝒂
𝟓

𝐜𝐲𝐜

≤
𝐬𝟐

𝟐𝐫
.∑𝒂(𝐬 − 𝒂)𝟑

𝐜𝐲𝐜

=
𝐬𝟐

𝟐𝐫
.∑𝒂(𝐬𝟑 − 𝟑𝐬𝟐𝒂 + 𝟑𝐬𝒂𝟐 − 𝒂𝟑)

𝐜𝐲𝐜

 

=
𝐬𝟐

𝟐𝐫
. (
𝐬𝟑(𝟐𝐬) − 𝟔𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝟔𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

+𝟏𝟔𝐫𝟐𝐬𝟐 − 𝟐((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐)

) 

=
𝐬𝟐

𝟐𝐫
. (𝟒𝐑𝐫𝐬𝟐 − 𝟐𝐫𝟐(𝟒𝐑 + 𝐫)𝟐) ≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
 

𝐬𝟐

𝟐𝐫
. (𝟒𝐑𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) − 𝟐𝐫𝟐(𝟒𝐑 + 𝐫)𝟐) 

⇒∑𝐰𝒂
𝟓

𝐜𝐲𝐜

≤
(𝐢)

𝐬𝟐(𝟖𝐑𝟑 − 𝟖𝐑𝟐𝐫 − 𝟐𝐑𝐫𝟐 − 𝐫𝟑) 

𝐫𝒂 ≤
𝒂𝟐

𝟒𝐫
⇒ 𝐫𝒂

𝟓 ≤ 𝐬𝟒 𝐭𝒂𝐧𝟒
𝐀

𝟐
.
𝟏𝟔𝐑𝟐 𝐬𝐢𝐧𝟐

𝐀
𝟐 𝐜𝐨𝐬

𝟐 𝐀
𝟐

𝟒𝐫
=
𝟒𝐑𝟐𝐬𝟒

𝐫
(𝐭𝒂𝐧𝟐

𝐀

𝟐
)(𝟏 − 𝐜𝐨𝐬𝟐

𝐀

𝟐
)
𝟐

 

=
𝟒𝐑𝟐𝐬𝟒

𝐫
(𝐭𝒂𝐧𝟐

𝐀

𝟐
)(𝟏 + 𝐜𝐨𝐬𝟒

𝐀

𝟐
− 𝟐𝐜𝐨𝐬𝟐

𝐀

𝟐
) =

𝟒𝐑𝟐𝐬𝟒

𝐫
(
𝐫𝒂
𝟐

𝐬𝟐
+
𝐬𝐢𝐧𝟐 𝐀

𝟒
− (𝟏 − 𝐜𝐨𝐬 𝐀)) 

⇒ 𝐫𝒂
𝟓 ≤

𝟒𝐑𝟐𝐬𝟒

𝐫
(
𝐫𝒂
𝟐

𝐬𝟐
+

𝒂𝟐

𝟏𝟔𝐑𝟐
− 𝟏 + 𝐜𝐨𝐬𝐀)  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑𝐫𝒂
𝟓

𝐜𝐲𝐜

≤
𝟒𝐑𝟐𝐬𝟒

𝐫
(
(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐

𝐬𝟐
+
∑ 𝒂𝟐𝐜𝐲𝐜

𝟏𝟔𝐑𝟐
− 𝟑 + 𝟏 +

𝐫

𝐑
) 

≤
𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳 𝟒𝐑𝟐𝐬𝟒

𝐫
(
(𝟒𝐑 + 𝐫)𝟐 − 𝟒𝐬𝟐

𝐬𝟐
+
𝟗

𝟏𝟔
+
𝐫

𝐑
) 

=
𝐑𝐬𝟐

𝟒𝐫
. (𝟏𝟔𝐑(𝟒𝐑+ 𝐫)𝟐 − (𝟓𝟓𝐑− 𝟏𝟔𝐫)𝐬𝟐) ≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
 

𝐑𝐬𝟐

𝟒𝐫
. (𝟏𝟔𝐑(𝟒𝐑+ 𝐫)𝟐 − (𝟓𝟓𝐑− 𝟏𝟔𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)) 

⇒∑𝐫𝒂
𝟓

𝐜𝐲𝐜

≤
(𝐢𝐢) 𝐑𝐬𝟐

𝟒𝐫
. (𝟐𝟓𝟔𝐑𝟑 − 𝟕𝟓𝟐𝐑𝟐𝐫 + 𝟓𝟒𝟕𝐑𝐫𝟐 − 𝟖𝟎𝐫𝟑) 

∵ 𝟐𝟓𝟔𝐑𝟑 − 𝟕𝟓𝟐𝐑𝟐𝐫 + 𝟓𝟒𝟕𝐑𝐫𝟐 − 𝟖𝟎𝐫𝟑 
 

= (𝐑 − 𝟐𝐫)(𝟏𝟑𝟔𝐑𝟐 + 𝟏𝟐𝟎𝐑(𝐑 − 𝟐𝐫) + 𝟔𝟕𝐫𝟐) + 𝟓𝟒𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟓𝟒𝐫𝟑 > 0 𝑎𝐧𝐝  

𝟖𝐑𝟑 − 𝟖𝐑𝟐𝐫 − 𝟐𝐑𝐫𝟐 − 𝐫𝟑 = (𝐑 − 𝟐𝐫)(𝟖𝐑𝟐 + 𝟖𝐑𝐫 + 𝟏𝟒𝐫𝟐) + 𝟐𝟕𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟕𝐫𝟑 > 0 
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∴
(𝐫𝒂𝐰𝐛)

𝟓

𝐫𝒂
𝟓 +𝐰𝐛

𝟓
+
(𝐫𝐛𝐰𝐜)

𝟓

𝐫𝐛
𝟓 +𝐰𝐜

𝟓
+
(𝐫𝐜𝐰𝒂)

𝟓

𝐫𝐜
𝟓 +𝐰𝒂

𝟓
≤
𝐀−𝐇 𝟏

𝟒
(∑𝐰𝒂

𝟓

𝐜𝐲𝐜

+∑𝐫𝒂
𝟓

𝐜𝐲𝐜

) 

≤
𝐯𝐢𝒂 (𝐢),(𝐢𝐢) 𝐬𝟐

𝟒
(𝟖𝐑𝟑 − 𝟖𝐑𝟐𝐫 − 𝟐𝐑𝐫𝟐 − 𝐫𝟑) +

𝐑𝐬𝟐

𝟏𝟔𝐫
. (𝟐𝟓𝟔𝐑𝟑 − 𝟕𝟓𝟐𝐑𝟐𝐫 + 𝟓𝟒𝟕𝐑𝐫𝟐 − 𝟖𝟎𝐫𝟑) 

≤
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟐𝟕𝐑𝟐

𝟏𝟔
(𝟖𝐑𝟑 − 𝟖𝐑𝟐𝐫 − 𝟐𝐑𝐫𝟐 − 𝐫𝟑) 

+
𝟐𝟕𝐑𝟑

𝟔𝟒𝐫
. (𝟐𝟓𝟔𝐑𝟑 − 𝟕𝟓𝟐𝐑𝟐𝐫 + 𝟓𝟒𝟕𝐑𝐫𝟐 − 𝟖𝟎𝐫𝟑) ≤

?
(
𝟑

𝟐
)
𝟔 (𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)

𝟐

𝟑𝟐𝐫𝟓
 

⇔ 𝟐𝟕(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)
𝟐
≥
?
𝟑𝟐𝐫𝟒 (

𝟒𝐑𝟐𝐫(𝟖𝐑𝟑 − 𝟖𝐑𝟐𝐫 − 𝟐𝐑𝐫𝟐 − 𝐫𝟑)

+𝐑𝟑(𝟐𝟓𝟔𝐑𝟑 − 𝟕𝟓𝟐𝐑𝟐𝐫 + 𝟓𝟒𝟕𝐑𝐫𝟐 − 𝟖𝟎𝐫𝟑)
) 

⇔ 𝟏𝟕𝟕𝟏𝟒𝟕𝐭𝟏𝟎 − 𝟖𝟏𝟗𝟐𝐭𝟔 − 𝟏𝟏𝟏𝟕𝟒𝟒𝟎𝟎𝐭𝟓 − 𝟏𝟔𝟒𝟖𝟎𝐭𝟒 + 𝟐𝟖𝟏𝟔𝐭𝟑 + 𝟏𝟐𝟖𝐭𝟐 

+𝟏𝟕𝟔𝟗𝟒𝟕𝟐𝟎𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

 

⇔ (𝐭 − 𝟐)

(

 
 

(𝐭 − 𝟐) ∗

(
𝟏𝟕𝟕𝟏𝟒𝟕𝐭𝟖 + 𝟕𝟎𝟖𝟓𝟖𝟖𝐭𝟕 + 𝟐𝟏𝟐𝟓𝟕𝟔𝟒𝐭𝟔

+𝟓𝟔𝟔𝟖𝟕𝟎𝟒𝐭𝟓 + 𝟏𝟒𝟏𝟔𝟑𝟓𝟔𝟖𝐭𝟒 + 𝟐𝟐𝟖𝟎𝟓𝟎𝟓𝟔𝐭𝟑

+𝟑𝟒𝟓𝟒𝟗𝟒𝟕𝟐𝐭𝟐 + 𝟒𝟔𝟗𝟖𝟎𝟒𝟖𝟎𝐭+ 𝟒𝟗𝟕𝟐𝟒𝟏𝟔𝟎

)

+𝟏𝟎𝟗𝟕𝟒𝟕𝟐𝟎 )

 
 
≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒
(𝐫𝒂𝐰𝐛)

𝟓

𝐫𝒂
𝟓 +𝐰𝐛

𝟓
+
(𝐫𝐛𝐰𝐜)

𝟓

𝐫𝐛
𝟓 +𝐰𝐜

𝟓
+
(𝐫𝐜𝐰𝒂)

𝟓

𝐫𝐜
𝟓 +𝐰𝒂

𝟓
 

≤ (
𝟑

𝟐
)
𝟔 (𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)

𝟐

𝟑𝟐𝐫𝟓
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1444. 𝐋𝐞𝐭 𝑨𝑩𝑪 𝐛𝐞 𝐚𝐧 𝐚𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐚𝐧𝐝 𝐥𝐞𝐭 𝑯, 𝑰 𝐛𝐞 𝐭𝐡𝐞 𝐨𝐫𝐭𝐡𝐨𝐜𝐞𝐧𝐭𝐞𝐫, 
 𝐢𝐧𝐜𝐞𝐧𝐭𝐞𝐫 𝐨𝐟 ∆𝑨𝑩𝑪 𝐫𝐞𝐬𝐩𝐞𝐜𝐭𝐢𝐯𝐞𝐥𝐲 𝐚𝐧𝐝 𝐀𝟏𝐁𝟏𝐂𝟏𝐭𝐡𝐞 𝐨𝐫𝐭𝐡𝐢𝐜 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞.  𝐓𝐡𝐞𝐧 

𝑯𝑨𝟏. 𝑯𝑩𝟏. 𝑯𝑪𝟏
𝑰𝑨𝟏. 𝑰𝑩𝟏. 𝑰𝑪𝟏

.
𝑯𝑨.𝑯𝑩.𝑯𝑪

𝑰𝑨. 𝑰𝑩. 𝑰𝑪
≤

𝑹𝟓

𝟑𝟐𝒓𝟓
 

Proposed by Radu Diaconu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐖𝐞 𝐡𝐚𝐯𝐞 𝑯𝑨 = 𝟐𝑹𝐜𝐨𝐬𝑨  𝐚𝐧𝐝 𝑯𝑨𝟏 = 𝟐𝑹𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬), 𝒂𝒏𝒅 𝒔𝒊𝒏𝒄𝒆 

𝐜𝐨𝐬 𝑨𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪 ≤⏞
𝑨𝑴−𝑮𝑴

(
𝐜𝐨𝐬𝑨 + 𝐜𝐨𝐬𝑩 + 𝐜𝐨𝐬𝑪

𝟑
)
𝟑

 ≤⏞
𝑱𝒆𝒏𝒔𝒆𝒏

𝐜𝐨𝐬𝟑
𝝅

𝟑
=
𝟏

𝟖
,   𝐭𝐡𝐞𝐧 

𝑯𝑨.𝑯𝑩.𝑯𝑪 = 𝟖𝑹𝟑 𝐜𝐨𝐬𝑨 𝐜𝐨𝐬𝑩𝐜𝐨𝐬 𝑪 ≤ 𝑹𝟑 𝐚𝐧𝐝 

 𝑯𝑨𝟏. 𝑯𝑩𝟏. 𝑯𝑪𝟏 = 𝟖𝑹
𝟑(𝐜𝐨𝐬 𝑨 𝐜𝐨𝐬𝑩 𝐜𝐨𝐬𝑪)𝟐 =

𝑹𝟑

𝟖
. 

𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞 𝑰𝑨. 𝑰𝑩. 𝑰𝑪 =
𝒓

𝐬𝐢𝐧
𝑨
𝟐

.
𝒓

𝐬𝐢𝐧
𝑩
𝟐

.
𝒓

𝐬𝐢𝐧
𝑪
𝟐

=
𝒓𝟑

𝒓
𝟒𝑹

= 𝟒𝑹𝒓𝟐. 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 𝑰𝑨𝟏 ≥ 𝒅𝒊𝒔𝒕𝒂𝒏𝒄𝒆(𝑰, (𝑩𝑪)) = 𝒓 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬), 𝐭𝐡𝐞𝐧  𝑰𝑨𝟏. 𝑰𝑩𝟏 . 𝑰𝑪𝟏 ≥ 𝒓
𝟑. 
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𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

𝑯𝑨𝟏. 𝑯𝑩𝟏. 𝑯𝑪𝟏
𝑰𝑨𝟏. 𝑰𝑩𝟏. 𝑰𝑪𝟏

.
𝑯𝑨.𝑯𝑩.𝑯𝑪

𝑰𝑨. 𝑰𝑩. 𝑰𝑪
≤

𝑹𝟑

𝟖
𝒓𝟑
.
𝑹𝟑

𝟒𝑹𝒓𝟐
=

𝑹𝟓

𝟑𝟐𝒓𝟓
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
1345. 
𝐈𝐧 𝐚𝐧𝐲 ∆𝑨𝑩𝑪 𝐚𝐧𝐝 𝒏,𝒎 ∈ ℕ 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒏 ≥ 𝒎− 𝟐 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬 ∶ 

𝒓𝒂
𝒏(𝒓𝒂

𝟐 + 𝒓𝒃𝒓𝒄)

(𝒓𝒃 + 𝒓𝒄)𝒎
+
𝒓𝒃
𝒏(𝒓𝒃

𝟐 + 𝒓𝒄𝒓𝒂)

(𝒓𝒄 + 𝒓𝒂)𝒎
+
𝒓𝒄
𝒏(𝒓𝒄

𝟐 + 𝒓𝒂𝒓𝒃)

(𝒓𝒂 + 𝒓𝒃)𝒎
≥
𝟑𝒏−𝒎+𝟑. 𝒓𝒏−𝒎+𝟐

𝟐𝒎−𝟏
 

Proposed by Zaza Mzhavanadze-Georgia 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐖𝐞 𝐡𝐚𝐯𝐞 

  
𝒓𝒂
𝒏(𝒓𝒂

𝟐 + 𝒓𝒃𝒓𝒄)

(𝒓𝒃 + 𝒓𝒄)𝒎
=

𝒓𝒂
𝒏

(𝒓𝒃 + 𝒓𝒄)𝒎
(𝒓𝒂 − 𝒓𝒃)(𝒓𝒂 − 𝒓𝒄) +

𝒓𝒂
𝒏+𝟏

(𝒓𝒃 + 𝒓𝒄)𝒎−𝟏
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐖𝐋𝐎𝐆,𝐰𝐞 𝐦𝐚𝐲 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒓𝒂 ≥ 𝒓𝒃 ≥ 𝒓𝒄.  𝐖𝐞 𝐡𝐚𝐯𝐞  

 
𝒓𝒂
𝒏

(𝒓𝒃 + 𝒓𝒄)𝒎
≥

𝒓𝒃
𝒏

(𝒓𝒄 + 𝒓𝒂)𝒎
≥

𝒓𝒄
𝒏

(𝒓𝒂 + 𝒓𝒃)𝒎
, 

𝐭𝐡𝐞𝐧 𝐛𝐲 𝐭𝐡𝐞 𝐆𝐞𝐧𝐞𝐫𝐚𝐥𝐢𝐳𝐞𝐝 𝐒𝐜𝐡𝐮𝐫 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒓𝒂
𝒏

(𝒓𝒃 + 𝒓𝒄)𝒎
(𝒓𝒂 − 𝒓𝒃)(𝒓𝒂 − 𝒓𝒄)

𝒄𝒚𝒄

≥ 𝟎. 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

∑
𝒓𝒂
𝒏(𝒓𝒂

𝟐 + 𝒓𝒃𝒓𝒄)

(𝒓𝒃 + 𝒓𝒄)𝒎
𝒄𝒚𝒄

≥∑
𝒓𝒂
𝒏+𝟏

(𝒓𝒃 + 𝒓𝒄)𝒎−𝟏
𝒄𝒚𝒄

≥⏞
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

 
𝟏

𝟑
.∑𝒓𝒂

𝒏+𝟏

𝒄𝒚𝒄

.∑
𝟏

(𝒓𝒃 + 𝒓𝒄)𝒎−𝟏
𝒄𝒚𝒄

 

≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 
𝟏

𝟑
.
(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝒏+𝟏

𝟑𝒏
.

𝟑𝒎

𝟐𝒎−𝟏(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)𝒎−𝟏
=
(𝟒𝑹 + 𝒓)𝒏−𝒎+𝟐

𝟑𝒏+𝟏−𝒎. 𝟐𝒎−𝟏
 

≥⏞
𝑬𝒖𝒍𝒆𝒓 (𝟗𝒓)𝒏−𝒎+𝟐

𝟑𝒏+𝟏−𝒎. 𝟐𝒎−𝟏
=
𝟑𝒏−𝒎+𝟑. 𝒓𝒏−𝒎+𝟐

𝟐𝒎−𝟏
. 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 ∆𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1446. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐢𝐝𝐞𝐧𝐭𝐢𝐭𝐲 𝐨𝐜𝐜𝐮𝐫𝐬 ∶ 

𝐬𝐢𝐧 (�̂� − �̂� +
𝛑

𝟒
)∑𝐀𝐇𝐜𝐨𝐬 (�̂� − �̂� −

𝛑

𝟒
)

𝐜𝐲𝐜

− 𝐬𝐢𝐧 (�̂� − �̂� −
𝛑

𝟒
)∑𝐀𝐇𝐜𝐨𝐬 (�̂� − �̂� +

𝛑

𝟒
)

𝐜𝐲𝐜

 

=
(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 − 𝟔𝐑𝟐) 𝐜𝐨𝐬(�̂� − �̂�)

𝐑
 

  Proposed by Radu Diaconu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 
 

∑𝐀𝐇𝐜𝐨𝐬 (�̂� − �̂� −
𝛑

𝟒
)

𝐜𝐲𝐜

= 𝐑∑𝟐𝐜𝐨𝐬 �̂� 𝐜𝐨𝐬 (�̂� − �̂� −
𝛑

𝟒
)

𝐜𝐲𝐜

 

= 𝐑∑(𝐜𝐨𝐬 (�̂� + �̂� − �̂� −
𝛑

𝟒
) + 𝐜𝐨𝐬 (�̂� − �̂� + �̂� +

𝛑

𝟒
))

𝐜𝐲𝐜

 

= 𝐑∑(𝐜𝐨𝐬 (
𝟑𝛑

𝟒
− 𝟐�̂�) + 𝐜𝐨𝐬 (

𝟓𝛑

𝟒
− 𝟐�̂�))

𝐜𝐲𝐜

 

= 𝐑∑(−
𝟏

√𝟐
𝐜𝐨𝐬𝟐�̂� +

𝟏

√𝟐
𝐬𝐢𝐧𝟐�̂� −

𝟏

√𝟐
𝐜𝐨𝐬 𝟐�̂� −

𝟏

√𝟐
𝐬𝐢𝐧𝟐�̂�)

𝐜𝐲𝐜

 

=
𝐑

√𝟐
(∑𝐬𝐢𝐧𝟐�̂�

𝐜𝐲𝐜

−∑𝐬𝐢𝐧𝟐�̂�

𝐜𝐲𝐜

−∑𝐜𝐨𝐬𝟐�̂�

𝐜𝐲𝐜

−∑𝐜𝐨𝐬 𝟐�̂�

𝐜𝐲𝐜

) 

= −𝐑 ∗ √𝟐(∑𝐜𝐨𝐬𝟐�̂�

𝐜𝐲𝐜

)  𝒂𝐧𝐝 ∵ 𝐬𝐢𝐧 (�̂� − �̂� +
𝛑

𝟒
) 

=
𝟏

√𝟐
(𝐜𝐨𝐬(�̂� − �̂�) + 𝐬𝐢𝐧(�̂� − �̂�))

∴ 𝐬𝐢𝐧(�̂� − �̂� +
𝛑

𝟒
)∑𝐀𝐇𝐜𝐨𝐬 (�̂� − �̂� −

𝛑

𝟒
)

𝐜𝐲𝐜

=
(∗)
𝐑(∑𝐜𝐨𝐬 𝟐�̂�

𝐜𝐲𝐜

)(−𝐜𝐨𝐬(�̂� − �̂�) − 𝐬𝐢𝐧(�̂� − �̂�))  

𝐀𝐥𝐬𝐨,∑𝐀𝐇𝐜𝐨𝐬 (�̂� − �̂� +
𝛑

𝟒
)

𝐜𝐲𝐜

= 𝐑∑𝟐𝐜𝐨𝐬 �̂� 𝐜𝐨𝐬 (�̂� − �̂� +
𝛑

𝟒
)

𝐜𝐲𝐜

 

= 𝐑∑(𝐜𝐨𝐬 (�̂� + �̂� − �̂� +
𝛑

𝟒
) + 𝐜𝐨𝐬 (�̂� − �̂� + �̂� −

𝛑

𝟒
))

𝐜𝐲𝐜

 

= 𝐑∑(𝐜𝐨𝐬 (
𝟓𝛑

𝟒
− 𝟐�̂�) + 𝐜𝐨𝐬 (

𝟑𝛑

𝟒
− 𝟐�̂�))

𝐜𝐲𝐜

 

= 𝐑∑(−
𝟏

√𝟐
𝐜𝐨𝐬𝟐�̂� −

𝟏

√𝟐
𝐬𝐢𝐧𝟐�̂� −

𝟏

√𝟐
𝐜𝐨𝐬 𝟐�̂� +

𝟏

√𝟐
𝐬𝐢𝐧𝟐�̂�)

𝐜𝐲𝐜

 

=
𝐑

√𝟐
(−∑𝐜𝐨𝐬𝟐�̂�

𝐜𝐲𝐜

−∑𝐬𝐢𝐧𝟐�̂�

𝐜𝐲𝐜

−∑𝐜𝐨𝐬𝟐�̂�

𝐜𝐲𝐜

+∑𝐬𝐢𝐧𝟐�̂�

𝐜𝐲𝐜

) 

= −𝐑 ∗ √𝟐(∑𝐜𝐨𝐬𝟐�̂�

𝐜𝐲𝐜

)  𝒂𝐧𝐝 ∵ −𝐬𝐢𝐧 (�̂� − �̂� −
𝛑

𝟒
) 

=
𝟏

√𝟐
(𝐜𝐨𝐬(�̂� − �̂�) − 𝐬𝐢𝐧(�̂� − �̂�))

∴ − 𝐬𝐢𝐧(�̂� − �̂� −
𝛑

𝟒
)∑𝐀𝐇𝐜𝐨𝐬 (�̂� − �̂� +

𝛑

𝟒
)

𝐜𝐲𝐜

=
(∗∗)

𝐑(∑𝐜𝐨𝐬 𝟐�̂�

𝐜𝐲𝐜

)(𝐬𝐢𝐧(�̂� − �̂�) − 𝐜𝐨𝐬(�̂� − �̂�))  
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∴ (∗), (∗∗) ⇒ 𝐬𝐢𝐧 (�̂� − �̂� +
𝛑

𝟒
)∑𝐀𝐇𝐜𝐨𝐬 (�̂� − �̂� −

𝛑

𝟒
)

𝐜𝐲𝐜

 

−𝐬𝐢𝐧 (�̂� − �̂� −
𝛑

𝟒
)∑𝐀𝐇𝐜𝐨𝐬 (�̂� − �̂� +

𝛑

𝟒
)

𝐜𝐲𝐜

= −𝟐𝐑(−𝟏− 𝟒∏𝐜𝐨𝐬 �̂�

𝐜𝐲𝐜

)𝐜𝐨𝐬(�̂� − �̂�) 

= 𝟐𝐑𝐜𝐨𝐬(�̂� − �̂�) ∗ (𝟏 +
𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝐑𝟐
) 

= 𝟐𝐑𝐜𝐨𝐬(�̂� − �̂�) ∗ (
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐 − 𝟑𝐑𝟐

𝐑𝟐
) 

=
𝐜𝐨𝐬(�̂� − �̂�)

𝐑
∗ (𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟔𝐑𝟐) 

=
(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 − 𝟔𝐑𝟐) 𝐜𝐨𝐬(�̂� − �̂�)

𝐑
 (𝐐𝐄𝐃) 

 

1447. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, ∆ 𝐀′𝐁′𝐂′, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝐢𝐧{∑
𝐦𝒂′

𝐦𝐛′ + 𝐦𝐜′
,∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜𝐜𝐲𝐜

} +
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥ 𝟖 +𝐦𝒂𝒙{∑

𝐦𝒂

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

,∑
𝒂′

𝐛′ + 𝐜′
𝐜𝐲𝐜

} 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑𝐦𝒂𝐦𝐛 ≥
𝐓𝐞𝐫𝐞𝐬𝐡𝐢𝐧

∑
(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐)

𝟏𝟔𝐑𝟐
=
𝟑∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 +∑ 𝒂𝟒𝐜𝐲𝐜

𝟏𝟔𝐑𝟐
 

≥
𝟑∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 +∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟏𝟔𝐑𝟐
=∑

𝒂𝟐𝐛𝟐

𝟒𝐑𝟐
𝐜𝐲𝐜

⇒
𝐦𝒂
𝟐 +𝐦𝐛

𝟐 +𝐦𝐜
𝟐

𝐦𝒂𝐦𝐛 +𝐦𝐛𝐦𝐜 +𝐦𝐜𝐦𝒂
 

≤
𝟒𝐑𝟐 ∗

𝟑
𝟐
(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)

∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜
≤
? 𝐑

𝟐𝐫
⇔∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≥
?
𝟏𝟐𝐑𝐫(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) 

⇔ (𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐 ≥

?
𝟏𝟐𝐑𝐫(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) 

⇔ 𝐬𝟒 − (𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟔𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 + 𝐫𝟐) ≥
?
𝟎 

⇔ 𝐬𝟐 ≥
𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐 +√(𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐)𝟐 − 𝟒𝐫𝟐(𝟔𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 + 𝐫𝟐)

𝟐
 

⇔ 𝐬𝟐 ≥
𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐 + 𝟒𝐫 ∗ √𝟗𝐑𝟐 − 𝟏𝟎𝐑𝐫

𝟐
⇔ 𝐬𝟐 ≥

(∗)

𝟏𝟎𝐑𝐫 − 𝐫𝟐 + 𝟐𝐫 ∗ √𝟗𝐑𝟐 − 𝟏𝟎𝐑𝐫 

𝐍𝐨𝐰, 𝐬𝟐 ≥
𝐑𝐨𝐮𝐜𝐡𝐞

𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 − 𝟐(𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 ≥
?
𝟏𝟎𝐑𝐫 − 𝐫𝟐 + 

𝟐𝐫 ∗ √𝟗𝐑𝟐 − 𝟏𝟎𝐑𝐫 ⇔ 𝐑𝟐 − (𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 ≥
?
⏟
(∗∗)

𝐫 ∗ √𝟗𝐑𝟐 − 𝟏𝟎𝐑𝐫 

∵ 𝐑𝟒 − (𝐑𝟐 − 𝟐𝐑𝐫)(𝐑− 𝟐𝐫)𝟐 = 𝟐𝐑𝐫(𝟑𝐑𝟐 − 𝟔𝐑𝐫+ 𝟒𝐫𝟐) ≥
𝐄𝐮𝐥𝐞𝐫

𝟖𝐑𝐫𝟑 > 𝟎 
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⇒ 𝐑𝟐 > (𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 ⇒ 𝐑𝟐 − (𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 > 𝟎 

⇒ (∗∗) ⇔ (𝐑𝟐 − (𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫)
𝟐

≥ 𝐫𝟐(𝟗𝐑𝟐 − 𝟏𝟎𝐑𝐫) 

⇔ 𝐑𝟒 + (𝐑𝟐 − 𝟐𝐑𝐫)(𝐑 − 𝟐𝐫)𝟐 − 𝐫𝟐(𝟗𝐑𝟐 − 𝟏𝟎𝐑𝐫) ≥ 𝟐𝐑𝟐 ∗ (𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

⇔ 𝐑(𝐑− 𝟐𝐫)(𝟐𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐) ≥ 𝟐𝐑𝟐 ∗ (𝐑 − 𝟐𝐫) ∗ √𝐑𝟐 − 𝟐𝐑𝐫 

⇔ 𝟐𝐑𝟐 − 𝟐𝐑𝐫− 𝐫𝟐 > 2𝐑 ∗ √𝐑𝟐 − 𝟐𝐑𝐫 (∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎) 

⇔ (𝟐𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐)
𝟐
− 𝟒𝐑𝟐(𝐑𝟐 − 𝟐𝐑𝐫) > 0 

⇔ 𝐫𝟑(𝟒𝐑+ 𝐫) > 0 → 𝑡𝑟𝑢𝑒 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝐦𝒂
𝟐 +𝐦𝐛

𝟐 +𝐦𝐜
𝟐

𝐦𝒂𝐦𝐛 +𝐦𝐛𝐦𝐜 +𝐦𝐜𝐦𝒂
≤
𝐑

𝟐𝐫
 

⇒
𝟑

𝟐
+
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥

𝐄𝐮𝐥𝐞𝐫 𝟑

𝟐
+ 𝟖 ∗

𝐑𝟐

𝟒𝐫𝟐
≥
𝟑

𝟐
+ 𝟖(

∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜

∑ 𝐦𝒂𝐦𝐛𝐜𝐲𝐜
)

𝟐

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟑

𝟐
+
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥ 𝟖 +∑

𝐦𝒂

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟑

𝟐
+ 𝟖(

∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜

∑ 𝐦𝒂𝐦𝐛𝐜𝐲𝐜
)

𝟐

≥
(∎)

𝟖 +∑
𝐦𝒂

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

 

𝐍𝐨𝐰,
𝟑

𝟐
+ 𝟖(

∑ 𝒂𝟐𝐜𝐲𝐜

∑ 𝒂𝐛𝐜𝐲𝐜
)

𝟐

≥
?
𝟖 +∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

 

⇔
𝟖

(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐
(∑𝒂𝟐

𝐜𝐲𝐜

+∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝐛

𝐜𝐲𝐜

) ≥
?
𝟐𝐬∑

𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

−
𝟗

𝟐
 

⇔
𝟖(𝟑𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐)

(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐
≥
? 𝟐𝐬(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
−
𝟗

𝟐
 

=
𝐬𝟐 − 𝟏𝟎𝐑𝐫 − 𝟕𝐫𝟐

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
⇔ 𝟖(𝟑𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)(𝟐𝐬𝟐 − 𝟐𝟒𝐑𝐫 − 𝟔𝐫𝟐)(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) 

≥
?
⏟

(∎∎)

(𝐬𝟐 − 𝟏𝟎𝐑𝐫 − 𝟕𝐫𝟐)(𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)
𝟐

 

𝟐𝐬𝟐 − 𝟐𝟒𝐑𝐫 − 𝟔𝐫𝟐 ≥
?
𝐬𝟐 − 𝟏𝟎𝐑𝐫 − 𝟕𝐫𝟐⇔ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟐𝐫(𝐑 − 𝟐𝐫) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝒂𝐧𝐝 𝐄𝐮𝐥𝐞𝐫 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∎∎), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟖(𝟑𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐) > (𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)
𝟐
 

⇔ 𝟐𝟑𝐬𝟒 + (𝟖𝐑𝐫 + 𝟏𝟒𝐫𝟐)𝐬𝟐 − 𝐫𝟐(𝟖𝟎𝐑𝟐 + 𝟓𝟔𝐑𝐫 + 𝟗𝐫𝟐) >
(∎∎∎)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∎∎∎) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝟑(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + (𝟖𝐑𝐫 + 𝟏𝟒𝐫𝟐)) (𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

−𝐫𝟐(𝟖𝟎𝐑𝟐 + 𝟓𝟔𝐑𝐫 + 𝟗𝐫𝟐) = 𝐫𝟐 ((𝐑 − 𝟐𝐫)(𝟓𝟗𝟑𝟔𝐑 + 𝟖𝟑𝟐𝟎𝐫) + 𝟏𝟕𝟏𝟑𝟔𝐫𝟐) ≥
𝐄𝐮𝐥𝐞𝐫

 

𝟏𝟕𝟏𝟑𝟔𝐫𝟒 > 0 ⇒ (∎∎∎) ⇒ (∎∎) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒
𝟑

𝟐
+ 𝟖(

∑ 𝒂𝟐𝐜𝐲𝐜

∑ 𝒂𝐛𝐜𝐲𝐜
)

𝟐

≥ 𝟖+∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

 

𝒂𝐧𝐝 𝐢𝐦𝐩𝐥𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 𝐢𝐭 𝐨𝐧 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 
𝟐𝐦𝒂

𝟑
,
𝟐𝐦𝐛

𝟑
,
𝟐𝐦𝐜

𝟑
,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 
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𝟑

𝟐
+ 𝟖(

∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜

∑ 𝐦𝒂𝐦𝐛𝐜𝐲𝐜
)

𝟐

≥ 𝟖+∑
𝐦𝒂

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

⇒ (∎) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒
𝟑

𝟐
+
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥
(◆)

𝟖 +∑
𝐦𝒂

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

 

𝐀𝐠𝒂𝐢𝐧,
𝟑

𝟐
+
𝟒𝐑

𝐫
≥
?
𝟖 +∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

⇔
𝟒𝐑

𝐫
− 𝟖 ≥

?
𝟐𝐬∑

𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

−
𝟗

𝟐
 

=
𝟐𝐬(𝟓𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
−
𝟗

𝟐
=
𝐬𝟐 − 𝟏𝟎𝐑𝐫 − 𝟕𝐫𝟐

𝟐(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
⇔
𝟒(𝐑 − 𝟐𝐫)

𝐫
≥
? 𝐬𝟐 − 𝟏𝟎𝐑𝐫 − 𝟕𝐫𝟐

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

⇔ (𝟖𝐑 − 𝟏𝟕𝐫)𝐬𝟐 + 𝐫(𝟏𝟔𝐑𝟐 − 𝟏𝟒𝐑𝐫 − 𝟗𝐫𝟐) ≥
?
𝟎 

⇔ (𝟖𝐑 − 𝟏𝟔𝐫)𝐬𝟐 − 𝐫𝐬𝟐 + 𝐫(𝟏𝟔𝐑𝟐 − 𝟏𝟒𝐑𝐫 − 𝟗𝐫𝟐) ≥
?
⏟
(⦁)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟖𝐑 − 𝟏𝟔𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

+𝐫(𝟏𝟔𝐑𝟐 − 𝟏𝟒𝐑𝐫 − 𝟗𝐫𝟐) ≥
?
𝟎 ⇔ 𝟕𝟎𝐑𝟐 − 𝟏𝟓𝟕𝐑𝐫 + 𝟑𝟒𝐫𝟐 ≥

?
𝟎 

⇔ (𝐑− 𝟐𝐫)(𝟕𝟎𝐑− 𝟏𝟕𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒

𝟑

𝟐
+
𝟒𝐑

𝐫
 

≥ 𝟖+∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

∴
𝟑

𝟐
+
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥

𝐄𝐮𝐥𝐞𝐫 𝟑

𝟐
+
𝟒𝐑′

𝐫′
≥ 𝟖 +∑

𝒂′

𝐛′ + 𝐜′
𝐜𝐲𝐜

 

∴
𝟑

𝟐
+
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥
(◆◆)

𝟖 +∑
𝒂′

𝐛′ + 𝐜′
𝐜𝐲𝐜

 

∴ 𝐦𝐢𝐧{∑
𝐦𝒂′

𝐦𝐛′ +𝐦𝐜′
,∑

𝒂

𝐛+ 𝐜
𝐜𝐲𝐜𝐜𝐲𝐜

} +
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥

𝐍𝐞𝐬𝐛𝐢𝐭𝐭 𝟑

𝟐
+
𝐑′𝐑𝟐

𝐫′𝐫𝟐
≥

𝐯𝐢𝒂 (◆),(◆◆)

 

𝟖 +𝐦𝒂𝒙{∑
𝐦𝒂

𝐦𝐛 +𝐦𝐜
𝐜𝐲𝐜

,∑
𝒂′

𝐛′ + 𝐜′
𝐜𝐲𝐜

} ,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂,∆ 𝐀′𝐁′𝐂′ 𝒂𝐫𝐞 𝐛𝐨𝐭𝐡 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

  

1448. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝟐+ √𝟑 𝐭𝒂𝐧

𝐁
𝟐

𝟏 + 𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≥
𝟗

𝟐
 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

 
𝟏

𝟏 + 𝟑𝒙𝟐
≥
?
𝟏 −

√𝟑𝒙

𝟐
⇔
√𝟑𝒙

𝟐
≥
?
𝟏 −

𝟏

𝟏 + 𝟑𝒙𝟐
=

𝟑𝒙𝟐

𝟏 + 𝟑𝒙𝟐
⇔ 𝟏+ 𝟑𝒙𝟐 ≥

?
𝟐√𝟑𝒙 
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⇔ (𝟏− √𝟑𝒙)
𝟐
≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∴

𝟏

𝟏 + 𝟑𝒙𝟐
≥ 𝟏 −

√𝟑𝒙

𝟐
 

⇒
𝟏

𝟏 + 𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐

− (𝟏 −
√𝟑 𝐭𝒂𝐧

𝐀
𝟐

𝟐
) ≥ 𝟎 

⇒ (𝟐+ √𝟑 𝐭𝒂𝐧
𝐁

𝟐
)(

𝟏

𝟏 + 𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐

− (𝟏 −
√𝟑 𝐭𝒂𝐧

𝐀
𝟐

𝟐
)) ≥ 𝟎 

⇒
𝟐 + √𝟑 𝐭𝒂𝐧

𝐁
𝟐

𝟏 + 𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐

≥ (𝟐 + √𝟑 𝐭𝒂𝐧
𝐁

𝟐
)(𝟏 −

√𝟑 𝐭𝒂𝐧
𝐀
𝟐

𝟐
) 

= 𝟐 + √𝟑 𝐭𝒂𝐧
𝐁

𝟐
− √𝟑 𝐭𝒂𝐧

𝐀

𝟐
−
𝟑

𝟐
𝐭𝒂𝐧

𝐀

𝟐
𝐭𝒂𝐧

𝐁

𝟐
 

∴
𝟐 + √𝟑 𝐭𝒂𝐧

𝐁
𝟐

𝟏 + 𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐

≥ 𝟐+ √𝟑 𝐭𝒂𝐧
𝐁

𝟐
− √𝟑 𝐭𝒂𝐧

𝐀

𝟐
−
𝟑𝐫𝒂𝐫𝐛
𝟐𝐬𝟐

 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑
𝟐+ √𝟑 𝐭𝒂𝐧

𝐁
𝟐

𝟏 + 𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≥ 𝟔 + √𝟑∑𝐭𝒂𝐧
𝐁

𝟐
𝐜𝐲𝐜

− √𝟑∑𝐭𝒂𝐧
𝐀

𝟐
𝐜𝐲𝐜

−
𝟑

𝟐𝐬𝟐
∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

= 𝟔 −
𝟑𝐬𝟐

𝟐𝐬𝟐
=
𝟗

𝟐
 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑
𝟐 + √𝟑 𝐭𝒂𝐧

𝐁
𝟐

𝟏 + 𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≥
𝟗

𝟐
,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1449. 
𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝐈 → 𝐢𝐧𝐜𝐞𝐧𝐭𝐞𝐫, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√
𝟐𝐑

𝐫
.∑

𝐧𝒂

√(𝐛 − 𝐜)𝟐 + 𝟒𝐫𝟐
𝐜𝐲𝐜

≥
𝟏

√𝟐
.∑√

𝐦𝐛

𝐡𝐜
+
𝐦𝐜

𝐡𝐛
𝐜𝐲𝐜

+
𝟏

𝐫
∑𝐀𝐈

𝐜𝐲𝐜

 

  Proposed by Bogdan Fuștei-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐

)𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐 𝐜𝐨𝐬

𝐁
𝟐 𝐜𝐨𝐬

𝐂
𝟐

=
𝐬𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)
= 𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

∴ 𝐫𝐛 + 𝐫𝐜 =
(𝐢)
𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

𝐍𝐨𝐰, (𝐛 + 𝐜)𝟐 ≥
?
𝟑𝟐𝐑𝐫𝐜𝐨𝐬𝟐

𝐀

𝟐
=

𝐯𝐢𝒂 (𝐢)
𝟖𝐫(𝐫𝐛 + 𝐫𝐜) = 𝟖𝐫

𝟐𝐬 (
𝟏

𝐬 − 𝐛
+

𝟏

𝐬 − 𝐜
) 

= 𝟖(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
𝒂

(𝐬 − 𝐛)(𝐬 − 𝐜)
= 𝟒𝒂(𝐛 + 𝐜 − 𝒂) 

⇔ (𝐛 + 𝐜)𝟐 + 𝟒𝒂𝟐 − 𝟒𝒂(𝐛 + 𝐜) ≥
?
𝟎 ⇔ (𝐛 + 𝐜 − 𝟐𝒂)𝟐 ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 
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∴ 𝐛 + 𝐜 ≥ √𝟑𝟐𝐑𝐫. 𝐜𝐨𝐬
𝐀

𝟐
⇒ 𝟒𝐑𝐜𝐨𝐬

𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
≥ √𝟑𝟐𝐑𝐫. 𝐜𝐨𝐬

𝐀

𝟐
⇒ 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
≥
(𝐢𝐢)

√
𝟐𝐫

𝐑
 

𝐀𝐠𝒂𝐢𝐧, 𝐒𝐭𝐞𝐰𝒂𝐫𝐭′𝐬 𝐭𝐡𝐞𝐨𝐫𝐞𝐦 ⇒ 𝐛𝟐(𝐬 −  𝐜) + 𝐜𝟐(𝐬 −  𝐛) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬 −  𝐛)(𝐬 − 𝐜) 

⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝐛𝐜(𝟐𝐬 − 𝒂) = 𝒂𝐧𝒂
𝟐 + 𝒂(𝐬𝟐 − 𝐬(𝟐𝐬 − 𝒂) + 𝐛𝐜) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐) − 𝟐𝐬𝐛𝐜 

= 𝒂𝐧𝒂
𝟐 + 𝒂(𝒂𝐬 − 𝐬𝟐) ⇒ 𝐬(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐 − 𝟐𝐛𝐜) = 𝒂𝐧𝒂

𝟐 − 𝒂𝐬𝟐 

⇒ 𝒂𝐧𝒂
𝟐 = 𝒂𝐬𝟐 + 𝐬(𝟐𝐛𝐜𝐜𝐨𝐬𝐀 − 𝟐𝐛𝐜) = 𝒂𝐬𝟐 − 𝟒𝐬𝐛𝐜𝐬𝐢𝐧𝟐

𝐀

𝟐
 

= 𝒂𝐬𝟐 −
𝟒𝐬𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐬 − 𝒂)

𝐛𝐜(𝐬 − 𝒂)
⇒ 𝒂𝟐𝐧𝒂

𝟐 = 𝒂𝟐𝐬𝟐 − 𝐬𝒂(𝒂𝟐 − (𝐛− 𝐜)𝟐) 

⇒ 𝒂𝟐𝐧𝒂
𝟐 = 𝒂𝟐𝐬𝟐 − 𝐬𝒂𝟑 + 𝐬𝒂(𝐛 − 𝐜)𝟐 =

?
𝟒𝐫𝟐𝐬𝟐 + 𝐬𝟐(𝐛 − 𝐜)𝟐 

⇔ 𝒂𝟐𝐬𝟐 − 𝐬𝒂𝟑 + 𝐬𝒂(𝐛 − 𝐜)𝟐 =
?
𝐬(𝐬 − 𝒂)(𝒂𝟐 − (𝐛 − 𝐜)𝟐) + 𝐬𝟐(𝐛 − 𝐜)𝟐 

= 𝒂𝟐𝐬𝟐 − 𝐬𝒂𝟑 − 𝐬(𝐬 − 𝒂)(𝐛 − 𝐜)𝟐 + 𝐬𝟐(𝐛 − 𝐜)𝟐 
= 𝒂𝟐𝐬𝟐 − 𝐬𝒂𝟑 − 𝐬𝟐(𝐛 − 𝐜)𝟐 + 𝐬𝒂(𝐛 − 𝐜)𝟐 + 𝐬𝟐(𝐛 − 𝐜)𝟐 

⇔ 𝒂𝟐𝐬𝟐 − 𝐬𝒂𝟑 + 𝐬𝒂(𝐛 − 𝐜)𝟐 =
?
𝒂𝟐𝐬𝟐 − 𝐬𝒂𝟑 + 𝐬𝒂(𝐛 − 𝐜)𝟐 → 𝐭𝐫𝐮𝐞 

∴
𝐧𝒂
𝟐

(𝐛 − 𝐜)𝟐 + 𝟒𝐫𝟐
=
𝐬𝟐

𝒂𝟐
⇒ √

𝟐𝐑

𝐫
.

