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SP.527Ifx,y,zz0withx+y+z=1and0§l§%,

9-21
then:xy+yz+zx—)\xyzs?

Proposed by Marin Chirciu-Romania

Solution 1 by proposer

The inequality can be written equivalently. Denoting yz = t, the inequality can be written:

9-1
xy+t+zx—2)»xts?=>27t(lx—1)—27x(y+z)+9—/120(:)

27t(Ax—1) - 27x(1—x)+9-2>2027t(Ax— 1)+ 27x(x—1)+9—-1=>0.
We use Lemma.
If the function f: R - R, f(x) = ax + b, meets the conditions
f(a) = 0and f(B) = 0,where a,b,a, B € R, then f(t) = 0,Vt € [a, B].
Let’s get back to the main problem.

AGM 2 x+ty+z=1 ;q1_,\2
Denoting yz = twehavet =yz < (y—”) = (u)

2 = to.

—a\2
FO) =27t(Ax—1) +27x(x —1) + 9 — 1> 0, where 0 < t < t, = =

We have:

f(0)=27x(x—1)+9—-1=27x>—-27x+9— 1> 0,because A = 27(41—9) < 0.
1-— 2
ft) =f(%)

1
=, Bx-1?BAaxr+9-4)20

1
Z(Z7Ax3 + (81 —54)x*+ (272 -54)x+ 1) =

a2
Using Lemma for f(t) = 27t(Ax — 1) +27x(x —1)+9—-A1>0anda = 0,8 = a-n_ :) :
we deduce the conclusion.

Equality holdsifand onlyif x =y =z = %, ford < %, and for 4 = zequality for

x.0e{(33:3)(02:2) (3:02) (3:20)
xlylz 3'3'3 ) '2'2 ) ZI IZ ) lel -
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Write the given inequality as follows

1 1
A(E—xyz> <-—(xy+yz+zx).
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By AM — GM inequality, we have 33/xyz < x + y + z = 1,then xyz <

So it suffices to prove that

27

9(1 )<1 (xy + yz + 22)
2\27 - Xyz Xy +yz+zx

S 4(xy+yz+zx) <1+9xyz
cS4xy+yz+zx)(x+y+z) < (x+y+2)>3+9xyz
exyx+y)+yz(y+z)+zx(z+x) <x3+y3+ 2%+ 3xyz,
which is Schur’s inequality.

1

So the proof is complete. Equality holds iff x =y =z = 3
Solution 3 by Soumava Chakraborty-Kolkata-India

9 — lx+y+z 1
Xy +yzZ+zx — )nyz—T =

) ) a5 5]

cyc

cyc cyc

=%, <Zx> — 27xyz —M. <zx> —3235}’

cyc cyc

sAsy 2 X ?
< i — — cye . — <
s 57 (E x) 27xyz 3 E x 3 E xy |<0

cyc cyc

@4<zx> (zx)z_gzxy _<zx>3+myz;o

cyc cyc cyc cyc

?
& Zx3 + 3xyz > Zx2y+2xy2 - true via Schur - xy + yz + zx — Axyz
cyc cyc cyc
9-2A
S7 Vxyz>20withx+y+z=1and0 <

A<
= iff (x=y = —11—9) (x=0y= —11—9)
=" iff (x=y=z=3A=_Jor(x=0y=z=2,A=

1 9 9
or (y=0z=x=gA=7) or (2= 0x=y=7.1=7) @ED)



