ROMANIAN MATHEMATICAL MAGAZINE

SP.529 Let ABC be a triangle with inradius r and circumradius R and let the
interior points D, E, F be chosen on the sides BC, CA, AB respectively, so that
AD, BE, CF are the bisectors of the triangle ABC.Let 74, rg, ¢ be the inradii
of the triangles AEF, BFD, CDE respectively. Prove that:

3R*

6412

Proposed by George Apostolopoulos — Messolonghi — Greece
Solution 1 by proposer, Solution 2 by Tapas Das — India, Solution 3 by Marin
Chirciu — Romania
Solution 1 by proposer

ri3+ri+1r2 <

Let « = BC,b = CA, c = AB be the lengths of the sides and let R4, Rg, R be the

circumradii of the triangles AEF, BFD, CDE respectively.
Then FE = 2R, - sin A. We'll prove that FE < Za+Tb+c. By the law of cosines in triangle

AEF:EF? = AE? + AF?* — 2AE - AF - cos A =

_( bc )2+< bc )2 2( bc> ( bc ) b2+c2—a2_
“\a+c a+b a+c/ \a+b 2bc N

b b?c? bc[(b - c)? + 2bc — a?] _
“@rof @+b?  (a+b(ato
B 1 1 \2 bc(b — ¢)? a’bc B
= b*c? <a+c_a+b> _(a+b)(a+c)+(a+b)(a+c) B
_ b*E(b—c)? bc(b — ¢)? a’bc B
“@+b2@+o? @+bato (a+blato
3 a’bc bc(b — ¢)?*[(a + b)(a + ¢) — bc] - a’bc -
“(a+b)(a+c) (a+ b)2(a + c)? “(a+b)a+c) ™
a’bc avbc

S =
2+ab - 2+/bc 4

b+
Vvavbc _ 2vav+bc < a+vbc < a+TC _ 2a+b+c
2 = 8

So EF < 2 T =2

. Namely
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2a+b+c a+2b+c a+b+2c

EF < and analogs, FD < , DE <

. Now, we have 2R, - sin A <

2a+b+c
8

But Ry > 24 (EULER), 50 41, - == < 22402

R b c . .
< — - -
ST (2 + " + a). Similarly,

T =1, (2+ + ), andrCS%(Z+%+€).Now,wehave

+7% + R <2+b+ )2 (2+C+al)2+<2+a[+b>2 _
TA+TE TS 5 b b c'c|”

[ b ¢\ b* ¢* 2bc as c¢* a? 2ca |
R |4+4(E+ )+—+ +—+4+4(b b) ErEt et
256| a b\ a* b* 2ab I
l 'F4'+‘4(—-+'—) +'EE'+'EE _EE_ J
[12+4(a+b+b+c+c+a)+ L DAl DY A T
=R2| b a ¢ b a c b2 a2 ¢z b2 a?  c? |<
256[ 2bc 2ca 2ab J_
+<a2+b2+cz)
[12+4<a+b+b+c+c+a)+ L T Al DY +]
RZI b a ¢ b a c b2  a? ¢z b? a? ) | _
256[ b2+c¢%2 c*+a? a?+ b? J
+ P + b2 + 2
12+4<a+b+b+c+c+a)+2 a2+b2 +2 b2+c2 +
R? b a ¢ b a c b? a2 c2 b2
256 ¢z a?
+2( 5+
Itiswell-knownthat:2+2SB,E+£Sg,and£+gSE.So
a rc b r a c r
R? R? 2 a? _R?
—+a—2_r——2—+b—2_—2—2,and¥+c—zsr—2—2
Namely:

T & R R?
rA+rE,+rC_256 12 + 4 - 3 +6 ——2

R? <2R R2> 3R? R( R) 3R> R 2r+ R EULER 3R3 3R*

_.6 —_— — = —_— 2 e o« —_ < R _—
256 r +r2 128 r +r 128 r r -~ 128r 1282 R+ R) = 6412

4
So rf, + r% + r% < %. Equality holds iff the triangle ABC is equilateral.
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Solution 2 by Tapas Das — India
Ry, Rg, R, are the circumradius of AAEF,ABFD, ACDE respectively