𝐧𝒂

√(𝐛 − 𝐜)𝟐 + 𝟒𝐫𝟐
= √

𝐑

𝟐𝐫
.
𝟐𝐬

𝒂
 

= √
𝐑

𝟐𝐫
.
𝟒𝐑.𝟐 𝐜𝐨𝐬

𝐀
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐂
𝟐

𝟒𝐑𝐜𝐨𝐬
𝐀
𝟐 𝐬𝐢𝐧

𝐀
𝟐

= √
𝐑

𝟐𝐫
.
𝐬𝐢𝐧

𝐀
𝟐
+ 𝐜𝐨𝐬

𝐁 − 𝐂
𝟐

𝐬𝐢𝐧
𝐀
𝟐

= √
𝐑

𝟐𝐫
+ √

𝐑

𝟐𝐫
.
𝐜𝐨𝐬

𝐁 − 𝐂
𝟐

𝐬𝐢𝐧
𝐀
𝟐

 

≥
𝐯𝐢𝒂 (𝐢𝐢)

√
𝐑

𝟐𝐫
+√

𝐑

𝟐𝐫
.

√𝟐𝐫
𝐑

𝐬𝐢𝐧
𝐀
𝟐

= √
𝐑

𝟐𝐫
+
𝐀𝐈

𝐫
≥
√

𝐦𝐛
𝐡𝐜
+
𝐦𝐜
𝐡𝐛

𝟐
+
𝐀𝐈

𝐫
 

 

(

 
∵
𝐑

𝐫
≥
𝐦𝐛

𝐡𝐜
+
𝐦𝐜

𝐡𝐛
; 𝐫𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞: 𝒂𝐫𝐭𝐢𝐜𝐥𝐞 𝐭𝐢𝐭𝐥𝐞𝐝 ′′𝐍𝐞𝐰𝐓𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐢𝐞𝐬 𝐖𝐢𝐭𝐡 𝐁𝐫𝐨𝐜𝒂𝐫𝐝′𝐬 𝐀𝐧𝐠𝐥𝐞′′

 𝐛𝐲 𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢,𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂; 𝐋𝐞𝐦𝐦𝒂 𝟏𝟐,𝟔 − 𝟕,
𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 ∶ 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨 )

  

∴ √
𝟐𝐑

𝐫
.

𝐧𝒂

√(𝐛 − 𝐜)𝟐 + 𝟒𝐫𝟐
≥
𝟏

√𝟐
.√
𝐦𝐛

𝐡𝐜
+
𝐦𝐜

𝐡𝐛
+
𝐀𝐈

𝐫
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒ √
𝟐𝐑

𝐫
.∑

𝐧𝒂

√(𝐛 − 𝐜)𝟐 + 𝟒𝐫𝟐𝐜𝐲𝐜

≥
𝟏

√𝟐
.∑√

𝐦𝐛

𝐡𝐜
+
𝐦𝐜

𝐡𝐛
𝐜𝐲𝐜

+
𝟏

𝐫
∑𝐀𝐈

𝐜𝐲𝐜

, 

′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐖𝐞 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐞 𝐫𝐞𝐬𝐮𝐥𝐭 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲  
(𝐬𝐞𝐞, 𝐁𝐨𝐠𝐝𝐚𝐧 𝐅𝐮ş𝐭𝐞𝐢,𝐌𝐨𝐡𝐚𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧  
𝐀𝐣𝐢𝐛𝐚, 𝑵𝒆𝒘 𝑻𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒊𝒆𝒔 𝑾𝒊𝒕𝒉 𝑩𝒓𝒐𝒄𝒂𝒓𝒅’𝒔 𝑨𝒏𝒈𝒍𝒆, 𝐋𝐞𝐦𝐦𝐚 𝟏𝟐, 𝟔

− 𝟕,   𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨) 
𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
≤
𝑹

𝒓
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 



 
www.ssmrmh.ro 

79 RMM-GEOMETRY MARATHON 1401-1500 

 

𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞  

𝑨𝑰

𝒓
=

𝟏

𝐬𝐢𝐧
𝑨
𝟐

= √
𝒃𝒄

(𝒔 − 𝒃)(𝒔 − 𝒄)
= √

𝟐𝑹𝒔𝒓. (𝒃 + 𝒄 − 𝒂). 𝒂

𝒔𝒓𝟐. 𝒂𝟐
≤⏞

𝑨𝑴−𝑮𝑴

√
𝑹

𝟐𝒓
.
(𝒃 + 𝒄 − 𝒂) + 𝒂

𝒂

= √
𝑹

𝟐𝒓
.
𝒃 + 𝒄

𝒂
. 

(𝒃 − 𝒄)𝟐 + 𝟒𝒓𝟐 = (𝒃 − 𝒄)𝟐 +
(𝒔 − 𝒂). 𝟒(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒔

= (𝒃 − 𝒄)𝟐 +
(𝒔 − 𝒂)[𝒂𝟐 − (𝒃 − 𝒄)𝟐]

𝒔
 

=
𝒂𝟐(𝒔 − 𝒂) + 𝒂(𝒃 − 𝒄)𝟐

𝒔
=
𝒂𝟐

𝒔𝟐
(𝒔(𝒔 − 𝒂) +

𝒔(𝒃 − 𝒄)𝟐

𝒂
) = (

𝒂𝒏𝒂
𝒔
)
𝟐

.    

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟏

√𝟐
.√
𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
+
𝑨𝑰

𝒓
≤ √

𝑹

𝟐𝒓
+ √

𝑹

𝟐𝒓
.
𝒃 + 𝒄

𝒂
= √

𝟐𝑹

𝒓
.
𝒔

𝒂

= √
𝟐𝑹

𝒓
.

𝒏𝒂

√(𝒃 − 𝒄)𝟐 + 𝟒𝒓𝟐
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

𝟏

√𝟐
∑√

𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
𝒄𝒚𝒄

+
𝟏

𝒓
.∑𝑨𝑰

𝒄𝒚𝒄

≤ √
𝟐𝑹

𝒓
.∑

𝒏𝒂

√(𝒃 − 𝒄)𝟐 + 𝟒𝒓𝟐𝒄𝒚𝒄

. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
  

1450. In ∆𝑨𝑩𝑪 the following relationship holds: 
𝟏

𝒎𝒂
𝟒𝒎𝒃

+
𝟏

𝒎𝒃
𝟒𝒎𝒄

+
𝟏

𝒎𝒄
𝟒𝒎𝒂

≥
𝟑𝟐

𝟖𝟏(𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓)
 

 
Proposed by Zaza Mzhavanadze-Georgia 

Solution by Daniel Sitaru-Romania 

∑
𝟏

𝒎𝒂
𝟒𝒎𝒃

𝒄𝒚𝒄

=∑
(
𝟏
𝒎𝒂
)
𝟒

𝒎𝒃
𝒄𝒚𝒄

≥⏞
𝑯𝑶𝑳𝑫𝑬𝑹 (

𝟏
𝒎𝒂

+
𝟏
𝒎𝒃

+
𝟏
𝒎𝒄
)
𝟒

𝟗(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)
≥ 

 

≥⏞
𝑳𝑬𝑼𝑬𝑵𝑩𝑬𝑹𝑮𝑬𝑹 (

𝟏
𝒎𝒂

+
𝟏
𝒎𝒃

+
𝟏
𝒎𝒄
)
𝟒

𝟗(𝟒𝑹 + 𝒓)
≥⏞

𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴 (
𝟗

𝒎𝒂 +𝒎𝒃 +𝒎𝒄
)
𝟒

𝟗(𝟒𝑹 + 𝒓)
≥ 
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≥⏞
𝑳𝑬𝑼𝑬𝑵𝑩𝑬𝑹𝑮𝑬𝑹 (

𝟗
𝟒𝑹 + 𝒓)

𝟒

𝟗(𝟒𝑹+ 𝒓)
≥⏞

𝑬𝑼𝑳𝑬𝑹
(

𝟗

𝟒𝑹 +
𝑹
𝟐

)

𝟒

𝟗(𝟒𝑹 + 𝒓)
=

(
𝟐
𝑹)

𝟒

𝟗(𝟒𝑹+ 𝒓)
=

𝟏𝟔

𝟗𝑹𝟒(𝟒𝑹 + 𝒓)
 

 
Remains to prove: 

𝟏𝟔

𝟗𝑹𝟒(𝟒𝑹 + 𝒓)
≥

𝟑𝟐

𝟖𝟏(𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓)
 

 
𝟏

𝑹𝟒(𝟒𝑹 + 𝒓)
≥

𝟐

𝟗(𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓)
 

 

𝟕𝟐𝟏𝑹𝟓 − 𝟐𝑹𝟒𝒓 − 𝟗 ∙ 𝟐𝟓𝟔𝟎𝒓𝟓 ≥ 𝟎 
 

𝟕𝟐𝟏𝑹𝟒(𝑹 − 𝟐𝒓) + 𝟐𝟓 ∙ 𝟑𝟐 ∙ 𝟓𝒓(𝑹𝟒 − 𝟏𝟔𝒓𝟒) ≥ 𝟎 
 

(𝑹 − 𝟐𝒓) (𝟕𝟐𝟏𝑹𝟒 + 𝟐𝟓 ∙ 𝟑𝟐 ∙ 𝟓𝒓(𝑹 + 𝟐𝒓)(𝑹𝟐 + 𝟒𝒓𝟐)) ≥ 𝟎 

𝑹 − 𝟐𝒓 ≥ 𝟎 
𝑹 ≥ 𝟐𝒓 (Euler) 

Equality holds for: 𝒂 = 𝒃 = 𝒄. 

 

1451. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√𝟏 +
𝐑

𝟐𝐫
(
𝐡𝒂 + 𝐡𝐛 + 𝐡𝐜

𝐬
)

𝟐

≥ √
𝐡𝐛 + 𝐡𝐜
𝐡𝒂 + 𝐡𝐜

+ √
𝐡𝒂 + 𝐡𝐜
𝐡𝐛 + 𝐡𝐜

 

  Proposed by Bogdan Fuștei-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

√𝟏 +
𝐑

𝟐𝐫
(
𝐡𝒂 + 𝐡𝐛 + 𝐡𝐜

𝐬
)

𝟐

≥ √
𝐡𝐛 + 𝐡𝐜

𝐡𝒂 + 𝐡𝐜
+ √

𝐡𝒂 + 𝐡𝐜

𝐡𝐛 + 𝐡𝐜
 

⇔ 𝟏+
𝐑

𝟐𝐫
.
(∑ 𝒂𝐛𝐜𝐲𝐜 )

𝟐

𝟒𝐑𝟐𝐬𝟐
≥ 𝟐 +

𝐜𝒂 + 𝒂𝐛

𝐛𝐜 + 𝒂𝐛
+
𝐛𝐜 + 𝒂𝐛

𝐜𝒂 + 𝒂𝐛
 

⇔
(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂)𝟐

𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜)
≥
(𝐜𝒂 + 𝒂𝐛)𝟐 + (𝐛𝐜 + 𝒂𝐛)𝟐 + (𝐜𝒂 + 𝒂𝐛)(𝐛𝐜 + 𝒂𝐛)

(𝐜𝒂 + 𝒂𝐛)(𝐛𝐜 + 𝒂𝐛)
 

⇔ (𝐜𝒂 + 𝒂𝐛)(𝐛𝐜 + 𝒂𝐛)(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂)𝟐 

−𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜)((𝐜𝒂 + 𝒂𝐛)𝟐 + (𝐛𝐜 + 𝒂𝐛)𝟐 + (𝐜𝒂 + 𝒂𝐛)(𝐛𝐜 + 𝒂𝐛)) ≥ 𝟎 
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⇔ 𝒂𝟒𝐛𝟒 + 𝒂𝟐𝐛𝟐𝐜𝟒 − 𝟐𝒂𝟑𝐛𝟑𝐜𝟐 ≥ 𝟎 ⇔ 𝒂𝟐𝐛𝟐(𝒂𝐛 − 𝐜𝟐)𝟐 ≥ 𝟎 → 𝐭𝐫𝐮𝐞 

∴ √𝟏 +
𝐑

𝟐𝐫
(
𝐡𝒂 + 𝐡𝐛 + 𝐡𝐜

𝐬
)

𝟐

≥ √
𝐡𝐛 + 𝐡𝐜

𝐡𝒂 + 𝐡𝐜
+√

𝐡𝒂 + 𝐡𝐜

𝐡𝐛 + 𝐡𝐜
 ∀ ∆ 𝐀𝐁𝐂 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco  
 
𝐋𝐞𝐦𝐦𝐚 ∶   𝐈𝐧 ∆𝑨𝑩𝑪,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒃

𝒄
+
𝒄

𝒃
≤
√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝟐𝑭
                                                            (∗) 

𝐏𝐫𝐨𝐨𝐟 ∶  𝐒𝐢𝐧𝐜𝐞  𝟏𝟔𝑭𝟐 = 𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒),   𝐭𝐡𝐞𝐧 𝐰𝐞 𝐡𝐚𝐯𝐞 

(∗)  ⇔ (𝒃𝟐 + 𝒄𝟐)√𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)

≤ 𝟐𝒃𝒄√𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 

⇔⏞
𝒔𝒒𝒖𝒂𝒓𝒊𝒏𝒈

 (𝟐𝒃𝟐𝒄𝟐 + 𝒃𝟒 + 𝒄𝟒)[𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)]

≤ 𝟒𝒃𝟐𝒄𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) 

   ⇔  −𝒂𝟒(𝒃𝟐 + 𝒄𝟐)𝟐 + 𝟐(𝒃𝟒 + 𝒄𝟒)(𝒂𝟐𝒃𝟐 + 𝒄𝟐𝒂𝟐) − (𝒃𝟒 + 𝒄𝟒)𝟐

= −[𝒂𝟐(𝒃𝟐 + 𝒄𝟐) − (𝒃𝟒 + 𝒄𝟒)]𝟐 ≤ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐞𝐦𝐦𝐚 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞  √𝒉𝒂 + 𝒉𝒃, √𝒉𝒃 + 𝒉𝒄, √𝒉𝒂 + 𝒉𝒄 𝐜𝐚𝐧 𝐛𝐞 𝐭𝐡𝐞 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐚𝐫𝐞𝐚 𝑭
′ 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 

𝟏𝟔𝑭′𝟐 = 𝟐∑√𝒉𝒂 + 𝒉𝒃
𝟐
√𝒉𝒂 + 𝒉𝒄

𝟐

𝒄𝒚𝒄

−∑√𝒉𝒃 + 𝒉𝒄
𝟒

𝒄𝒚𝒄

= 𝟒∑𝒉𝒃𝒉𝒄
𝒄𝒚𝒄

=
𝟖𝒔𝟐𝒓

𝑹
. 

𝐓𝐡𝐞𝐧 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐥𝐞𝐦𝐦𝐚 𝐢𝐧 𝐭𝐡𝐢𝐬 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

√𝒉𝒃 + 𝒉𝒄

√𝒉𝒂 + 𝒉𝒄
+
√𝒉𝒂 + 𝒉𝒄

√𝒉𝒃 + 𝒉𝒄
≤ √

∑ √𝒉𝒂 + 𝒉𝒃
𝟐
√𝒉𝒂 + 𝒉𝒄

𝟐

𝒄𝒚𝒄

𝟒𝑭′𝟐
= √

∑ 𝒉𝒃𝒉𝒄𝒄𝒚𝒄

𝟒𝑭′𝟐
+
(∑ 𝒉𝒂𝒄𝒚𝒄 )

𝟐

𝟒𝑭′𝟐
 

= √𝟏 +
𝑹

𝟐𝒓
(
𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄

𝒔
)
𝟐

,               

𝐰𝐡𝐢𝐜𝐡 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞𝐬 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
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1452. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑√
𝟐𝐦𝒂

𝐡𝒂
(
𝐫𝐛
𝐫𝐜
+
𝐫𝐜
𝐫𝐛
)

𝐜𝐲𝐜

≥
𝐛 + 𝐜

𝒂
+
𝐜 + 𝒂

𝐛
+
𝒂 + 𝐛

𝐜
 

  Proposed by Bogdan Fuștei-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

 𝐋𝐞𝐭 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙 𝐚𝐧𝐝 𝐜 = 𝒙 + 𝐲 ∴ 𝟐𝐬 = 𝒂 + 𝐛 + 𝐜 = 𝟐(𝒙 + 𝐲 + 𝐳) 

⇒ 𝐬 = 𝒙 + 𝐲 + 𝐳 ∴ 𝐬 − 𝒂 = 𝒙, 𝐬 − 𝐛 = 𝐲 ∴
𝐫𝒂
𝐫𝐛
+
𝐫𝐛
𝐫𝒂
≥
𝒂

𝐛
+
𝐛

𝒂
 

⇔
𝐲

𝒙
+
𝒙

𝐲
≥
𝐲 + 𝐳

𝐳 + 𝒙
+
𝐳 + 𝒙

𝐲 + 𝐳
⇔ (𝒙𝟐 + 𝐲𝟐)(𝐳 + 𝒙)(𝐲 + 𝐳) ≥ 𝒙𝐲((𝐳 + 𝒙)𝟐 + (𝐲 + 𝐳)𝟐) 

⇔ 𝐳(𝒙𝟑 + 𝐲𝟑) − 𝒙𝐲𝐳(𝒙+ 𝐲) + 𝐳𝟐(𝒙 − 𝐲)𝟐 ≥ 𝟎 ⇔ 𝐳(𝒙 + 𝐲)(𝒙 − 𝐲)𝟐 + 𝐳𝟐(𝒙 − 𝐲)𝟐 

≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∴
𝐫𝒂
𝐫𝐛
+
𝐫𝐛
𝐫𝒂
≥
𝒂

𝐛
+
𝐛

𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 ⇒

𝐫𝐛
𝐫𝐜
+
𝐫𝐜
𝐫𝐛
≥
𝐛

𝐜
+
𝐜

𝐛
 

∴ √
𝟐𝐦𝒂

𝐡𝒂
(
𝐫𝐛
𝐫𝐜
+
𝐫𝐜
𝐫𝐛
) ≥ √

𝟐𝐦𝒂

𝐡𝒂
(
𝐛

𝐜
+
𝐜

𝐛
) ≥
𝐓𝐞𝐫𝐞𝐬𝐡𝐢𝐧

√
𝟐(
𝐛𝟐 + 𝐜𝟐

𝟒𝐑 )

𝐛𝐜
𝟐𝐑

(
𝐛

𝐜
+
𝐜

𝐛
) ⇒ √

𝟐𝐦𝒂

𝐡𝒂
(
𝐫𝐛
𝐫𝐜
+
𝐫𝐜
𝐫𝐛
) 

≥
𝐛

𝐜
+
𝐜

𝐛
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 ∴∑√

𝟐𝐦𝒂

𝐡𝒂
(
𝐫𝐛
𝐫𝐜
+
𝐫𝐜
𝐫𝐛
)

𝐜𝐲𝐜

≥∑(
𝐛

𝐜
+
𝐜

𝐛
)

𝐜𝐲𝐜

=
𝐛 + 𝐜

𝒂
+
𝐜 + 𝒂

𝐛
+
𝒂 + 𝐛

𝐜
 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1453. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂 + 𝐛 − 𝐜

𝒂 + 𝐜 − 𝐛
+
𝒂 + 𝐜 − 𝐛

𝒂 + 𝐛 − 𝐜
≥
𝐛

𝐜
+
𝐜

𝐛
 𝒂𝐧𝐝 √

𝒂 + 𝐛 − 𝐜

𝒂 + 𝐜 − 𝐛
+ √

𝒂 + 𝐜 − 𝐛

𝒂 + 𝐛 − 𝐜
≥ √

𝐛

𝐜
+ √

𝐜

𝐛
 

  Proposed by Bogdan Fuștei-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

 
𝒂+ 𝐛 − 𝐜

𝒂 + 𝐜 − 𝐛
+
𝒂+ 𝐜 − 𝐛

𝒂+ 𝐛 − 𝐜
≥
𝐛

𝐜
+
𝐜

𝐛
⇔
𝐬 − 𝐛

𝐬 − 𝐜
− 𝟏 +

𝐬 − 𝐜

𝐬 − 𝐛
− 𝟏 ≥

𝐛

𝐜
+
𝐜

𝐛
− 𝟐 

⇔
𝐜− 𝐛

𝐬 − 𝐜
+
𝐛 − 𝐜

𝐬 − 𝐛
≥
(𝐛 − 𝐜)𝟐

𝐛𝐜
⇔ (𝐛 − 𝐜) (

𝟏

𝐬 − 𝐛
−

𝟏

𝐬 − 𝐜
) ≥

(𝐛 − 𝐜)𝟐

𝐛𝐜
 

⇔ (𝐛 − 𝐜) (
𝟏

𝐬 − 𝐛
−

𝟏

𝐬 − 𝐜
) ≥

(𝐛 − 𝐜)𝟐

𝐛𝐜
⇔

(𝐛 − 𝐜)𝟐

(𝐬 − 𝐛)(𝐬 − 𝐜)
≥
(𝐛 − 𝐜)𝟐

𝐛𝐜
 

⇔
(𝐛 − 𝐜)𝟐

𝟒𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)
(𝟒𝐛𝐜− 𝟒(𝐬 − 𝐛)(𝐬 − 𝐜)) ≥ 𝟎 
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⇔
(𝐛 − 𝐜)𝟐

𝟒𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)
(𝟒𝐛𝐜 − 𝒂𝟐 + (𝐛 − 𝐜)𝟐) ≥ 𝟎 

⇔
(𝐛 − 𝐜)𝟐

𝟒𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)
((𝐛 + 𝐜)𝟐 − 𝒂𝟐) ≥ 𝟎 ⇔

(𝐛 − 𝐜)𝟐(𝐛 + 𝐜 + 𝒂)(𝐛 + 𝐜 − 𝒂)

𝟒𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜)
≥ 𝟎 

→ 𝐭𝐫𝐮𝐞 ∴
𝒂 + 𝐛 − 𝐜

𝒂 + 𝐜 − 𝐛
+
𝒂 + 𝐜 − 𝐛

𝒂 + 𝐛 − 𝐜
≥
𝐛

𝐜
+
𝐜

𝐛
 ∀ ∆ 𝐀𝐁𝐂 

𝐋𝐞𝐭 
𝒂 + 𝐜 − 𝐛

𝒂 + 𝐛 − 𝐜
= 𝒙 𝒂𝐧𝐝 

𝐛

𝐜
= 𝐲 ∴

𝒂 + 𝐛 − 𝐜

𝒂 + 𝐜 − 𝐛
+
𝒂 + 𝐜 − 𝐛

𝒂 + 𝐛 − 𝐜
≥
𝐛

𝐜
+
𝐜

𝐛
 

⇒ 𝒙 +
𝟏

𝒙
≥ 𝐲 +

𝟏

𝐲
→ (𝟏) 

𝐒𝐨,√
𝒂 + 𝐛− 𝐜

𝒂 + 𝐜 − 𝐛
+ √

𝒂+ 𝐜 − 𝐛

𝒂+ 𝐛 − 𝐜
≥
?
√
𝐛

𝐜
+ √

𝐜

𝐛
⇔ √𝒙+

𝟏

√𝒙
≥
?

√𝐲 +
𝟏

√𝐲
 

⇔ (√𝒙+
𝟏

√𝒙
)
𝟐

≥
?
(√𝐲 +

𝟏

√𝐲
)

𝟐

⇔ 𝒙+
𝟏

𝒙
+ 𝟐 ≥

?
𝐲 +

𝟏

𝐲
+ 𝟐 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 (𝟏) 

∴ √
𝒂 + 𝐛 − 𝐜

𝒂 + 𝐜 − 𝐛
+√

𝒂 + 𝐜 − 𝐛

𝒂 + 𝐛 − 𝐜
≥ √

𝐛

𝐜
+√

𝐜

𝐛
 ∀ ∆ 𝐀𝐁𝐂 

∴
𝒂 + 𝐛 − 𝐜

𝒂 + 𝐜 − 𝐛
+
𝒂 + 𝐜 − 𝐛

𝒂 + 𝐛 − 𝐜
≥
𝐛

𝐜
+
𝐜

𝐛
 𝒂𝐧𝐝 √

𝒂 + 𝐛 − 𝐜

𝒂 + 𝐜 − 𝐛
+√

𝒂 + 𝐜 − 𝐛

𝒂 + 𝐛− 𝐜
 

≥ √
𝐛

𝐜
+√

𝐜

𝐛
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1454. 𝐈𝐧 ∆𝑨𝑩𝑪 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬: 

𝟐(
𝟐𝒎𝒃𝒎𝒄

𝒉𝒃𝒉𝒄
− 𝟏)(

𝒓𝒃
𝒓𝒄
+
𝒓𝒄
𝒓𝒃
) ≥ (

𝒃

𝒄
+
𝒄

𝒃
)

𝟐

 

Proposed by Bogdan Fuștei-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐁𝐲 𝐓𝐞𝐫𝐞𝐬𝐡𝐢𝐧 𝐚𝐧𝐝 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒎𝒃𝒎𝒄 ≥
(𝒄𝟐 + 𝒂𝟐)(𝒂𝟐 + 𝒃𝟐)

(𝟒𝑹)𝟐
≥
(𝒄𝒂 + 𝒂𝒃)𝟐

(𝟒𝑹)𝟐
=
𝒂𝟐(𝒃 + 𝒄)𝟐

(𝟒𝑹)𝟐
. 

𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝒉𝒂 =
𝒃𝒄

𝟐𝑹
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬), 𝐭𝐡𝐞𝐧 

𝟐𝒎𝒃𝒎𝒄

𝒉𝒃𝒉𝒄
− 𝟏 ≥

𝒂𝟐(𝒃 + 𝒄)𝟐

𝟖𝑹𝟐
.
𝟒𝑹𝟐

𝒂𝟐𝒃𝒄
− 𝟏 =

(𝒃 + 𝒄)𝟐

𝟐𝒃𝒄
− 𝟏 =

𝟏

𝟐
(
𝒃

𝒄
+
𝒄

𝒃
). 

𝐍𝐨𝐰,𝐰𝐞 𝐡𝐚𝐯𝐞 

(
𝒓𝒃
𝒓𝒄
+
𝒓𝒄
𝒓𝒃
)− (

𝒃

𝒄
+
𝒄

𝒃
) = (

𝒔− 𝒄

𝒔− 𝒃
−
𝒄

𝒃
) − (

𝒃

𝒄
−
𝒔 − 𝒃

𝒔 − 𝒄
) =

𝒔(𝒃 − 𝒄)

𝒃(𝒔 − 𝒃)
−
𝒔(𝒃 − 𝒄)

𝒄(𝒔 − 𝒄)
=
𝒔(𝒔 − 𝒂)(𝒃 − 𝒄)𝟐

𝒃𝒄(𝒔 − 𝒃)(𝒔 − 𝒄)
≥ 𝟎, 

⇒ 
𝒓𝒃
𝒓𝒄
+
𝒓𝒄
𝒓𝒃
≥
𝒃

𝒄
+
𝒄

𝒃
. 
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𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

𝟐(
𝟐𝒎𝒃𝒎𝒄

𝒉𝒃𝒉𝒄
− 𝟏)(

𝒓𝒃
𝒓𝒄
+
𝒓𝒄
𝒓𝒃
) ≥ (

𝒃

𝒄
+
𝒄

𝒃
)
𝟐

. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1455. In ∆𝐀𝐁𝐂 the following relationship holds: 
𝒓𝒂
𝒉𝒂
𝟐 +

𝒓𝒃

𝒉𝒃
𝟐 +

𝒓𝒄
𝒉𝒄
𝟐 ≥

𝟒𝒓

𝑹𝟐
 

 
Proposed by Elsen Kerimov-Azerbaijan 

Solution by Daniel Sitaru-Romania 
 

𝒓𝒂
𝒉𝒂𝟐
+
𝒓𝒃

𝒉𝒃
𝟐 +

𝒓𝒄
𝒉𝒄𝟐
=

𝑭
𝒔 − 𝒂

(
𝟐𝑭
𝒂 )

𝟐 +

𝑭
𝒔 − 𝒃

(
𝟐𝑭
𝒃 )

𝟐 +

𝑭
𝒔 − 𝒄

(
𝟐𝑭
𝒄 )

𝟐 = 

 

=
𝟏

𝟒𝑭
(
𝒂𝟐

𝒔 − 𝒂
+

𝒃𝟐

𝒔 − 𝒃
+

𝒄𝟐

𝒔 − 𝒄
) ≥⏞
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴

 

 

≥
𝟏

𝟒𝑭
∙

(𝒂 + 𝒃 + 𝒄)𝟐

𝒔 − 𝒂 + 𝒔 − 𝒃 + 𝒔 − 𝒄
=
𝟏

𝟒𝑭
∙
𝟒𝒔𝟐

𝒔
=

𝟏

𝟒𝒓𝒔
∙
𝟒𝒔𝟐

𝒔
=
𝟏

𝒓
= 

 

=
𝑹𝟐

𝑹𝟐𝒓
=
𝑹 ∙ 𝑹

𝑹𝟐𝒓
≥⏞

𝑬𝑼𝑳𝑬𝑹 𝟐𝒓 ∙ 𝟐𝒓

𝑹𝟐𝒓
=
𝟒𝒓

𝑹𝟐
 

 
Equality holds for 𝒂 = 𝒃 = 𝒄. 

1456.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟔𝒂𝐫𝒂
𝟐

𝟔 + √𝟑𝒂(𝒂 + 𝐛 + 𝐜)
+

𝟔𝐛𝐫𝐛
𝟐

𝟔 + √𝟑𝐛(𝒂 + 𝐛 + 𝐜)
+

𝟔𝐜𝐫𝐜
𝟐

𝟔 + √𝟑𝐜(𝒂 + 𝐛 + 𝐜)
 

≥
𝟑𝟐𝟒𝐒𝐫𝟐

𝐑(𝟗 + 𝟐𝟎𝐒) − 𝟒𝐒𝐫
 

  Proposed by Elsen Kerimov-Azerbaijan 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 ≥ 𝐛 ≥ 𝐜 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐫𝒂
𝟐 ≥ 𝐫𝐛

𝟐 ≥ 𝐫𝐜
𝟐 𝒂𝐧𝐝  
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𝟔𝒂

𝟔 + √𝟑𝒂(𝒂 + 𝐛 + 𝐜)
≥

𝟔𝐛

𝟔 + √𝟑𝐛(𝒂 + 𝐛 + 𝐜)
≥

𝟔𝐜

𝟔 + √𝟑𝐜(𝒂 + 𝐛 + 𝐜)
 

∴
𝟔𝒂𝐫𝒂

𝟐

𝟔 + √𝟑𝒂(𝒂 + 𝐛 + 𝐜)
+

𝟔𝐛𝐫𝐛
𝟐

𝟔 + √𝟑𝐛(𝒂 + 𝐛 + 𝐜)
+

𝟔𝐜𝐫𝐜
𝟐

𝟔 + √𝟑𝐜(𝒂 + 𝐛 + 𝐜)
 

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟑
(∑𝐫𝒂

𝟐

𝐜𝐲𝐜

)(∑
𝟔𝒂

𝟔 + √𝟑𝒂(𝒂 + 𝐛 + 𝐜)
𝐜𝐲𝐜

) ≥ 𝟐(∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

)(∑
𝟏

𝟔
𝒂 + √𝟑

(𝟐𝐬)𝐜𝐲𝐜

) 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝟐𝐬𝟐.
𝟗

𝟔∑
𝟏
𝒂𝐜𝐲𝐜 + 𝟔√𝟑𝐬

=
𝟏𝟖𝐬𝟐. 𝟒𝐒

𝟔∑ 𝒂𝐛𝐜𝐲𝐜

𝐑 + 𝟐𝟒√𝟑𝐬𝐒

≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟕𝟐. 𝟐𝟕𝐒𝐫𝟐

𝟔∑ 𝒂𝟐𝐜𝐲𝐜

𝐑 + 𝟐𝟒√𝟑𝐬𝐒

 

=
𝟑𝟐𝟒𝐒𝐫𝟐

∑ 𝒂𝟐𝐜𝐲𝐜

𝐑 + 𝟒√𝟑𝐬𝐒

≥

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟑𝟐𝟒𝐒𝐫𝟐

𝟗𝐑 + 𝟏𝟖𝐑𝐒
=

𝟑𝟐𝟒𝐒𝐫𝟐

𝟗𝐑 + 𝟐𝟎𝐑𝐒 − 𝟐𝐑𝐒
≥

𝐄𝐮𝐥𝐞𝐫 𝟑𝟐𝟒𝐒𝐫𝟐

𝟗𝐑 + 𝟐𝟎𝐑𝐒 − 𝟒𝐫𝐒
 

⇒
𝟔𝒂𝐫𝒂

𝟐

𝟔 + √𝟑𝒂(𝒂 + 𝐛 + 𝐜)
+

𝟔𝐛𝐫𝐛
𝟐

𝟔 + √𝟑𝐛(𝒂 + 𝐛 + 𝐜)
+

𝟔𝐜𝐫𝐜
𝟐

𝟔 + √𝟑𝐜(𝒂 + 𝐛 + 𝐜)
 

≥
𝟑𝟐𝟒𝐒𝐫𝟐

𝐑(𝟗 + 𝟐𝟎𝐒) − 𝟒𝐒𝐫
 ∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1457.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟗𝐫

𝟒𝐑𝐩
≤∑

𝐜𝐨𝐬𝐀

𝐛 + 𝐜
𝐜𝐲𝐜

≤
𝟗

𝟖𝐩
 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐅𝐨𝐫 𝐨𝐰𝐧 𝐜𝐨𝐧𝐯𝐞𝐧𝐢𝐞𝐧𝐜𝐞, 𝐩 ≡ 𝐬 

𝐍𝐨𝐰, 𝐜𝐨𝐬 𝐁 + 𝐜𝐨𝐬𝐂 =
𝐜𝟐 + 𝒂𝟐 − 𝐛𝟐

𝟐𝐜𝒂
+
𝒂𝟐 + 𝐛𝟐 − 𝐜𝟐

𝟐𝒂𝐛
 

=
𝐛𝐜𝟐 + 𝒂𝟐𝐛− 𝐛𝟑 + 𝐜𝒂𝟐 + 𝐛𝟐𝐜 − 𝐜𝟑

𝟐𝒂𝐛𝐜
 

=
𝐛𝐜(𝐛 + 𝐜) − (𝐛 + 𝐜)(𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐) + 𝒂𝟐(𝐛 + 𝐜)

𝟐𝒂𝐛𝐜
∴∑

𝐜𝐨𝐬𝐀

𝐛 + 𝐜
𝐜𝐲𝐜

 

= (∑𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

)(∑
𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

)−∑
𝐛𝐜(𝐛 + 𝐜) − (𝐛 + 𝐜)(𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐) + 𝒂𝟐(𝐛 + 𝐜)

𝟐𝒂𝐛𝐜(𝐛 + 𝐜)
𝐜𝐲𝐜

 

=
𝐑+ 𝐫

𝐑
.
(𝟐∑ 𝒂𝐛𝐜𝐲𝐜 +∑ 𝒂𝟐𝐜𝐲𝐜 ) + ∑ 𝒂𝐛𝐜𝐲𝐜

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
−

𝟏

𝟖𝐑𝐫𝐬
(𝟐∑𝒂𝐛

𝐜𝐲𝐜

−∑𝒂𝟐

𝐜𝐲𝐜

) 
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=
𝐑+ 𝐫

𝐑
.
𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
−
𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)

𝟖𝐑𝐫𝐬
 

⇒∑
𝐜𝐨𝐬𝐀

𝐛 + 𝐜
𝐜𝐲𝐜

=
(⦁) (𝐑 + 𝟒𝐫)𝐬𝟐 − 𝐑𝐫(𝟒𝐑+ 𝐫)

𝟐𝐑𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

∴∑
𝐜𝐨𝐬𝐀

𝐛 + 𝐜
𝐜𝐲𝐜

≤
𝟗

𝟖𝐬
⇔

𝐯𝐢𝒂 (⦁) (𝐑 + 𝟒𝐫)𝐬𝟐 −𝐑𝐫(𝟒𝐑 + 𝐫)

𝟐𝐑𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
≤
𝟗

𝟖𝐬
 

⇔ (𝟓𝐑− 𝟏𝟔𝐫)𝐬𝟐 + 𝟗𝐑(𝟐𝐑𝐫 + 𝐫𝟐) + 𝟒𝐑𝐫(𝟒𝐑 + 𝐫) ≥
(∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟓𝐑 − 𝟏𝟔𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝟗𝐑(𝟐𝐑𝐫 + 𝐫𝟐) + 𝟒𝐑𝐫(𝟒𝐑+ 𝐫) > 0 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 
𝐂𝒂𝐬𝐞 𝟐  𝟓𝐑 − 𝟏𝟔𝐫 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) 

= −(𝟏𝟔𝐫 − 𝟓𝐑)𝐬𝟐 + 𝟗𝐑(𝟐𝐑𝐫 + 𝐫𝟐) + 𝟒𝐑𝐫(𝟒𝐑 + 𝐫) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

−(𝟏𝟔𝐫 − 𝟓𝐑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝟗𝐑(𝟐𝐑𝐫 + 𝐫𝟐) + 𝟒𝐑𝐫(𝟒𝐑+ 𝐫) ≥
?
𝟎 

⇔ 𝟏𝟎𝐭𝟑 − 𝟓𝐭𝟐 − 𝟏𝟖𝐭 − 𝟐𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟏𝟎𝐭𝟐 + 𝟏𝟓𝐭 + 𝟏𝟐) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 

∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑
𝐜𝐨𝐬𝐀

𝐛 + 𝐜
𝐜𝐲𝐜

≤
𝟗

𝟖𝐩
 

𝐀𝐥𝐬𝐨,
𝟗𝐫

𝟒𝐑𝐩
≤∑

𝐜𝐨𝐬𝐀

𝐛 + 𝐜
𝐜𝐲𝐜

⇔
𝐯𝐢𝒂 (⦁) (𝐑 + 𝟒𝐫)𝐬𝟐 − 𝐑𝐫(𝟒𝐑 + 𝐫)

𝟐𝐑𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≥
𝟗𝐫

𝟒𝐑𝐬
 

⇔ (𝟐𝐑 − 𝐫)𝐬𝟐 − 𝟗𝐫(𝟐𝐑𝐫 + 𝐫𝟐) − 𝟐𝐑𝐫(𝟒𝐑 + 𝐫) ≥
(∗∗)

𝟎 

𝐀𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝐑− 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝟗𝐫(𝟐𝐑𝐫 + 𝐫𝟐) − 𝟐𝐑𝐫(𝟒𝐑 + 𝐫) 

≥
?
𝟎 ⇔ 𝟏𝟐𝐑𝟐 − 𝟐𝟑𝐑𝐫 − 𝟐𝐫𝟐 ≥

?
𝟎 ⇔ (𝟏𝟐𝐑 + 𝐫)(𝐑 − 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 ∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂,∑
𝐜𝐨𝐬𝐀

𝐛 + 𝐜
𝐜𝐲𝐜

≥
𝟗𝐫

𝟒𝐑𝐩
∴ 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 

𝟗𝐫

𝟒𝐑𝐩
≤∑

𝐜𝐨𝐬𝐀

𝐛 + 𝐜
𝐜𝐲𝐜

≤
𝟗

𝟖𝐩
, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐢𝐞𝐬 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1458. 𝐈𝐧 𝐚𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐡𝐨𝐥𝐝𝐬: 

∑𝐭𝐚𝐧𝑩 𝐭𝐚𝐧𝑪

𝒄𝒚𝒄

≥ 𝟑 +∑√𝟏 + 𝐭𝐚𝐧𝟐 𝑨

𝒄𝒚𝒄

 

 
Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐋𝐞𝐭 𝒙 ≔ 𝐭𝐚𝐧𝑨 ,   𝒚 ≔ 𝐭𝐚𝐧𝑩 ,   𝒛 ≔ 𝐭𝐚𝐧𝑪 .  𝐖𝐞 𝐡𝐚𝐯𝐞 𝒙, 𝒚, 𝒛 > 0 𝐚𝐧𝐝 𝒙 + 𝒚 + 𝒛 = 𝒙𝒚𝒛. 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐰𝐞 𝐡𝐚𝐯𝐞 



 
www.ssmrmh.ro 

87 RMM-GEOMETRY MARATHON 1401-1500 

 

𝟑 +∑√𝟏+ 𝒙𝟐

𝒄𝒚𝒄

= 𝟑 +∑√𝟏+
𝒙(𝒙 + 𝒚 + 𝒛)

𝒚𝒛
𝒄𝒚𝒄

= 

= 𝟑 +∑√
(𝒙 + 𝒚)(𝒙 + 𝒛)

𝒚𝒛
𝒄𝒚𝒄

≤ 𝟑 +∑
𝒚+ 𝒛

𝒙
𝒄𝒚𝒄

=∑𝒙

𝒄𝒚𝒄

.∑
𝟏

𝒙
𝒄𝒚𝒄

=∑𝒚𝒛

𝒄𝒚𝒄

, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1459. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
(𝐛𝟐 + 𝐜𝟐)𝐡𝒂
𝐛 + 𝐜

𝐜𝐲𝐜

≤∑
(𝐛𝟐 + 𝐜𝟐)𝐫𝒂
𝐛 + 𝐜

𝐜𝐲𝐜

 

  Proposed by Marin Chirciu-Romania  
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐

)𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐 𝐜𝐨𝐬

𝐁
𝟐 𝐜𝐨𝐬

𝐂
𝟐

=
𝐬𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)
= 𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

∴ 𝐫𝐛 + 𝐫𝐜 =
(𝐢)
𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

∑
𝟏

𝒂(𝐛 + 𝐜)
𝐜𝐲𝐜

=∑
𝐛𝐜(∑ 𝒂𝐛𝐜𝐲𝐜 + 𝒂𝟐)

𝟒𝐑𝐫𝐬.𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
𝐜𝐲𝐜

=
(∑ 𝒂𝐛𝐜𝐲𝐜 )

𝟐
+ 𝟖𝐑𝐫𝐬𝟐

𝟖𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
 

⇒∑
𝟏

𝒂(𝐛+ 𝐜)
𝐜𝐲𝐜

=
(⦁) (𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
+ 𝟖𝐑𝐫𝐬𝟐

𝟖𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

∑
𝒂

𝐛+ 𝐜
𝐜𝐲𝐜

=∑
𝒂− 𝟐𝐬 + 𝟐𝐬

𝟐𝐬 − 𝒂
𝐜𝐲𝐜

= −𝟑+
𝟐𝐬

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
.∑(∑𝒂𝐛

𝐜𝐲𝐜

+ 𝒂𝟐)

𝐜𝐲𝐜

 

= −𝟑 +
𝟐𝐬

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
. ((∑𝒂

𝐜𝐲𝐜

)

𝟐

+∑𝒂𝐛

𝐜𝐲𝐜

) = −𝟑+
𝟐𝐬(𝟓𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

⇒∑
𝒂

𝐛+ 𝐜
𝐜𝐲𝐜

=
(⦁⦁) 𝟐𝐬𝟐 − 𝟐𝐑𝐫− 𝟐𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐
 

∑𝐜𝐨𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

= 𝟑 +∑𝐜𝐨𝐭𝟐
𝐀

𝟐
𝐜𝐲𝐜

= 𝟑 +∑
𝐬𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

 

= 𝟑 +
𝐬𝟐

𝐫𝟐𝐬𝟒

(

 
 
(∑𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

)

𝟐

− 𝟐𝐫𝒂𝐫𝐛𝐫𝐜(∑𝐫𝒂
𝐜𝐲𝐜

)

)

 
 
= 𝟑 +

𝐬𝟐 (𝐬𝟒 − 𝟐𝐫𝐬𝟐(𝟒𝐑 + 𝐫))

𝐫𝟐𝐬𝟒
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⇒∑𝐜𝐨𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

=
(⦁⦁⦁) 𝐬𝟐 − 𝟖𝐑𝐫+ 𝐫𝟐

𝐫𝟐
 

∑𝐛𝟐𝐜𝟐𝐫𝒂
𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝐢)

∑𝐛𝟐𝐜𝟐 (𝟒𝐑+ 𝐫 − 𝟒𝐑𝐜𝐨𝐬𝟐
𝐀

𝟐
)

𝐜𝐲𝐜

 

= (𝟒𝐑 + 𝐫)∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

−∑
𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐. 𝟒𝐑𝐜𝐨𝐬𝟐

𝐀
𝟐

𝟏𝟔𝐑𝟐 𝐜𝐨𝐬𝟐
𝐀
𝟐
𝐬𝐢𝐧𝟐

𝐀
𝟐𝐜𝐲𝐜

 

= (𝟒𝐑+ 𝐫)∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

− 𝟒𝐑𝐫𝟐𝐬𝟐∑𝐜𝐨𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

 

=
𝐯𝐢𝒂 (⦁⦁⦁)

(𝟒𝐑 + 𝐫)∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟒𝐑𝐫𝟐𝐬𝟐.
𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐

𝐫𝟐
 

⇒∑𝐛𝟐𝐜𝟐𝐫𝒂
𝐜𝐲𝐜

=
(⦁⦁⦁⦁)

(𝟒𝐑 + 𝐫)∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟒𝐑𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐) 

∑𝒂𝟐𝐫𝒂
𝐜𝐲𝐜

= 𝐫𝐬∑
(𝒂 − 𝐬 + 𝐬)𝟐

𝐬 − 𝒂
𝐜𝐲𝐜

= 𝐫𝐬(∑(𝐬 − 𝒂)

𝐜𝐲𝐜

− 𝟔𝐬 +
𝐬𝟐

𝐫𝟐𝐬
∑(𝐬 − 𝐛)(𝐬 − 𝐜)

𝐜𝐲𝐜

) 

= 𝐫𝐬(−𝟓𝐬 +
𝐬𝟐(𝟒𝐑𝐫 + 𝐫𝟐)

𝐫𝟐𝐬
) ⇒∑𝒂𝟐𝐫𝒂

𝐜𝐲𝐜

=
(⦁⦁⦁⦁⦁)

(𝟒𝐑 − 𝟒𝐫)𝐬𝟐 

∴∑
(𝐛𝟐 + 𝐜𝟐)𝐡𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

=∑
(∑ 𝒂𝟐𝐜𝐲𝐜 − 𝒂𝟐)𝐡𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

 

= 𝟐𝐫𝐬(∑𝒂𝟐

𝐜𝐲𝐜

)(∑
𝟏

𝒂(𝐛 + 𝐜)
𝐜𝐲𝐜

) − 𝟐𝐫𝐬∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

 

 

=
𝐯𝐢𝒂 (⦁),(⦁⦁)

𝟐𝐫𝐬 ((𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐) ((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
+ 𝟖𝐑𝐫𝐬𝟐) − 𝟒𝐑𝐫𝐬𝟐(𝟐𝐬𝟐 − 𝟐𝐑𝐫 − 𝟐𝐫𝟐))

𝟒𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

 

⇒ ∑
(𝐛𝟐 + 𝐜𝟐)𝐡𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

=
(𝟏) 𝐬𝟔 + (𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟒𝟎𝐑𝟐 + 𝟖𝐑𝐫 + 𝐫𝟐) − (𝟒𝐑𝐫 + 𝐫𝟐)

𝟑

𝟐𝐑𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
 𝒂𝐧𝐝  

∑
(𝐛𝟐 + 𝐜𝟐)𝐫𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

=∑
(𝒂𝟐 + ∑ 𝒂𝐛𝐜𝐲𝐜 )(𝐛𝟐 + 𝐜𝟐)𝐫𝒂

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
𝐜𝐲𝐜

 

=
𝟏

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

(

 
 
 
 
 ∑((∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝐛𝟐𝐜𝟐)𝐫𝒂)

𝐜𝐲𝐜

+

(∑𝒂𝐛

𝐜𝐲𝐜

)∑((∑𝒂𝟐

𝐜𝐲𝐜

− 𝒂𝟐)𝐫𝒂)

𝐜𝐲𝐜 )
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=
𝟏

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
.

(

 
 
 
 (∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(𝟒𝐑 + 𝐫) −∑𝐛𝟐𝐜𝟐𝐫𝒂
𝐜𝐲𝐜

+

(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

) (𝟒𝐑+ 𝐫) − (∑𝒂𝐛

𝐜𝐲𝐜

)∑𝒂𝟐𝐫𝒂
𝐜𝐲𝐜 )

 
 
 
 

 

=
𝐯𝐢𝒂 (⦁⦁⦁⦁),(⦁⦁⦁⦁⦁) 𝟏

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

(

 
 
 
 
 
 
 
 (∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(𝟒𝐑 + 𝐫) − (𝟒𝐑 + 𝐫)∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+

𝟒𝐑𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐) + (∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)(𝟒𝐑 + 𝐫) −

(∑𝒂𝐛

𝐜𝐲𝐜

)(𝟒𝐑 − 𝟒𝐫)𝐬𝟐

)

 
 
 
 
 
 
 
 

 

⇒ ∑
(𝐛𝟐 + 𝐜𝟐)𝐫𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

=
(𝟐) (𝟒𝐑+ 𝟑𝐫)𝐬𝟒 − 𝐫𝐬𝟐(𝟐𝟒𝐑𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐) − 𝐫𝟐(𝟒𝐑+ 𝐫)𝟑

𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
 

∴ (𝟏), (𝟐) ⇒∑
(𝐛𝟐 + 𝐜𝟐)𝐡𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

≤∑
(𝐛𝟐 + 𝐜𝟐)𝐫𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

 

⇔
𝐬𝟔 + (𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟒𝟎𝐑𝟐 + 𝟖𝐑𝐫 + 𝐫𝟐) − (𝟒𝐑𝐫 + 𝐫𝟐)

𝟑

𝟐𝐑𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

≤
(𝟒𝐑 + 𝟑𝐫)𝐬𝟒 − 𝐫𝐬𝟐(𝟐𝟒𝐑𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) − 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑

𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

⇔
𝐬𝟔 − (𝟖𝐑𝟐 + 𝟐𝐑𝐫 − 𝐫𝟐)𝐬𝟒 + 𝐫𝐬𝟐(𝟒𝟖𝐑𝟑 − 𝟓𝟔𝐑𝟐𝐫 − 𝟏𝟐𝐑𝐫𝟐 − 𝐫𝟑) +

𝐫𝟐(𝟏𝟐𝟖𝐑𝟒 + 𝟑𝟐𝐑𝟑𝐫 − 𝟐𝟒𝐑𝟐𝐫𝟐 − 𝟏𝟎𝐑𝐫𝟑 − 𝐫𝟒) ≤
(∗)

𝟎
 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟒 − (𝟖𝐑𝟐 + 𝟐𝐑𝐫− 𝐫𝟐)𝐬𝟒 

+𝐫𝐬𝟐(𝟒𝟖𝐑𝟑 − 𝟓𝟔𝐑𝟐𝐫 − 𝟏𝟐𝐑𝐫𝟐 − 𝐫𝟑) 

+𝐫𝟐(𝟏𝟐𝟖𝐑𝟒 + 𝟑𝟐𝐑𝟑𝐫 − 𝟐𝟒𝐑𝟐𝐫𝟐 − 𝟏𝟎𝐑𝐫𝟑 − 𝐫𝟒) ≤
?
𝟎 

⇔ (𝟒𝐑𝟐 − 𝟐𝐑𝐫 − 𝟒𝐫𝟐)𝐬𝟒 − 𝐫𝐬𝟐(𝟒𝟖𝐑𝟑 − 𝟓𝟔𝐑𝟐𝐫 − 𝟏𝟐𝐑𝐫𝟐 − 𝐫𝟑) 

≥
?
⏟
(∗∗)

𝐫𝟐(𝟏𝟐𝟖𝐑𝟒 + 𝟑𝟐𝐑𝟑𝐫 − 𝟐𝟒𝐑𝟐𝐫𝟐 − 𝟏𝟎𝐑𝐫𝟑 − 𝐫𝟒) 

𝐀𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟒𝐑𝟐 − 𝟐𝐑𝐫 − 𝟒𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)𝐬𝟐 

−𝐫𝐬𝟐(𝟒𝟖𝐑𝟑 − 𝟓𝟔𝐑𝟐𝐫 − 𝟏𝟐𝐑𝐫𝟐 − 𝐫𝟑) = 𝐫(𝟏𝟔𝐑𝟑 + 𝟒𝐑𝟐𝐫 − 𝟒𝟐𝐑𝐫𝟐 + 𝟐𝟏𝐫𝟑)𝐬𝟐 

≥
?
𝐫𝟐(𝟏𝟐𝟖𝐑𝟒 + 𝟑𝟐𝐑𝟑𝐫 − 𝟐𝟒𝐑𝟐𝐫𝟐 − 𝟏𝟎𝐑𝐫𝟑 − 𝐫𝟒) ⇔ 

(𝟏𝟔𝐑𝟑 + 𝟒𝐑𝟐𝐫 − 𝟒𝟐𝐑𝐫𝟐 + 𝟐𝟏𝐫𝟑)𝐬𝟐 ≥
?
⏟
(∗∗∗)

𝐫(𝟏𝟐𝟖𝐑𝟒 + 𝟑𝟐𝐑𝟑𝐫 − 𝟐𝟒𝐑𝟐𝐫𝟐 − 𝟏𝟎𝐑𝐫𝟑 − 𝐫𝟒) 

𝐎𝐧𝐜𝐞 𝒂𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
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(𝟏𝟔𝐑𝟑 + 𝟒𝐑𝟐𝐫 − 𝟒𝟐𝐑𝐫𝟐 + 𝟐𝟏𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?

 

𝐫(𝟏𝟐𝟖𝐑𝟒 + 𝟑𝟐𝐑𝟑𝐫 − 𝟐𝟒𝐑𝟐𝐫𝟐 − 𝟏𝟎𝐑𝐫𝟑 − 𝐫𝟒) 

⇔ 𝟑𝟐𝐭𝟒 − 𝟏𝟐𝐭𝟑 − 𝟏𝟔𝟕𝐭𝟐 + 𝟏𝟑𝟗𝐭 − 𝟐𝟔 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
)

⇔ (𝐭 − 𝟐)(𝟑𝟐𝐭𝟑 + 𝟐𝟎𝐭𝟐 + 𝟑𝟐𝐭(𝐭 − 𝟐) + 𝐭 + 𝟏𝟑) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∑
(𝐛𝟐 + 𝐜𝟐)𝐡𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

≤∑
(𝐛𝟐 + 𝐜𝟐)𝐫𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂,′′=′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃)  

 

1460. 𝐈𝐧 𝐚𝐧𝐲 𝐚𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫 𝒑 𝐡𝐨𝐥𝐝𝐬 

𝒂√𝐜𝐨𝐬𝑨 + 𝒃√𝐜𝐨𝐬𝑩 + 𝒄√𝐜𝐨𝐬 𝑪 ≤ 𝒑√𝟐 
 

Proposed by Vasile Mircea Popa-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒂√𝐜𝐨𝐬 𝑨 + 𝒃√𝐜𝐨𝐬𝑩 + 𝒄√𝐜𝐨𝐬𝑪 ≤ √(𝒂 + 𝒃 + 𝒄)(𝒂 𝐜𝐨𝐬 𝑨 + 𝒃 𝐜𝐨𝐬𝑩 + 𝒄 𝐜𝐨𝐬𝑪), 

𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝒂 + 𝒃 + 𝒄 = 𝟐𝒑 𝐚𝐧𝐝 𝒂 𝐜𝐨𝐬 𝑨 + 𝒃 𝐜𝐨𝐬𝑩 + 𝒄 𝐜𝐨𝐬𝑪 =
𝟐𝑭

𝑹
= 𝒑.

𝟐𝒓

𝑹
 ≤⏞
𝑬𝒖𝒍𝒆𝒓

𝒑,   𝐭𝐡𝐞𝐧 

𝒂√𝐜𝐨𝐬𝑨 + 𝒃√𝐜𝐨𝐬𝑩 + 𝒄√𝐜𝐨𝐬𝑪 ≤ 𝒑√𝟐, 
𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

 
1461. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂

𝐡𝒂
√𝐭𝒂𝐧𝐀 +

𝐛

𝐡𝐛
√𝐭𝒂𝐧𝐁 +

𝐜

𝐡𝐜
√𝐭𝒂𝐧𝐂 > 𝟐√𝟐𝟕

𝟒
 

  Proposed by Vasile Mircea Popa-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐋𝐞𝐭 𝐟(𝒙) = (𝐬𝐢𝐧𝒙)√𝐭𝒂𝐧𝒙 ∀ 𝒙 ∈ (𝟎,
𝛑

𝟐
)  𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐟 ′′(𝒙) 

=
(𝟒 𝐬𝐞𝐜𝟐 𝒙 − 𝟒)(𝐬𝐢𝐧𝒙)(𝐭𝒂𝐧𝟐 𝒙) + 𝟒(𝐬𝐢𝐧𝒙)(𝐬𝐞𝐜𝟐 𝒙) − (𝐬𝐞𝐜𝟒 𝒙)(𝐬𝐢𝐧𝒙)

𝟒 𝐭𝒂𝐧
𝟑
𝟐 𝒙

 

=
𝟒(𝐬𝐢𝐧𝒙)(𝐭𝒂𝐧𝟒 𝒙) + 𝟑(𝐬𝐢𝐧𝒙)(𝐬𝐞𝐜𝟐 𝒙) − (𝐬𝐢𝐧𝒙)(𝐬𝐞𝐜𝟐 𝒙)(𝐬𝐞𝐜𝟐 𝒙 − 𝟏)

𝟒 𝐭𝒂𝐧
𝟑
𝟐 𝒙

 

=
𝟒(𝐬𝐢𝐧𝒙)(𝐭𝒂𝐧𝟒 𝒙) + 𝟑𝐬𝐢𝐧𝒙 + 𝟑(𝐬𝐢𝐧𝒙)(𝐭𝒂𝐧𝟐 𝒙) − (𝐬𝐢𝐧𝒙)(𝐬𝐞𝐜𝟐 𝒙)(𝐭𝒂𝐧𝟐 𝒙)

𝟒 𝐭𝒂𝐧
𝟑
𝟐 𝒙
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=
𝟒(𝐬𝐢𝐧𝒙)(𝐭𝒂𝐧𝟒 𝒙) + 𝟑 𝐬𝐢𝐧𝒙 + 𝟑(𝐬𝐢𝐧 𝒙)(𝐭𝒂𝐧𝟐 𝒙) − (𝐬𝐢𝐧𝒙)(𝐭𝒂𝐧𝟐 𝒙) − (𝐬𝐢𝐧 𝒙)(𝐭𝒂𝐧𝟒 𝒙)

𝟒 𝐭𝒂𝐧
𝟑
𝟐 𝒙

 

=
𝟑(𝐬𝐢𝐧 𝒙)(𝐭𝒂𝐧𝟒 𝒙) + 𝟑𝐬𝐢𝐧𝒙 + 𝟐(𝐬𝐢𝐧𝒙)(𝐭𝒂𝐧𝟐 𝒙)

𝟒 𝐭𝒂𝐧
𝟑
𝟐 𝒙

> 0 ⇒ 𝐟(𝒙) 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝒙 → (𝟏) 

𝐍𝐨𝐰,𝐖𝐋𝐎𝐆 𝐢𝐟 𝐰𝐞 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 ≥ 𝐛 ≥ 𝐜, 𝐭𝐡𝐞𝐧 ∶ 𝒂√𝐭𝒂𝐧𝐀 ≥ 𝐛√𝐭𝒂𝐧𝐁 ≥ 𝐜√𝐭𝒂𝐧𝐂  

(∵ ∆ 𝐀𝐁𝐂 𝐢𝐬 𝒂𝐜𝐮𝐭𝐞) 𝒂𝐧𝐝 
𝟏

𝐡𝒂
≥
𝟏

𝐡𝐛
≥
𝟏

𝐡𝐜
∴ 𝐯𝐢𝒂 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯, 

𝒂

𝐡𝒂
√𝐭𝒂𝐧𝐀 +

𝐛

𝐡𝐛
√𝐭𝒂𝐧𝐁 +

𝐜

𝐡𝐜
√𝐭𝒂𝐧𝐂 ≥

𝟏

𝟑
(∑

𝟏

𝐡𝒂
𝐜𝐲𝐜

)(∑𝒂√𝐭𝒂𝐧𝐀

𝐜𝐲𝐜

) ≥
𝐉𝐞𝐧𝐬𝐞𝐧,𝐯𝐢𝒂 (𝟏)

 

𝟑. 𝟐𝐑

𝟑𝐫
. 𝐬𝐢𝐧

𝛑

𝟑
.√𝐭𝒂𝐧

𝛑

𝟑
=
𝟐𝐑

𝐫
.
√𝟑

𝟐
.√√𝟑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐.𝟑

𝟑
𝟒 = 𝟐√𝟐𝟕

𝟒
  

∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1462. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(𝐡𝒂
𝟑 + 𝐡𝒂

𝟐𝐰𝐛 +𝐰𝐛
𝟑)
𝟓

(𝐰𝒂
𝟑 +𝐰𝒂

𝟐𝐦𝐛 +𝐦𝐛
𝟑)𝟑

+
(𝐡𝐛

𝟑 + 𝐡𝐛
𝟐𝐰𝐜 + 𝐰𝐜

𝟑)
𝟓

(𝐰𝐛
𝟑 + 𝐰𝐛

𝟐𝐦𝐜 +𝐦𝐜
𝟑)𝟑

+
(𝐡𝐜
𝟑 + 𝐡𝐜

𝟐𝐰𝒂 +𝐰𝒂
𝟑)𝟓

(𝐰𝐜
𝟑 + 𝐰𝐜

𝟐𝐦𝒂 +𝐦𝒂
𝟑)𝟑

 

≥
𝟔𝟗 ∙ 𝐫𝟏𝟓

(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟑
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 

(𝐡𝒂
𝟑 + 𝐡𝒂

𝟐𝐰𝐛 + 𝐰𝐛
𝟑)
𝟓

(𝐰𝒂
𝟑 +𝐰𝒂

𝟐𝐦𝐛 +𝐦𝐛
𝟑)
𝟑 +

(𝐡𝐛
𝟑 + 𝐡𝐛

𝟐𝐰𝐜 +𝐰𝐜
𝟑)
𝟓

(𝐰𝐛
𝟑 +𝐰𝐛

𝟐𝐦𝐜 +𝐦𝐜
𝟑)
𝟑 +

(𝐡𝐜
𝟑 + 𝐡𝐜

𝟐𝐰𝒂 +𝐰𝒂
𝟑)
𝟓

(𝐰𝐜
𝟑 +𝐰𝐜

𝟐𝐦𝒂 +𝐦𝒂
𝟑)
𝟑 

≥∑
(𝐡𝒂

𝟑 + 𝐡𝒂
𝟐𝐡𝐛 + 𝐡𝐛

𝟑)
𝟓

(𝐦𝒂
𝟑 +𝐦𝒂

𝟐𝐦𝐛 +𝐦𝐛
𝟑)
𝟑

𝐜𝐲𝐜

≥
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥

∑
(𝐡𝒂

𝟑 + 𝐡𝒂
𝟐𝐡𝐛 + 𝐡𝐛

𝟑)
𝟓

𝐑𝟗

𝟓𝟏𝟐𝐫𝟗
∗ (𝐡𝒂

𝟑 + 𝐡𝒂
𝟐𝐡𝐛 + 𝐡𝐛

𝟑)
𝟑

𝐜𝐲𝐜

 

≥
𝟓𝟏𝟐𝐫𝟗

𝐑𝟗
∑(𝐡𝒂𝐡𝐛(𝐡𝒂 + 𝐡𝐛) + 𝐡𝒂

𝟐𝐡𝐛)

𝐜𝐲𝐜

𝟐

=
𝟓𝟏𝟐𝐫𝟗

𝐑𝟗
𝐡𝒂
𝟐𝐡𝐛

𝟐𝐡𝐜
𝟐∑(

𝟐𝐡𝒂 + 𝐡𝐛
𝐡𝐜

)
𝟐

𝐜𝐲𝐜

≥ 

𝟓𝟏𝟐𝐫𝟗

𝐑𝟗
∗
𝟒𝐫𝟒𝐬𝟒

𝐑𝟐
∗
𝟏

𝟑
(𝟐∑

𝐡𝐛
𝐡𝒂

𝐜𝐲𝐜

+∑
𝐡𝒂
𝐡𝐛

𝐜𝐲𝐜

)

𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

𝟓𝟏𝟐𝐫𝟗

𝐑𝟗
∗ 𝐫𝟒 (

𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑− 𝟐𝐫)

𝐑
)

𝟐

∗
𝟏

𝟑
(𝟐∑

𝐡𝐛
𝐡𝒂

𝐜𝐲𝐜

+∑
𝐡𝒂
𝐡𝐛

𝐜𝐲𝐜

)

𝟐

≥

𝐄𝐮𝐥𝐞𝐫
𝒂𝐧𝐝
𝐀−𝐆

 

𝟓𝟏𝟐𝐫𝟗

𝐑𝟗
∗ 𝐫𝟒 ∗ 𝟕𝟐𝟗𝐫𝟐 ∗

𝟏

𝟑
∗ (𝟔 + 𝟑)𝟐 =

𝟔𝟗 ∗ 𝐫𝟏𝟓

𝐑𝟗
≥
? 𝟔𝟗 ∗ 𝐫𝟏𝟓

(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟑
⇔ 𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑 ≥

?
𝐑𝟑 

⇔ 𝟖𝐑𝟑 ≥
?
𝟔𝟒𝐫𝟑 ⇔ 𝐑 ≥

?
𝟐𝐫 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ∴

(𝐡𝒂
𝟑 + 𝐡𝒂

𝟐𝐰𝐛 +𝐰𝐛
𝟑)
𝟓

(𝐰𝒂
𝟑 +𝐰𝒂

𝟐𝐦𝐛 +𝐦𝐛
𝟑)
𝟑 + 



 
www.ssmrmh.ro 

92 RMM-GEOMETRY MARATHON 1401-1500 

 

(𝐡𝐛
𝟑 + 𝐡𝐛

𝟐𝐰𝐜 +𝐰𝐜
𝟑)
𝟓

(𝐰𝐛
𝟑 +𝐰𝐛

𝟐𝐦𝐜 +𝐦𝐜
𝟑)
𝟑 +

(𝐡𝐜
𝟑 + 𝐡𝐜

𝟐𝐰𝒂 +𝐰𝒂
𝟑)
𝟓

(𝐰𝐜
𝟑 +𝐰𝐜

𝟐𝐦𝒂 +𝐦𝒂
𝟑)
𝟑 ≥

𝟔𝟗 ∗ 𝐫𝟏𝟓

(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟑
  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1463. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐫𝒂
𝟓

𝐡𝒂
𝟐𝐰𝒂

𝟐𝐦𝒂
𝟐
+

𝐫𝐛
𝟓

𝐡𝐛
𝟐𝐰𝐛

𝟐𝐦𝐛
𝟐 +

𝐫𝐜
𝟓

𝐡𝐜
𝟐𝐰𝐜

𝟐𝐦𝐜
𝟐
≥

𝟔𝟒 ∙ 𝐫𝟓

(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟐
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 ≥ 𝐛 ≥ 𝐜 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐫𝒂 ≥ 𝐫𝐛 ≥ 𝐫𝐜;𝐦𝒂 ≤ 𝐦𝐛 ≤ 𝐦𝐜; 

𝟏

𝐡𝒂
≥
𝟏

𝐡𝐛
≥
𝟏

𝐡𝐜
⇒
𝐫𝒂
𝟓

𝐦𝒂
𝟒
≥
𝐫𝐛
𝟓

𝐦𝐛
𝟒
≥
𝐫𝐜
𝟓

𝐦𝐜
𝟒
 𝒂𝐧𝐝 

𝟏

𝐡𝒂
𝟐
≥
𝟏

𝐡𝐛
𝟐
≥
𝟏

𝐡𝐜
𝟐
→ (𝟏) 

𝐍𝐨𝐰,
𝐫𝒂
𝟓

𝐡𝒂
𝟐𝐰𝒂

𝟐𝐦𝒂
𝟐
+

𝐫𝐛
𝟓

𝐡𝐛
𝟐𝐰𝐛

𝟐𝐦𝐛
𝟐
+

𝐫𝐜
𝟓

𝐡𝐜
𝟐𝐰𝐜

𝟐𝐦𝐜
𝟐
≥∑(

𝟏

𝐡𝒂
𝟐
∗
𝐫𝒂
𝟓

𝐦𝒂
𝟒
)

𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯

 

𝟏

𝟑
(∑

𝟏

𝐡𝒂
𝟐

𝐜𝐲𝐜

)(∑
𝐫𝒂
𝟓

𝐦𝒂
𝟒

𝐜𝐲𝐜

) ≥
𝐑𝒂𝐝𝐨𝐧 𝟏

𝟑 ∗ 𝟒𝐫𝟐𝐬𝟐
(∑𝒂𝟐

𝐜𝐲𝐜

)
(∑ 𝐫𝒂𝐜𝐲𝐜 )

𝟓

(∑ 𝐦𝒂𝐜𝐲𝐜 )
𝟒 ≥

𝐋𝐞𝐮𝐞𝐧𝐛𝐞𝐫𝐠𝐞𝐫

𝒂𝐧𝐝
𝐈𝐨𝐧𝐞𝐬𝐜𝐮−𝐖𝐞𝐢𝐭𝐳𝐞𝐧𝐛𝐨𝐜𝐤 + 𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

 

𝟏

𝟑 ∗ 𝟒𝐫𝟐𝐬𝟐
∗ (𝟒√𝟑𝐫 ∗ 𝟑√𝟑𝐫) ∗

(∑ 𝐫𝒂𝐜𝐲𝐜 )
𝟓

(∑ 𝐫𝒂𝐜𝐲𝐜 )
𝟒 =

𝟑(𝟒𝐑+ 𝐫)

𝐬𝟐
 

≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟑(𝟒𝐑+ 𝐫)

𝟐𝟕𝐑𝟐

𝟒

≥
? 𝟔𝟒 ∗ 𝐫𝟓

(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟐
 

⇔ 𝟑𝟐𝟒𝐭𝟕 + 𝟖𝟏𝐭𝟔 − 𝟒𝟔𝟎𝟖𝐭𝟒 − 𝟏𝟏𝟓𝟐𝐭𝟑 − 𝟏𝟒𝟒𝐭𝟐 + 𝟏𝟔𝟑𝟖𝟒𝐭 + 𝟒𝟎𝟗𝟔 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐) (𝟑𝟐𝟒𝐭
𝟓 + 𝟏𝟑𝟕𝟕𝐭𝟒 + 𝟒𝟐𝟏𝟐𝐭𝟑

+𝟔𝟕𝟑𝟐𝐭𝟐 + 𝟖𝟗𝟐𝟖𝐭 + 𝟖𝟔𝟒𝟎
)+ 𝟏𝟓𝟐𝟑𝟐) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

∴
𝐫𝒂
𝟓

𝐡𝒂
𝟐𝐰𝒂

𝟐𝐦𝒂
𝟐
+

𝐫𝐛
𝟓

𝐡𝐛
𝟐𝐰𝐛

𝟐𝐦𝐛
𝟐
+

𝐫𝐜
𝟓

𝐡𝐜
𝟐𝐰𝐜

𝟐𝐦𝐜
𝟐
≥

𝟔𝟒 ∗ 𝐫𝟓

(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟐
 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1464. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂
𝟑

𝐰𝐛
+
𝐰𝐛
𝟑

𝐡𝐜
+
𝐡𝐜
𝟑

𝐦𝒂
≤
𝟐𝟕

𝟑𝟐
.
𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓

𝐫𝟑
 

  Proposed by Zaza Mzhavanadze-Georgia 
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Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝐦𝒂
𝟑

𝐰𝐛
+
𝐰𝐛
𝟑

𝐡𝐜
+
𝐡𝐜
𝟑

𝐦𝒂
≤
𝐦𝒂
𝟑

𝐡𝐛
+
𝐦𝐛
𝟑

𝐡𝐜
+
𝐦𝐜
𝟑

𝐡𝒂
≤

𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝐥

 

(

𝐑𝐬
𝒂
𝟐𝐫𝐬
𝐛

)(
𝟐𝐛𝟐 + 𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝟑𝒂𝟐

𝟒
) + (

𝐑𝐬
𝐛
𝟐𝐫𝐬
𝐜

)(
𝟐𝐜𝟐 + 𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝟑𝐛𝟐

𝟒
) 

+(

𝐑𝐬
𝐜
𝟐𝐫𝐬
𝒂

)(
𝟐𝒂𝟐 + 𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝟑𝐜𝟐

𝟒
) =

𝐑

𝟐𝐫
((
∑ 𝒂𝟐𝐜𝐲𝐜

𝟐
)(
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
) −

𝟑

𝟒
∑𝒂𝐛

𝐜𝐲𝐜

) 

≤
𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳 𝐑

𝟐𝐫
.
𝟗𝐑𝟐

𝟐
. (
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
) −

𝟑𝐑

𝟖𝐫
. 𝟒𝐑𝐫𝐬.∑

𝟏

𝒂
𝐜𝐲𝐜

≤

𝐂𝐁𝐒
𝒂𝐧𝐝

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝐑

𝟐𝐫
.
𝟗𝐑𝟐

𝟐
.√∑𝒂𝟐

𝐜𝐲𝐜

.
∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
 

−
𝟑𝐑

𝟖𝐫
. 𝟒𝐑𝐫𝐬.

𝟗

𝟐𝐬
≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
𝒂𝐧𝐝

𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞 𝐑

𝟐𝐫
.
𝟗𝐑𝟐

𝟐
.√𝟗𝐑𝟐.

𝟒𝐑𝟐𝐬𝟐

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
−
𝟑𝐑

𝟖𝐫
. 𝟒𝐑𝐫𝐬.

𝟗

𝟐𝐬
=
𝟐𝟕𝐑𝟒

𝟖𝐫𝟐
−
𝟐𝟕𝐑𝟐

𝟒
 

≤
? 𝟐𝟕

𝟑𝟐
.
𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓

𝐫𝟑
⇔ 𝟖𝟏𝐑𝟓 − 𝟒𝐑𝟒𝐫 + 𝟖𝐑𝟐𝐫𝟑 − 𝟐𝟓𝟔𝟎𝐫𝟓 ≥

?
𝟎 

⇔ (𝐑− 𝟐𝐫)(𝟖𝟏𝐑𝟒 + 𝟏𝟓𝟖𝐑𝟑𝐫 + 𝟑𝟏𝟔𝐑𝟐𝐫𝟐 + 𝟔𝟒𝟎𝐑𝐫𝟑 + 𝟏𝟐𝟖𝟎𝐫𝟒) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ∴
𝐦𝒂
𝟑

𝐰𝐛
+
𝐰𝐛
𝟑

𝐡𝐜
+
𝐡𝐜
𝟑

𝐦𝒂
≤
𝟐𝟕

𝟑𝟐
.
𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓

𝐫𝟑
 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐒𝐢𝐧𝐜𝐞 
 𝒉𝒂 ≤ 𝒘𝒂 ≤ 𝒎𝒂 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬), 𝐚𝐧𝐝 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐑𝐞𝐚𝐫𝐫𝐚𝐧𝐠𝐞𝐦𝐞𝐧𝐭 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒎𝒂
𝟑

𝒘𝒃
+
𝒘𝒃

𝟑

𝒉𝒄
+
𝒉𝒄

𝟑

𝒎𝒂
=
𝒉𝒄𝒎𝒂

𝟒 +𝒎𝒂𝒘𝒃
𝟒 + 𝒘𝒃𝒉𝒄

𝟒

𝒎𝒂𝒘𝒃𝒉𝒄
≤
𝒎𝒄𝒎𝒂

𝟒 +𝒎𝒂𝒎𝒃
𝟒 +𝒎𝒃𝒎𝒄

𝟒

𝒉𝒂𝒉𝒃𝒉𝒄

≤
𝒎𝒂

𝟓 +𝒎𝒃
𝟓 +𝒎𝒄

𝟓

𝒉𝒂𝒉𝒃𝒉𝒄
. 

𝐀𝐥𝐬𝐨,𝐰𝐞 𝐡𝐚𝐯𝐞 

• 𝒉𝒂𝒉𝒃𝒉𝒄 =
𝟐𝒔𝟐𝒓𝟐

𝑹
 ≥⏞
𝑪𝒐𝒔𝒏𝒊𝒕𝒂−𝑻𝒖𝒓𝒕𝒐𝒊𝒖

 𝟐𝟕𝒓𝟑  (𝟏) 

• 𝒎𝒂
𝟓 +𝒎𝒃

𝟓 +𝒎𝒄
𝟓 = (∑𝒎𝒂

𝒄𝒚𝒄

)

𝟓

− 𝟓(∑𝒎𝒂
𝟐

𝒄𝒚𝒄

+∑𝒎𝒃𝒎𝒄

𝒄𝒚𝒄

)∏(𝒎𝒃 +𝒎𝒄)

𝒄𝒚𝒄

 

≤⏞
𝑳𝒆𝒖𝒆𝒏𝒃𝒆𝒓𝒈𝒆𝒓 & 𝐴𝑀−𝐺𝑀

 (𝟒𝑹 + 𝒓)𝟓 − 𝟓. 𝟔√(𝒎𝒂𝒎𝒃𝒎𝒄)𝟐
𝟑

. 𝟖𝒎𝒂𝒎𝒃𝒎𝒄                              
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                             ≤⏞
𝑬𝒖𝒍𝒆𝒓 & 𝒎𝒂 ≥ 𝒉𝒂

(
𝟗𝑹

𝟐
)
𝟓

− 𝟐𝟒𝟎√(𝒉𝒂𝒉𝒃𝒉𝒄)𝟓
𝟑

≤⏞
(𝟏)

(
𝟗𝑹

𝟐
)
𝟓

− 𝟐𝟒𝟎(𝟑𝒓)𝟓

=
𝟐𝟕𝟐(𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓)

𝟑𝟐
. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

𝒎𝒂
𝟑

𝒘𝒃
+
𝒘𝒃

𝟑

𝒉𝒄
+
𝒉𝒄

𝟑

𝒎𝒂
<
𝟐𝟕

𝟑𝟐
.
𝟖𝟏𝑹𝟓 − 𝟐𝟓𝟔𝟎𝒓𝟓

𝒓𝟑
. 

 
𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

 

1465. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(𝒂𝟒 + 𝒃𝟒)𝒉𝒄
𝒂 + 𝒃

+
(𝒃𝟒 + 𝒄𝟒)𝒉𝒂
𝒃 + 𝒄

+
(𝒄𝟒 + 𝒂𝟒)𝒉𝒃
𝒄 + 𝒂

≥ 𝟖√𝟑 ⋅ 𝑭𝟐 

Proposed by D.M. Bătinețu-Giurgiu, Florică Anastase – Romania  

Solution 1 by Tapas Das-India 

(𝒂𝟒 + 𝒃𝟒)𝒉𝒄
𝒂 + 𝒃

+
(𝒃𝟒 + 𝒄𝟒)𝒉𝒂
𝒃 + 𝒄

+
(𝒄𝟒 + 𝒂𝟒)𝒉𝒃
(𝒄 + 𝒂)

 

≥
𝑨𝑴−𝑮𝑴 𝟐𝒂𝟐𝒃𝟐 ⋅ 𝟐𝑭

𝒂𝒄 + 𝒃𝒄
+
𝟐𝒃𝟐𝒄𝟐 ⋅ 𝟐𝑭

𝒂𝒃 + 𝒂𝒄
+
𝟐𝒄𝟐𝒂𝟐 ⋅ 𝟐𝑭

𝒃𝒄 + 𝒂𝒃
 

= 𝟒𝑭 [
𝒂𝟐𝒃𝟐

𝒂𝒄 + 𝒃𝒄
+

𝒃𝟐𝒄𝟐

𝒂𝒃 + 𝒂𝒄
+

𝒄𝟐𝒂𝟐

𝒃𝒄 + 𝒂𝒃
] ≥ 𝟒𝑭

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
 

= 𝟐𝑭 (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝟐𝑭 × 𝟒√𝟑𝑭 = 𝟖√𝟑𝑭𝟐 

Note: 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟒√𝟑𝑭 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟑[(𝒂𝒃𝒄)𝟐]
𝟏

𝟑  ≥ 𝟑 (
𝟒𝑭

√𝟑
) = 𝟒√𝟑𝑭 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

∑
(𝒂𝟐)𝟐 + (𝒃𝟐)𝟐

𝒂 + 𝒃
𝒉𝒄

≥
𝑪𝑩𝑺 (𝟐∑𝒂𝟐)𝟐

𝟐∑
𝒂 + 𝒃
𝒉𝒄

= 

=
𝟒(∑𝒂𝟐)𝟐

𝟐
𝟐𝑭 ⋅

∑(𝒂 + 𝒃)𝒄
=
𝟐𝑭(∑𝒂𝟐)𝟐

∑𝒂𝒃
≥
𝟐𝑭(∑𝒂𝟐)𝟐

∑𝒂𝟐
≥ 𝟐𝑭 ⋅ 𝟒√𝟑𝑭 = 𝟖√𝟑𝑭𝟐 
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1466. In ∆𝑨𝑩𝑪 the following relationship holds: 

(
𝒎𝒂

𝒘𝒃
+
𝒘𝒃
𝒉𝒄
)
𝟐

+ (
𝒎𝒃

𝒘𝒄
+
𝒘𝒄
𝒉𝒂
)
𝟐

+ (
𝒎𝒄

𝒘𝒂
+
𝒘𝒂
𝒉𝒃
)
𝟐

≥
𝟏𝟗𝟐𝒓𝟒

𝟑𝑹𝟒 − 𝟑𝟐𝒓𝟒
 

 
Proposed by Zaza Mzhavanadze-Georgia 

Solution by Daniel Sitaru-Romania 

(
𝒎𝒂

𝒘𝒃
+
𝒘𝒃
𝒉𝒄
)
𝟐

+ (
𝒎𝒃

𝒘𝒄
+
𝒘𝒄
𝒉𝒂
)
𝟐

+ (
𝒎𝒄

𝒘𝒂
+
𝒘𝒂
𝒉𝒃
)
𝟐

≥⏞
𝑨𝑴−𝑮𝑴

 

 

≥ (𝟐√
𝒎𝒂

𝒘𝒃
∙
𝒘𝒃
𝒉𝒄
)

𝟐

+ (𝟐√
𝒎𝒃

𝒘𝒄
∙
𝒘𝒄
𝒉𝒂
)

𝟐

+ (𝟐√
𝒎𝒄

𝒘𝒂
∙
𝒘𝒂
𝒉𝒃
)

𝟐

= 

 

= 𝟒∑
𝒎𝒂

𝒉𝒄
𝒄𝒚𝒄

= 𝟒∑
𝒎𝒂

𝟐𝑭
𝒄𝒄𝒚𝒄

=
𝟐

𝑭
∑𝒄𝒎𝒂

𝒄𝒚𝒄

≥⏞
𝑪𝑬𝑩𝒀𝑺𝑯𝑬𝑽

≥
𝟐

𝒓𝒔
∙
𝟏

𝟑
∑𝒂

𝒄𝒚𝒄

∑𝒎𝒂

𝒄𝒚𝒄

≥⏞
𝑮𝑶𝑻𝑴𝑨𝑵 𝟐

𝒓𝒔
∙
𝟐𝒔

𝟑
∙ 𝟗𝒓

= 𝟏𝟐 
Remains to prove: 

𝟏𝟐 ≥
𝟏𝟗𝟐𝒓𝟒

𝟑𝑹𝟒 − 𝟑𝟐𝒓𝟒
, 𝟏𝟐(𝟑𝑹𝟒 − 𝟑𝟐𝒓𝟒) ≥ 𝟏𝟗𝟐𝒓𝟒 

 
𝟑𝑹𝟒 − 𝟑𝟐𝒓𝟒 ≥ 𝟏𝟔𝒓𝟒 ⟺ 𝟑𝑹𝟒 ≥ 𝟒𝟖𝒓𝟒 ⟺𝑹𝟒 ≥ 𝟏𝟔𝒓𝟒 ⟺𝑹 ≥ 𝟐𝒓 (𝑬𝒖𝒍𝒆𝒓) 

 
Equality holds for: 𝒂 = 𝒃 = 𝒄. 
 

1467. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐦, 𝐧 ∈ ℕ; 𝐧 ≥ 𝟐, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(𝐡𝒂
𝐦 +𝐰𝐛

𝐦 +𝐦𝐜
𝐦)𝐧

𝐫𝒂
+
(𝐡𝐛
𝐦 + 𝐰𝐜

𝐦 +𝐦𝒂
𝐦)𝐧

𝐫𝐛
+
(𝐡𝐜

𝐦 + 𝐰𝒂
𝐦 +𝐦𝐛

𝐦)𝐧

𝐫𝐜
≥
𝟐. 𝟑𝐧(𝐦+𝟏). 𝐫𝐦𝐧

𝐑
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

(𝐡𝒂
𝐦 + 𝐰𝐛

𝐦 +𝐦𝐜
𝐦)𝐧

𝐫𝒂
+
(𝐡𝐛

𝐦 + 𝐰𝐜
𝐦 +𝐦𝒂

𝐦)𝐧

𝐫𝐛
+
(𝐡𝐜

𝐦 +𝐰𝒂
𝐦 +𝐦𝐛

𝐦)𝐧

𝐫𝐜
≥

𝐇𝐨𝐥𝐝𝐞𝐫
 

(∑ 𝐡𝒂
𝐦

𝐜𝐲𝐜 + ∑ 𝐰𝒂
𝐦

𝐜𝐲𝐜 +∑ 𝐦𝒂
𝐦

𝐜𝐲𝐜 )
𝐧

𝟑𝐧−𝟐(∑ 𝐫𝒂𝐜𝐲𝐜 )
≥
(∑ 𝐡𝒂

𝐦
𝐜𝐲𝐜 +∑ 𝐡𝒂

𝐦
𝐜𝐲𝐜 + ∑ 𝐡𝒂

𝐦
𝐜𝐲𝐜 )

𝐧

𝟑𝐧−𝟐(𝟒𝐑 + 𝐫)
≥

𝐇𝐨𝐥𝐝𝐞𝐫
𝒂𝐧𝐝
𝐄𝐮𝐥𝐞𝐫
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𝟑𝐧 (
𝟏

𝟑𝐦−𝟏
(∑ 𝐡𝒂𝐜𝐲𝐜 )

𝐦
)
𝐧

𝟑𝐧−𝟐.
𝟗𝐑
𝟐

=
𝟐

𝟑𝐦𝐧−𝐧. 𝐑
(∑

𝟐𝐫𝐬

𝒂
𝐜𝐲𝐜

)

𝐦𝐧

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟐

𝟑𝐦𝐧−𝐧. 𝐑
(
𝟐𝐫𝐬. 𝟗

𝟐𝐬
)
𝐦𝐧

 

=
𝟐𝐫𝐦𝐧. 𝟑𝟐𝐦𝐧

𝟑𝐦𝐧−𝐧. 𝐑
=
𝟐. 𝟑𝐧(𝐦+𝟏). 𝐫𝐦𝐧

𝐑
 ∀ ∆ 𝐀𝐁𝐂,′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1468.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂𝐰𝐛
𝐰𝐜𝐡𝒂

+
𝐰𝐛𝐡𝐜
𝐡𝒂𝐦𝐛

+
𝐡𝐜𝐦𝒂

𝐦𝐛𝐰𝐜
≤
𝟑

𝟖
. (𝟗 (

𝐑

𝐫
)
𝟑

− 𝟔𝟒) 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐦𝒂𝐰𝐛
𝐰𝐜𝐡𝒂

+
𝐰𝐛𝐡𝐜
𝐡𝒂𝐦𝐛

+
𝐡𝐜𝐦𝒂

𝐦𝐛𝐰𝐜
≤
𝐦𝒂𝐦𝐛

𝐡𝐜𝐡𝒂
+
𝐦𝐛𝐦𝐜

𝐡𝒂𝐡𝐛
+
𝐦𝐜𝐦𝒂

𝐡𝐛𝐡𝐜
 

≤ 𝐦𝒂𝐦𝐛𝐦𝐜 (
𝟏

𝐡𝐜
𝟐𝐡𝒂

+
𝟏

𝐡𝒂
𝟐𝐡𝐛

+
𝟏

𝐡𝐛
𝟐𝐡𝐜

) ≤
𝐑𝐬𝟐

𝟐
.
𝐜𝟐𝒂+ 𝒂𝟐𝐛 + 𝐛𝟐𝐜

𝟖𝐫𝟑𝐬𝟑
 

≤
𝐀−𝐆 𝐑

𝟏𝟔𝐫𝟑𝐬
. (𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑) =

𝟐𝐬𝐑(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

𝟏𝟔𝐫𝟑𝐬
 

≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝐑(𝟒𝐑𝟐 − 𝟐𝐑𝐫)

𝟖𝐫𝟑
≤
? 𝟑

𝟖
. (𝟗 (

𝐑

𝐫
)
𝟑

− 𝟔𝟒) ⇔ 𝟐𝟑𝐑𝟑 + 𝟐𝐑𝟐𝐫 − 𝟏𝟗𝟐𝐫𝟑 ≥
?
𝟎 

⇔ (𝐑− 𝟐𝐫)(𝟐𝟑𝐑𝟐 + 𝟒𝟖𝐑𝐫 + 𝟗𝟔𝐫𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

∴
𝐦𝒂𝐰𝐛
𝐰𝐜𝐡𝒂

+
𝐰𝐛𝐡𝐜
𝐡𝒂𝐦𝐛

+
𝐡𝐜𝐦𝒂

𝐦𝐛𝐰𝐜
≤
𝟑

𝟖
. (𝟗 (

𝐑

𝐫
)
𝟑

− 𝟔𝟒) ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

𝐏𝐫𝐨𝐨𝐟 𝐨𝐟 𝐦𝒂𝐦𝐛𝐦𝐜 ≤
𝐑𝐬𝟐

𝟐
  

𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 =

𝟏

𝟔𝟒
(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐)(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐)(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐) 

=
(𝟏) 𝟏

𝟔𝟒
{−𝟒∑𝒂𝟔

𝐜𝐲𝐜

+ 𝟔(∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

)+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐} 

𝐍𝐨𝐰,∑𝒂𝟔

𝐜𝐲𝐜

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒂𝟐+𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐) 

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝟐𝒂𝟐𝐛𝟐𝐜𝟐 +∑(𝒂𝟐𝐛𝟐(∑𝒂𝟐

𝐜𝐲𝐜

− 𝐜𝟐))

𝐜𝐲𝐜

) 
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= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟑(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) 

∴∑𝒂𝟔

𝐜𝐲𝐜

=
(𝟐)
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟑(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) 

∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

=∑(𝒂𝟐𝐛𝟐(∑𝒂𝟐

𝐜𝐲𝐜

− 𝐜𝟐))

𝐜𝐲𝐜

=
(𝟑)

 

(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

)− 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 ∴ (𝟏), (𝟐), (𝟑) ⇒ 𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 

=
𝟏

𝟔𝟒

(

 
 
 
 −𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟏𝟐𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟏𝟐(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

)

+𝟔(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

)− 𝟏𝟖𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟑𝒂𝟐𝐛𝟐𝐜𝟐

)

 
 
 
 

 

=
𝟏

𝟔𝟒
(−𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟏𝟖(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

)− 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐) 

=
𝟏

𝟔𝟒
(−𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟏𝟖((∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟏𝟔𝐑𝐫𝐬𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

)− 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐) 

 

=
𝟏

𝟔𝟒
{
−𝟑𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟑
+ 𝟑𝟔(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐

−𝟓𝟕𝟔𝐑𝐫𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒𝟑𝟐𝐑𝟐𝐫𝟐𝐬𝟐
} 

=
𝟏

𝟏𝟔
{𝐬𝟔 − 𝐬𝟒(𝟏𝟐𝐑𝐫 − 𝟑𝟑𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) − 𝐫𝟑(𝟒𝐑+ 𝐫)𝟑} 

≤
𝐑𝟐𝐬𝟒

𝟒
⇔ 

𝐬𝟔 − 𝐬𝟒(𝟒𝐑𝟐 + 𝟏𝟐𝐑𝐫 − 𝟑𝟑𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) − 𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≤
(⦁)

𝟎 

 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (⦁) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− 𝐬𝟒(𝟖𝐑𝐫 − 𝟑𝟔𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) 

−𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≤
?
𝟎 

⇔ 𝐬𝟒(𝟖𝐑 − 𝟏𝟔𝐫) + 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 ≥
?
⏟
(⦁⦁)

𝟐𝟎𝐫𝐬𝟒 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝒂)

𝐬𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)(𝟖𝐑 − 𝟏𝟔𝐫) 

+𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑+ 𝐫)𝟑 𝒂𝐧𝐝  
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𝐑𝐇𝐒 𝐨𝐟 (⦁⦁) ≤
𝐆𝐞𝐫𝐞𝐭𝐬𝐞𝐧
⏟    
(𝐛)

𝟐𝟎𝐫𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

(𝒂), (𝐛) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
𝐬𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)(𝟖𝐑− 𝟏𝟔𝐫) + 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 

≥ 𝟐𝟎𝐫𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

⇔ 𝐬𝟐(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟓𝟑𝐫𝟐) + 𝐫(𝟒𝐑+ 𝐫)𝟑 ≥ 𝟎 

⇔ 𝐬𝟐(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐) + 𝐫(𝟒𝐑+ 𝐫)𝟑 ≥
(⦁⦁⦁)

𝟐𝟕𝐫𝟐𝐬𝟐 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝐜)

(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐫(𝟒𝐑+ 𝐫)𝟑  

𝒂𝐧𝐝 𝐑𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≤
𝐆𝐞𝐫𝐞𝐭𝐬𝐞𝐧
⏟    
(𝐝)

𝟐𝟕𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

(𝐜), (𝐝) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑  ≥ 𝟐𝟕𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

⇔ 𝟐𝟐𝟒𝐭𝟑 − 𝟓𝟖𝟕𝐭𝟐 + 𝟑𝟎𝟖𝐭 − 𝟔𝟎 ≥ 𝟎 (𝐰𝐡𝐞𝐫𝐞 𝐭 =
𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟐𝟐𝟒𝐭 + 𝟑𝟎𝟗) + 𝟔𝟒𝟖) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (⦁⦁⦁) ⇒ (⦁⦁) 

⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 ≤

𝐑𝟐𝐬𝟒

𝟒
⇒ 𝐦𝒂𝐦𝐛𝐦𝐜 ≤

𝐑𝐬𝟐

𝟐
 (𝐐𝐄𝐃) 

 

1469. 

 

𝐖𝐢𝐭𝐡 𝐫𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 𝐭𝐨 𝐝𝐢𝒂𝐠𝐫𝒂𝐦, 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝐭𝒂𝐧(∢𝐌𝐀𝐍) =
√𝟑. 𝟒𝒂(𝒂 +𝐦 + 𝐧)

𝟒(𝒂𝟐 − 𝒂(𝐦 + 𝐧) − 𝟐𝐦𝐧)
 

 
  Proposed by Thanasis Gakopoulos-Farsala-Greece 
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Solution by Soumava Chakraborty-Kolkata-India 
 

 
𝐕𝐢𝒂 𝐜𝐨𝐭𝒂𝐧𝐠𝐞𝐧𝐭 𝐫𝐮𝐥𝐞 ∶ (𝐦+ 𝒂)𝐜𝐨𝐭 𝟔𝟎° = 𝐦𝐜𝐨𝐭𝛂 − 𝒂𝐜𝐨𝐭 𝟔𝟎° 

⇒
𝒂 +𝐦

√𝟑
=

𝐦

𝐭𝒂𝐧𝛂
−
𝒂

√𝟑
⇒ 𝐭𝒂𝐧𝛂 =

(∗) √𝟑𝐦

𝟐𝒂+𝐦
 

𝐀𝐥𝐬𝐨, 𝐯𝐢𝒂 𝐜𝐨𝐭𝒂𝐧𝐠𝐞𝐧𝐭 𝐫𝐮𝐥𝐞 ∶ (𝒂 + 𝐧) 𝐜𝐨𝐭 𝟏𝟐𝟎° = 𝒂 𝐜𝐨𝐭 𝟔𝟎° − 𝐧 𝐜𝐨𝐭 𝛃 

⇒
𝒂 + 𝐧

−√𝟑
=
𝒂

√𝟑
−

𝐧

𝐭𝒂𝐧𝛃
⇒ 𝐭𝒂𝐧𝛃 =

(∗∗) √𝟑𝐧

𝟐𝒂 + 𝐧
 

∴ 𝐭𝒂𝐧(∢𝐌𝐀𝐍) =
𝐭𝒂𝐧𝛂 + 𝐭𝒂𝐧𝛃 + 𝐭𝒂𝐧𝟔𝟎° − 𝐭𝒂𝐧𝛂 . 𝐭𝒂𝐧𝛃 . 𝐭𝒂𝐧𝟔𝟎°

𝟏 − 𝐭𝒂𝐧𝛂 . 𝐭𝒂𝐧𝛃 − 𝐭𝒂𝐧𝛂 . 𝐭𝒂𝐧𝟔𝟎° − 𝐭𝒂𝐧𝛃 . 𝐭𝒂𝐧𝟔𝟎°
=

𝐯𝐢𝒂 (∗),(∗∗)
 

√𝟑𝐦
𝟐𝒂+𝐦+

√𝟑𝐧
𝟐𝒂 + 𝐧+ √𝟑−

√𝟑𝐦
𝟐𝒂+𝐦 .

√𝟑𝐧
𝟐𝒂 + 𝐧 . √𝟑

𝟏 −
√𝟑𝐦
𝟐𝒂+𝐦

.
√𝟑𝐧
𝟐𝒂 + 𝐧

−
√𝟑𝐦
𝟐𝒂+𝐦

.√𝟑 −
√𝟑𝐧
𝟐𝒂 + 𝐧

. √𝟑

=
√𝟑. 𝟒𝒂(𝒂 +𝐦+ 𝐧)

𝟒(𝒂𝟐 − 𝒂𝐦− 𝒂𝐧− 𝟐𝐦𝐧)
 

⇒ 𝐭𝒂𝐧(∢𝐌𝐀𝐍) =
√𝟑. 𝟒𝒂(𝒂 +𝐦+ 𝐧)

𝟒(𝒂𝟐 − 𝒂(𝐦+ 𝐧) − 𝟐𝐦𝐧)
 (𝐐𝐄𝐃) 

 

1470. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(
𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟑

+ (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟑

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
)
𝟑

≥
𝟑. 𝟐𝟗. 𝐫𝟔

𝟑(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟐 − 𝟏𝟐𝟖𝐫𝟔
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

(
𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟑

+ (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟑

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
)
𝟑

≥
𝐀−𝐆

 

𝟑(
𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
) (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)(
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
) ≥
𝐀−𝐆

𝟑. 𝟖.√
𝐦𝒂

𝐰𝐛
.
𝐰𝐜
𝐡𝒂
.
𝐦𝐛

𝐰𝐜
.
𝐰𝒂
𝐡𝐛
.
𝐦𝐜

𝐰𝒂
.
𝐰𝐛
𝐡𝐜
≥ 𝟑.𝟖 

≥
? 𝟑. 𝟐𝟗. 𝐫𝟔

𝟑(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟐 − 𝟏𝟐𝟖𝐫𝟔
⇔ (𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟐 ≥

?
𝟔𝟒𝐫𝟔 ⇔ 𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑 ≥

?
𝟖𝐫𝟑 
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⇔ 𝐑𝟑 ≥
?
𝟖𝐫𝟑 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ∴ (

𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟑

+ (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟑

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
)
𝟑

 

≥
𝟑.𝟐𝟗. 𝐫𝟔

𝟑(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟐 − 𝟏𝟐𝟖𝐫𝟔
∀ ∆ 𝐀𝐁𝐂,′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1471. 

𝐈𝐧 𝒂𝐧𝐲 𝐛𝐢𝐜𝐞𝐧𝐭𝐫𝐢𝐜 𝐪𝐮𝒂𝐝𝐫𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 𝐀𝐁𝐂𝐃 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 𝒂, 𝐛, 𝐜, 𝐝, 

𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟑𝐑√𝟐.𝐦𝐢𝐧 (
𝟏

𝒂−𝟑 + 𝐛−𝟑 + 𝐜−𝟑
,

𝟏

𝒂−𝟑 + 𝐛−𝟑 + 𝐝−𝟑
,

𝟏

𝒂−𝟑 + 𝐜−𝟑 + 𝐝−𝟑
,

𝟏

𝐛−𝟑 + 𝐜−𝟑 + 𝐝−𝟑
) 

≤ 𝐅𝟐 ≤
𝐑√𝟐

𝟑
.𝐦𝒂𝒙(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑, 𝒂𝟑 + 𝐛𝟑 + 𝐝𝟑, 𝒂𝟑 + 𝐜𝟑 + 𝐝𝟑, 𝐛𝟑 + 𝐜𝟑 + 𝐝𝟑)  

  Proposed by Emil C. Popa-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐕𝐢𝒂 𝐁𝐫𝒂𝐡𝐦𝒂𝐠𝐮𝐩𝐭𝒂 𝒂𝐧𝐝 𝐏𝒂𝐫𝒂𝐦𝐞𝐬𝐡𝐯𝒂𝐫𝒂, 
𝟏𝟔𝐅𝟐𝐑𝟐 = (𝒂𝐜 + 𝐛𝐝)(𝒂𝐛 + 𝐜𝐝)(𝒂𝐝 + 𝐛𝐜) 

⇒ 𝒙(𝐛𝐝((𝒂+ 𝐜)𝟐 − 𝟐𝒂𝐜) + 𝒂𝐜((𝐛 + 𝐝)𝟐 − 𝟐𝐛𝐝)) = 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐 (𝒙 = 𝒂𝐜 + 𝐛𝐝) 

⇒ 𝒙(𝐛𝐝(𝐬𝟐 − 𝟐𝒂𝐜) + 𝒂𝐜(𝐬𝟐 − 𝟐𝐛𝐝)) = 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐 ⇒ 𝒙(𝐬𝟐𝒙− 𝟒𝐫𝟐𝐬𝟐) = 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐 

⇒ 𝒙𝟐 − 𝟒𝒙. 𝐫𝟐 − 𝟏𝟔𝐑𝟐𝐫𝟐 = 𝟎 ⇒ 𝒙 =
𝟒𝐫𝟐 ±√𝟔𝟒𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐫𝟒

𝟐
 

⇒ 𝒂𝐜+ 𝐛𝐝 = 𝟐𝐫𝟐 + 𝟐𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 → (𝟏) 
𝐍𝐨𝐰, (𝐛𝐬 + 𝐜𝒂)(𝒂𝐬 + 𝐛𝐝)(𝐝𝐬 + 𝐜𝒂)(𝐜𝐬 + 𝐛𝐝) 
= 𝐬𝟑(𝒂𝟐𝐛𝐜𝟐 + 𝒂𝟐𝐜𝟐𝐝+ 𝒂𝐛𝟐𝐝𝟐 + 𝐛𝟐𝐜𝐝𝟐) 

+𝐬𝟐(𝒂𝟑𝐜𝟑 + 𝐛𝟑𝐝𝟑 + 𝒂𝟐𝐛𝟐𝐜𝐝 + 𝒂𝟐𝐛𝐜𝐝𝟐 + 𝒂𝐛𝟐𝐜𝟐𝐝+ 𝒂𝐛𝐜𝟐𝐝𝟐) 

+𝐬𝒂𝐛𝐜𝐝(𝒂𝟐𝐜 + 𝒂𝐜𝟐 + 𝐛𝟐𝐝 + 𝐛𝐝𝟐) + 𝒂𝐛𝐜𝐝𝐫𝟐𝐬𝟐 + 𝒂𝐛𝐜𝐝𝐬𝟒 

≥ 𝐬𝟒(𝒂𝟐𝐜𝟐 + 𝐛𝟐𝐝𝟐) + 𝐬𝟐𝒂𝐛𝐜𝐝(𝒂𝐜 + 𝐛𝐝) + 𝐬𝟐𝒂𝐛𝐜𝐝(𝒂𝐬 + 𝐜𝐬) + 𝐬𝒂𝐛𝐜𝐝(𝒂𝐜𝐬 + 𝐛𝐝𝐬) 

+𝒂𝐛𝐜𝐝𝐫𝟐𝐬𝟐 + 𝒂𝐛𝐜𝐝𝐬𝟒 ≥
𝐀−𝐆

𝟐𝐬𝟒𝒂𝐛𝐜𝐝+ 𝟐𝐬𝟐𝒂𝐛𝐜𝐝(𝒂𝐜 + 𝐛𝐝) + 𝟐𝒂𝐛𝐜𝐝𝐬𝟒 + 𝒂𝐛𝐜𝐝𝐫𝟐𝐬𝟐 

= 𝐬𝟐𝒂𝐛𝐜𝐝(𝟒𝐬𝟐 + 𝟐(𝒂𝐜+ 𝐛𝐝) + 𝐫𝟐) =
𝐯𝐢𝒂 (𝟏)

 

𝐫𝟐𝐬𝟒 (𝟒𝐬𝟐 + 𝟐(𝟐𝐫𝟐 + 𝟐𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐) + 𝐫𝟐) ⇒ 

(𝐛𝐬 + 𝐜𝒂)(𝒂𝐬 + 𝐛𝐝)(𝐝𝐬 + 𝐜𝒂)(𝐜𝐬 + 𝐛𝐝) ≥ 𝐫𝟐𝐬𝟒 (𝟒𝐬𝟐 + 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 + 𝟓𝐫𝟐) → (𝟐) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ 𝐦𝟒 = 

(𝐦𝐢𝐧(
𝟏

𝒂−𝟑 + 𝐛−𝟑 + 𝐜−𝟑
,

𝟏

𝒂−𝟑 + 𝐛−𝟑 + 𝐝−𝟑
,

𝟏

𝒂−𝟑 + 𝐜−𝟑 + 𝐝−𝟑
,

𝟏

𝐛−𝟑 + 𝐜−𝟑 + 𝐝−𝟑
))
𝟒

 

≤
(𝒂𝟑𝐛𝟑𝐜𝟑)(𝒂𝟑𝐛𝟑𝐝𝟑)(𝒂𝟑𝐜𝟑𝐝𝟑)(𝐛𝟑𝐜𝟑𝐝𝟑)

(𝒂𝟑𝐛𝟑 + 𝐛𝟑𝐜𝟑 + 𝐜𝟑𝒂𝟑)(𝒂𝟑𝐛𝟑 + 𝐛𝟑𝐝𝟑 + 𝐝𝟑𝒂𝟑)(𝒂𝟑𝐜𝟑 + 𝐜𝟑𝐝𝟑 + 𝐝𝟑𝒂𝟑)(𝐛𝟑𝐜𝟑 + 𝐜𝟑𝐝𝟑 + 𝐛𝟑𝐝𝟑)
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≤
𝟗𝟒. 𝐅𝟏𝟖

(𝐛𝐬 + 𝐜𝒂)𝟑(𝒂𝐬 + 𝐛𝐝)𝟑(𝐝𝐬 + 𝐜𝒂)𝟑(𝐜𝐬 + 𝐛𝐝)𝟑
 

(

 
 
 
 

∵ 𝒂𝟑𝐛𝟑 + 𝐛𝟑𝐜𝟑 + 𝐜𝟑𝒂𝟑 = 𝐜𝟑𝒂𝟑 + 𝐛𝟑(𝐜 + 𝒂)(𝐜𝟐 − 𝐜𝒂 + 𝒂𝟐)

≥ 𝐜𝟑𝒂𝟑 +
𝐛𝟑

𝟒
(𝐜 + 𝒂)𝟑 = 𝐜𝟑𝒂𝟑 +

𝐛𝟑𝐬𝟑

𝟖
+
𝐛𝟑𝐬𝟑

𝟖
≥

𝐇𝐨𝐥𝐝𝐞𝐫 (
𝐛𝐬
𝟐
+
𝐛𝐬
𝟐
+ 𝐜𝒂)

𝟑

𝟗

⇒ 𝒂𝟑𝐛𝟑 + 𝐛𝟑𝐜𝟑 + 𝐜𝟑𝒂𝟑 ≥
(𝐛𝐬 + 𝐜𝒂)𝟑

𝟗
𝒂𝐧𝒂𝐥𝐨𝐠𝐬 )

 
 
 
 

 

≤
𝟗𝟒. 𝐅𝟏𝟖

𝐫𝟔𝐬𝟏𝟐 (𝟒𝐬𝟐 + 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 + 𝟓𝐫𝟐)
𝟑 ≤
?
(
𝐅𝟐

𝟑𝐑√𝟐
)

𝟒

=
𝐅𝟖

𝟖𝟏𝐑𝟒. 𝟒
 

⇔
𝟗𝟔. 𝐫𝟏𝟎𝐬𝟏𝟎

𝐫𝟔𝐬𝟏𝟐 (𝟒𝐬𝟐 + 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 + 𝟓𝐫𝟐)
𝟑 ≤
? 𝟏

𝟒𝐑𝟒
 

⇔ 𝐬𝟐 (𝟒𝐬𝟐 + 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 + 𝟓𝐫𝟐)
𝟑

≥
?
⏟
(∗)

𝟗𝟔. 𝟒𝐑𝟒𝐫𝟒 

𝐍𝐨𝐰, 𝐯𝐢𝒂 𝐁𝐥𝐮𝐧𝐝𝐨𝐧 − 𝐄𝐝𝐝𝐲, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 

𝟖𝐫 (√𝟒𝐑𝟐 + 𝐫𝟐 − 𝐫) (𝟒.𝟖𝐫 (√𝟒𝐑𝟐 + 𝐫𝟐 − 𝐫) + 𝟒𝐫 ∗ √𝟒𝐑𝟐 + 𝐫𝟐 + 𝟓𝐫𝟐)
𝟑

≥
?
𝟗𝟔. 𝟒𝐑𝟒𝐫𝟒 

⇔ 𝟐(𝟒𝐑𝟐 + 𝐫𝟐)(𝟐𝟓𝟔𝐑𝟐 + 𝟏𝟕𝟐𝐫𝟐) + 𝟐𝐫 (𝟏𝟗𝟐𝐑𝟐𝐫 + 𝟕𝟓𝐫𝟑 + 𝟗𝟔𝐫(𝟒𝐑𝟐 + 𝐫𝟐)) − 𝟕𝟐𝟗𝐑𝟒 

≥
?
𝟐𝐫.√𝟒𝐑𝟐 + 𝐫𝟐. (𝟐𝟓𝟔𝐑𝟐 + 𝟏𝟕𝟐𝐫𝟐 + 𝟏𝟗𝟐𝐑𝟐 + 𝟕𝟓𝐫𝟐 + 𝟗𝟔(𝟒𝐑𝟐 + 𝐫𝟐)) 

⇔ (𝟏𝟑𝟏𝟗𝐑𝟒 + 𝟑𝟎𝟒𝟎𝐑𝟐𝐫𝟐 + 𝟔𝟖𝟔𝐫𝟒)
𝟐
≥
?
(𝟐𝐫.√𝟒𝐑𝟐 + 𝐫𝟐. (𝟖𝟑𝟐𝐑𝟐 + 𝟑𝟒𝟑𝐫𝟐))

𝟐

 

⇔ 𝟏𝟕𝟑𝟗𝟕𝟔𝟏𝐭𝟑 − 𝟑𝟎𝟓𝟔𝟎𝟔𝟒𝐭𝟐 − 𝟖𝟒𝟗𝟔𝟔𝟎𝐭+ 𝟓𝟒𝟖𝟖 ≥
?
𝟎 (𝐭 =

𝐑𝟐

𝐫𝟐
) 

⇔ (𝐭 − 𝟐)(𝟏𝟕𝟑𝟗𝟕𝟔𝟏𝐭𝟐 + 𝟒𝟐𝟐𝟎𝟖𝟔𝐭 + 𝟏𝟑𝟕𝟐(𝐭 − 𝟐)) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐋.𝐅𝐞𝐣𝐞𝐬 𝐓𝐨𝐭𝐡

𝟐 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝐦𝟒 ≤ (
𝐅𝟐

𝟑𝐑√𝟐
)

𝟒

 

∴ 𝟑𝐑√𝟐.𝐦𝐢𝐧(
𝟏

𝒂−𝟑 + 𝐛−𝟑 + 𝐜−𝟑
,

𝟏

𝒂−𝟑 + 𝐛−𝟑 + 𝐝−𝟑
,

𝟏

𝒂−𝟑 + 𝐜−𝟑 + 𝐝−𝟑
,

𝟏

𝐛−𝟑 + 𝐜−𝟑 + 𝐝−𝟑
) ≤ 𝐅𝟐  

𝐀𝐥𝐬𝐨,
𝐑√𝟐

𝟑
.𝐦𝒂𝒙(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑, 𝒂𝟑 + 𝐛𝟑 + 𝐝𝟑, 𝒂𝟑 + 𝐜𝟑 + 𝐝𝟑, 𝐛𝟑 + 𝐜𝟑 + 𝐝𝟑) ≥ 

𝐑√𝟐

𝟒. 𝟑
(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑 + 𝒂𝟑 + 𝐛𝟑 + 𝐝𝟑 + 𝒂𝟑 + 𝐜𝟑 + 𝐝𝟑 + 𝐛𝟑 + 𝐜𝟑 + 𝐝𝟑) ≥

𝐀−𝐆
 

𝐑√𝟐

𝟒
(𝒂𝐛𝐜 + 𝒂𝐛𝐝+ 𝒂𝐜𝐝 + 𝐛𝐜𝐝) =

𝐑√𝟐

𝟒
(𝒂𝐜𝐬 + 𝐛𝐝𝐬) ≥

𝐀−𝐆 𝐑𝐬√𝟐

𝟒
. 𝟐√𝒂𝐜𝐛𝐝 = 

𝐑𝐫𝐬𝟐

√𝟐
≥
?
𝐅𝟐 = 𝐫𝟐𝐬𝟐⇔ 𝐑 ≥

?
√𝟐𝐫 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐋. 𝐅𝐞𝐣𝐞𝐬 𝐓𝐨𝐭𝐡 

∴ 𝐅𝟐 ≤
𝐑√𝟐

𝟑
.𝐦𝒂𝒙(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑, 𝒂𝟑 + 𝐛𝟑 + 𝐝𝟑, 𝒂𝟑 + 𝐜𝟑 + 𝐝𝟑, 𝐛𝟑 + 𝐜𝟑 + 𝐝𝟑)  (𝐐𝐄𝐃) 

 
 



 
www.ssmrmh.ro 

102 RMM-GEOMETRY MARATHON 1401-1500 

 

1472. 

𝐈𝐧 𝒂𝐧𝐲 𝐛𝐢𝐜𝐞𝐧𝐭𝐫𝐢𝐜 𝐪𝐮𝒂𝐝𝐫𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 𝐀𝐁𝐂𝐃 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 𝒂, 𝐛, 𝐜, 𝐝 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 

 𝒂 ≤ 𝐛 ≤ 𝐜 ≤ 𝐝, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√
𝒂

𝐫

𝟒
+ √

𝐛

𝐫

𝟒

+ √
𝐜

𝐫

𝟒
 ≤ 𝟑. √

𝐑

𝐫
 

  Proposed by Emil C. Popa-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

𝒂 ≤ 𝐛 ≤ 𝐜 ≤ 𝐝 ⇒ 𝐛 ≤ 𝐝 ⇒ 𝐛 ≤
𝐛 + 𝐝

𝟐
⇒ √

𝒂

𝐫

𝟒
+ √

𝐛

𝐫

𝟒

+ √
𝐜

𝐫

𝟒
  

≤
𝟏

√𝐫
𝟒
(√𝒂
𝟒

+ √𝐜
𝟒 ) + √

𝐛 + 𝐝

𝟐𝐫

𝟒

≤
𝐂𝐁𝐒 √𝟐

√𝐫
𝟒 . √√𝒂 + √𝐜 + √

𝐛+ 𝐝

𝟐𝐫

𝟒

≤
𝐂𝐁𝐒

 

√𝟐

√𝐫
𝟒 . √√𝟐. √𝒂 + 𝐜 + √

𝐛 + 𝐝

𝟐𝐫

𝟒

= 𝟐. √
𝒂 + 𝐜

𝟐𝐫

𝟒

+ √
𝐛 + 𝐝

𝟐𝐫

𝟒

= 𝟐. √
𝐬

𝟐𝐫

𝟒
+ √

𝐬

𝟐𝐫

𝟒
= 𝟑. √

𝐬

𝟐𝐫

𝟒
 

≤
?
𝟑.√

𝐑

𝐫
⇔ 𝐫𝟐𝐬𝟐 ≤

?
⏟
(∗)

𝟒𝐑𝟒 

𝐍𝐨𝐰, 𝐯𝐢𝒂 𝐁𝐥𝐮𝐧𝐝𝐨𝐧− 𝐄𝐝𝐝𝐲, 𝐬 ≤ √𝟒𝐑𝟐 + 𝐫𝟐 + 𝐫 

⇒ 𝐫𝟐𝐬𝟐 ≤ 𝐫𝟐 (𝟒𝐑𝟐 + 𝟐𝐫𝟐 + 𝟐𝐫.√𝟒𝐑𝟐 + 𝐫𝟐) ≤
?
𝟒𝐑𝟒 

⇔ 𝟒𝐑𝟒 − 𝟒𝐑𝟐𝐫𝟐 − 𝟐𝐫𝟒 ≥
?
𝟐𝐫𝟑. √𝟒𝐑𝟐 + 𝐫𝟐 

⇔ (𝟒𝐑𝟒 − 𝟒𝐑𝟐𝐫𝟐 − 𝟐𝐫𝟒)
𝟐
≥
?
𝟒𝐫𝟔. (𝟒𝐑𝟐 + 𝐫𝟐)  

(∵ 𝟒𝐑𝟒 − 𝟒𝐑𝟐𝐫𝟐 − 𝟐𝐫𝟒 = (𝟒𝐑𝟐 + 𝟒𝐫𝟐)(𝐑𝟐 − 𝟐𝐫𝟐) + 𝟔𝐫𝟒 ≥
𝐋.𝐅𝐞𝐣𝐞𝐬 𝐓𝐨𝐭𝐡

𝟔𝐫𝟒 > 0) 

⇔ 𝟏𝟔𝐑𝟔(𝐑𝟐 − 𝟐𝐫𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞, 𝐯𝐢𝒂 𝐋. 𝐅𝐞𝐣𝐞𝐬 𝐓𝐨𝐭𝐡 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ √
𝒂

𝐫

𝟒
+ √

𝐛

𝐫

𝟒

+ √
𝐜

𝐫

𝟒
 ≤ 𝟑.√

𝐑

𝐫
  

∀ 𝐛𝐢𝐜𝐞𝐧𝐭𝐫𝐢𝐜 𝐪𝐮𝒂𝐝𝐫𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 𝐀𝐁𝐂𝐃 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 𝒂,𝐛, 𝐜, 𝐝│𝒂 ≤ 𝐛 ≤ 𝐜 ≤ 𝐝 (𝐐𝐄𝐃) 
 

1473. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩𝐬 𝐡𝐨𝒍𝐝 ∶ 

𝟐∑
√𝐦𝒂

𝒂
𝐜𝐲𝐜

≥∑√
𝐰𝒂

𝐛𝐜 − 𝐰𝒂
𝟐

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝟒∑
𝐦𝒂

𝐫𝒂 − 𝐫
𝐜𝐲𝐜

≥∑
𝐰𝒂(𝐫𝐛 + 𝐫𝐜)

𝐛𝐜 − 𝐰𝒂
𝟐

𝐜𝐲𝐜

 

  Proposed by Bogdan Fuștei-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 
 

𝐛𝐜 − 𝐰𝒂
𝟐 = 𝐛𝐜 −

𝟒𝐛𝐜𝐬(𝐬 − 𝒂)

(𝐛 + 𝐜)𝟐
= 𝐛𝐜 − 𝐛𝐜.

(𝐛 + 𝐜)𝟐 − 𝒂𝟐

(𝐛 + 𝐜)𝟐
 

⇒ 𝐛𝐜 − 𝐰𝒂
𝟐 =

𝒂𝟐𝐛𝐜

(𝐛 + 𝐜)𝟐
→ (𝟏) 

𝐀𝐥𝐬𝐨, 𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬𝐬𝐢𝐧(

𝐁 + 𝐂
𝟐

) 𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐
𝐜𝐨𝐬

𝐁
𝟐
𝐜𝐨𝐬

𝐂
𝟐

=
𝐬𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)
= 𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 

∴ 𝐫𝐛 + 𝐫𝐜 = 𝟒𝐑𝐜𝐨𝐬
𝟐
𝐀

𝟐
→ (𝟐) 

𝐍𝐨𝐰,
𝟐√𝐦𝒂

𝒂
.√
𝐛𝐜 − 𝐰𝒂

𝟐

𝐰𝒂
≥

𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 𝐋𝒂𝐬𝐜𝐮 𝟐√
𝐛+ 𝐜
𝟐 𝐜𝐨𝐬

𝐀
𝟐

𝒂
.√

𝒂𝟐𝐛𝐜
(𝐛 + 𝐜)𝟐

𝟐𝐛𝐜
𝐛 + 𝐜 𝐜𝐨𝐬

𝐀
𝟐

= 𝟏 

⇒
𝟐√𝐦𝒂

𝒂
≥ √

𝐰𝒂

𝐛𝐜 − 𝐰𝒂
𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴ 𝟐∑

√𝐦𝒂

𝒂
𝐜𝐲𝐜

≥∑√
𝐰𝒂

𝐛𝐜 − 𝐰𝒂
𝟐

𝐜𝐲𝐜

 

𝐀𝐠𝒂𝐢𝐧,
𝟒𝐦𝒂

𝐫𝒂 − 𝐫
.
𝐛𝐜 −𝐰𝒂

𝟐

𝐰𝒂(𝐫𝐛 + 𝐫𝐜)
≥

𝐯𝐢𝒂 (𝟏),(𝟐) 𝒂𝐧𝐝 𝐋𝒂𝐬𝐜𝐮 𝟒.
𝐛 + 𝐜
𝟐

𝐜𝐨𝐬
𝐀
𝟐

𝐫𝐬(𝐬 − (𝐬 − 𝒂))

𝐬(𝐬 − 𝒂)

.

𝒂𝟐𝐛𝐜
(𝐛 + 𝐜)𝟐

𝟐𝐛𝐜
𝐛 + 𝐜

𝐜𝐨𝐬
𝐀
𝟐
. 𝟒𝐑

𝐬(𝐬 − 𝒂)
𝐛𝐜

=
𝒂𝐛𝐜

𝟒𝐑𝐫𝐬
 

= 𝟏 ⇒
𝟒𝐦𝒂

𝐫𝒂 − 𝐫
≥
𝐰𝒂(𝐫𝐛 + 𝐫𝐜)

𝐛𝐜 −𝐰𝒂
𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴ 𝟒∑

𝐦𝒂

𝐫𝒂 − 𝐫
𝐜𝐲𝐜

≥∑
𝐰𝒂(𝐫𝐛 + 𝐫𝐜)

𝐛𝐜 −𝐰𝒂
𝟐

𝐜𝐲𝐜

 (𝐐𝐄𝐃) 

 

1474. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√
𝐫𝒂 + 𝐫𝐛 + 𝐫𝐜

𝐡𝒂 + 𝐡𝐛 + 𝐡𝐜
.

𝒂

√𝐛𝐜 −𝐰𝒂
𝟐
≤ √

𝟐𝐑

𝐫
 

  Proposed by Bogdan Fuștei-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐛𝐜 − 𝐰𝒂
𝟐 = 𝐛𝐜 −

𝟒𝐛𝐜𝐬(𝐬 − 𝒂)

(𝐛 + 𝐜)𝟐
= 𝐛𝐜 − 𝐛𝐜.

(𝐛 + 𝐜)𝟐 − 𝒂𝟐

(𝐛 + 𝐜)𝟐
=

𝒂𝟐𝐛𝐜

(𝐛 + 𝐜)𝟐
 

⇒
𝒂

√𝐛𝐜 −𝐰𝒂
𝟐
=
𝐛 + 𝐜

√𝐛𝐜
∴ √

𝐫𝒂 + 𝐫𝐛 + 𝐫𝐜
𝐡𝒂 + 𝐡𝐛 + 𝐡𝐜

.
𝒂

√𝐛𝐜 −𝐰𝒂
𝟐
≤ √

𝟐𝐑

𝐫
 

⇔
𝟐𝐑(𝟒𝐑+ 𝐫)

𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂
.
(𝐛 + 𝐜)𝟐

𝐛𝐜
≤
𝟐𝐑

𝐫
⇔

𝟒𝐑 + 𝐫

𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂
.
𝒂(𝐛 + 𝐜)𝟐

𝟒𝐑𝐫𝐬
≤
𝟏

𝐫
 

⇔
𝟒𝐑+ 𝐫

𝟒𝐑
≤
𝐬(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

𝒂(𝐛 + 𝐜)𝟐
⇔

𝐫

𝟒𝐑
≤
𝐬(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) − 𝒂(𝐛 + 𝐜)𝟐

𝒂(𝐛 + 𝐜)𝟐
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⇔
𝐅𝟐

𝐬𝒂𝐛𝐜
≤
𝐬(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) − 𝒂(𝐛 + 𝐜)𝟐

𝒂(𝐛 + 𝐜)𝟐
 

⇔ (𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐛 + 𝐜)𝟐 ≤ 𝐛𝐜(𝐬(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) − 𝒂(𝐛 + 𝐜)𝟐) 

⇔ (𝐳+ 𝒙)(𝒙 + 𝐲)

(

 
 (∑𝒙

𝐜𝐲𝐜

)(∑((𝐳 + 𝒙)(𝒙 + 𝐲))

𝐜𝐲𝐜

)

−(𝐲 + 𝐳)(𝟐𝒙 + 𝐲+ 𝐳)𝟐 )

 
 
− 𝒙𝐲𝐳(𝟐𝒙 + 𝐲 + 𝐳)𝟐 ≥ 𝟎 

(𝐰𝐡𝐞𝐫𝐞 𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒ 𝒂 = 𝐲 + 𝐳,𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲) 
⇔ 𝒙𝟓 + 𝒙𝟒𝐲 + 𝒙𝟒𝐳 + 𝒙𝐲𝟐𝐳𝟐 + 𝐲𝟑𝐳𝟐 + 𝐲𝟐𝐳𝟑 ≥ 𝟐𝒙𝟑𝐲𝐳 + 𝟐𝒙𝟐𝐲𝟐𝐳 + 𝟐𝒙𝟐𝐲𝐳𝟐 → 𝐭𝐫𝐮𝐞 

∵ 𝒙𝟓 + 𝒙𝐲𝟐𝐳𝟐 ≥
𝐀−𝐆

𝟐𝒙𝟑𝐲𝐳, 𝒙𝟒𝐲 + 𝐲𝟑𝐳𝟐 ≥
𝐀−𝐆

𝟐𝒙𝟐𝐲𝟐𝐳 𝒂𝐧𝐝 𝒙𝟒𝐳 + 𝐲𝟐𝐳𝟑 ≥
𝐀−𝐆

𝟐𝒙𝟐𝐲𝐳𝟐 

∴ √
𝐫𝒂 + 𝐫𝐛 + 𝐫𝐜
𝐡𝒂 + 𝐡𝐛 + 𝐡𝐜

.
𝒂

√𝐛𝐜 −𝐰𝒂
𝟐
≤ √

𝟐𝐑

𝐫
 ∀ ∆ 𝐀𝐁𝐂 (𝐐𝐄𝐃) 

 

1475. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(∑ √𝐬𝐢𝐧𝑨
𝟓

𝒄𝒚𝒄

)(∑ √𝐬𝐢𝐧
𝑨

𝟐

𝟓

𝒄𝒚𝒄

) ≤ √
𝟑𝟐𝟏

𝟏𝟔

𝟏𝟎

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by George Florin Șerban 

𝒇: (𝟎,𝝅) → (𝟎, 𝟏], 𝒇(𝒙) = √𝐬𝐢𝐧 𝒙
𝟓

= (𝐬𝐢𝐧 𝒙)
𝟏
𝟓 

𝒇′(𝒙) =
𝟏

𝟓
(𝐬𝐢𝐧 𝒙)−

𝟒
𝟓 ⋅ 𝐜𝐨𝐬 𝒙 , 𝒇′′(𝒙) = −

𝟒

𝟐𝟓
(𝐬𝐢𝐧 𝒙)−

𝟗
𝟓 𝐜𝐨𝐬𝟐 𝒙 −

𝟏

𝟓
(𝐬𝐢𝐧𝒙)−

𝟒
𝟓 𝐬𝐢𝐧 𝒙 < 0 

(∀)𝒙 ∈ (𝟎,𝝅) ⇒ 𝒇 concave 

𝒇(
𝑨 + 𝑩 + 𝑪

𝟑
) ≥

∑ 𝒇(𝑨)𝒄𝒚𝒄

𝟑
⇒

𝑱𝒆𝒏𝒔𝒆𝒏

∑𝒇(𝑨)

𝒄𝒚𝒄

≤ 𝟑𝒇(𝟔𝟎°) ⇒∑ √𝐬𝐢𝐧𝑨
𝟓

𝒄𝒚𝒄

≤ 𝟑(
√𝟑

𝟐
)

𝟏
𝟓

 

𝒈: (𝟎,𝝅) → (𝟎, 𝟏), 𝒈(𝒙) = √𝐬𝐢𝐧
𝒙

𝟐

𝟓
= (𝐬𝐢𝐧

𝒙

𝟐
)

𝟏
𝟓

 

𝒈′(𝒙) =
𝟏

𝟓
(𝐬𝐢𝐧

𝒙

𝟐
)
−
𝟒
𝟓 𝟏

𝟐
𝐜𝐨𝐬

𝒙

𝟐
=
𝟏

𝟏𝟎
(𝐬𝐢𝐧

𝒙

𝟐
)
−
𝟒
𝟓
𝐜𝐨𝐬

𝒙

𝟐
 

𝒈′′(𝒙) = −
𝟒

𝟓𝟎
(𝐬𝐢𝐧

𝒙

𝟐
)
−
𝟗
𝟓
⋅
𝟏

𝟐
⋅ 𝐜𝐨𝐬𝟐

𝒙

𝟐
−
𝟏

𝟏𝟎
(𝐬𝐢𝐧

𝒙

𝟐
)
−
𝟒
𝟓
⋅
𝟏

𝟐
𝐬𝐢𝐧

𝒙

𝟐
 

𝒈′′(𝒙) < 0, (∀)𝒙 ∈ (𝟎,𝝅) ⇒ 𝒈 concave → Jensen 
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𝒈(
𝑨 + 𝑩 + 𝑪

𝟑
) ≥

∑ 𝒈(𝑨)𝒄𝒚𝒄

𝟑
⇒∑𝒈(𝑨)

𝒄𝒚𝒄

≤ 𝟑𝒈(𝟔𝟎∘) ⇒ ∑√𝐬𝐢𝐧
𝑨

𝟐

𝟓

𝒄𝒚𝒄

≤ 𝟑(
𝟏

𝟐
)

𝟏
𝟓

 

⇒ (∑√𝐬𝐢𝐧 𝑨
𝟓

𝒄𝒚𝒄

) ⋅ (∑√𝐬𝐢𝐧
𝑨

𝟐

𝟓

𝒄𝒚𝒄

) ≤ 𝟗(
√𝟑

𝟒
)

𝟏
𝟓

=
𝟑𝟐+

𝟏
𝟏𝟎

𝟒
𝟏
𝟓

= 

=
𝟑
𝟐𝟏
𝟏𝟎

𝟐
𝟐
𝟓

=
√𝟑𝟐𝟏
𝟏𝟎

𝟐
𝟒
𝟏𝟎

=
√𝟑𝟐𝟏
𝟏𝟎

√𝟐𝟒
𝟏𝟎 = √

𝟑𝟐𝟏

𝟏𝟔

𝟏𝟎

 

⇒ (∑√𝐬𝐢𝐧 𝑨
𝟓

𝒄𝒚𝒄

) ⋅ (∑√𝐬𝐢𝐧
𝑨

𝟐

𝟓

𝒄𝒚𝒄

) ≤ √
𝟑𝟐𝟏

𝟏𝟔

𝟏𝟎

 

Solution 2 by Tapas Das-India 

𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩+ 𝐬𝐢𝐧𝟐 𝑪 =
𝒂𝟐

𝟒𝑹𝟐
+
𝒃𝟐

𝟒𝑹𝟐
+
𝒄𝟐

𝟒𝑹𝟐
=
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟒𝑹𝟐
 

≤
𝟗𝑹𝟐

𝟒𝑹𝟐
=
𝟗

𝟒
 

∑√𝐬𝐢𝐧𝑨
𝟓

≤
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

∑ √𝐬𝐢𝐧𝟐 𝑨
𝟏𝟎

≤
𝑪𝑩𝑺 𝟑

𝟑𝟏𝟎
(∑𝐬𝐢𝐧𝟐 𝑨)

𝟏
𝟏𝟎
≤
𝟑

𝟑𝟏𝟎
⋅ (
𝟗

𝟒
)

𝟏
𝟏𝟎

 

Let 𝒇(𝒙) = 𝐬𝐢𝐧
𝒙

𝟐
, 𝒙 ∈ (𝟎,𝝅) 

𝒇′(𝒙) =
𝟏

𝟐
𝐜𝐨𝐬

𝒙

𝟐
, 𝒇′′(𝒙) = −

𝟏

𝟒
𝐬𝐢𝐧𝟐

𝒙

𝟐
< 0 

∴ 𝒇 is concave 

𝒇 (
𝑨

𝟐
) + 𝒇(

𝑩

𝟐
) + 𝒇 (

𝑪

𝟐
) ≤ 𝟑𝒇(

𝑨 + 𝑩 + 𝑪

𝟔
) 

∴ ∑𝐬𝐢𝐧
𝑨

𝟐
                    = 𝟑 ⋅ 𝐬𝐢𝐧

𝝅

𝟔
=
𝟑

𝟐
 

∑√𝐬𝐢𝐧
𝑨

𝟐

𝟓

≤
𝑪𝑩𝑺 𝟑

𝟑
𝟏
𝟓

(∑(𝐬𝐢𝐧
𝑨

𝟐
))

𝟏
𝟓
=
𝟑

𝟑
𝟏
𝟓

(
𝟑

𝟐
)

𝟏
𝟓
=
𝟑

𝟐
𝟏
𝟓

 

∑√𝐬𝐢𝐧𝑨
𝟓

⋅∑ √𝐬𝐢𝐧
𝑨

𝟐

𝟓

=
(𝟑𝟏𝟎)

𝟏
𝟏𝟎

(𝟐𝟐)
𝟏
𝟏𝟎
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≤
𝟑

𝟑𝟏𝟎
(
𝟗

𝟒
)

𝟏
𝟏𝟎
⋅
(𝟑𝟏𝟎)

𝟏
𝟏𝟎

(𝟐𝟐)
𝟏
𝟏𝟎

= (
𝟑𝟏𝟎 ⋅ 𝟑𝟐 ⋅ 𝟑𝟏𝟎

𝟑 ⋅ 𝟐𝟐 ⋅ 𝟐𝟐
)

𝟏
𝟏𝟎

= (
𝟑𝟐𝟏

𝟏𝟔
)

𝟏
𝟏𝟎

 

Solution 3 by Khaled Abd Imouti-Syria 

Let be the function: 

𝒇(𝒙) = √𝐬𝐢𝐧𝒙
𝟓

, 𝒙 ∈ ]𝟎,𝝅[ 

𝒇(𝒙) = (𝐬𝐢𝐧 𝒙)
𝟏
𝟓, 𝒇(𝒙) 
′ =

𝟏

𝟓
(𝐬𝐢𝐧𝒙)−

𝟒
𝟓 ⋅ 𝐜𝐨𝐬 𝒙 

𝒇(𝒙) 
′′ =

𝟏

𝟓
[−
𝟒

𝟓
(𝐬𝐢𝐧𝒙)−

𝟗
𝟓 𝐜𝐨𝐬𝟐 𝒙

⏟            
<0

− 𝐬𝐢𝐧𝒙 ⋅ (𝐬𝐢𝐧 𝒙)−
𝟒
𝟓⏟          

<0

] < 0 

So 𝒇 is a concave function 

∑ √𝐬𝐢𝐧𝑨
𝟓

𝒄𝒚𝒄 ≤ √𝐬𝐢𝐧 (
𝑨+𝑩+𝑪

𝟑
)

𝟓
, ∑ √𝐬𝐢𝐧𝑨

𝟓

𝒄𝒚𝒄 ≤ 𝟑√
√𝟑

𝟐

𝟓

= 𝟑
(𝟑)

𝟏
𝟏𝟎

(𝟐)
𝟏
𝟓

    (*) 

Let be the function: 𝒈(𝒙) = √𝐬𝐢𝐧
𝒙

𝟐

𝟓
, 𝒙 ∈ ]𝟎,𝝅[ 

in similar way 𝒈 is concave function 

So: ∑ √𝐬𝐢𝐧
𝑨

𝟐

𝟓

𝒄𝒚𝒄 ≤ 𝟑√𝐬𝐢𝐧 (
𝑨

𝟐
+
𝑩

𝟐
+
𝑪

𝟐

𝟑
)

𝟓

→ ∑ √𝐬𝐢𝐧
𝑨

𝟐

𝟓

𝒄𝒚𝒄 ≤ 𝟑√
𝟏

𝟐

𝟓
   (**) 

⇒ from (*) and (**) 

(∑√𝐬𝐢𝐧𝑨
𝟓

𝒄𝒚𝒄

) ⋅ (∑√𝐬𝐢𝐧
𝑨

𝟐

𝟓

𝒄𝒚𝒄

) ≤ 𝟗 ⋅
(𝟑)

𝟏
𝟏𝟎

(𝟐)
𝟐
𝟓

=
(𝟑)𝟐 ⋅ (𝟑)

𝟏
𝟏𝟎

(𝟒)
𝟏
𝟓

=
(𝟑)

𝟐𝟏
𝟏𝟎

(𝟒𝟐)
𝟏
𝟏𝟎

= √
𝟑𝟐𝟏

𝟏𝟔

𝟏𝟎

 

1476. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝟏

𝟏 + 𝐜𝐨𝐭
𝐁
𝟐
. 𝐜𝐨𝐭

𝐂
𝟐𝐜𝐲𝐜

≤
𝟑

𝟒
 

 

  Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

 

∑
𝟏

𝟏+ 𝐜𝐨𝐭
𝐁
𝟐 . 𝐜𝐨𝐭

𝐂
𝟐𝐜𝐲𝐜

=∑
𝟏

𝟏 +
𝐬𝟐

𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

=∑
𝐬(𝐬 − 𝒂)

𝐬(𝐬 − 𝒂) + 𝐬𝟐
𝐜𝐲𝐜

=∑
𝟐𝐬− 𝒂 − 𝐬

𝟐𝐬 − 𝒂
𝐜𝐲𝐜

 

= 𝟑 −∑
𝐬

𝐛 + 𝐜
𝐜𝐲𝐜

= 𝟑 − 𝐬.
∑ (∑ 𝒂𝐛𝐜𝐲𝐜 + 𝒂𝟐)𝐜𝐲𝐜

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
= 𝟑 −

(∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒂𝐛𝐜𝐲𝐜 ) + ∑ 𝒂𝐛𝐜𝐲𝐜

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

= 𝟑 −
𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
=
𝐬𝟐 + 𝟖𝐑𝐫 + 𝟓𝐫𝟐

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≤
? 𝟑

𝟒
⇔ 𝐬𝟐 − 𝟏𝟎𝐑𝐫 − 𝟕𝐫𝟐 ≥

?
𝟎  

⇔ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟔𝐫(𝐑− 𝟐𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝟎 𝒂𝐧𝐝 

𝟔𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ∴ ∑
𝟏

𝟏 + 𝐜𝐨𝐭
𝐁
𝟐 . 𝐜𝐨𝐭

𝐂
𝟐𝐜𝐲𝐜

≤
𝟑

𝟒
  

∀ ∆ 𝐀𝐁𝐂,′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1477. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟖∑𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐜𝐲𝐜

+ 𝟑𝟐∏𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐲𝐜

+
𝟗

∑ 𝐬𝐢𝐧
𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

≥ 𝟐𝟐 

  Proposed Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
 

∑𝐜𝐨𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

= 𝟑 +∑𝐜𝐨𝐭𝟐
𝐀

𝟐
𝐜𝐲𝐜

= 𝟑 +∑
𝐬𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

 

= 𝟑 +
𝐬𝟐

𝐫𝟐𝐬𝟒

(

 
 
(∑𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

)

𝟐

− 𝟐𝐫𝒂𝐫𝐛𝐫𝐜(∑𝐫𝒂
𝐜𝐲𝐜

)

)

 
 
= 𝟑 +

𝐬𝟐 (𝐬𝟒 − 𝟐𝐫𝐬𝟐(𝟒𝐑 + 𝐫))

𝐫𝟐𝐬𝟒
 

⇒∑𝐜𝐨𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

=
𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐

𝐫𝟐
⇒ (∑𝐜𝐨𝐬𝐞𝐜

𝐀

𝟐
𝐜𝐲𝐜

)

𝟐

=∑𝐜𝐨𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

+ 

𝟐∑𝐜𝐨𝐬𝐞𝐜
𝐁

𝟐
𝐜𝐨𝐬𝐞𝐜

𝐂

𝟐
𝐜𝐲𝐜

=
𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐

𝐫𝟐
+

𝟐

(
𝐫
𝟒𝐑
)
.∑𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐲𝐜

≤
𝐉𝐞𝐧𝐬𝐞𝐧

 

𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐

𝐫𝟐
+
𝟏𝟐𝐑

𝐫
≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟒𝐑𝟐 + 𝟖𝐑𝐫 + 𝟒𝐫𝟐

𝐫𝟐
=
𝟒(𝐑 + 𝐫)𝟐

𝐫𝟐
 

⇒∑𝐜𝐨𝐬𝐞𝐜
𝐀

𝟐
𝐜𝐲𝐜

≤
(𝟏) 𝟐𝐑 + 𝟐𝐫

𝐫
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𝐍𝐨𝐰,𝟖∑𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐜𝐲𝐜

+ 𝟑𝟐∏𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐲𝐜

+
𝟗

∑ 𝐬𝐢𝐧
𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

− 𝟐𝟐 

=
𝟗

(∏ 𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜 ) (∑ 𝐜𝐨𝐬𝐞𝐜

𝐀
𝟐𝐜𝐲𝐜 )
− 𝟐𝟐 + 𝟖∑𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐜𝐲𝐜

+ 𝟑𝟐.
𝐫

𝟒𝐑
≥

𝐯𝐢𝒂 (𝟏)

 

𝟗

(
𝐫
𝟒𝐑
)(
𝟐𝐑+ 𝟐𝐫

𝐫
)
− 𝟐𝟐 +

𝟒(𝟐𝐑 − 𝐫)

𝐑
+
𝟖𝐫

𝐑
=
𝟐(𝟐𝐑𝟐 − 𝟓𝐑𝐫+ 𝟐𝐫𝟐)

𝐑
= 

𝟐(𝟐𝐑 − 𝐫)(𝐑 − 𝟐𝐫)

𝐑
≥

𝐄𝐮𝐥𝐞𝐫
𝟎 ⇒ 𝟖∑𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐜𝐲𝐜

+ 𝟑𝟐∏𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐲𝐜

+
𝟗

∑ 𝐬𝐢𝐧
𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

 

≥ 𝟐𝟐 ∀ ∆ 𝐀𝐁𝐂,′′=′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1478. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟒𝐫 (𝟒 +
𝐫

𝐑
) (𝟐𝐑 − 𝐫)𝟐 ≤∑𝐫𝐛𝐫𝐜(𝐫𝐛 + 𝐫𝐜)

𝐜𝐲𝐜

≤ 𝐑(𝟒𝐑 + 𝐫)𝟐 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝟒𝐫 (𝟒 +
𝐫

𝐑
) (𝟐𝐑 − 𝐫)𝟐 ≤∑𝐫𝐛𝐫𝐜(𝐫𝐛 + 𝐫𝐜)

𝐜𝐲𝐜

 

⇔ 𝐫𝐬𝟐∑
𝐫𝐛 + 𝐫𝐜
𝐫𝒂

𝐜𝐲𝐜

≥ 𝐫.
𝟒∑ 𝐫𝒂𝐜𝐲𝐜

𝟒𝐑 + 𝐫 −
𝐫𝐬𝟐

𝐬𝟐

. (𝟒𝐑 + 𝐫 −
𝐫𝐬𝟐

𝐬𝟐
− 𝟐.

𝐫𝐬𝟐

𝐬𝟐
)

𝟐

 

⇔ (∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

)(∑
𝐫𝒂(𝐫𝐛

𝟐 + 𝐫𝐜
𝟐)

𝐫𝒂𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

) ≥
𝟒∑ 𝐫𝒂𝐜𝐲𝐜

∑ 𝐫𝒂𝐜𝐲𝐜 −
𝐫𝒂𝐫𝐛𝐫𝐜
∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜

. (∑𝐫𝒂
𝐜𝐲𝐜

−
𝟑𝐫𝒂𝐫𝐛𝐫𝐜
∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜

)

𝟐

 

⇔ (∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

)(∑
𝐫𝒂𝐫𝐛(∑ 𝐫𝒂𝐜𝐲𝐜 − 𝐫𝐜)

𝐫𝒂𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

) 

≥
𝟒(∑ 𝐫𝒂𝐜𝐲𝐜 )(∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜 ) ((∑ 𝐫𝒂𝐜𝐲𝐜 )(∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜 ) − 𝟑𝐫𝒂𝐫𝐛𝐫𝐜)

𝟐

((∑ 𝐫𝒂𝐜𝐲𝐜 )(∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜 ) − 𝐫𝒂𝐫𝐛𝐫𝐜) (∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜 )
𝟐  

⇔ (∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

)

(

 (∑𝐫𝒂
𝐜𝐲𝐜

)(∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

)

−𝟑𝐫𝒂𝐫𝐛𝐫𝐜 )

 ((∑𝐫𝒂
𝐜𝐲𝐜

)(∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

)

−𝐫𝒂𝐫𝐛𝐫𝐜

)(∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

) 
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≥ 𝟒𝐫𝒂𝐫𝐛𝐫𝐜 (∑𝐫𝒂
𝐜𝐲𝐜

)((∑𝐫𝒂
𝐜𝐲𝐜

)(∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

) − 𝟑𝐫𝒂𝐫𝐛𝐫𝐜)

𝟐

 

⇔ ((
∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

)

−𝒙𝐲𝐳

)(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

≥
(∗)

𝟒𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

)

(

 (∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

)

−𝟑𝒙𝐲𝐳 )

   

(𝒙 = 𝐫𝒂, 𝐲 = 𝐫𝐛, 𝐳 = 𝐫𝐜) 
𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗+ 𝐘− 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 

> 0 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑋, 𝑍 + 𝑋 > 𝑌 
⇒ 𝐗, 𝐘, 𝐙 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬′,𝐑′, 𝐫′ (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬′ ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬′ → (𝟏) ⇒ 𝒙 = 𝐬′ − 𝐗, 

𝐲 = 𝐬′ − 𝐘, 𝐳 = 𝐬′ − 𝐙 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒ 𝒙𝐲𝐳 = 𝐫′𝟐𝐬′ → (𝟐) 𝒂𝐧𝐝 

∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬′ − 𝐗)(𝐬′ − 𝐘)

𝐜𝐲𝐜

⇒∑𝒙𝐲

𝐜𝐲𝐜

= 𝟒𝐑′𝐫′ + 𝐫′𝟐 → (𝟑) 

∴ 𝐯𝐢𝒂 (𝟏), (𝟐) 𝒂𝐧𝐝 (𝟑), (∗) ⇔ 

(𝐬′(𝟒𝐑′𝐫′ + 𝐫′
𝟐) − 𝐫′

𝟐
𝐬′)(𝟒𝐑′𝐫′ + 𝐫′𝟐)

𝟐
≥ 𝟒𝐫′

𝟐
𝐬′(𝐬′)(𝐬′(𝟒𝐑′𝐫′+ 𝐫′

𝟐) − 𝐫′
𝟐
𝐬′) 

⇔ 𝐑′(𝟒𝐑′ + 𝐫′)𝟐 ≥ (𝟒𝐑′ − 𝟐𝐫′)𝐬′
𝟐
→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐁𝐥𝐮𝐧𝐝𝐨𝐧 − 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝟒𝐫 (𝟒 +
𝐫

𝐑
) (𝟐𝐑 − 𝐫)𝟐 ≤∑𝐫𝐛𝐫𝐜(𝐫𝐛 + 𝐫𝐜)

𝐜𝐲𝐜

 

⇒∑𝐫𝐛𝐫𝐜 (∑𝐫𝒂
𝐜𝐲𝐜

− 𝐫𝒂)

𝐜𝐲𝐜

≥
𝟒𝐫

𝐑
(𝟒𝐑+ 𝐫)(𝟐𝐑 − 𝐫)𝟐 ⇒ (𝟒𝐑 + 𝐫)𝐬𝟐 − 𝟑𝐫𝐬𝟐 

≥
𝟒𝐫

𝐑
(𝟒𝐑 + 𝐫)(𝟐𝐑 − 𝐫)𝟐 ⇒ 𝐑𝐬𝟐 ≥ 𝐫(𝟒𝐑 + 𝐫)(𝟒𝐑 − 𝟐𝐫) 

⇒ 𝐑′𝐬′
𝟐
≥
(⦁)

𝐫′(𝟒𝐑′ + 𝐫′)(𝟒𝐑′ − 𝟐𝐫′)  

𝐀𝐠𝒂𝐢𝐧,∑𝐫𝐛𝐫𝐜(𝐫𝐛 + 𝐫𝐜)

𝐜𝐲𝐜

≤ 𝐑(𝟒𝐑 + 𝐫)𝟐 

⇔ 𝟒𝒙𝐲𝐳∑
𝐲+ 𝐳

𝒙
𝐜𝐲𝐜

≤ (∑𝒙

𝐜𝐲𝐜

)

𝟐

(∑𝒙

𝐜𝐲𝐜

−
𝒙𝐲𝐳

∑ 𝒙𝐲𝐜𝐲𝐜
) 

⇔ 𝐬′
𝟐(𝐬′(𝟒𝐑′𝐫′ + 𝐫′

𝟐) − 𝐫′
𝟐
𝐬′) ≥ 𝟒(𝟒𝐑′𝐫′ + 𝐫′

𝟐)(𝐬′(𝟒𝐑′𝐫′ + 𝐫′
𝟐) − 𝟑𝐫′

𝟐
𝐬′) ⇔ 

𝐑′𝐬′
𝟐
≥ 𝐫′(𝟒𝐑′ + 𝐫′)(𝟒𝐑′ − 𝟐𝐫′) → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 (⦁) ∴ ∑𝐫𝐛𝐫𝐜(𝐫𝐛 + 𝐫𝐜)

𝐜𝐲𝐜

≤ 𝐑(𝟒𝐑+ 𝐫)𝟐   

⇒ 𝟒𝐫(𝟒 +
𝐫

𝐑
) (𝟐𝐑− 𝐫)𝟐 ≤∑𝐫𝐛𝐫𝐜(𝐫𝐛 + 𝐫𝐜)

𝐜𝐲𝐜

≤ 𝐑(𝟒𝐑 + 𝐫)𝟐  

∀ ∆ 𝐀𝐁𝐂,′′=′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1479. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√𝐦𝒂𝐦𝐛𝐦𝐜
𝟑 +

|𝐦𝒂 −𝐦𝐛| + |𝐦𝐛 −𝐦𝐜| + |𝐦𝐜 −𝐦𝒂|

𝟐
≥
𝐦𝒂 +𝐦𝐛 +𝐦𝐜

𝟑
 

  Proposed by Nguyen Van Canh-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐅𝐢𝐫𝐬𝐭𝐥𝐲,𝐰𝐞 𝐬𝐡𝒂𝒍𝒍 𝐩𝐫𝐨𝐯𝐞 ∶
|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|

𝟐
≥
(𝟏) 𝒂 + 𝐛 + 𝐜

𝟑
− √𝒂𝐛𝐜

𝟑
 

𝐍𝐨𝐰,
𝒂 + 𝐛 + 𝐜

𝟑
− √𝒂𝐛𝐜

𝟑
≤
𝐆−𝐇 ∑ 𝒂𝐜𝐲𝐜

𝟑
−
𝟑𝒂𝐛𝐜

∑ 𝒂𝐛𝐜𝐲𝐜
 

=
(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟗𝒂𝐛𝐜

𝟑∑ 𝒂𝐛𝐜𝐲𝐜
≤
? |𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|

𝟐
 

⇔∑(𝐛 − 𝐜)𝟐

𝐜𝐲𝐜

+ 𝟐∑(|𝒂 − 𝐛||𝐛 − 𝐜|)

𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟒

𝟗
(
(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟗𝒂𝐛𝐜

∑ 𝒂𝐛𝐜𝐲𝐜
)

𝟐

 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝟐(∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝐛

𝐜𝐲𝐜

) ≥
? 𝟒

𝟗
(
(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟗𝒂𝐛𝐜

∑ 𝒂𝐛𝐜𝐲𝐜
)

𝟐

 

⇔ 𝟗(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐)(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
≥
?
𝟐(𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟑𝟔𝐑𝐫𝐬)

𝟐
 

⇔ 𝐬𝟔 + (𝟏𝟖𝟖𝐑𝐫 − 𝟐𝟓𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟐𝟐𝟖𝟖𝐑𝟐 + 𝟏𝟑𝟔𝐑𝐫 + 𝟓𝟑𝐫𝟐) − 𝟐𝟕𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≥
?
⏟
(∗∗)

𝟎  

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝟎𝟒𝐑𝐫 − 𝟑𝟎𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟐𝟐𝟖𝟖𝐑𝟐 + 𝟏𝟑𝟔𝐑𝐫 + 𝟓𝟑𝐫𝟐) 

−𝟐𝟕𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(
(𝟐𝟎𝟒𝐑𝐫 − 𝟑𝟎𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)

−𝐫𝟐(𝟐𝟐𝟖𝟖𝐑𝟐 + 𝟏𝟑𝟔𝐑𝐫 + 𝟓𝟑𝐫𝟐)
)𝐬𝟐 − 𝟐𝟕𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 

= 𝐫𝟐(𝟗𝟕𝟔𝐑𝟐 − 𝟏𝟔𝟑𝟔𝐑𝐫 + 𝟗𝟕𝐫𝟐)𝐬𝟐 − 𝟐𝟕𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

𝐫𝟑(𝟗𝟕𝟔𝐑𝟐 − 𝟏𝟔𝟑𝟔𝐑𝐫 + 𝟗𝟕𝐫𝟐)(𝟏𝟔𝐑− 𝟓𝐫) − 𝟐𝟕𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≥
?
𝟎 

⇔ 𝟒𝟑𝟒𝐭𝟑 − 𝟏𝟎𝟏𝟏𝐭𝟐 + 𝟐𝟗𝟒𝐭 − 𝟏𝟔 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟑𝟔𝟐𝐭𝟐 + 𝟕𝟐𝐭(𝐭 − 𝟐) + 𝐭 + 𝟖) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂 + 𝐛 + 𝐜

𝟑
− √𝒂𝐛𝐜

𝟑
≤
|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|

𝟐
⇒ (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐢𝐧𝐯𝐨𝐤𝐢𝐧𝐠 (𝟏)  

𝐨𝐧 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 𝐦𝒂,𝐦𝐛,𝐦𝐜, 𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 
|𝐦𝒂 −𝐦𝐛| + |𝐦𝐛 −𝐦𝐜| + |𝐦𝐜 −𝐦𝒂|

𝟐
≥
𝐦𝒂 +𝐦𝐛 +𝐦𝐜

𝟑
− √𝐦𝒂𝐦𝐛𝐦𝐜

𝟑  

⇒ √𝐦𝒂𝐦𝐛𝐦𝐜
𝟑 +

|𝐦𝒂 −𝐦𝐛| + |𝐦𝐛 −𝐦𝐜| + |𝐦𝐜 −𝐦𝒂|

𝟐
≥
𝐦𝒂 +𝐦𝐛 +𝐦𝐜

𝟑
 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1480.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐦𝒂
𝟑

𝐭𝒂𝐧
𝐁
𝟐
𝐭𝒂𝐧

𝐂
𝟐𝐜𝐲𝐜

+
𝟑𝐑𝟐

𝟒𝐫𝟐
≥∑

𝒂

𝐛
𝐜𝐲𝐜

+ 𝟗𝒈𝒂𝒈𝐛𝒈𝐜 

  Proposed by Nguyen Van Canh-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐓𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐢𝐧𝐞𝐪𝐮𝒂𝐥𝐢𝐭𝐲 ⇒ 𝒈𝒂 ≤ 𝐀𝐈 + 𝐫 ≤
?
𝐰𝒂 ⇔

𝐫

𝐬𝐢𝐧
𝐀
𝟐

+ 𝐫 ≤
? 𝟐𝒂𝐛𝐜𝐜𝐨𝐬

𝐀
𝟐

𝒂(𝐛 + 𝐜)
 

⇔
𝐫

𝐬𝐢𝐧
𝐀
𝟐

+ 𝐫 ≤
? 𝟖𝐑𝐫𝐬 𝐜𝐨𝐬

𝐀
𝟐

𝟒𝐑(𝐛 + 𝐜) 𝐬𝐢𝐧
𝐀
𝟐 𝐜𝐨𝐬

𝐀
𝟐

⇔
𝟏

𝐬𝐢𝐧
𝐀
𝟐

+ 𝟏 ≤
? 𝒂 + 𝐛 + 𝐜

(𝐛 + 𝐜) 𝐬𝐢𝐧
𝐀
𝟐

 

⇔
𝟏

𝐬𝐢𝐧
𝐀
𝟐

+ 𝟏 ≤
?
+

𝒂

(𝐛 + 𝐜) 𝐬𝐢𝐧
𝐀
𝟐

+
𝟏

𝐬𝐢𝐧
𝐀
𝟐

⇔ (𝐛 + 𝐜) 𝐬𝐢𝐧
𝐀

𝟐
≤
?
𝒂 

⇔ 𝟒𝐑𝐜𝐨𝐬
𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
𝐬𝐢𝐧

𝐀

𝟐
≤
?
𝟒𝐑𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐀

𝟐
⇔ 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
≤
?
𝟏 → 𝐭𝐫𝐮𝐞 

∴ 𝒈𝒂 ≤ 𝐰𝒂 ≤
𝐀−𝐆

√𝐬(𝐬 − 𝒂) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒ 𝟗𝒈𝒂𝒈𝐛𝒈𝐜 ≤ √𝐬(𝐬 − 𝒂).√𝐬(𝐬 − 𝐛).√𝐬(𝐬 − 𝐜) ∴ 𝟗𝒈𝒂𝒈𝐛𝒈𝐜 ≤
(⦁)

𝟗𝐫𝐬𝟐 

𝐍𝐨𝐰,∑
𝐦𝒂
𝟑

𝐭𝒂𝐧
𝐁
𝟐 𝐭𝒂𝐧

𝐂
𝟐𝐜𝐲𝐜

+
𝟑𝐑𝟐

𝟒𝐫𝟐
≥∑

𝒂

𝐛
𝐜𝐲𝐜

+ 𝟗𝒈𝒂𝒈𝐛𝒈𝐜 

⇔∑
𝐦𝒂
𝟑

𝐭𝒂𝐧
𝐁
𝟐 𝐭𝒂𝐧

𝐂
𝟐𝐜𝐲𝐜

+
𝟑𝐑𝟐

𝟒𝐫𝟐
≥∑

𝒂+ 𝐛 + 𝐜 − (𝐛 + 𝐜)

𝐛
𝐜𝐲𝐜

+ 𝟗𝒈𝒂𝒈𝐛𝒈𝐜 

⇔∑
𝐦𝒂
𝟑

𝐭𝒂𝐧
𝐁
𝟐 𝐭𝒂𝐧

𝐂
𝟐𝐜𝐲𝐜

+
𝟑𝐑𝟐

𝟒𝐫𝟐
+ 𝟑 +∑

𝐜

𝐛
𝐜𝐲𝐜

≥
𝟐𝐬

𝟒𝐑𝐫𝐬
∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟗𝒈𝒂𝒈𝐛𝒈𝐜 

⇔∑
𝐦𝒂
𝟑

𝐭𝒂𝐧
𝐁
𝟐 𝐭𝒂𝐧

𝐂
𝟐𝐜𝐲𝐜

+
𝟑𝐑𝟐

𝟒𝐫𝟐
+ 𝟑 +∑

𝐜

𝐛
𝐜𝐲𝐜

≥
(∗) 𝟏

𝟐𝐑𝐫
∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟗𝒈𝒂𝒈𝐛𝒈𝐜 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶∑
𝐦𝒂
𝟑

𝐭𝒂𝐧
𝐁
𝟐 𝐭𝒂𝐧

𝐂
𝟐𝐜𝐲𝐜

≥∑
𝐬(𝐬 − 𝒂)√𝐛𝐜𝐜𝐨𝐬

𝐀
𝟐
𝐭𝒂𝐧

𝐀
𝟐

𝐭𝒂𝐧
𝐀
𝟐 𝐭𝒂𝐧

𝐁
𝟐 𝐭𝒂𝐧

𝐂
𝟐𝐜𝐲𝐜

≥
𝐆−𝐇

 

∑

𝐬(𝐬 − 𝒂).
𝟐𝐛𝐜

𝟒𝐑𝐜𝐨𝐬
𝐀
𝟐 𝐜𝐨𝐬

𝐁 − 𝐂
𝟐

. 𝐬𝐢𝐧
𝐀
𝟐

𝐫
𝟒𝐑 .

𝟒𝐑
𝐬𝐜𝐲𝐜

≥

𝟎 < 𝑐𝑜𝑠
𝐁−𝐂
𝟐
 ≤ 𝟏

𝒂𝐧𝐝

∵ 𝐬 𝐭𝒂𝐧
𝐀
𝟐
 = 𝐫𝒂

∑
𝐬(𝐬 − 𝒂)𝐡𝒂𝐫𝒂

𝐫
𝐜𝐲𝐜

≥
𝐀−𝐆 𝟑𝐬

𝐫
. √𝐫𝟐𝐬.

𝟐𝐫𝟐𝐬𝟐

𝐑
. 𝐫𝐬𝟐

𝟑

≥
?
𝟗𝐫𝐬𝟐 

⇔
𝐫𝟐𝐬.

𝟐𝐫𝟐𝐬𝟐

𝐑 . 𝐫𝐬𝟐

𝐫𝟑
≥
?
𝟐𝟕𝐫𝟑𝐬𝟑⇔ 𝟐𝐬𝟐 ≥

?
𝟐𝟕𝐑𝐫 → 𝐭𝐫𝐮𝐞 ∵ 𝟐𝐬𝟐 ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
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𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟕𝐑𝐫 ∴∑
𝐦𝒂
𝟑

𝐭𝒂𝐧
𝐁
𝟐 𝐭𝒂𝐧

𝐂
𝟐𝐜𝐲𝐜

≥ 𝟗𝐫𝐬𝟐 ≥
𝐯𝐢𝒂 (⦁)

𝟗𝒈𝒂𝒈𝐛𝒈𝐜 → (𝟏) 

𝐀𝐠𝒂𝐢𝐧,
𝟑𝐑𝟐

𝟒𝐫𝟐
+ 𝟑 +∑

𝐜

𝐛
𝐜𝐲𝐜

−
𝟏

𝟐𝐑𝐫
∑𝒂𝐛

𝐜𝐲𝐜

≥

𝐀−𝐆
𝒂𝐧𝐝

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟑𝐑𝟐

𝟒𝐫𝟐
+ 𝟔 −

𝟒𝐑𝟐 + 𝟖𝐑𝐫 + 𝟒𝐫𝟐

𝟐𝐑𝐫
 

=
𝟑𝐑𝟐 + 𝟐𝟒𝐫𝟐

𝟒𝐫𝟐
−
𝟒𝐑𝟐 + 𝟖𝐑𝐫+ 𝟒𝐫𝟐

𝟐𝐑𝐫
≥
?
𝟎 ⇔ 𝟑𝐭𝟑 − 𝟖𝐭𝟐 + 𝟖𝐭 − 𝟖 ≥

?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟐𝐭𝟐 + 𝐭(𝐭 − 𝟐) + 𝟒) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

∴
𝟑𝐑𝟐

𝟒𝐫𝟐
+ 𝟑 +∑

𝐜

𝐛
𝐜𝐲𝐜

≥
𝟏

𝟐𝐑𝐫
∑𝒂𝐛

𝐜𝐲𝐜

→ (𝟐) 

∴ (𝟏) + (𝟐) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑
𝐦𝒂
𝟑

𝐭𝒂𝐧
𝐁
𝟐 𝐭𝒂𝐧

𝐂
𝟐𝐜𝐲𝐜

+
𝟑𝐑𝟐

𝟒𝐫𝟐
≥∑

𝒂

𝐛
𝐜𝐲𝐜

+ 𝟗𝒈𝒂𝒈𝐛𝒈𝐜 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1481. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑√
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

+
𝐑𝐧+𝟏

𝐫𝐧+𝟏
≥ 𝟐𝐧+𝟏 +∑ √

𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

 

  Proposed by Nguyen Van Canh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

∑√
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

−∑√
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

=∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑
. 𝟏. 𝟏. 𝟏

𝟒

𝐜𝐲𝐜

−∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐
. 𝟏. 𝟏

𝟑

𝐜𝐲𝐜

 

≥

𝐆−𝐇
𝒂𝐧𝐝
𝐀−𝐆

∑
𝟒

𝐛𝟑 + 𝐜𝟑

𝟐𝒂𝟑
+ 𝟏 + 𝟏 + 𝟏𝐜𝐲𝐜

−∑

𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐
+ 𝟏 + 𝟏

𝟑
𝐜𝐲𝐜

 

=∑
𝟖𝒂𝟑

𝐛𝟑 + 𝐜𝟑 + 𝟔𝒂𝟑
𝐜𝐲𝐜

−
𝟐

𝟑
(∑𝒂𝟐

𝐜𝐲𝐜

)∑
𝟏

𝐛𝟐 + 𝐜𝟐
𝒄𝒚𝒄

≥

𝐇𝐨𝐥𝐝𝐞𝐫
𝒂𝐧𝐝

𝐀−𝐆 𝒂𝐧𝐝 𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
 

𝟖(𝟐𝐬)𝟑

𝟑(𝟐∑ 𝒂𝟑𝐜𝐲𝐜 + 𝟔∑ 𝒂𝟑𝐜𝐲𝐜 )
−
𝟐

𝟑
. (𝟗𝐑𝟐).∑

𝒂

𝟐𝒂𝐛𝐜
𝐜𝐲𝐜

 

=
𝟒𝐬𝟐

𝟑(𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐)
−
𝟐

𝟑
. (𝟗𝐑𝟐).

𝟐𝐬

𝟖𝐑𝐫𝐬
=

𝟒𝐬𝟐

𝟑(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)
−
𝟑𝐑

𝟐𝐫
≥
?
−
𝐑𝟑 − 𝟖𝐫𝟑

𝐫𝟑
 

⇔ (𝟔𝐑𝟑 − 𝟗𝐑𝐫𝟐 − 𝟒𝟎𝐫𝟑)𝐬𝟐 ≥
?
⏟
(∗)

𝐫(𝟑𝟔𝐑𝟒 + 𝟏𝟖𝐑𝟑𝐫 − 𝟓𝟒𝐑𝟐𝐫𝟐 − 𝟑𝟏𝟓𝐑𝐫𝟑 − 𝟏𝟒𝟒𝐫𝟒) 
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𝐂𝒂𝐬𝐞 𝟏  𝟔𝐑𝟑 − 𝟗𝐑𝐫𝟐 − 𝟒𝟎𝐫𝟑 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟔𝐑𝟑 − 𝟗𝐑𝐫𝟐 − 𝟒𝟎𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫 (𝟑𝟔𝐑

𝟒 + 𝟏𝟖𝐑𝟑𝐫 − 𝟓𝟒𝐑𝟐𝐫𝟐

−𝟑𝟏𝟓𝐑𝐫𝟑 − 𝟏𝟒𝟒𝐫𝟒
) 

⇔ 𝟑𝟎𝐭𝟒 − 𝟐𝟒𝐭𝟑 − 𝟒𝟓𝐭𝟐 − 𝟏𝟒𝟎𝐭 + 𝟏𝟕𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟑𝟎𝐭𝟐 + 𝟗𝟔𝐭 + 𝟐𝟏𝟗) + 𝟑𝟓𝟐) → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝟔𝐑𝟑 − 𝟗𝐑𝐫𝟐 − 𝟒𝟎𝐫𝟑 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) = −(𝟒𝟎𝐫𝟑 + 𝟗𝐑𝐫𝟐 − 𝟔𝐑𝟑)𝐬𝟐 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (𝟒𝟎𝐫𝟑 + 𝟗𝐑𝐫𝟐 − 𝟔𝐑𝟑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

≥
?
𝐫(𝟑𝟔𝐑𝟒 + 𝟏𝟖𝐑𝟑𝐫 − 𝟓𝟒𝐑𝟐𝐫𝟐 − 𝟑𝟏𝟓𝐑𝐫𝟑 − 𝟏𝟒𝟒𝐫𝟒) 

⇔ 𝟏𝟐𝐭𝟓 − 𝟔𝐭𝟒 − 𝟏𝟖𝐭𝟑 − 𝟕𝟏𝐭𝟐 + 𝟔𝟒𝐭 + 𝟏𝟐 ≥
?
𝟎 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟏𝟐𝐭𝟑 + 𝟒𝟐𝐭𝟐 + 𝟏𝟎𝟐𝐭 + 𝟏𝟔𝟗)+ 𝟑𝟑𝟐) → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 

∴∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

−∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

≥ −
𝐑𝟑 − 𝟖𝐫𝟑

𝐫𝟑
→ (𝟏) 

𝐋𝐞𝐭 𝐟(𝐧) = 𝐭𝐧+𝟏 − 𝟐𝐧+𝟏 ∀ 𝐭 =
𝐑

𝐫
≥ 𝟐 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐟 ′(𝐧) = 𝐭𝐧+𝟏. (𝐥𝐧 𝐭) − 𝟐𝐧+𝟏. (𝐥𝐧𝟐) ≥ 𝟎 ∵ 𝐭𝐧+𝟏 ≥ 𝟐𝐧+𝟏 𝒂𝐧𝐝 𝐥𝐧 𝐭 ≥ 𝐥𝐧𝟐 

⇒ 𝐭𝐧+𝟏. (𝐥𝐧 𝐭) − 𝟐𝐧+𝟏. (𝐥𝐧 𝟐) ≥ 𝟎 ∴ 𝐟(𝐧) 𝐢𝐬 ↑ ∀ 𝐧 ≥ 𝟐 ⇒  𝐟(𝐧) ≥  𝐟(𝟐) = (
𝐑

𝐫
)
𝟑

− 𝟖 

⇒
𝐑𝟑 − 𝟖𝐫𝟑

𝐫𝟑
≤ (

𝐑

𝐫
)
𝐧+𝟏

− 𝟐𝐧+𝟏 ∴ −
𝐑𝟑 − 𝟖𝐫𝟑

𝐫𝟑
≥ −(

𝐑𝐧+𝟏

𝐫𝐧+𝟏
− 𝟐𝐧+𝟏) → (𝟐) 

∴ (𝟏) 𝒂𝐧𝐝 (𝟐) ⇒∑√
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

−∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

≥ −(
𝐑𝐧+𝟏

𝐫𝐧+𝟏
− 𝟐𝐧+𝟏) 

∴∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

+
𝐑𝐧+𝟏

𝐫𝐧+𝟏
≥ 𝟐𝐧+𝟏 +∑ √

𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

  

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1482. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟐, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 
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𝐦𝐢𝐧 {∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

,∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

} + (
𝐑

𝟐𝐫
)
𝐧+𝟏

 

≥ 𝟏 +𝐦𝒂𝒙 {∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

,∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

} 

  Proposed by Nguyen Van Canh-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 

𝐅𝐢𝐫𝐬𝐭𝐥𝐲,𝐰𝐞 𝐬𝐡𝒂𝒍𝒍 𝐩𝐫𝐨𝐯𝐞 ∶ ∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

+
𝐑𝟑 − 𝟖𝐫𝟑

𝟖𝐫𝟑
≥
(𝐢)

∑√
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

 

∑√
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

=∑√
𝟐𝒂

𝐛 + 𝐜
.

𝒂𝟐

𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐
. 𝟏. 𝟏

𝟒

𝐜𝐲𝐜

≥
𝐆−𝐇

∑
𝟒

𝐛+ 𝐜
𝟐𝒂

+
𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐

𝒂𝟐
+ 𝟐𝐜𝐲𝐜

 

=∑
𝟖𝒂𝟐

𝒂(𝐛 + 𝐜) + 𝟐𝐛𝟐 − 𝟐𝐛𝐜 + 𝟐𝐜𝟐 + 𝟒𝒂𝟐
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝟖.𝟒𝐬𝟐

𝟐∑ 𝒂𝐛𝐜𝐲𝐜 + 𝟐∑ 𝒂𝟐𝐜𝐲𝐜 − 𝟐∑ 𝒂𝐛𝐜𝐲𝐜 + 𝟐∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟒∑ 𝒂𝟐𝐜𝐲𝐜
=

𝟒𝐬𝟐

∑ 𝒂𝟐𝐜𝐲𝐜
 

∴∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

≥
(𝟏) 𝟐𝐬𝟐

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐
 

∑√
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

=∑√
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐
. 𝟏. 𝟏

𝟑

𝐜𝐲𝐜

≤
𝐀−𝐆

∑

𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐
+ 𝟐

𝟑
𝐜𝐲𝐜

=
𝟐

𝟑
(∑𝒂𝟐

𝐜𝐲𝐜

)(∑
𝟏

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

) 

≤
𝐀−𝐆 𝟐

𝟑
(∑𝒂𝟐

𝐜𝐲𝐜

)(∑
𝒂

𝟐𝒂𝐛𝐜
𝐜𝐲𝐜

) =
𝟐. 𝟐𝐬

𝟑. 𝟖𝐑𝐫𝐬
(∑𝒂𝟐

𝐜𝐲𝐜

) ∴∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

≤
(𝟐) 𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟑𝐑𝐫
 

∴ (𝟏), (𝟐) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (𝐢), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
𝟐𝐬𝟐

𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐
+
𝐑𝟑 − 𝟖𝐫𝟑

𝟖𝐫𝟑
≥
(∎) 𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟑𝐑𝐫
 

⇔
(𝐑𝟑 − 𝟖𝐫𝟑)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝟏𝟔𝐫𝟑𝐬𝟐

𝟖𝐫𝟑(𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐)
≥
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟑𝐑𝐫
 

⇔ 𝟖𝐫𝟐𝐬𝟒 − (𝟑𝐑𝟒 + 𝟖𝟖𝐑𝐫𝟑 + 𝟏𝟔𝐫𝟒)𝐬𝟐 

+𝐫(𝟏𝟐𝐑𝟓 + 𝟑𝐑𝟒𝐫 + 𝟑𝟐𝐑𝟐𝐫𝟑 + 𝟒𝟎𝐑𝐫𝟒 + 𝟖𝐫𝟓) ≤
(∗)

𝟎 

𝐍𝐨𝐰,𝐑𝐨𝐮𝐜𝐡𝐞 ⇒ 𝐬𝟐 − (𝐦 − 𝐧) ≥ 𝟎 𝐚𝐧𝐝 𝐬𝟐 − (𝐦 + 𝐧) ≤ 𝟎,𝐰𝐡𝐞𝐫𝐞  

𝐦 = 𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 𝐚𝐧𝐝 𝐧 = 𝟐(𝐑− 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫 

∴ (𝐬𝟐 − (𝐦+ 𝐧)) (𝐬𝟐 − (𝐦 − 𝐧)) ≤ 𝟎 

⇒ 𝐬𝟒 − 𝐬𝟐(𝟐𝐦) +𝐦𝟐 − 𝐧𝟐 ≤ 𝟎 ⇒ 𝐬𝟒 − 𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≤ 𝟎 
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⇒ 𝟖𝐫𝟐𝐬𝟒 − 𝟖𝐫𝟐𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝟖𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≤ 𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟖𝐫𝟐𝐬𝟒 − (𝟑𝐑𝟒 + 𝟖𝟖𝐑𝐫𝟑 + 𝟏𝟔𝐫𝟒)𝐬𝟐 

+𝐫(𝟏𝟐𝐑𝟓 + 𝟑𝐑𝟒𝐫 + 𝟑𝟐𝐑𝟐𝐫𝟑 + 𝟒𝟎𝐑𝐫𝟒 + 𝟖𝐫𝟓) 

≤ 𝟖𝐫𝟐𝐬𝟒 − 𝟖𝐫𝟐𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝟖𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 

⇔ (𝟑𝐑𝟒 − 𝟑𝟐𝐑𝟐𝐫𝟐 − 𝟕𝟐𝐑𝐫𝟑 + 𝟑𝟐𝐫𝟒)𝐬𝟐 ≥
(∗∗)

𝐑𝐫 (𝟏𝟐𝐑
𝟒 + 𝟑𝐑𝟑𝐫 − 𝟓𝟏𝟐𝐑𝟐𝐫𝟐

−𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟓𝟔𝐫𝟒
) 

𝐂𝒂𝐬𝐞 𝟏  𝟑𝐑𝟒 − 𝟑𝟐𝐑𝟐𝐫𝟐 − 𝟕𝟐𝐑𝐫𝟑 + 𝟑𝟐𝐫𝟒 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟑𝐑𝟒 − 𝟑𝟐𝐑𝟐𝐫𝟐 − 𝟕𝟐𝐑𝐫𝟑 + 𝟑𝟐𝐫𝟒)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥
?
𝐑𝐫(𝟏𝟐𝐑𝟒 + 𝟑𝐑𝟑𝐫 − 𝟓𝟏𝟐𝐑𝟐𝐫𝟐 − 𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟓𝟔𝐫𝟒) 

⇔ 𝟏𝟖𝐭𝟓 − 𝟗𝐭𝟒 − 𝟑𝟐𝟎𝐭𝟐 + 𝟒𝟔𝟒𝐭− 𝟖𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟏𝟖𝐭𝟑 + 𝟔𝟑𝐭𝟐 + 𝟏𝟖𝟎𝐭 + 𝟏𝟒𝟖)+ 𝟑𝟑𝟔) → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 

⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝟑𝐑𝟒 − 𝟑𝟐𝐑𝟐𝐫𝟐 − 𝟕𝟐𝐑𝐫𝟑 + 𝟑𝟐𝐫𝟒 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

 

−(−(𝟑𝐑𝟒 − 𝟑𝟐𝐑𝟐𝐫𝟐 − 𝟕𝟐𝐑𝐫𝟑 + 𝟑𝟐𝐫𝟒))(𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 + 𝟐(𝐑 − 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫) 

≥
?
𝐑𝐫(𝟏𝟐𝐑𝟒 + 𝟑𝐑𝟑𝐫 − 𝟓𝟏𝟐𝐑𝟐𝐫𝟐 − 𝟑𝟓𝟐𝐑𝐫𝟑 − 𝟓𝟔𝐫𝟒) 

⇔ 𝟐(𝐑 − 𝟐𝐫)(𝟑𝐑𝟓 + 𝟏𝟓𝐑𝟒𝐫 − 𝟓𝐑𝟑𝐫𝟐 + 𝟏𝟒𝐑𝟐𝐫𝟑 − 𝟏𝟎𝟖𝐑𝐫𝟒 + 𝟖𝐫𝟓) ≥
(∗∗∗)

 

𝟐(−(𝟑𝐑𝟒 − 𝟑𝟐𝐑𝟐𝐫𝟐 − 𝟕𝟐𝐑𝐫𝟑 + 𝟑𝟐𝐫𝟒)) (𝐑 − 𝟐𝐫). √𝐑𝟐 − 𝟐𝐑𝐫 

𝐍𝐨𝐰, 𝟑𝐑𝟓 + 𝟏𝟓𝐑𝟒𝐫 − 𝟓𝐑𝟑𝐫𝟐 + 𝟏𝟒𝐑𝟐𝐫𝟑 − 𝟏𝟎𝟖𝐑𝐫𝟒 + 𝟖𝐫𝟓 

= (𝐑 − 𝟐𝐫)(𝟑𝐑𝟒 + 𝟐𝟏𝐑𝟑𝐫 + 𝟑𝟕𝐑𝟐𝐫𝟐 + 𝟖𝟖𝐑𝐫𝟑 + 𝟔𝟖𝐫𝟒) + 𝟏𝟒𝟒𝐫𝟓 ≥
𝐄𝐮𝐥𝐞𝐫

𝟏𝟒𝟒𝐫𝟓 > 0 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝟑𝐑𝟓 + 𝟏𝟓𝐑𝟒𝐫 − 𝟓𝐑𝟑𝐫𝟐 + 𝟏𝟒𝐑𝟐𝐫𝟑 − 𝟏𝟎𝟖𝐑𝐫𝟒 + 𝟖𝐫𝟓)
𝟐

 

> (𝐑𝟐 − 𝟐𝐑𝐫)(𝟑𝐑𝟒 − 𝟑𝟐𝐑𝟐𝐫𝟐 − 𝟕𝟐𝐑𝐫𝟑 + 𝟑𝟐𝐫𝟒)
𝟐
 (∵ 𝐑 − 𝟐𝐫 ≥

𝐄𝐮𝐥𝐞𝐫
𝟎) 

⇔ 𝟏𝟎𝟖𝐭𝟗 + 𝟑𝟖𝟕𝐭𝟖 − 𝟏𝟖𝐭𝟕 − 𝟐𝟐𝟖𝟑𝐭𝟔 − 𝟓𝟓𝟎𝟖𝐭𝟓 + 𝟕𝟓𝟗𝟔𝐭𝟒 
+𝟕𝟕𝟕𝟔𝐭𝟑 + 𝟏𝟔𝟒𝟖𝐭𝟐 + 𝟑𝟐𝟎𝐭+ 𝟔𝟒 > 0 ⇔ 

(𝐭 − 𝟐)((𝐭 − 𝟐) (𝟏𝟎𝟖𝐭
𝟕 + 𝟖𝟏𝟗𝐭𝟔 + 𝟐𝟖𝟐𝟔𝐭𝟓 + 𝟓𝟕𝟒𝟓𝐭𝟒 +

𝟔𝟏𝟔𝟖𝐭𝟑 + 𝟗𝟐𝟖𝟖𝐭𝟐 + 𝟐𝟎𝟐𝟓𝟔𝐭+ 𝟒𝟓𝟓𝟐𝟎
) + 𝟏𝟎𝟏𝟑𝟕𝟔)+ 𝟐𝟎𝟕𝟑𝟔 > 0 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗) ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (∗∗) ⇒ (∗) ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐧𝐨𝐰 𝐩𝐫𝐨𝐯𝐞 ∶ ∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

+
𝐑𝟑 − 𝟖𝐫𝟑

𝟖𝐫𝟑
≥
(𝐢𝐢)

∑√
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶  ∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

≤
𝐀−𝐆

∑√
𝟐𝒂𝟑. 𝟐

(𝐛𝟐 + 𝐜𝟐)(𝐛 + 𝐜)

𝟒

𝐜𝐲𝐜

=∑√
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐
.
𝟐𝒂

𝐛 + 𝐜
. 𝟏. 𝟏

𝟒

𝐜𝐲𝐜

 

≤
𝐀−𝐆 𝟏

𝟒
(∑

𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

+ 𝟐 + 𝟐∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

) ≤
𝐀−𝐆 𝟏

𝟐
(∑𝒂𝟐

𝐜𝐲𝐜

)(∑
𝒂

𝟐𝒂𝐛𝐜
𝐜𝐲𝐜

)+
𝟏

𝟐
∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜
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∴∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

≤
(𝟑) 𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟒𝐑𝐫
+
𝟏

𝟐
∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

 𝒂𝐧𝐝 ∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

 

=∑√
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐
. 𝟏. 𝟏

𝟑

𝐜𝐲𝐜

≥
𝐆−𝐇

∑
𝟑

𝐛𝟐 + 𝐜𝟐

𝟐𝒂𝟐
+ 𝟐𝐜𝐲𝐜

=∑
𝟔𝒂𝟐

𝐛𝟐 + 𝐜𝟐 + 𝟒𝒂𝟐
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝟔. 𝟒𝐬𝟐

𝟐∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟒∑ 𝒂𝟐𝐜𝐲𝐜
∴∑ √

𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

≥
(𝟒) 𝟐𝐬𝟐

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐
∴ (𝟑), (𝟒) ⇒ 

𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (𝐢𝐢), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
𝟐𝐬𝟐

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐
+
𝐑𝟑 − 𝟖𝐫𝟑

𝟖𝐫𝟑
≥
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟒𝐑𝐫
+
𝟏

𝟐
∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

 𝒂𝐧𝐝 ∵ 𝐯𝐢𝒂 (∎), 

𝟐𝐬𝟐

𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐
+
𝐑𝟑 − 𝟖𝐫𝟑

𝟖𝐫𝟑
≥
𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐

𝟑𝐑𝐫
∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟑𝐑𝐫
≥
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟒𝐑𝐫
+
𝟏

𝟐
∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

⇔
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟏𝟐𝐑𝐫
≥
𝟏

𝟐
∑

𝟐𝐬− (𝐛 + 𝐜)

𝐛 + 𝐜
𝐜𝐲𝐜

 

⇔
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟔𝐑𝐫
≥
𝟐𝐬(𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
− 𝟑 

⇔ 𝐬𝟒 − 𝟏𝟒𝐑𝐫𝐬𝟐 + 𝐫𝟐(𝟒𝐑𝟐 + 𝟔𝐑𝐫− 𝐫𝟐) ≥
(⦁)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝐑𝐫 − 𝟓𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟒𝐑𝟐 + 𝟔𝐑𝐫 − 𝐫𝟐) 

= (𝟐𝐑𝐫 − 𝟒𝐫𝟐)𝐬𝟐 − 𝐫𝟐𝐬𝟐 + 𝐫𝟐(𝟒𝐑𝟐 + 𝟔𝐑𝐫− 𝐫𝟐) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟐𝐑𝐫 − 𝟒𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝐫𝟐(𝟒𝐑𝟐 + 𝟔𝐑𝐫 − 𝐫𝟐)  

= 𝟖𝐫𝟐(𝐑 − 𝟐𝐫)(𝟒𝐑− 𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ⇒ (⦁) ⇒ (𝐢𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (𝐢) 𝒂𝐧𝐝 (𝐢𝐢) ⇒ 

𝐦𝐢𝐧{∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

,∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

} +
𝐑𝟑 − 𝟖𝐫𝟑

𝟖𝐫𝟑
 

≥ 𝐦𝒂𝒙{∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

,∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

} 

⇒
𝐑𝟑 − 𝟖𝐫𝟑

𝟖𝐫𝟑
≥
(𝐢𝐢𝐢)

𝐦𝒂𝒙{∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

,∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

} −𝐦𝐢𝐧{∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

,∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

}  

𝐍𝐨𝐰, 𝐧 ≥ 𝟐 𝒂𝐧𝐝 𝐄𝐮𝐥𝐞𝐫 ⇒ (𝐧 + 𝟏 − 𝟑). 𝐥𝐧
𝐑

𝟐𝐫
≥ 𝟎 ⇒ (

𝐑

𝟐𝐫
)
𝐧+𝟏

≥ (
𝐑

𝟐𝐫
)
𝟑

 

⇒ (
𝐑

𝟐𝐫
)
𝐧+𝟏

− 𝟏 ≥
𝐑𝟑 − 𝟖𝐫𝟑

𝟖𝐫𝟑
≥

𝐯𝐢𝒂 (𝐢𝐢𝐢)

  

𝐦𝒂𝒙{∑√
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

,∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

} −𝐦𝐢𝐧{∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

,∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

} 
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∴ 𝐦𝐢𝐧{∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

,∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

} + (
𝐑

𝟐𝐫
)
𝐧+𝟏

 

≥ 𝟏 +𝐦𝒂𝒙{∑ √
𝟐𝒂𝟑

𝐛𝟑 + 𝐜𝟑

𝟒

𝐜𝐲𝐜

,∑ √
𝟐𝒂𝟐

𝐛𝟐 + 𝐜𝟐

𝟑

𝐜𝐲𝐜

} 

∀ ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟐,′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1483. 

𝐋𝐞𝐭 𝐧 ≥ 𝟐. 𝐓𝐡𝐞𝐧, 𝐢𝐧 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶  

√∑
𝒂

𝐛 + 𝐜 − 𝒂
𝐜𝐲𝐜

+ (
𝐑

𝐫
)
𝐧

≥ 𝟐𝐧 + √∑
𝐦𝒂

𝐦𝐛 +𝐦𝐜 −𝐦𝒂
𝐜𝐲𝐜

 

  Proposed by Nguyen Van Canh-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝒂

𝐛+ 𝐜 − 𝒂
𝐜𝐲𝐜

=
𝟏

𝟐
∑

𝒂− 𝐬 + 𝐬

𝐬 − 𝒂
𝐜𝐲𝐜

=
𝟏

𝟐
(−𝟑 +

𝐬(𝟒𝐑𝐫 + 𝐫𝟐)

𝐫𝟐𝐬
) =

𝟐𝐑 − 𝐫

𝐫
 

⇒∑
𝒂

𝐛+ 𝐜 − 𝒂
𝐜𝐲𝐜

=
𝟐𝐑

𝐫
− 𝟏 → (𝟏) 

𝐈𝐧𝐯𝐨𝐤𝐢𝐧𝐠 (𝟏) 𝐨𝐧 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 
𝟐𝐦𝒂

𝟑
,
𝟐𝐦𝐛

𝟑
,
𝟐𝐦𝐜

𝟑
,𝐰𝐡𝐨𝐬𝐞 𝒂𝐫𝐞𝒂 𝐯𝐢𝒂  

𝐞𝐥𝐞𝐦𝐞𝐧𝐭𝒂𝐫𝐲 𝐜𝒂𝒍𝐜𝐮𝒍𝒂𝐭𝐢𝐨𝐧𝐬 =
𝐅

𝟑
,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ ∑

𝐦𝒂

𝐦𝐛 +𝐦𝐜 −𝐦𝒂
𝐜𝐲𝐜

 

= 𝟐.

𝟐𝐦𝒂

𝟑 .
𝟐𝐦𝐛

𝟑 .
𝟐𝐦𝐜

𝟑
𝟒𝐅
𝟑

.

𝟐𝐦𝒂
𝟑 +

𝟐𝐦𝐛
𝟑 +

𝟐𝐦𝐜
𝟑

𝟐
𝐅
𝟑

− 𝟏 =
𝟒𝐦𝒂𝐦𝐛𝐦𝐜(𝐦𝒂 +𝐦𝐛 +𝐦𝐜)

𝟗𝐫𝟐𝐬𝟐
− 𝟏 

≤

𝐦𝒂𝐦𝐛𝐦𝐜 ≤ 
𝐑𝐬𝟐

𝟐
𝒂𝐧𝐝

𝐦𝒂+𝐦𝐛+𝐦𝐜 ≤ 𝟒𝐑+𝐫 𝟐𝐑𝐬𝟐(𝟒𝐑 + 𝐫)

𝟗𝐫𝟐𝐬𝟐
− 𝟏 ⇒∑

𝐦𝒂

𝐦𝐛 +𝐦𝐜 −𝐦𝒂
𝐜𝐲𝐜

≤
𝟖𝐑𝟐 + 𝟐𝐑𝐫− 𝟗𝐫𝟐

𝟗𝐫𝟐
→ (𝟐) 

(𝟏) 𝒂𝐧𝐝 (𝟐) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ √∑
𝒂

𝐛 + 𝐜 − 𝒂
𝐜𝐲𝐜

+
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥ 

√∑
𝐦𝒂

𝐦𝐛 +𝐦𝐜 −𝐦𝒂
𝐜𝐲𝐜

, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
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√
𝟐𝐑− 𝐫

𝐫
+
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥ √

𝟖𝐑𝟐 + 𝟐𝐑𝐫− 𝟗𝐫𝟐

𝟗𝐫𝟐
⇔
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥

𝟖𝐑𝟐 + 𝟐𝐑𝐫 − 𝟗𝐫𝟐

𝟗𝐫𝟐
−
𝟐𝐑− 𝐫
𝐫

√𝟖𝐑
𝟐 + 𝟐𝐑𝐫 − 𝟗𝐫𝟐

𝟗𝐫𝟐
+ √

𝟐𝐑− 𝐫
𝐫

 

⇔
(𝐑− 𝟐𝐫)(𝐑 + 𝟐𝐫)

𝟒𝐫𝟐
≥
(∗) 𝟑𝐫. 𝟖𝐑(𝐑 − 𝟐𝐫)

𝟗𝐫𝟐 (√𝟖𝐑𝟐 + 𝟐𝐑𝐫− 𝟗𝐫𝟐 +√𝟗𝐫(𝟐𝐑− 𝐫))
 

𝟖𝐑𝟐 + 𝟐𝐑𝐫 − 𝟗𝐫𝟐 − 𝟐𝟕𝐫𝟐 = 𝟐(𝐑 − 𝟐𝐫)(𝟒𝐑+ 𝟗𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 

⇒ √𝟖𝐑𝟐 + 𝟐𝐑𝐫 − 𝟗𝐫𝟐 ≥
(𝐢)

√𝟐𝟕𝐫𝟐  

𝒂𝐧𝐝 𝟗𝐫(𝟐𝐑 − 𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟗𝐫(𝟒𝐫 − 𝐫) ⇒ √𝟗𝐫(𝟐𝐑− 𝐫) ≥
(𝐢𝐢)

√𝟐𝟕𝐫𝟐 

𝐍𝐨𝐰,∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
𝐑+ 𝟐𝐫

𝟒
>

𝟖𝐑𝐫

𝟑 (√𝟖𝐑𝟐 + 𝟐𝐑𝐫 − 𝟗𝐫𝟐 +√𝟗𝐫(𝟐𝐑− 𝐫))
 

⇔ 𝟗(𝐑 + 𝟐𝐫)𝟐  (√𝟖𝐑𝟐 + 𝟐𝐑𝐫− 𝟗𝐫𝟐 +√𝟗𝐫(𝟐𝐑− 𝐫))
𝟐

> 1024𝐑𝟐𝐫𝟐 

⇔ 𝟗(𝐑 + 𝟐𝐫)𝟐 (
𝟖𝐑𝟐 + 𝟐𝐑𝐫 − 𝟗𝐫𝟐 + 𝟗𝐫(𝟐𝐑− 𝐫)

+𝟐.√𝟖𝐑𝟐 + 𝟐𝐑𝐫 − 𝟗𝐫𝟐. √𝟗𝐫(𝟐𝐑− 𝐫)
) >
(∗∗)

𝟏𝟎𝟐𝟒𝐑𝟐𝐫𝟐 

𝐀𝐠𝒂𝐢𝐧, 𝐯𝐢𝒂 (𝐢) 𝒂𝐧𝐝 (𝐢𝐢), 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ 

𝟗(𝐑 + 𝟐𝐫)𝟐(𝟖𝐑𝟐 + 𝟐𝐑𝐫 − 𝟗𝐫𝟐 + 𝟗𝐫(𝟐𝐑 − 𝐫) + 𝟓𝟒𝐫𝟐) >
?
𝟏𝟎𝟐𝟒𝐑𝟐𝐫𝟐 

⇔ 𝟕𝟐𝐑𝟒 + 𝟒𝟔𝟖𝐑𝟑𝐫 + 𝟑𝟎𝟖𝐑𝟐𝐫𝟐 + 𝟐𝟎𝟏𝟔𝐑𝐫𝟑 + 𝟏𝟐𝟗𝟔𝐫𝟒 >
?
𝟎 → 𝐭𝐫𝐮𝐞 

⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ √∑
𝒂

𝐛 + 𝐜 − 𝒂
𝐜𝐲𝐜

+
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥ √∑

𝐦𝒂

𝐦𝐛 +𝐦𝐜 −𝐦𝒂
𝐜𝐲𝐜

 

⇒
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
≥ √∑

𝐦𝒂

𝐦𝐛 +𝐦𝐜 −𝐦𝒂
𝐜𝐲𝐜

− √∑
𝒂

𝐛 + 𝐜 − 𝒂
𝐜𝐲𝐜

→ (𝟑) 

𝐋𝐞𝐭 𝐟(𝐧) = 𝐭𝐧 − 𝟐𝐧 ∀ 𝐭 =
𝐑

𝐫
≥ 𝟐 (𝐭 → 𝐟𝐢𝒙𝐞𝐝) 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐟 ′(𝐧) = 𝐭𝐧. (𝐥𝐧 𝐭) − 𝟐𝐧. (𝐥𝐧𝟐) ≥ 𝟎 ∵ 𝐭𝐧 ≥ 𝟐𝐧 𝒂𝐧𝐝 𝐥𝐧 𝐭 ≥ 𝐥𝐧𝟐 ⇒ 𝐭𝐧. (𝐥𝐧 𝐭) − 𝟐𝐧. (𝐥𝐧𝟐) 

≥ 𝟎 ∴ 𝐟(𝐧) 𝐢𝐬 ↑ ∀ 𝐧 ≥ 𝟐 ⇒  𝐟(𝐧) ≥  𝐟(𝟐) = (
𝐑

𝐫
)
𝟐

− 𝟒 ⇒ (
𝐑

𝐫
)
𝐧

− 𝟐𝐧 ≥
𝐑𝟐 − 𝟒𝐫𝟐

𝟒𝐫𝟐
 

≥
𝐯𝐢𝒂 (𝟑)

√∑
𝐦𝒂

𝐦𝐛 +𝐦𝐜 −𝐦𝒂
𝐜𝐲𝐜

− √∑
𝒂

𝐛 + 𝐜 − 𝒂
𝐜𝐲𝐜

 

∴ √∑
𝒂

𝐛 + 𝐜 − 𝒂
𝐜𝐲𝐜

+ (
𝐑

𝐫
)
𝐧

≥ 𝟐𝐧 +√∑
𝐦𝒂

𝐦𝐛 +𝐦𝐜 −𝐦𝒂
𝐜𝐲𝐜

 

∀ ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝐧 ≥ 𝟐,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

𝐏𝐫𝐨𝐨𝐟 𝐨𝐟 𝐦𝒂𝐦𝐛𝐦𝐜 ≤
𝐑𝐬𝟐

𝟐
  

𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 =

𝟏

𝟔𝟒
(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐)(𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝐛𝟐)(𝟐𝒂𝟐 + 𝟐𝐛𝟐 − 𝐜𝟐) 
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=
(𝟏) 𝟏

𝟔𝟒
{−𝟒∑𝒂𝟔

𝐜𝐲𝐜

+ 𝟔(∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

)+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐} 

𝐍𝐨𝐰,∑𝒂𝟔

𝐜𝐲𝐜

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒂𝟐+𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)(𝐜𝟐 + 𝒂𝟐) 

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝟐𝒂𝟐𝐛𝟐𝐜𝟐 +∑(𝒂𝟐𝐛𝟐(∑𝒂𝟐

𝐜𝐲𝐜

− 𝐜𝟐))

𝐜𝐲𝐜

) 

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟑(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) 

∴∑𝒂𝟔

𝐜𝐲𝐜

=
(𝟐)
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟑(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

) 

∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

=∑(𝒂𝟐𝐛𝟐(∑𝒂𝟐

𝐜𝐲𝐜

− 𝐜𝟐))

𝐜𝐲𝐜

=
(𝟑)

 

(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

)− 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 ∴ (𝟏), (𝟐), (𝟑) ⇒ 𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 

=
𝟏

𝟔𝟒

(

 
 
 
 −𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

− 𝟏𝟐𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟏𝟐(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

)

+𝟔(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

)− 𝟏𝟖𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟑𝒂𝟐𝐛𝟐𝐜𝟐

)

 
 
 
 

 

=
𝟏

𝟔𝟒
(−𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟏𝟖(∑𝒂𝟐

𝐜𝐲𝐜

𝐛𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

)− 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐) 

=
𝟏

𝟔𝟒
(−𝟒(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟏𝟖((∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟏𝟔𝐑𝐫𝐬𝟐)(∑𝒂𝟐

𝐜𝐲𝐜

)− 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐) 

 

=
𝟏

𝟔𝟒
{
−𝟑𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟑
+ 𝟑𝟔(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐

−𝟓𝟕𝟔𝐑𝐫𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒𝟑𝟐𝐑𝟐𝐫𝟐𝐬𝟐
} 

=
𝟏

𝟏𝟔
{𝐬𝟔 − 𝐬𝟒(𝟏𝟐𝐑𝐫 − 𝟑𝟑𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) − 𝐫𝟑(𝟒𝐑+ 𝐫)𝟑} 

≤
𝐑𝟐𝐬𝟒

𝟒
⇔ 
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𝐬𝟔 − 𝐬𝟒(𝟒𝐑𝟐 + 𝟏𝟐𝐑𝐫 − 𝟑𝟑𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) − 𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≤
(⦁)

𝟎 

 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (⦁) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− 𝐬𝟒(𝟖𝐑𝐫 − 𝟑𝟔𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) 

−𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≤
?
𝟎 

⇔ 𝐬𝟒(𝟖𝐑 − 𝟏𝟔𝐫) + 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 ≥
?
⏟
(⦁⦁)

𝟐𝟎𝐫𝐬𝟒 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝒂)

𝐬𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)(𝟖𝐑 − 𝟏𝟔𝐫) 

+𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑+ 𝐫)𝟑 𝒂𝐧𝐝  

𝐑𝐇𝐒 𝐨𝐟 (⦁⦁) ≤
𝐆𝐞𝐫𝐞𝐭𝐬𝐞𝐧
⏟    
(𝐛)

𝟐𝟎𝐫𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

(𝒂), (𝐛) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
𝐬𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)(𝟖𝐑− 𝟏𝟔𝐫) + 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟑𝟑𝐫𝟑) + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 

≥ 𝟐𝟎𝐫𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

⇔ 𝐬𝟐(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟓𝟑𝐫𝟐) + 𝐫(𝟒𝐑+ 𝐫)𝟑 ≥ 𝟎 

⇔ 𝐬𝟐(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐) + 𝐫(𝟒𝐑+ 𝐫)𝟑 ≥
(⦁⦁⦁)

𝟐𝟕𝐫𝟐𝐬𝟐 

𝐍𝐨𝐰,𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
⏟    

(𝐜)

(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐫(𝟒𝐑+ 𝐫)𝟑  

𝒂𝐧𝐝 𝐑𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≤
𝐆𝐞𝐫𝐞𝐭𝐬𝐞𝐧
⏟    
(𝐝)

𝟐𝟕𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

(𝐜), (𝐝) ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
(𝟏𝟎𝟖𝐑𝟐 − 𝟐𝟓𝟔𝐑𝐫 + 𝟖𝟎𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑  ≥ 𝟐𝟕𝐫𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

⇔ 𝟐𝟐𝟒𝐭𝟑 − 𝟓𝟖𝟕𝐭𝟐 + 𝟑𝟎𝟖𝐭 − 𝟔𝟎 ≥ 𝟎 (𝐰𝐡𝐞𝐫𝐞 𝐭 =
𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟐𝟐𝟒𝐭 + 𝟑𝟎𝟗) + 𝟔𝟒𝟖) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (⦁⦁⦁) ⇒ (⦁⦁) 

⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒ 𝐦𝒂
𝟐𝐦𝐛

𝟐𝐦𝐜
𝟐 ≤

𝐑𝟐𝐬𝟒

𝟒
⇒ 𝐦𝒂𝐦𝐛𝐦𝐜 ≤

𝐑𝐬𝟐

𝟐
 (𝐐𝐄𝐃) 

 

1484. 𝐋𝐞𝐭 𝒏 ≥ 𝟐.  𝐈𝐧 ∆𝑨𝑩𝑪 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬 

∑√
𝒂 + 𝒃

𝒂 + 𝒃 − 𝒄

𝟑

𝒄𝒚𝒄

+ (
𝑹

𝒓
)
𝒏

≥ 𝟐𝒏 +∑ √
𝒎𝒂 +𝒎𝒃

𝒎𝒂 +𝒎𝒃 −𝒎𝒄

𝟑

𝒄𝒚𝒄

. 

Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

∑√
𝒂+ 𝒃

𝒂 + 𝒃 − 𝒄

𝟑

𝒄𝒚𝒄

≥ 𝟑√
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

(𝒂 + 𝒃 − 𝒄)(𝒃 + 𝒄 − 𝒂)(𝒄 + 𝒂 − 𝒃)

𝟗

 ≥⏞

𝑪𝒆𝒔𝒂𝒓𝒐
𝑷𝒂𝒅𝒐𝒂

𝟑√
𝟖𝒂𝒃𝒄

𝒂𝒃𝒄

𝟗

= 𝟑√𝟐
𝟑
. 
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𝐒𝐢𝐧𝐜𝐞 (𝒎𝒂 +𝒎𝒃 +𝒎𝒄)(𝒎𝒂 +𝒎𝒃 −𝒎𝒄)(𝒎𝒂 −𝒎𝒃 +𝒎𝒄)(−𝒎𝒂 +𝒎𝒃 +𝒎𝒄)

= 𝟗𝑭𝟐, 𝐭𝐡𝐞𝐧 

∑√
𝒎𝒂 +𝒎𝒃

𝒎𝒂 +𝒎𝒃 −𝒎𝒄

𝟑

𝒄𝒚𝒄

=∑√
(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)(𝒎𝒂 +𝒎𝒃)(𝒎𝒃 +𝒎𝒄 −𝒎𝒂)(𝒎𝒄 +𝒎𝒂 −𝒎𝒃)

𝟗𝑭𝟐

𝟑

𝒄𝒚𝒄

 

≤⏞
𝑨𝑴−𝑮𝑴

√
𝒎𝒂 +𝒎𝒃 +𝒎𝒄

𝟗𝑭𝟐. 𝟒

𝟑

.∑
(𝒎𝒂 +𝒎𝒃) + 𝟐(𝒎𝒃 +𝒎𝒄 −𝒎𝒂) + 𝟐(𝒎𝒄 +𝒎𝒂 −𝒎𝒃)

𝟑
𝒄𝒚𝒄

 

= √
𝟐(𝒎𝒂 +𝒎𝒃 +𝒎𝒄)𝟒

𝟗𝒔𝟐𝒓𝟐

𝟑

 ≤⏞

𝑮𝒐𝒕𝒎𝒂𝒏
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 
√ 𝟐 (

𝟗𝑹
𝟐 )

𝟒

𝟗. 𝟐𝟕𝒓𝟐. 𝒓𝟐

𝟑

=
𝟑

𝟐
√(
𝑹

𝒓
)
𝟒𝟑

. 

𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟑√𝟐
𝟑

+ (
𝑹

𝒓
)
𝒏

≥ 𝟐𝒏 +
𝟑

𝟐
√(
𝑹

𝒓
)
𝟒𝟑

   𝐨𝐫   √(
𝑹

𝒓
)
𝟒𝟑

. ((
𝑹

𝒓
)
𝒏−
𝟒
𝟑
−
𝟑

𝟐
) ≥ 𝟐𝒏 − 𝟑√𝟐

𝟑
, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐛𝐞𝐜𝐚𝐮𝐬𝐞,   √(
𝑹

𝒓
)
𝟒𝟑

≥ √𝟐𝟒
𝟑

= 𝟐√𝟐
𝟑
  𝐚𝐧𝐝 (

𝑹

𝒓
)
𝒏−
𝟒
𝟑
−
𝟑

𝟐
≥ 𝟐𝒏−

𝟒
𝟑 −

𝟑

𝟐
>⏞
𝒏 ≥ 𝟐

𝟎. 

𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 ∆𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 
 

1485. 
𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(𝐩 − 𝒂)√𝐜𝐨𝐭 𝐀 + (𝐩 − 𝐛)√𝐜𝐨𝐭 𝐁 + (𝐩 − 𝐜)√𝐜𝐨𝐭 𝐂 >
𝟐

𝟑
𝐩  

  Proposed by Vasile Mircea Popa-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 ≥ 𝐛 ≥ 𝐜 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐩 − 𝒂 ≤ 𝐩 − 𝐛 ≤ 𝐩 − 𝐜 

𝒂𝐧𝐝 √𝐜𝐨𝐭𝐀 ≤ √𝐜𝐨𝐭𝐁 ≤ √𝐜𝐨𝐭 𝐂 ∴ (𝐩 − 𝒂)√𝐜𝐨𝐭𝐀 + (𝐩 − 𝐛)√𝐜𝐨𝐭𝐁 + (𝐩 − 𝐜)√𝐜𝐨𝐭 𝐂 

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟑
(∑(𝐩 − 𝒂)

𝐜𝐲𝐜

)(∑√𝐜𝐨𝐭𝐀

𝐜𝐲𝐜

) >
? 𝟐

𝟑
𝐩 ⇔∑√𝐜𝐨𝐭𝐀

𝐜𝐲𝐜

>
?
𝟐 → (𝟏) 

𝐋𝐞𝐭 √𝐜𝐨𝐭𝐀 = 𝒙, √𝐜𝐨𝐭 𝐁 = 𝐲, √𝐜𝐨𝐭 𝐂 = 𝐳 ∴ (𝟏) ⇔∑𝒙

𝐜𝐲𝐜

> 2 ⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟐

> 4 = 
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𝟒.√∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

 (∵∑𝐜𝐨𝐭𝐀 𝐜𝐨𝐭𝐁

𝐜𝐲𝐜

=∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= 𝟏)⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟒

> 16∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

→ (𝟐) 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗+ 𝐘− 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 
> 0 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑋, 𝑍 + 𝑋 > 𝑌 ⇒ 𝑋, 𝑌, 𝑍 𝑓𝑜𝑟𝑚 

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)  

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 → (𝐢) ⇒ 𝒙 = 𝐬 − 𝐗, 𝐲 = 𝐬 − 𝐘, 

𝐳 = 𝐬 − 𝐙 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝐗)(𝐬 − 𝐘)

𝐜𝐲𝐜

 

⇒∑𝒙𝐲

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝐢𝐢) 𝒂𝐧𝐝 ∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) 

=
𝐯𝐢𝒂 (𝐢) 𝒂𝐧𝐝 (𝐢𝐢)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐(∏(𝐬 − 𝐗)

𝐜𝐲𝐜

) . 𝐬 = (𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 

⇒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝐢𝐢𝐢) ∴ 𝐯𝐢𝒂 (𝐢) 𝒂𝐧𝐝 (𝐢𝐢𝐢), (𝟐) ⇔ 

𝐬𝟒 > 16𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) ⇔ 𝐬𝟒 + 𝟑𝟐𝐫𝟐𝐬𝟐 >
(∗)

𝟏𝟔𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝐫 + 𝟐𝟕𝐫𝟐)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝐫 + 𝟐𝟕𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

>
?
𝟏𝟔𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ⇔ 𝟕𝟔𝐫(𝐑− 𝟐𝐫) + 𝟏𝟒𝟖𝐑𝐫 + 𝐫𝟐 >

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

⇒ (∗) ⇒ (𝟐) ⇒ (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ (𝐩 − 𝒂)√𝐜𝐨𝐭𝐀 + (𝐩 − 𝐛)√𝐜𝐨𝐭𝐁 + (𝐩 − 𝐜)√𝐜𝐨𝐭 𝐂 >
𝟐

𝟑
𝐩 ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 (𝐐𝐄𝐃) 

 

1486. 
𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

① (
𝐦𝒂

𝐰𝐛
+
𝐰𝐜

𝐡𝒂
)
𝟒

+ (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂

𝐡𝐛
)
𝟒

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛

𝐡𝐜
)
𝟒

≥
𝟑. 𝟐𝟏𝟐. 𝐫𝟖

𝟑(𝟑𝐑𝟒 − 𝟑𝟐𝐫𝟒)𝟐 − 𝟓𝟏𝟐𝐫𝟖
  

② (
𝐦𝒂

𝐰𝐛
+
𝐰𝐜

𝐡𝒂
)
𝟓

+ (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂

𝐡𝐛
)
𝟓

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛

𝐡𝐜
)
𝟓

≥
𝟑. 𝟐𝟏𝟓. 𝐫𝟏𝟎

𝟑(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)𝟐 − 𝟐𝟏𝟏𝐫𝟏𝟎
 

 
  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 
𝐏𝐫𝐨𝐨𝐟 𝐨𝐟  ① ∶ 
 

(
𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟒

+ (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟒

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
)
𝟒

 

≥ (
𝐡𝒂
𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟒

+ (
𝐡𝐛
𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟒

+ (
𝐡𝐜
𝐰𝒂

+
𝐰𝐛
𝐡𝐜
)
𝟒

≥
𝐀−𝐆

𝟏𝟔((
𝐰𝐜
𝐰𝐛
)
𝟐

+ (
𝐰𝒂
𝐰𝐜
)
𝟐

+ (
𝐰𝐛
𝐰𝒂
)
𝟐

) 
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≥ 𝟏𝟔((
𝐰𝐜
𝐰𝐛
) (
𝐰𝒂
𝐰𝐜
) + (

𝐰𝒂
𝐰𝐜
) (
𝐰𝐛
𝐰𝒂
) + (

𝐰𝐛
𝐰𝒂
) (
𝐰𝐜
𝐰𝐛
)) = 𝟏𝟔(

𝐰𝒂
𝐰𝐛

+
𝐰𝐛
𝐰𝐜
+
𝐰𝐜
𝐰𝒂
) 

= 𝟏𝟔(
𝐰𝒂
𝟐

𝐰𝒂𝐰𝐛
+

𝐰𝐛
𝟐

𝐰𝐛𝐰𝐜
+

𝐰𝐜
𝟐

𝐰𝐜𝐰𝒂
) ≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 + 𝐰𝒂 ≥ 𝐡𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

𝒂𝐧𝐝

𝐰𝒂≤√𝐬(𝐬−𝒂) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬

 

𝟏𝟔.
(∑

𝟐𝐫𝐬
𝒂𝐜𝐲𝐜 )

𝟐

∑ (√𝐬(𝐬 − 𝒂)√𝐬(𝐬 − 𝐛))𝐜𝐲𝐜

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦|

𝒂𝐧𝐝
𝐂𝐁𝐒 𝟏𝟔 (

𝟐𝐫𝐬. 𝟗
𝟐𝐬

)
𝟐

𝐬. √𝟑𝐬 − 𝟐𝐬.√𝟑𝐬 − 𝟐𝐬
=
𝟏𝟔.𝟖𝟏𝐫𝟐

𝐬𝟐
≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜
 

𝟐𝟔. 𝟖𝟏𝐫𝟐

𝟐𝟕𝐑𝟐
≥
? 𝟑.𝟐𝟏𝟐. 𝐫𝟖

𝟑(𝟑𝐑𝟒 − 𝟑𝟐𝐫𝟒)𝟐 − 𝟓𝟏𝟐𝐫𝟖
⇔ 𝟑(𝟑𝐑𝟒 − 𝟑𝟐𝐫𝟒)

𝟐
≥
?
⏟
(∗)

𝟓𝟏𝟐𝐫𝟖 + 𝟔𝟒𝐑𝟐𝐫𝟔 

𝐍𝐨𝐰, 𝟓𝟏𝟐𝐫𝟖 + 𝟔𝟒𝐑𝟐𝐫𝟔 ≤
𝐄𝐮𝐥𝐞𝐫

𝟏𝟐𝟖𝐑𝟐𝐫𝟔 + 𝟔𝟒𝐑𝟐𝐫𝟔 = 𝟑. 𝟔𝟒𝐑𝟐𝐫𝟔 ≤
?
𝟑(𝟑𝐑𝟒 − 𝟑𝟐𝐫𝟒)

𝟐
 

⇔ 𝟑𝐑𝟒 − 𝟑𝟐𝐫𝟒 ≥
?
𝟖𝐑𝐫𝟑⇔ 𝟑𝐑(𝐑𝟑 − 𝟖𝐫𝟑) + 𝟏𝟔𝐫𝟑(𝐑− 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

∴ (
𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟒

+ (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟒

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
)
𝟒

≥
𝟑. 𝟐𝟏𝟐. 𝐫𝟖

𝟑(𝟑𝐑𝟒 − 𝟑𝟐𝐫𝟒)𝟐 − 𝟓𝟏𝟐𝐫𝟖
 

 

𝐏𝐫𝐨𝐨𝐟 𝐨𝐟  ② ∶ 

𝐍𝐨𝐰, (
𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟑

+ (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟑

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
)
𝟑

≥
𝐀−𝐆

 

𝟑(
𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
) (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
) (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
) ≥
𝐀−𝐆

𝟑.𝟖.√
𝐦𝒂

𝐰𝐛
.
𝐰𝐜
𝐡𝒂
.
𝐦𝐛

𝐰𝐜
.
𝐰𝒂
𝐡𝐛
.
𝐦𝐜

𝐰𝒂
.
𝐰𝐛
𝐡𝐜
≥ 𝟑.𝟖 ≥

?
 

𝟑. 𝟐𝟗. 𝐫𝟔

𝟑(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟐 − 𝟏𝟐𝟖𝐫𝟔
⇔ (𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)

𝟐
≥
?
𝟔𝟒𝐫𝟔⇔ 𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑 ≥

?
𝟖𝐫𝟑 

⇔ 𝐑𝟑 ≥
?
𝟖𝐫𝟑 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ∴ (

𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟑

+ (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟑

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
)
𝟑

 

≥
𝟑.𝟐𝟗. 𝐫𝟔

𝟑(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟐 − 𝟏𝟐𝟖𝐫𝟔
∀ ∆ 𝐀𝐁𝐂 → (𝟏) 

𝐕𝐢𝒂 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯, (
𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟓

+ (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟓

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
)
𝟓

≥ 

𝟏

𝟑
((
𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟐

+ (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟐

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
)
𝟐

)

(

 
 

(
𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟑

+

(
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟑

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
)
𝟑

)

 
 

 

≥
𝐯𝐢𝒂 (𝟏) 𝟏

𝟑
((
𝐡𝒂
𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟐

+ (
𝐡𝐛
𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟐

+ (
𝐡𝐜
𝐰𝒂

+
𝐰𝐛
𝐡𝐜
)
𝟐

) .
𝟑. 𝟐𝟗. 𝐫𝟔

𝟑(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟐 − 𝟏𝟐𝟖𝐫𝟔
≥
𝐀−𝐆

 

𝟒

𝟑
(
𝐰𝐜
𝐰𝐛
+
𝐰𝒂
𝐰𝐜
+
𝐰𝐛
𝐰𝒂
) .

𝟑. 𝟐𝟗. 𝐫𝟔

𝟑(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟐 − 𝟏𝟐𝟖𝐫𝟔
≥
𝐀−𝐆 𝟒

𝟑
. 𝟑.

𝟑. 𝟐𝟗. 𝐫𝟔

𝟑(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)𝟐 − 𝟏𝟐𝟖𝐫𝟔
 

≥
? 𝟑.𝟐𝟏𝟓. 𝐫𝟏𝟎

𝟑(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)𝟐 − 𝟐𝟏𝟏𝐫𝟏𝟎
 

⇔ 𝟑(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)
𝟐
− 𝟐𝟏𝟏𝐫𝟏𝟎 ≥

?
𝟒𝟖𝐫𝟒(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)

𝟐
− 𝟐𝟒. 𝐫𝟒. 𝟐𝟕. 𝐫𝟔 
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⇔ 𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓 ≥
?
𝟒𝐫𝟐(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑) ⇔ 𝟗𝐑𝟓 − 𝟒𝐑𝟑𝐫𝟐 − 𝟐𝟓𝟔𝐫𝟓 ≥

?
𝟎 

⇔ 𝐑𝟑(𝐑𝟐 − 𝟒𝐫𝟐) + 𝟖(𝐑𝟓 − 𝟑𝟐𝐫𝟓) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

∴ (
𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟓

+ (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟓

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
)
𝟓

≥
𝟑. 𝟐𝟏𝟓. 𝐫𝟏𝟎

𝟑(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)𝟐 − 𝟐𝟏𝟏𝐫𝟏𝟎
 

∴ ① (
𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟒

+ (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟒

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
)
𝟒

≥
𝟑. 𝟐𝟏𝟐. 𝐫𝟖

𝟑(𝟑𝐑𝟒 − 𝟑𝟐𝐫𝟒)𝟐 − 𝟓𝟏𝟐𝐫𝟖
 𝒂𝐧𝐝  

② (
𝐦𝒂

𝐰𝐛
+
𝐰𝐜
𝐡𝒂
)
𝟓

+ (
𝐦𝐛

𝐰𝐜
+
𝐰𝒂
𝐡𝐛
)
𝟓

+ (
𝐦𝐜

𝐰𝒂
+
𝐰𝐛
𝐡𝐜
)
𝟓

≥
𝟑.𝟐𝟏𝟓. 𝐫𝟏𝟎

𝟑(𝟖𝟏𝐑𝟓 − 𝟐𝟓𝟔𝟎𝐫𝟓)𝟐 − 𝟐𝟏𝟏𝐫𝟏𝟎
 

∀ ∆ 𝐀𝐁𝐂, 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐢𝐞𝐬 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

1487. 
𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(
𝐦𝒂

𝐰𝐛
)
𝟐

+ (
𝐰𝐛
𝐡𝐜
)
𝟐

+ (
𝐡𝐜
𝐦𝒂
)

𝟐

≤ 𝟗. (
𝟗

𝟖
. (
𝐑

𝐫
)
𝟑

− 𝟖)

𝟐

− 𝟔 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution by Soumava Chakraborty-Kolkata-India 
 

(
𝐦𝒂

𝐡𝐛
)
𝟐

+ (
𝐦𝐛

𝐡𝐜
)
𝟐

+ (
𝐦𝐜

𝐡𝒂
)
𝟐

=∑
𝟐𝐛𝟐 + 𝟐𝐜𝟐 + 𝟐𝒂𝟐 − 𝟑𝒂𝟐

𝟒𝐡𝐛
𝟐

𝐜𝐲𝐜

 

=
𝟏

𝟐
(∑𝒂𝟐

𝐜𝐲𝐜

)(
𝟏

𝟒𝐫𝟐𝐬𝟐
)(∑𝒂𝟐

𝐜𝐲𝐜

)−
𝟑

𝟒.𝟒𝐫𝟐𝐬𝟐
∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

≤

𝐋𝐞𝐢𝐛𝐧𝐢𝐭𝐳
𝒂𝐧𝐝

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
 

𝟖𝟏𝐑𝟒

𝟒𝐫𝟐. (𝟐𝟕𝐑𝐫 + 𝟓𝐫(𝐑− 𝟐𝐫))
−
𝟑𝒂𝐛𝐜(𝒂 + 𝐛 + 𝐜)

𝟏𝟔𝐫𝟐𝐬𝟐
≤

𝐄𝐮𝐥𝐞𝐫 𝟖𝟏𝐑𝟒

𝟒𝐫𝟐. 𝟐𝟕𝐑𝐫
−
𝟑. 𝟒𝐑𝐫𝐬.𝟐𝐬

𝟏𝟔𝐫𝟐𝐬𝟐
 

=
𝟑𝐑𝟑

𝟒𝐫𝟑
−
𝟑𝐑

𝟐𝐫
=
𝟑𝐑𝟑 − 𝟔𝐑𝐫𝟐

𝟒𝐫𝟑
≤
?
𝟗. (

𝟗

𝟖
. (
𝐑

𝐫
)
𝟑

− 𝟖)

𝟐

− 𝟔 =
𝟗(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)

𝟐
− 𝟑𝟖𝟒𝐫𝟔

𝟔𝟒𝐫𝟔
 

⇔ 𝟑(𝟗𝐑𝟑 − 𝟔𝟒𝐫𝟑)
𝟐
− 𝟏𝟐𝟖𝐫𝟔 ≥

?
𝟏𝟔𝐫𝟑(𝟑𝐑𝟑 − 𝟔𝐑𝐫𝟐) 

⇔ 𝟐𝟒𝟑𝐭𝟔 − 𝟑𝟒𝟕𝟐𝐭𝟑 + 𝟑𝟐𝐭 + 𝟏𝟐𝟏𝟔𝟎 ≥
?
𝟎 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟐𝟒𝟑𝐭𝟒 + 𝟗𝟕𝟐𝐭𝟑 + 𝟐𝟗𝟏𝟔𝐭𝟐 + 𝟒𝟑𝟎𝟒𝐭 + 𝟓𝟓𝟓𝟐) + 𝟓𝟎𝟐𝟒) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

⇒ (
𝐦𝒂

𝐰𝐛
)
𝟐

+ (
𝐰𝐛
𝐡𝐜
)
𝟐

+ (
𝐡𝐜
𝐦𝒂
)
𝟐

≤ 𝟗.(
𝟗

𝟖
. (
𝐑

𝐫
)
𝟑

− 𝟖)

𝟐

− 𝟔 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1488. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂 +𝐦𝐛

𝐰𝐛 +𝐰𝐜
+
𝐰𝐛 +𝐰𝐜
𝐡𝐜 + 𝐡𝒂

+
𝐡𝐜 + 𝐡𝒂
𝐦𝒂 +𝐦𝐛

≤ 𝟗. (
𝟕

𝟖
. (
𝐑

𝐫
)
𝟑

− 𝟔) 

  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 

𝐦𝒂 +𝐦𝐛

𝐰𝐛 +𝐰𝐜
+
𝐰𝐛 +𝐰𝐜
𝐡𝐜 + 𝐡𝒂

+
𝐡𝐜 + 𝐡𝒂
𝐦𝒂 +𝐦𝐛

≤
𝐦𝒂 +𝐦𝐛

𝐡𝐛 + 𝐡𝐜
+
𝐦𝐛 +𝐦𝐜

𝐡𝐜 + 𝐡𝒂
+
𝐦𝐜 +𝐦𝒂

𝐡𝒂 + 𝐡𝐛
 

=∑
𝐦𝐛 +𝐦𝐜 +𝐦𝒂 −𝐦𝒂

𝐡𝐜 + 𝐡𝒂
𝐜𝐲𝐜

≤ (𝟒𝐑 + 𝐫)∑
𝟏

𝐡𝐜 + 𝐡𝒂
𝐜𝐲𝐜

−∑
𝐦𝒂

𝐡𝐜 + 𝐡𝒂
𝐜𝐲𝐜

 

≤ 𝟐𝐑(𝟒𝐑 + 𝐫)∑
𝟏

𝐛(𝐜 + 𝒂)
𝐜𝐲𝐜

−∑
𝐡𝒂

𝐡𝐜 + 𝐡𝒂
𝐜𝐲𝐜

 

= 𝟐𝐑(𝟒𝐑 + 𝐫)∑
𝐜𝒂(𝐛𝟐 + ∑ 𝒂𝐛𝐜𝐲𝐜 )

𝒂𝐛𝐜(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)
𝐜𝐲𝐜

−∑
𝐛𝐜

𝒂𝐛 + 𝐛𝐜
𝐜𝐲𝐜

≤
𝐂𝐞𝐬𝒂𝐫𝐨

 

𝟐𝐑(𝟒𝐑 + 𝐫)

𝟖.𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
(𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

+(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

)−∑
𝐜𝟐

𝒂𝐜 + 𝐜𝟐
𝐜𝐲𝐜

≤
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝟖𝐑(𝟒𝐑+ 𝐫)

𝟖.𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−
𝟒𝐬𝟐

𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 + 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
≤

𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞
 

𝟖𝐑(𝟒𝐑+ 𝐫). 𝟒𝐑𝟐𝐬𝟐

𝟖. 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
−

𝟒𝐬𝟐

𝟑𝐬𝟐 − 𝟒𝐑𝐫− 𝐫𝟐
= 

𝐑(𝟒𝐑 + 𝐫)

𝟒𝐫𝟐
−

𝟒𝐬𝟐

𝟑𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐
≤
?
𝟗.(

𝟕

𝟖
. (
𝐑

𝐫
)
𝟑

− 𝟔) 

⇔ (𝟔𝟑𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 − 𝟔𝐑𝐫𝟐 − 𝟒𝟎𝟎𝐫𝟑)𝐬𝟐 ≥
?
⏟
(∗)

 

𝐫(𝟖𝟒𝐑𝟒 − 𝟏𝟏𝐑𝟑𝐫 − 𝟏𝟔𝐑𝟐𝐫𝟐 − 𝟓𝟕𝟖𝐑𝐫𝟑 − 𝟏𝟒𝟒𝐫𝟒) 

𝐂𝒂𝐬𝐞 𝟏  𝟔𝟑𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 − 𝟔𝐑𝐫𝟐 − 𝟒𝟎𝟎𝐫𝟑 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

(𝟔𝟑𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 − 𝟔𝐑𝐫𝟐 − 𝟒𝟎𝟎𝐫𝟑)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟔𝟑𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 − 𝟔𝐑𝐫𝟐 − 𝟒𝟎𝟎𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥
?
𝐫(𝟖𝟒𝐑𝟒 − 𝟏𝟏𝐑𝟑𝐫 − 𝟏𝟔𝐑𝟐𝐫𝟐 − 𝟓𝟕𝟖𝐑𝐫𝟑 − 𝟏𝟒𝟒𝐫𝟒) 

⇔ 𝟐𝟑𝟏𝐭𝟒 − 𝟏𝟕𝟐𝐭𝟑 + 𝟏𝟎𝐭𝟐 − 𝟏𝟒𝟒𝟖𝐭 + 𝟓𝟑𝟔 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟐𝟑𝟏𝐭𝟑 + 𝟐𝟗𝟎𝐭𝟐 + 𝟒𝟓𝟔𝐭+ 𝟏𝟑𝟒(𝐭 − 𝟐)) ≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ∴ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
𝐂𝒂𝐬𝐞 𝟐  𝟔𝟑𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 − 𝟔𝐑𝐫𝟐 − 𝟒𝟎𝟎𝐫𝟑 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

(𝟔𝟑𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 − 𝟔𝐑𝐫𝟐 − 𝟒𝟎𝟎𝐫𝟑)𝐬𝟐 
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= −(−(𝟔𝟑𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 − 𝟔𝐑𝐫𝟐 − 𝟒𝟎𝟎𝐫𝟑))𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

−(−(𝟔𝟑𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 − 𝟔𝐑𝐫𝟐 − 𝟒𝟎𝟎𝐫𝟑)) (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

≥
?
𝐫(𝟖𝟒𝐑𝟒 − 𝟏𝟏𝐑𝟑𝐫 − 𝟏𝟔𝐑𝟐𝐫𝟐 − 𝟓𝟕𝟖𝐑𝐫𝟑 − 𝟏𝟒𝟒𝐫𝟒) 

⇔ 𝟔𝟑𝐭𝟓 + 𝟏𝟖𝐭𝟒 + 𝟐𝟎𝐭𝟑 − 𝟒𝟐𝟎𝐭𝟐 − 𝟐𝟔𝟎𝐭− 𝟐𝟔𝟒 ≥
?
𝟎 

⇔ (𝐭 − 𝟐)(𝟔𝟑𝐭𝟒 + 𝟏𝟒𝟒𝐭𝟑 + 𝟑𝟎𝟖𝐭𝟐 + 𝟏𝟗𝟔𝐭 + 𝟏𝟑𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

∴ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 

∴
𝐦𝒂 +𝐦𝐛

𝐰𝐛 +𝐰𝐜
+
𝐰𝐛 +𝐰𝐜
𝐡𝐜 + 𝐡𝒂

+
𝐡𝐜 + 𝐡𝒂
𝐦𝒂 +𝐦𝐛

≤ 𝟗.(
𝟕

𝟖
. (
𝐑

𝐫
)
𝟑

− 𝟔) 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

1489. In acute ∆𝑨𝑩𝑪,𝑯 −orthocenter, 𝑨𝑯 = 𝒅𝒂, 𝑩𝑯 = 𝒅𝒃, 𝑪𝑯 = 𝒅𝒄. Prove 
that: 

 

∑𝒕𝒂𝒏𝑨 ∙
𝒅𝒂
𝒉𝒂

𝒄𝒚𝒄

= 𝟐∑𝒄𝒐𝒕𝑨

𝒄𝒚𝒄

 

Proposed by Ertan Yildirim-Turkiye 
Solution by Daniel Sitaru-Romania 
 

∑𝒄𝒐𝒕𝑨 =

𝒄𝒚𝒄

∑
𝒄𝒐𝒔𝑨

𝒔𝒊𝒏𝑨
𝒄𝒚𝒄

=∑
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄𝒔𝒊𝒏𝑨
𝒄𝒚𝒄

=∑
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟒𝑭
𝒄𝒚𝒄

= 

=
𝟏

𝟒𝑭
(∑𝒃𝟐

𝒄𝒚𝒄

+∑𝒄𝟐

𝒄𝒚𝒄

−∑𝒂𝟐

𝒄𝒚𝒄

) =
𝟏

𝟒𝑭
∑𝒂𝟐

𝒄𝒚𝒄

 

 

∑𝒄𝒐𝒕𝑨 =
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟒𝑭
𝒄𝒚𝒄

   (𝟏) 

Let be : 

𝑪𝑪′ ⊥ 𝑨𝑩, 𝒄𝒐𝒔𝑨 =
𝑨𝑪′

𝒃
⟹ 𝑨𝑪′ = 𝒃𝒄𝒐𝒔𝑨 

 

𝒄𝒐𝒔(∢𝑩𝑨𝑨′) =
𝑨𝑪′

𝑨𝑯
⟹ 𝒄𝒐𝒔 (

𝝅

𝟐
− 𝑩) =

𝒃𝒄𝒐𝒔𝑨

𝑨𝑯
 

 

𝑨𝑯 =
𝟐𝑹𝒔𝒊𝒏𝑩𝒄𝒐𝒔𝑨

𝒔𝒊𝒏𝑩
= 𝟐𝑹𝒄𝒐𝒔𝑨 = 𝒅𝒂 
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∑𝒕𝒂𝒏𝑨 ∙
𝒅𝒂
𝒉𝒂

𝒄𝒚𝒄

=∑𝒕𝒂𝒏𝑨 ∙
𝟐𝑹𝒄𝒐𝒔𝑨

𝟐𝑭
𝒂𝒄𝒚𝒄

=∑
𝒔𝒊𝒏𝑨

𝒄𝒐𝒔𝑨
∙
𝒂

𝟐𝑭
∙ 𝟐𝑹𝒄𝒐𝒔𝑨

𝒄𝒚𝒄

=∑
𝒂𝑹𝒔𝒊𝒏𝑨

𝑭
𝒄𝒚𝒄

= 

 

=
𝟏

𝟐𝑭
∑𝒂 ∙ 𝟐𝑹𝒔𝒊𝒏𝑨

𝒄𝒚𝒄

=
𝟏

𝟐𝑭
∑𝒂𝟐

𝒄𝒚𝒄

= 𝟐 ∙
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟒𝑭
=⏞
(𝟏)

𝟐∑𝒄𝒐𝒕𝑨

𝒄𝒚𝒄

 

 

1490. Let ∆𝑫𝑬𝑭 be the orthic triangle of acute ∆𝑨𝑩𝑪,𝑫 ∈ (𝑩𝑪), 𝑬 ∈ (𝑪𝑨), 
𝑭 ∈ (𝑨𝑩), 𝒓𝟏, 𝒓𝟐, 𝒓𝟑 −inradii of ∆𝑨𝑭𝑬, ∆𝑩𝑫𝑭, ∆𝑪𝑬𝑫 respectively. 

Prove that: 
𝒂

𝒓𝟏
+
𝒃

𝒓𝟐
+
𝒄

𝒓𝟑
=
𝑹

𝒓
∙∑𝒕𝒂𝒏𝑨

𝒄𝒚𝒄

 

Proposed by Mehmet Șahin-Turkiye 
Solution by Daniel Sitaru-Romania 

𝑨𝑭 = 𝑨𝑪𝒄𝒐𝒔𝑨 = 𝒃𝒄𝒐𝒔𝑨, 𝑨𝑬 = 𝑨𝑩𝒄𝒐𝒔𝑨 = 𝒄𝒄𝒐𝒔𝑨 
 

𝑬𝑭𝟐 = 𝑨𝑭𝟐 + 𝑨𝑬𝟐 − 𝟐𝑨𝑭 ∙ 𝑨𝑬𝒄𝒐𝒔𝑨 = 𝒃𝟐𝒄𝒐𝒔𝟐𝑨 + 𝒄𝟐𝒄𝒐𝒔𝟐𝑨 − 𝟐𝒃𝒄𝒄𝒐𝒔𝟑𝑨 = 
 

= (𝒃𝟐 + 𝒄𝟐 − 𝟐𝒃𝒄𝒄𝒐𝒔𝑨)𝒄𝒐𝒔𝟐𝑨 = 𝒂𝟐𝒄𝒐𝒔𝟐𝑨 
 

𝑬𝑭 = 𝒂𝒄𝒐𝒔𝑨 
 

𝒓𝟏 =
[𝑨𝑬𝑭]

𝑨𝑬 + 𝑨𝑭 + 𝑬𝑭
𝟐

=

𝟏
𝟐 ∙ 𝑨𝑬 ∙ 𝑨𝑭 ∙ 𝒔𝒊𝒏𝑨

𝒂𝒄𝒐𝒔𝑨 + 𝒃𝒄𝒐𝒔𝑨 + 𝒄𝒄𝒐𝒔𝑨
𝟐

=
𝒃𝒄𝒐𝒔𝑨 ∙ 𝒄𝒄𝒐𝒔𝑨 ∙ 𝒔𝒊𝒏𝑨

(𝒂 + 𝒃 + 𝒄)𝒄𝒐𝒔𝑨
= 

 

=
𝒃𝒄𝒔𝒊𝒏𝑨 ∙ 𝒄𝒐𝒔𝑨

𝟐𝒔
=
𝟒𝑭𝒄𝒐𝒔𝑨

𝟐𝒔
=
𝟐𝒓𝒔𝒄𝒐𝒔𝑨

𝒔
= 𝟐𝒓𝒄𝒐𝒔𝑨 

 
𝒂

𝒓𝟏
+
𝒃

𝒓𝟐
+
𝒄

𝒓𝟑
=
𝟐𝑹𝒔𝒊𝒏𝑨

𝟐𝒓𝒄𝒐𝒔𝑨
+
𝟐𝑹𝒔𝒊𝒏𝑩

𝟐𝒓𝒄𝒐𝒔𝑩
+
𝟐𝑹𝒔𝒊𝒏𝑪

𝟐𝒓𝒄𝒐𝒔𝑪
=
𝑹

𝒓
∙∑𝒕𝒂𝒏𝑨

𝒄𝒚𝒄

 

1491. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟖 + 𝒃𝟖 + 𝒄𝟖 ≥
𝟐𝟓𝟔

𝟑
⋅ 𝑭𝟒 +

𝟏

𝟐
∑(𝒂𝟒 − 𝒃𝟒)𝟐

𝒄𝒚𝒄

 

Proposed by Daniel Sitaru – Romania  
Solution by Tapas Das – India  

We know that 
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𝟏𝟔𝑭𝟐 = 𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − (𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)         (1) 

Since, (𝒃𝟐 − 𝒄𝟐)𝟐 + (𝒄𝟐 − 𝒂𝟐)𝟐 + (𝒂𝟐 − 𝒃𝟐)𝟐 ≥ 𝟎 

i.e., 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 + 𝒂𝟐𝒃𝟐 ≤ 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 

So, we can say from (1): 𝟏𝟔𝑭𝟐 ≤ 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 + 𝒂𝟐𝒃𝟐 

∴ 𝑭𝟒 ≤
𝟏

𝟐𝟓𝟔
(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)𝟐          (2) 

𝟏

𝟐
[∑(𝒂𝟒 − 𝒃𝟒)𝟐] =

𝟏

𝟐
[𝟐 (∑𝒂𝟖) − 𝟐(∑𝒂𝟒𝒃𝟒)] = (∑𝒂𝟖) −∑𝒂𝟒𝒃𝟒 

We need to show: 𝒂𝟖 + 𝒃𝟖 + 𝒄𝟖 ≥
𝟐𝟓𝟔

𝟑
𝑭𝟒 +

𝟏

𝟐
∑(𝒂𝟒 − 𝒃𝟒)𝟐 

Or, 𝒂𝟖 + 𝒃𝟖 + 𝒄𝟖 ≥
𝟐𝟓𝟔

𝟑
𝑭𝟒 + (∑𝒂𝟖) − ∑𝒂𝟒𝒃𝟒 Or ∑𝒂𝟒𝒃𝟒 ≥

𝟐𝟓𝟔

𝟑
𝑭𝟒 

Or, ∑𝒂𝟒𝒃𝟒 ≥
𝟐𝟓𝟔

𝟑
⋅
𝟏

𝟐𝟓𝟔
(𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 + 𝒂𝟐𝒃𝟐)𝟐 

[Using relation (2)]  Or ∑𝒂𝟒𝒃𝟒 ≥
𝟏

𝟑
(𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 + 𝒂𝟐𝒃𝟐)𝟐 

This is true by CBS inequality. 

1492.  

 Proposed by Thanasis Gakopoulos-Greece 
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Solution by Daniel Sitaru-Romania 
 

𝟏

𝒅𝟐
𝟐 +

𝟏

𝒅𝟑
𝟐 −

𝟏

𝒅𝟏
𝟐 =

𝟏

𝟒𝑭𝟐

𝟗𝒃𝟐

+
𝟏

𝟒𝑭𝟐

𝟗𝒄𝟐

−
𝟏

𝟒𝑭𝟐

𝟗𝒂𝟐

=
𝟗(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)

𝟒𝑭𝟐
= 

=
𝟗(𝒂𝟐 + 𝟐𝒃𝒄𝒄𝒐𝒔𝑨 − 𝒂𝟐)

𝟒𝑭𝟐
=
𝟗𝒃𝒄𝒄𝒐𝒔𝑨

𝟐𝑭𝟐
=

𝟗𝒃𝒄𝒄𝒐𝒔𝑨

𝟐 ∙
𝟏
𝟒
(𝒃𝒄𝒔𝒊𝒏𝑨)𝟐

=
𝟏𝟖𝒃𝒄𝒄𝒐𝒔𝑨

(𝒃𝒄𝒔𝒊𝒏𝑨)𝟐
=
𝟏𝟖𝒄𝒐𝒔𝑨

𝒃𝒄𝒔𝒊𝒏𝟐𝑨
 

1493. 

𝐋𝐞𝐭 𝐭𝐡𝐞 𝐪𝐮𝒂𝐝𝐫𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 𝐀𝐁𝐂𝐃 𝐜𝐢𝐫𝐜𝐮𝐦𝐬𝐜𝐫𝐢𝐛𝐞 𝒂 𝐜𝐢𝐫𝐜𝐥𝐞 𝐨𝐟 𝐫𝒂𝐝𝐢𝐮𝐬 𝐫  

𝒂𝐧𝐝 𝐥𝐞𝐭 𝐀′𝐁′𝐂′𝐃′ 𝐛𝐞 𝐭𝐡𝐞 

𝐪𝐮𝒂𝐝𝐫𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 𝐰𝐡𝐨𝐬𝐞 𝐯𝐞𝐫𝐭𝐢𝐜𝐞𝐬 𝒂𝐫𝐞 𝐭𝐡𝐞 𝐩𝐨𝐢𝐧𝐭𝐬 𝐨𝐟 𝐜𝐨𝐧𝐭𝒂𝐜𝐭 𝐨𝐟  

𝐭𝐡𝐞 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐪𝐮𝒂𝐝𝐫𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 𝐀𝐁𝐂𝐃 𝐰𝐢𝐭𝐡 𝐭𝐡𝐞 𝐜𝐢𝐫𝐜𝐥𝐞. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶  

√𝐫
𝟒
(
𝟏

√𝐀𝐀′
𝟒 +

𝟏

√𝐁𝐁′
𝟒 +

𝟏

√𝐂𝐂′
𝟒 +

𝟏

√𝐃𝐃′
𝟒 ) ≥

𝟔𝟒

𝐬𝐢𝐧
𝐀 + 𝐁
𝟐

𝐬𝐢𝐧
𝐁 + 𝐂
𝟐

𝐬𝐢𝐧
𝐂 + 𝐀
𝟐

𝐬𝐢𝐧
𝐀
𝟐
𝐬𝐢𝐧

𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐
𝐬𝐢𝐧

𝐃
𝟐

+ 𝟏𝟐

 

  Proposed by Radu Diaconu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐋𝐞𝐭 𝐀𝐀′ = 𝐀𝐃′ = 𝐞, 𝐁𝐁′ = 𝐁𝐀′ = 𝐟, 𝐂𝐂′ = 𝐂𝐁′ = 𝒈, 
𝐃𝐃′ = 𝐃𝐂′ = 𝐡 𝒂𝐧𝐝 𝐰𝐢𝐭𝐡 𝐫𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 𝐭𝐨 𝒂𝐫𝐭𝐢𝐜𝐥𝐞 𝐂′′ 𝒂𝒍𝐜𝐮𝒍𝒂𝐭𝐢𝐨𝐧𝐬 𝐜𝐨𝐧𝐜𝐞𝐫𝐧𝐢𝐧𝐠  

𝐭𝐡𝐞 𝐓𝒂𝐧𝐠𝐞𝐧𝐭 𝐋𝐞𝐧𝐠𝐭𝐡𝐬 𝒂𝐧𝐝  
𝐓𝒂𝐧𝐠𝐞𝐧𝐜𝐲 𝐂𝐡𝐨𝐫𝐝𝐬 𝐨𝐟 𝒂 𝐓𝒂𝐧𝐠𝐞𝐧𝐭𝐢𝒂𝒍 𝐐𝐮𝒂𝐝𝐫𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍′′ 𝐛𝐲 𝐌𝒂𝐫𝐭𝐢𝐧 𝐉𝐨𝐬𝐞𝐟𝐬𝐬𝐨𝐧,𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝐢𝐧 

′′𝐅𝐨𝐫𝐮𝐦 𝐆𝐞𝐨𝐦𝐞𝐭𝐫𝐢𝐜𝐮𝐦′′, 𝐕𝐨𝐥𝐮𝐦𝐞 𝟏𝟎 (𝟐𝟎𝟏𝟎) 𝟏𝟏𝟗 − 𝟏𝟑𝟎,𝐰𝐞 𝐠𝐞𝐭 ∶ 

𝐫 = √
𝛉

𝛏
 (𝛏 = 𝐞 + 𝐟 + 𝒈 + 𝐡 𝒂𝐧𝐝 𝛉 = 𝐞𝐟𝒈 + 𝐟𝒈𝐡 + 𝒈𝐡𝐞 + 𝐡𝐞𝐟), 

𝐬𝐢𝐧
𝐀

𝟐
= √

𝛉

𝐄
, 𝐬𝐢𝐧

𝐁

𝟐
= √

𝛉

𝐅
, 𝐬𝐢𝐧

𝐂

𝟐
= √

𝛉

𝐆
, 𝐬𝐢𝐧

𝐃

𝟐
= √

𝛉

𝐇
,𝐰𝐡𝐞𝐫𝐞  

𝐄 = (𝐞 + 𝐟)(𝐞 + 𝒈)(𝐞 + 𝐡), 𝐅 = (𝐟 + 𝐞)(𝐟 + 𝒈)(𝐟 + 𝐡), 
𝐆 = (𝒈 + 𝐞)(𝒈 + 𝐟)(𝒈 + 𝐡) 𝒂𝐧𝐝 𝐇 = (𝐡 + 𝐞)(𝐡 + 𝐟)(𝐡 + 𝒈) 

𝒂𝐧𝐝 𝐮𝐬𝐢𝐧𝐠 𝐜𝐨𝐬
𝐀

𝟐
= √𝟏− 𝐬𝐢𝐧𝟐

𝐀

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬,𝐰𝐞 𝐠𝐞𝐭 ∶ 𝐜𝐨𝐬

𝐀

𝟐
= 𝐞.√

𝛏

𝐄
, 

𝐜𝐨𝐬
𝐁

𝟐
= 𝐟.√

𝛏

𝐅
, 𝐜𝐨𝐬

𝐂

𝟐
= 𝒈.√

𝛏

𝐆
∴ 𝐬𝐢𝐧

𝐀 + 𝐁

𝟐
= 𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐨𝐬

𝐁

𝟐
+ 𝐜𝐨𝐬

𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
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= √
𝛉

𝐄
. 𝐟. √

𝛏

𝐅
+ 𝐞.√

𝛏

𝐄
.√
𝛉

𝐅
⇒ 𝐬𝐢𝐧

𝐀 + 𝐁

𝟐
= √

𝛉𝛏

𝐄𝐅
(𝐞 + 𝐟) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐨𝐮𝐬𝒍𝐲, 

𝐬𝐢𝐧
𝐁 + 𝐂

𝟐
= √

𝛉𝛏

𝐅𝐆
(𝐟 + 𝒈) 𝒂𝐧𝐝 𝐬𝐢𝐧

𝐂 + 𝐀

𝟐
= √

𝛉𝛏

𝐆𝐄
(𝒈 + 𝐞) ∴

𝐬𝐢𝐧
𝐀 + 𝐁
𝟐

𝐬𝐢𝐧
𝐁 + 𝐂
𝟐

𝐬𝐢𝐧
𝐂 + 𝐀
𝟐

𝐬𝐢𝐧
𝐀
𝟐
𝐬𝐢𝐧

𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐
𝐬𝐢𝐧

𝐃
𝟐

 

=

(√
𝛉𝛏
𝐄𝐅
(𝐞 + 𝐟))(√

𝛉𝛏
𝐅𝐆
(𝐟 + 𝒈))(√

𝛉𝛏
𝐆𝐄
(𝒈 + 𝐞))

(√
𝛉
𝐄)(

√𝛉
𝐅)(

√𝛉
𝐆)(

√𝛉
𝐇)

 

=
𝛏.√

𝛏
𝛉 . √𝐄𝐅𝐆𝐇.

(𝐞 + 𝐟)(𝐟 + 𝒈)(𝒈 + 𝐞)

𝐄𝐅𝐆
 

=

(
∑ 𝐞𝐜𝐲𝐜

𝐫
) (𝐞 + 𝐟)(𝐟 + 𝒈)(𝒈 + 𝐞).√(𝐞 + 𝐟)𝟐(𝐞 + 𝒈)𝟐(𝐞 + 𝐡)𝟐(𝐟 + 𝒈)𝟐(𝐟 + 𝐡)𝟐(𝐡 + 𝐞)𝟐

(𝐞 + 𝐟)𝟐(𝐞 + 𝒈)𝟐(𝐟 + 𝒈)𝟐(𝐡 + 𝐞)(𝐡 + 𝐟)(𝐡 + 𝒈)
 

=
∑ 𝐞𝐜𝐲𝐜

𝐫
⇒
𝐬𝐢𝐧

𝐀 + 𝐁
𝟐 𝐬𝐢𝐧

𝐁 + 𝐂
𝟐 𝐬𝐢𝐧

𝐂 + 𝐀
𝟐

𝐬𝐢𝐧
𝐀
𝟐 𝐬𝐢𝐧

𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐 𝐬𝐢𝐧

𝐃
𝟐

+ 𝟏𝟐 =
∑ 𝐞𝐜𝐲𝐜

𝐫
+ 𝟏𝟐 

∴ (
𝐬𝐢𝐧

𝐀 + 𝐁
𝟐 𝐬𝐢𝐧

𝐁 + 𝐂
𝟐 𝐬𝐢𝐧

𝐂 + 𝐀
𝟐

𝐬𝐢𝐧
𝐀
𝟐 𝐬𝐢𝐧

𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐 𝐬𝐢𝐧

𝐃
𝟐

+ 𝟏𝟐) . √𝐫
𝟒
. (

𝟏

√𝐀𝐀′
𝟒

+
𝟏

√𝐁𝐁′
𝟒

+
𝟏

√𝐂𝐂′
𝟒 +

𝟏

√𝐃𝐃′
𝟒

) 

= (
∑ 𝐞𝐜𝐲𝐜

𝐫
+ 𝟏𝟐) . √𝐫

𝟒 .∑
𝟏

√𝐞
𝟒

𝐜𝐲𝐜

≥
𝐉𝐞𝐧𝐬𝐞𝐧

(
∑ 𝐞𝐜𝐲𝐜

𝐫
+ 𝟏𝟐) . √𝐫

𝟒 .
𝟒

√
∑ 𝐞𝐜𝐲𝐜

𝟒

𝟒

  

(∵ 𝐟(𝒙) =
𝟏

√𝒙
𝟒  𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝒙 𝒂𝐬 𝐟 ′′(𝒙) =

𝟓

𝟏𝟔𝒙
𝟗
𝟒

> 0) =

𝟒(
∑ 𝐞𝐜𝐲𝐜

𝐫 + 𝟏𝟐)

√
∑ 𝐞𝐜𝐲𝐜

𝟒𝐫

𝟒

=
𝟒(𝟒𝐭𝟒 + 𝟏𝟐)

𝐭
 

 (𝐭 = √
∑ 𝐞𝐜𝐲𝐜

𝟒𝐫

𝟒

) ≥
?
𝟔𝟒 ⇔ 𝐭𝟒 − 𝟒𝐭 + 𝟑 ≥

?
𝟎 ⇔ (𝐭𝟐 + 𝟐𝐭 + 𝟑)(𝐭 − 𝟏)𝟐 ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∴ (
𝐬𝐢𝐧

𝐀 + 𝐁
𝟐 𝐬𝐢𝐧

𝐁 + 𝐂
𝟐 𝐬𝐢𝐧

𝐂 + 𝐀
𝟐

𝐬𝐢𝐧
𝐀
𝟐 𝐬𝐢𝐧

𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐 𝐬𝐢𝐧

𝐃
𝟐

+ 𝟏𝟐) . √𝐫
𝟒 . (

𝟏

√𝐀𝐀′
𝟒

+
𝟏

√𝐁𝐁′
𝟒

+
𝟏

√𝐂𝐂′
𝟒 +

𝟏

√𝐃𝐃′
𝟒

) ≥ 𝟔𝟒 

⇒ √𝐫
𝟒 (

𝟏

√𝐀𝐀′
𝟒

+
𝟏

√𝐁𝐁′
𝟒

+
𝟏

√𝐂𝐂′
𝟒 +

𝟏

√𝐃𝐃′
𝟒

) ≥
𝟔𝟒

𝐬𝐢𝐧
𝐀 + 𝐁
𝟐 𝐬𝐢𝐧

𝐁 + 𝐂
𝟐 𝐬𝐢𝐧

𝐂 + 𝐀
𝟐

𝐬𝐢𝐧
𝐀
𝟐 𝐬𝐢𝐧

𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐 𝐬𝐢𝐧

𝐃
𝟐

+ 𝟏𝟐

 (𝐐𝐄𝐃) 
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1494. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝐤𝟑 = 𝐡𝒂𝐡𝐛𝐡𝐜 𝒂𝐧𝐝 

 𝐭𝟑 = (𝒂𝐛𝐜)𝟐, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬  

𝐫𝒂
𝟐

𝐤 + 𝒂𝟐
+

𝐫𝐛
𝟐

𝐤 + 𝐛𝟐
+

𝐫𝐜
𝟐

𝐤 + 𝐜𝟐
≥
𝟏𝟎𝟖𝐫𝟑

𝐭 + 𝟔𝐑𝟑
 

  Proposed by Elsen Kerimov-Azerbaijan 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑𝒂𝟐𝐫𝒂
𝐜𝐲𝐜

= 𝐫𝐬∑
𝒂𝟐

𝐬 − 𝒂
𝐜𝐲𝐜

= 𝐫𝐬∑
(𝒂 − 𝐬 + 𝐬)𝟐

𝐬 − 𝒂
𝐜𝐲𝐜

 

= 𝐫𝐬(∑
(𝐬 − 𝒂)𝟐

𝐬 − 𝒂
𝐜𝐲𝐜

− 𝟐𝐬∑
𝐬 − 𝒂

𝐬 − 𝒂
𝐜𝐲𝐜

+
𝐬𝟐

𝐫𝟐𝐬
∑(𝐬 − 𝐛)(𝐬 − 𝐜)

𝐜𝐲𝐜

) 

= 𝐫𝐬(𝐬 − 𝟔𝐬 +
𝐬(𝟒𝐑 + 𝐫)

𝐫
) ⇒∑𝒂𝟐𝐫𝒂

𝐜𝐲𝐜

= 𝟒(𝐑− 𝐫)𝐬𝟐 → (𝟏) 

𝐍𝐨𝐰,
√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

. (𝟒𝐑+ 𝐫)𝟑

(𝟒𝐑 + 𝐫). 𝟑𝟐𝟒𝐫𝟑. √𝐡𝒂𝐡𝐛𝐡𝐜
𝟑

≥
𝐄𝐮𝐥𝐞𝐫 √𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐

𝟑
. (𝟗𝐫)𝟐

𝟑𝟐𝟒𝐫𝟑. √
𝟐𝐫𝟐𝐬𝟐

𝐑

𝟑

=
𝐑

𝟐𝐫
≥

𝐄𝐮𝐥𝐞𝐫
𝟏 

⇒ 𝐭(𝟒𝐑 + 𝐫)𝟑 ≥ 𝟑𝟐𝟒𝐫𝟑𝐤(𝟒𝐑+ 𝐫) → (𝟐) 

𝐀𝐥𝐬𝐨,
𝐑𝟑(𝟒𝐑 + 𝐫)𝟑

𝟐𝟏𝟔(𝐑 − 𝐫)𝐫𝟑𝐬𝟐
≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟒𝐑𝟑(𝟒𝐑 + 𝐫)𝟑

𝟐𝟏𝟔(𝐑− 𝐫)𝐫𝟑. 𝟐𝟕𝐑𝟐
≥
?
𝟏 

⇔ 𝐑(𝟒𝐑 + 𝐫)𝟑 ≥
?
𝟏𝟒𝟓𝟖(𝐑− 𝐫)𝐫𝟑 

⇔ 𝟔𝟒𝐭𝟒 + 𝟒𝟖𝐭𝟑 + 𝟏𝟐𝐭𝟐 − 𝟏𝟒𝟓𝟕𝐭 + 𝟏𝟒𝟓𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟔𝟒𝐭𝟐 + 𝟑𝟎𝟒𝐭+ 𝟗𝟕𝟐) + 𝟏𝟐𝟏𝟓) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ 𝟔𝐑𝟑(𝟒𝐑+ 𝐫)𝟑 ≥ 𝟏𝟎𝟖.𝟏𝟐(𝐑 − 𝐫)𝐫𝟑𝐬𝟐 → (𝟑) 

𝐒𝐨,
𝐫𝒂
𝟐

𝐤 + 𝒂𝟐
+

𝐫𝐛
𝟐

𝐤 + 𝐛𝟐
+

𝐫𝐜
𝟐

𝐤 + 𝐜𝟐
=

𝐫𝒂
𝟑

𝐤𝐫𝒂 + 𝒂𝟐𝐫𝒂
+

𝐫𝐛
𝟑

𝐤𝐫𝐛 + 𝐛𝟐𝐫𝐛
+

𝐫𝐜
𝟑

𝐤𝐫𝐜 + 𝐜𝟐𝐫𝐜
 

≥

𝐇𝐨𝐥𝐝𝐞𝐫
𝒂𝐧𝐝
𝐯𝐢𝒂 (𝟏) (𝟒𝐑 + 𝐫)𝟑

𝟑𝐤(𝟒𝐑+ 𝐫) + 𝟏𝟐(𝐑− 𝐫)𝐬𝟐
≥
? 𝟏𝟎𝟖𝐫𝟑

𝐭 + 𝟔𝐑𝟑
 

⇔ 𝐭(𝟒𝐑 + 𝐫)𝟑 + 𝟔𝐑𝟑(𝟒𝐑 + 𝐫)𝟑 ≥
?
𝟑𝟐𝟒𝐫𝟑𝐤(𝟒𝐑+ 𝐫) + 𝟏𝟎𝟖.𝟏𝟐(𝐑 − 𝐫)𝐫𝟑𝐬𝟐 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 (𝟐) + (𝟑) ∴
𝐫𝒂
𝟐

𝐤 + 𝒂𝟐
+

𝐫𝐛
𝟐

𝐤 + 𝐛𝟐
+

𝐫𝐜
𝟐

𝐤 + 𝐜𝟐
≥
𝟏𝟎𝟖𝐫𝟑

𝐭 + 𝟔𝐑𝟑
 

∀ ∆ 𝐀𝐁𝐂,′′=′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1495. If 𝑯−orthocenter in acute ∆𝑨𝑩𝑪,𝑨𝑫,𝑩𝑬, 𝑪𝑭 −altitudes, 𝑯𝑫 = 𝒙, 

 𝑯𝑬 = 𝒚,𝑯𝑭 = 𝒛 then: 

𝒙

𝒃𝒄
+
𝒚

𝒄𝒂
+
𝒛

𝒂𝒃
≤
𝟏

𝟒𝒓
 

Proposed by Ertan Yildirim-Izmir-Turkiye 
Solution by Daniel Sitaru-Romania 

𝒄𝒐𝒔𝑩 =
𝑩𝑫

𝑨𝑩
⇒ 𝑩𝑫 = 𝒄𝒄𝒐𝒔𝑩 

𝒕𝒂𝒏(∢𝑯𝑩𝑫) =
𝑯𝑫

𝑩𝑫
⇒ 𝑯𝑫 = 𝑩𝑫𝒕𝒂𝒏(

𝝅

𝟐
− 𝑪) = 𝒄𝒄𝒐𝒔𝑩𝒕𝒂𝒏 (

𝝅

𝟐
− 𝑪) = 

= 𝒄𝒄𝒐𝒔𝑩𝒄𝒐𝒕𝑪 = 𝒄𝒄𝒐𝒔𝑩 ∙
𝒄𝒐𝒔𝑪

𝒔𝒊𝒏𝑪
= 𝟐𝑹𝒔𝒊𝒏𝑪𝒄𝒐𝒔𝑩 ∙

𝒄𝒐𝒔𝑪

𝒔𝒊𝒏𝑪
= 𝟐𝑹𝒄𝒐𝒔𝑩𝒄𝒐𝒔𝑪 

 
𝒙

𝒃𝒄
+
𝒚

𝒄𝒂
+
𝒛

𝒂𝒃
=
𝟐𝑹𝒄𝒐𝒔𝑩𝒄𝒐𝒔𝑪

𝒃𝒄
+
𝟐𝑹𝒄𝒐𝒔𝑪𝒄𝒐𝒔𝑨

𝒄𝒂
+
𝟐𝑹𝒄𝒐𝒔𝑨𝒄𝒐𝒔𝑩

𝒂𝒃
= 

 

=
𝟐𝑹𝒄𝒐𝒔𝑩𝒄𝒐𝒔𝑪

𝟐𝑹𝒔𝒊𝒏𝑩 ∙ 𝟐𝑹𝒔𝒊𝒏𝑪
+

𝟐𝑹𝒄𝒐𝒔𝑪𝒄𝒐𝒔𝑨

𝟐𝑹𝒔𝒊𝒏𝑪 ∙ 𝟐𝑹𝒔𝒊𝒏𝑨
+

𝟐𝑹𝒄𝒐𝒔𝑨𝒄𝒐𝒔𝑩

𝟐𝑹𝒔𝒊𝒏𝑨 ∙ 𝟐𝑹𝒔𝒊𝒏𝑩
= 

 

=
𝒄𝒐𝒕𝑩𝒄𝒐𝒕𝑪

𝟐𝑹
+
𝒄𝒐𝒕𝑪𝒄𝒐𝒕𝑨

𝟐𝑹
+
𝒄𝒐𝒕𝑨𝒄𝒐𝒕𝑩

𝟐𝑹
= 

=
𝟏

𝟐𝑹
∑𝒄𝒐𝒕𝑩𝒄𝒐𝒕𝑪

𝒄𝒚𝒄

=
𝟏

𝟐𝑹
∙ 𝟏 ≤⏞

𝑬𝑼𝑳𝑬𝑹 𝟏

𝟐 ∙ 𝟐𝒓
=
𝟏

𝟒𝒓
 

Equality holds for: 𝒂 = 𝒃 = 𝒄. 

1496. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐩𝟐 +
𝛌

𝟏
𝐫𝒂
𝟐 +

𝟏

𝐫𝐛
𝟐 +

𝟏
𝐫𝐜
𝟐

≥ (𝟐𝟕 + 𝟑𝛌)𝐫𝟐, 𝟎 ≤ 𝛌 ≤
𝟗

𝟐
 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

𝐅𝐨𝐫 𝐨𝐰𝐧 𝐜𝐨𝐧𝐯𝐞𝐧𝐢𝐞𝐧𝐜𝐞, 𝐩 ≡ 𝐬 

𝐅𝐢𝐫𝐬𝐭𝐥𝐲,
𝟏

𝐫𝒂
𝟐
+
𝟏

𝐫𝐛
𝟐
+
𝟏

𝐫𝐜
𝟐
≥
𝟏

𝟑
(∑

𝟏

𝐫𝒂
𝐜𝐲𝐜

)

𝟐

=
𝟏

𝟑𝐫𝟐
⇒∑

𝟏

𝐫𝒂
𝟐

𝐜𝐲𝐜

≥
𝟏

𝟑𝐫𝟐
 

⇒ 𝟑𝐫𝟐 −
𝟏

∑
𝟏

𝐫𝒂
𝟐𝐜𝐲𝐜

≥ 𝟎 → (𝟏) 
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𝐬𝟐 +
𝛌

𝟏

𝐫𝒂
𝟐 +

𝟏

𝐫𝐛
𝟐 +

𝟏

𝐫𝐜
𝟐

≥ (𝟐𝟕 + 𝟑𝛌)𝐫𝟐⇔ 𝐬𝟐 − 𝟐𝟕𝐫𝟐 ≥ 𝛌(𝟑𝐫𝟐 −
𝟏

∑
𝟏

𝐫𝒂
𝟐𝐜𝐲𝐜

) 

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐰𝐡𝐢𝐜𝐡 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐬𝟐 − 𝟐𝟕𝐫𝟐 ≥
𝟗

𝟐
(𝟑𝐫𝟐 −

𝟏

∑
𝟏

𝐫𝒂
𝟐𝐜𝐲𝐜

)( 𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 ∵ 𝟎 ≤ 𝛌 ≤
𝟗

𝟐
) 

⇔ 𝐬𝟐 − 𝟐𝟕𝐫𝟐 ≥
𝟗

𝟐
(𝟑𝐫𝟐 −

𝐫𝟐𝐬𝟒

(∑ 𝐫𝐛𝐫𝐜𝐜𝐲𝐜 )
𝟐
− 𝟐𝐫𝒂𝐫𝐛𝐫𝐜∑ 𝐫𝒂𝐜𝐲𝐜

) 

=
𝟗

𝟐
(𝟑𝐫𝟐 −

𝐫𝟐𝐬𝟒

𝐬𝟒 − 𝟐𝐫𝐬𝟐(𝟒𝐑+ 𝐫)
) ⇔ 𝐬𝟐 − 𝟐𝟕𝐫𝟐 ≥

𝟗𝐫𝟐

𝟐
(
𝟐𝐬𝟐 − 𝟐𝟒𝐑𝐫 − 𝟔𝐫𝟐

𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐
) 

⇔ (𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐)(𝐬𝟐 − 𝟐𝟕𝐫𝟐) ≥
(∗)

𝟗𝐫𝟐(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) 

𝐬𝟐 − 𝟐𝟕𝐫𝟐 ≥
?
𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐⇔ 𝟏𝟐𝐑𝐫 ≥

?
𝟐𝟒𝐫𝟐 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 

∴ 𝐬𝟐 − 𝟐𝟕𝐫𝟐 ≥ 𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐 → (𝟐) 

𝐀𝐥𝐬𝐨, 𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐 ≥
?
𝟗𝐫𝟐⇔ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟖𝐫(𝐑− 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 𝒂𝐧𝐝 𝟖𝐫(𝐑− 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ∴ 𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐 ≥ 𝟗𝐫𝟐 → (𝟑) 
∴ (𝟐)⦁(𝟑) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 

𝐩𝟐 +
𝛌

𝟏

𝐫𝒂
𝟐 +

𝟏

𝐫𝐛
𝟐 +

𝟏

𝐫𝐜
𝟐

≥ (𝟐𝟕 + 𝟑𝛌)𝐫𝟐 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 
1497.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟖𝐑

𝐫
≤∑

(𝐛 + 𝐜)𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

≤ 𝟏𝟔(
𝐑𝟐

𝐫𝟐
− 𝟑) 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 ≥ 𝐛 ≥ 𝐜 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

(𝐛 + 𝐜)𝟐 ≤ (𝐜 + 𝒂)𝟐 ≤ (𝒂 + 𝐛)𝟐 𝒂𝐧𝐝 
𝟏

𝐫𝒂
𝟐
≤
𝟏

𝐫𝐛
𝟐
≤
𝟏

𝐫𝐜
𝟐
∴ 𝐯𝐢𝒂 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯, 

∑
(𝐛+ 𝐜)𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

≥ (∑(𝐛 + 𝐜)𝟐

𝐜𝐲𝐜

)(∑
𝟏

𝐫𝒂
𝟐

𝐜𝐲𝐜

) 

≥
𝐀−𝐆

𝟒(∑𝒂𝐛

𝐜𝐲𝐜

) .
(∑ 𝐫𝐛𝐫𝐜𝐜𝐲𝐜 )

𝟐
− 𝟐𝐫𝒂𝐫𝐛𝐫𝐜∑ 𝐫𝒂𝐜𝐲𝐜

𝐫𝟐𝐬𝟒
 

= 𝟒(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐).
𝐬𝟒 − 𝟐𝐫𝐬𝟐(𝟒𝐑 + 𝐫)

𝐫𝟐𝐬𝟒
≥
? 𝟖𝐑

𝐫
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⇔ 𝐬𝟒 − (𝟏𝟎𝐑𝐫 + 𝐫𝟐)𝐬𝟐 − 𝟐𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟔𝐑𝐫 − 𝟔𝐫𝟐)𝐬𝟐 − 𝟐𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟔𝐑𝐫 − 𝟔𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝟐𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ≥
?
𝟎 ⇔ 𝟑𝟐𝐑𝟐 − 𝟕𝟏𝐑𝐫 + 𝟏𝟒𝐫𝟐 ≥

?
𝟎 

⇔ (𝐑 − 𝟐𝐫)(𝟑𝟐𝐑 − 𝟕𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑

(𝐛 + 𝐜)𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

≥
𝟖𝐑

𝐫
 

𝐀𝐠𝒂𝐢𝐧,∑((𝐛 + 𝐜)𝟐(𝐬 − 𝒂)𝟐)

𝐜𝐲𝐜

=∑((𝐬 + 𝐬 − 𝒂)𝟐(𝐬 − 𝒂)𝟐)

𝐜𝐲𝐜

 

=∑((𝐬𝟐 + (𝐬 − 𝒂)𝟐 + 𝟐𝐬(𝐬 − 𝒂)) (𝐬 − 𝒂)𝟐)

𝐜𝐲𝐜

 

= 𝐬𝟐∑(𝐬𝟐 − 𝟐𝐬𝒂 + 𝒂𝟐)

𝐜𝐲𝐜

+ 𝟐𝐬∑(𝐬𝟑 − 𝟑𝐬𝟐𝒂+ 𝟑𝐬𝒂𝟐 − 𝒂𝟑)

𝐜𝐲𝐜

 

+∑(𝐬𝟒 − 𝟒𝐬𝟑𝒂+ 𝟔𝐬𝟐𝒂𝟐 − 𝟒𝐬𝒂𝟑 + 𝒂𝟒)

𝐜𝐲𝐜

 

= 𝐬𝟐. 𝟑𝐬𝟐 − 𝟐𝐬𝟑. 𝟐𝐬 + 𝐬𝟐∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐𝐬.𝟑𝐬𝟑 − 𝟔𝐬𝟑. 𝟐𝐬 + 𝟔𝐬𝟐∑𝒂𝟐

𝐜𝐲𝐜

− 𝟐𝐬∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝐬𝟒 

−𝟒𝐬𝟑. 𝟐𝐬 + 𝟔𝐬𝟐∑𝒂𝟐

𝐜𝐲𝐜

− 𝟒𝐬∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟏𝟔𝐫𝟐𝐬𝟐 

= −𝟏𝟐𝐬𝟒 + 𝟐𝟔𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟏𝟐𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫− 𝟑𝐫𝟐) 

+𝟐((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟏𝟔𝐑𝐫𝐬𝟐) − 𝟏𝟔𝐫𝟐𝐬𝟐 

= 𝟐(𝟐𝐬𝟒 − (𝟐𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟐) 

⇒∑
(𝐛 + 𝐜)𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

=
𝟐(𝟐𝐬𝟒 − (𝟐𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟐)

𝐫𝟐𝐬𝟐
≤
?
𝟏𝟔(

𝐑𝟐

𝐫𝟐
− 𝟑) 

⇔ 𝟐𝐬𝟒 + 𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ≤
?
⏟
(∗∗)

(𝟖𝐑𝟐 + 𝟐𝟒𝐑𝐫 − 𝟐𝟑𝐫𝟐)𝐬𝟐 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟖𝐑𝟐 + 𝟖𝐑𝐫 + 𝟔𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 ≤
?

 

(𝟖𝐑𝟐 + 𝟐𝟒𝐑𝐫 − 𝟐𝟑𝐫𝟐)𝐬𝟐 ⇔ (𝟏𝟔𝐑𝐫 − 𝟐𝟗𝐫𝟐)𝐬𝟐 ≥
?
⏟
(∗∗∗)

𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 

𝐀𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝐫 − 𝟐𝟗𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 

⇔ 𝟐𝟒𝟎𝐑𝟐 − 𝟓𝟓𝟐𝐑𝐫 + 𝟏𝟒𝟒𝐫𝟐 ≥
?
𝟎 ⇔ 𝟐𝟒(𝐑 − 𝟐𝐫)(𝟏𝟎𝐑 − 𝟑𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

⇒ (∗∗∗) ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑
(𝐛 + 𝐜)𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

≤ 𝟏𝟔(
𝐑𝟐

𝐫𝟐
− 𝟑) ∴

𝟖𝐑

𝐫
≤∑

(𝐛 + 𝐜)𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

 

≤ 𝟏𝟔(
𝐑𝟐

𝐫𝟐
− 𝟑) ∀ ∆ 𝐀𝐁𝐂, ′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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1498.  𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟗𝐑

𝟐𝐫
≤∑

𝐫𝒂
𝐫𝐛

𝐜𝐲𝐜

∑
𝐫𝐛
𝐫𝒂

𝐜𝐲𝐜

≤
𝟖𝐑𝟐

𝐫𝟐
− 𝟐𝟑 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐫𝐛 + 𝐫𝐜 = 𝐬(
𝐬𝐢𝐧

𝐁
𝟐

𝐜𝐨𝐬
𝐁
𝟐

+
𝐬𝐢𝐧

𝐂
𝟐

𝐜𝐨𝐬
𝐂
𝟐

) =
𝐬𝐬𝐢𝐧 (

𝐁 + 𝐂
𝟐

)𝐜𝐨𝐬
𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐 𝐜𝐨𝐬

𝐁
𝟐 𝐜𝐨𝐬

𝐂
𝟐

=
𝐬𝐜𝐨𝐬𝟐

𝐀
𝟐

(
𝐬
𝟒𝐑
)
= 𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐

∴ 𝐫𝐛 + 𝐫𝐜 =
(𝐢)
𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

𝐍𝐨𝐰,∑
𝐫𝒂
𝐫𝐛

𝐜𝐲𝐜

∑
𝐫𝐛
𝐫𝒂

𝐜𝐲𝐜

= 𝟑 +∑
𝐫𝐛𝐫𝐜

𝐫𝒂
𝟐

𝐜𝐲𝐜

+∑
𝐫𝒂
𝟐

𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

 

= 𝟑+
𝟏

𝐫𝟐𝐬
∑(𝐬 − 𝒂)𝟑

𝐜𝐲𝐜

+∑
(𝐬 − 𝐛)(𝐬 − 𝐜)

(𝐬 − 𝒂)𝟐
𝐜𝐲𝐜

≤
𝐀−𝐆

𝟑 + 

𝟏

𝐫𝟐𝐬

(

 
 (∑(𝐬 − 𝒂)

𝐜𝐲𝐜

)

𝟑

−𝟑((𝐬 − 𝒂) + (𝐬 − 𝐛))((𝐬 − 𝐛) + (𝐬 − 𝐜))((𝐬 − 𝐜) + (𝐬 − 𝒂)))

 
 

 

+
𝟏

𝟒
∑

(𝒂 − 𝐬 + 𝐬)𝟐

(𝐬 − 𝒂)𝟐
𝐜𝐲𝐜

= 𝟑+
𝟏

𝐫𝟐𝐬
(𝐬𝟑 − 𝟑.𝟒𝐑𝐫𝐬) +

𝟏

𝟒
∑

(𝐬 − 𝒂)𝟐 − 𝟐𝐬(𝐬 − 𝒂) + 𝐬𝟐

(𝐬 − 𝒂)𝟐
𝐜𝐲𝐜

 

= 𝟑 +
𝐬𝟐 − 𝟏𝟐𝐑𝐫

𝐫𝟐
+
𝟏

𝟒
(𝟑 −

𝟐

𝐫
∑𝐫𝒂
𝐜𝐲𝐜

+
𝟏

𝐫𝟐
∑𝐫𝒂

𝟐

𝐜𝐲𝐜

) 

= 𝟑 +
𝐬𝟐 − 𝟏𝟐𝐑𝐫

𝐫𝟐
+
𝟏

𝟒
(𝟑 −

𝟐(𝟒𝐑+ 𝐫)

𝐫
+
(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐

𝐫𝟐
) 

= 𝟑 +
𝐬𝟐 − 𝟏𝟐𝐑𝐫

𝐫𝟐
+
𝟖𝐑𝟐 + 𝐫𝟐 − 𝐬𝟐

𝟐𝐫𝟐
≤
? 𝟖𝐑𝟐

𝐫𝟐
− 𝟐𝟑 ⇔ 𝐬𝟐 ≤

?
𝟖𝐑𝟐 + 𝟐𝟒𝐑𝐫 − 𝟓𝟑𝐫𝟐 

𝒂𝐧𝐝 ∵ 𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 ∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 

≤
?
𝟖𝐑𝟐 + 𝟐𝟒𝐑𝐫 − 𝟓𝟑𝐫𝟐⇔ 𝐑𝟐 + 𝟓𝐑𝐫 − 𝟏𝟒𝐫𝟐 ≥

?
𝟎 ⇔ (𝐑 − 𝟐𝐫)(𝐑 + 𝟕𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐑 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝐫 ∴ ∑
𝐫𝒂
𝐫𝐛

𝐜𝐲𝐜

∑
𝐫𝐛
𝐫𝒂

𝐜𝐲𝐜

≤∑𝐫𝐛𝐫𝐜(𝐫𝐛 + 𝐫𝐜)

𝐜𝐲𝐜

≤
𝟖𝐑𝟐

𝐫𝟐
− 𝟐𝟑  

𝐀𝐠𝒂𝐢𝐧,∑
𝐫𝒂
𝐫𝐛

𝐜𝐲𝐜

∑
𝐫𝐛
𝐫𝒂

𝐜𝐲𝐜

= 𝟑+∑
𝐫𝐛𝐫𝐜

𝐫𝒂
𝟐

𝐜𝐲𝐜

+∑
𝐫𝒂
𝟐

𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

= 𝟑 
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+
𝟏

𝐫𝟐𝐬𝟒

(

 
 
(∑𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

)

𝟑

− 𝟑(𝐫𝐛𝐫𝐜 + 𝐫𝐜𝐫𝒂)(𝐫𝐜𝐫𝒂 + 𝐫𝒂𝐫𝐛)(𝐫𝒂𝐫𝐛 + 𝐫𝐛𝐫𝐜)

)

 
 

 

+
𝟏

𝐫𝟐𝐬

(

 
 (∑(𝐬− 𝒂)

𝐜𝐲𝐜

)

𝟑

−𝟑((𝐬 − 𝒂) + (𝐬 − 𝐛))((𝐬− 𝐛) + (𝐬 − 𝐜))((𝐬 − 𝐜) + (𝐬 − 𝒂)))

 
 

=
𝐯𝐢𝒂 (𝐢)

 

𝟑 +
𝟏

𝐫𝟐𝐬𝟒
(𝐬𝟒 − 𝟑𝐫𝐬𝟐. 𝟔𝟒𝐑𝟑.

𝐬𝟐

𝟏𝟔𝐑𝟐
)+

𝟏

𝐫𝟐𝐬
(𝐬𝟑 − 𝟑.𝟒𝐑𝐫𝐬) ≥

? 𝟗𝐑

𝟐𝐫
 

⇔ 𝟐𝐬𝟒 − (𝟓𝟕𝐑𝐫 − 𝟔𝐫𝟐)𝐬𝟐 + 𝟐𝐫(𝟒𝐑 + 𝐫)𝟑 ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 ∵ 𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐
 

⇔ 𝟏𝟐𝟖𝐑𝟑 − 𝟒𝟏𝟔𝐑𝟐𝐫 + 𝟑𝟒𝟒𝐑𝐫𝟐 − 𝟒𝟖𝐫𝟑 + 𝟕(𝐑 − 𝟐𝐫)𝐬𝟐 ≥
(∗∗)

𝟎 

𝐀𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟏𝟐𝟖𝐑𝟑 − 𝟒𝟏𝟔𝐑𝟐𝐫 + 𝟑𝟒𝟒𝐑𝐫𝟐 − 𝟒𝟖𝐫𝟑 

+𝟕(𝐑 − 𝟐𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝟎 ⇔ 𝟏𝟐𝟖𝐭𝟑 − 𝟑𝟎𝟒𝐭𝟐 + 𝟖𝟓𝐭+ 𝟐𝟐 ≥

?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟏𝟐𝟖𝐭 + 𝟐𝟎𝟖) + 𝟒𝟎𝟓) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝟗𝐑

𝟐𝐫
≤∑

𝐫𝒂
𝐫𝐛

𝐜𝐲𝐜

∑
𝐫𝐛
𝐫𝒂

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐡𝐞𝐧𝐜𝐞, 

𝟗𝐑

𝟐𝐫
≤∑

𝐫𝒂
𝐫𝐛

𝐜𝐲𝐜

∑
𝐫𝐛
𝐫𝒂

𝐜𝐲𝐜

≤
𝟖𝐑𝟐

𝐫𝟐
− 𝟐𝟑 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

1499. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 𝐢𝐧 𝒂𝒍𝒍 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝒖𝒔𝒖𝒂𝒍 𝐧𝐨𝐭𝒂𝐭𝐢𝐨𝐧𝐬, 

𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬  

𝟗

∑ 𝐦𝒂𝐜𝐲𝐜
≤∑

𝟐

𝐦𝒂 +𝐦𝐛
𝐜𝐲𝐜

<
𝟏𝟎

∑ 𝐦𝒂𝐜𝐲𝐜
 

  Proposed by Neculai Stanciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟐

𝒂+ 𝐛
𝐜𝐲𝐜

<
𝟏𝟎

∑ 𝒂𝐜𝐲𝐜
⇔

𝟏

(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)
.∑(𝒂𝟐 +∑𝒂𝐛

𝐜𝐲𝐜

)

𝐜𝐲𝐜

<
𝟓

𝟐𝐬
⇔ 

𝟏

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
(∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

+∑𝒂𝐛

𝐜𝐲𝐜

) <
𝟓

𝟐𝐬
⇔
𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
< 5 
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⇔ 𝟏𝟎𝐑𝐫+ 𝟓𝐫𝟐 > 4𝐑𝐫 + 𝐫𝟐⇔ 𝟔𝐑𝐫 + 𝟒𝐫𝟐 > 0 → 𝐭𝐫𝐮𝐞 ∴∑
𝟐

𝒂+ 𝐛
𝐜𝐲𝐜

<
𝟏𝟎

∑ 𝒂𝐜𝐲𝐜
 

𝒂𝐧𝐝 𝐢𝐦𝐩𝐥𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 𝐢𝐭 𝐨𝐧 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 𝐦𝒂,𝐦𝐛,𝐦𝐜,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 

∑
𝟐

𝐦𝒂 +𝐦𝐛
𝐜𝐲𝐜

<
𝟏𝟎

∑ 𝐦𝒂𝐜𝐲𝐜
𝒂𝐧𝐝 𝒂𝒍𝐬𝐨,∑

𝟐

𝐦𝒂 +𝐦𝐛
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏𝟖

𝟐∑ 𝐦𝒂𝐜𝐲𝐜
 

∴
𝟗

∑ 𝐦𝒂𝐜𝐲𝐜
≤∑

𝟐

𝐦𝒂 +𝐦𝐛
𝐜𝐲𝐜

 (𝐐𝐄𝐃) 

 

1500.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐢𝐞𝐬 ∶ (𝐢) 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, 𝑡ℎ𝑒𝑛 ∶ 

∑
𝟏

𝒙 + 𝐲
𝐜𝐲𝐜

≤∑
𝟒𝒙

𝟑𝐲𝟐 + 𝟐𝐲𝐳 + 𝟑𝐳𝟐
𝐜𝐲𝐜

≤
∑ 𝒙𝟐𝐜𝐲𝐜

𝟐𝒙𝐲𝐳
 𝒂𝐧𝐝 (𝐢𝐢) 𝐈𝐧 𝒂𝒍𝒍 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐀𝐁𝐂  

𝐰𝐢𝐭𝐡 𝐮𝐬𝐮𝒂𝒍 𝐧𝐨𝐭𝒂𝐭𝐢𝐨𝐧𝐬, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟓𝐬𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫

𝟖𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 ≤∑

𝒂

𝟑𝐛𝟐 + 𝟐𝐛𝐜 + 𝟑𝐜𝟐
𝐜𝐲𝐜

≤
𝐬𝟐 − 𝐫𝟐 − 𝟒𝐑𝐫

𝟏𝟔𝐬𝐑𝐫
 

  Proposed by Neculai Stanciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝒂, 𝐳 + 𝒙 = 𝐛, 𝒙 + 𝐲 = 𝐜 ⇒ 𝒂 + 𝐛 − 𝐜 = 𝟐𝐳 > 0, 𝑏 + 𝑐 − 𝑎  
= 𝟐𝒙 > 𝟎 𝒂𝐧𝐝 𝐜 + 𝒂 − 𝐛 = 𝟐𝐲 > 0 ⇒ 𝑎 + 𝐛 > 𝑐, 𝐛 + 𝐜 > 𝒂, 𝐜 + 𝒂 > 𝒃 ⇒ 𝒂, 𝐛, 𝐜 𝐟𝐨𝐫𝐦 

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)  

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝒂

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

=
(⦁)
𝐬 ⇒ 𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 

∴ 𝒙𝐲𝐳 =
(⦁⦁)

𝐫𝟐𝐬 𝒂𝐧𝐝,∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝒂)(𝐬 − 𝐛)

𝐜𝐲𝐜

= 𝟒𝐑𝐫+ 𝐫𝟐 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=
(⦁⦁⦁)

𝟒𝐑𝐫 + 𝐫𝟐 

𝐅𝐢𝐫𝐬𝐭𝐥𝐲,∑
𝟒𝒙

𝟑𝐲𝟐 + 𝟐𝐲𝐳 + 𝟑𝐳𝟐
𝐜𝐲𝐜

≤
𝐀−𝐆

∑
𝟒𝒙

𝟖𝐲𝐳
𝐜𝐲𝐜

=
∑ 𝒙𝟐𝐜𝐲𝐜

𝟐𝒙𝐲𝐳
 

𝐀𝐠𝒂𝐢𝐧,∑
𝟒𝒙

𝟑𝐲𝟐 + 𝟐𝐲𝐳 + 𝟑𝐳𝟐
𝐜𝐲𝐜

=∑
𝟒𝒙𝟐

𝟑𝒙𝐲𝟐 + 𝟐𝒙𝐲𝐳 + 𝟑𝒙𝐳𝟐
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝟒(∑ 𝒙𝐜𝐲𝐜 )
𝟐

𝟑∑ (𝒙𝐲(∑ 𝒙𝐜𝐲𝐜 − 𝐳))𝐜𝐲𝐜 + 𝟔𝒙𝐲𝐳
=

𝟒(∑ 𝒙𝐜𝐲𝐜 )
𝟐

𝟑(∑ 𝒙𝐜𝐲𝐜 )(∑ 𝒙𝐲𝐜𝐲𝐜 ) − 𝟑𝒙𝐲𝐳
=

𝐯𝐢𝒂 (⦁) ,(⦁⦁) 𝒂𝐧𝐝 (⦁⦁⦁) 
 

𝟒𝐬𝟐

𝟑𝐬(𝟒𝐑𝐫 + 𝐫𝟐) − 𝟑𝐫𝟐𝐬
≥
?
∑

𝟏

𝒙+ 𝐲
𝐜𝐲𝐜

=∑
𝟏

𝒂
𝐜𝐲𝐜

=
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟒𝐑𝐫𝐬
 

⇔ 𝟒𝐑(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) ≥
?
𝟎 ⇔ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟒𝐫(𝐑− 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 𝒂𝐧𝐝 𝟒𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 



 
www.ssmrmh.ro 

138 RMM-GEOMETRY MARATHON 1401-1500 

 

∴∑
𝟒𝒙

𝟑𝐲𝟐 + 𝟐𝐲𝐳 + 𝟑𝐳𝟐
𝐜𝐲𝐜

≥∑
𝟏

𝒙+ 𝐲
𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐡𝐞𝐧𝐜𝐞, 

∑
𝟏

𝒙+ 𝐲
𝐜𝐲𝐜

≤∑
𝟒𝒙

𝟑𝐲𝟐 + 𝟐𝐲𝐳 + 𝟑𝐳𝟐
𝐜𝐲𝐜

≤
∑ 𝒙𝟐𝐜𝐲𝐜

𝟐𝒙𝐲𝐳
 ′′ = ′′ 𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳   

𝒂𝐧𝐝 𝐢𝐦𝐩𝐥𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 𝐭𝐡𝐢𝐬 𝐰𝐢𝐭𝐡 𝒙 ≡ 𝒂, 𝐲 ≡ 𝐛, 𝐳 ≡ 𝐜 (𝒂, 𝐛, 𝐜 → 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 ∆ 𝐀𝐁𝐂), 

𝐰𝐞 𝐠𝐞𝐭 ∶ ∑
𝟒𝒂

𝟑𝐛𝟐 + 𝟐𝐛𝐜+ 𝟑𝐜𝟐
𝐜𝐲𝐜

≤
∑ 𝒂𝟐𝐜𝐲𝐜

𝟐𝒂𝐛𝐜
=
𝐬𝟐 − 𝐫𝟐 − 𝟒𝐑𝐫

𝟒𝐬𝐑𝐫
 

⇒∑
𝒂

𝟑𝐛𝟐 + 𝟐𝐛𝐜 + 𝟑𝐜𝟐
𝐜𝐲𝐜

≤
𝐬𝟐 − 𝐫𝟐 − 𝟒𝐑𝐫

𝟏𝟔𝐬𝐑𝐫
 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨,∑

𝟒𝒂

𝟑𝐛𝟐 + 𝟐𝐛𝐜+ 𝟑𝐜𝟐
𝐜𝐲𝐜

≥∑
𝟏

𝐛 + 𝐜
𝐜𝐲𝐜

 

=
𝟏

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
.∑(𝒂𝟐 +∑𝒂𝐛

𝐜𝐲𝐜

)

𝐜𝐲𝐜

 

=
𝟏

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
. ((∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

)+∑𝒂𝐛

𝐜𝐲𝐜

) =
𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

=
𝟓𝐬𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
⇒∑

𝒂

𝟑𝐛𝟐 + 𝟐𝐛𝐜+ 𝟑𝐜𝟐
𝐜𝐲𝐜

≥
𝟓𝐬𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫

𝟖𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)

∴
𝟓𝐬𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫

𝟖𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 ≤∑

𝒂

𝟑𝐛𝟐 + 𝟐𝐛𝐜+ 𝟑𝐜𝟐
𝐜𝐲𝐜

≤
𝐬𝟐 − 𝐫𝟐 − 𝟒𝐑𝐫

𝟏𝟔𝐬𝐑𝐫
 

′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 

 