1
, _ (@®bc)?z  R*Vbc

B,C, B,C?
R, < W“RE< —— =
4=25inA 4= 4sin2A 4=16sin24 4a

Rx\®>  (Rp\* (Rp\P 1
cri+rh it () +(F) +(F) =R+ RE+RY

1 vb 2V vab 1 vb v vab] cBs 1 1
Cpe |26 YOG VDO g (YDE VA VAOIT  pe (Zbc).i—
4 4a 4b 4c 16 a b c 16 a?

sR—ijaZ- % [-:ZchZaZ]

<

Steining Leibniz R2 |QR2  R2 3R 3R3 3R* Euler 3R*
—_——— = = <
4r2 16 2r 32r 32rR ~ 64r?

< —
16

AB; = ¢ AC, = be
Lo c+a’""Y a+b
B,C% = AC% + AB? —2AC,AB cos A
_(bc )2+(bc )Z 2( bc )( bc )b2+c2—a2
“\c+a a+b a+c/\a+b 2bc

_ bc[bc(a + b)? + be(c + a)? — (a+ b)(a+ c)(b? + ¢? — a?)]
a (a+ b)%2(a+ c)?
bc[a?(a + b)(a+ c¢) — (b? + ¢?)(a + b)(a + ¢) + bc(a + b)? + be(c + a)?]
(a+ b)?(a+ c)?
_bcla*(a+b)(a+c)—alb—c)?(a+b+c)]
a (a+ b)%2(a+ c)?
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bca’(a+b)(a+c) a’bc
(a+b)2@+c)? (a+b)(a+c)

Note: bc(a + b)? + be(c + a)? — (b? + ¢®)(a+ b)(a + ¢)
=bc[(b—c)*+2(a+b)(a+ )] —[(b—c)*+2bc](a+ b)(a+c)
= bc(b —¢)?> + 2bc(a+ b)(a+c) — (b—c)*(a+ b)(a+c)—2bc(a+ b)(a+c)
= (b —c)?*[bc— (a+ b)(a+ c)]
= (b—c)*bc —a* —ac—ba—bc] = —a(b—c)*(a+b+c)

1
. 2 a’bc a’bc _ avbc | (a?bc)*
~ BC] < @by are) = 2avhe (AM-GM)= YR B,C, <
_ B4(4
47 2sin4

Solution 3 by Marin Chirciu — Romania

Lemma.
In AABC,AD, BE, CF - internal bisectors, 4 —inradii AAEF:
R?bc
i <
4(a+ b)(a+c)
Proof.
Let Ry, Rp, R¢ — circumradii AAEF,ABFD,ACDE.
_ EF
47 2sin4
Lemma 1.
In AABC,AD, BE, CF - internal bisectors
a’bc

EF < T D@t o

Proof.

. . b b
With bisector theorem we have AD = —C,AF =<,
a+c a+b

Using cosine theorem in AAEF we obtain:

EF? = AE? + AF?> — 2AE - AF - cos A =

_(bc )2 (bc )2 bc bc b2+c2—a2_
“\a+c a+b a+c a+b 2bc B
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b?%c? b?c? bc(b? + ¢ — a?)
“@ro? @ p? (atrbato
b?c? b?c? bc[2bc + (b — ¢)? — a?]
“@+o2 T @+p?  @+ba+to
b%c? b%c? 2b%c? bc(b — c)? a’bc
@t @+b? (@atrbiato (@a+bya+to (a+biato
b?%c? b%c? 2b?%c? bc(b — ¢)? a’bc

" @t T @+b? @+bato (@a+ba+o (a+bato

2 2 2
= b*c? (a -11— c a -T— b) - (ab-lc:(ll)))(ac—)l— c) * (a —I—LII))I(); +¢) -
b%c*(b — ¢)? bc(b — ¢)? a’bc
“@+b2@+o? @+ba+to (a+blato
_ be(b - ¢)*[bc— (a+b)(a+c)] a’bc 3
(a+ b)?(a+ c)? (a+ b)(a+c)
bc(b — ¢)*(—a? — ab — ac) a’bc
=T @+biato?  G@+b@a+to
_ —abc(b—c)*(a+b +c) a’bc - a’bc
(a+ b)?(a+ c)? (a+b)(a+c)” (a+b)(a+c)

Equality holds if and only if the triangle is equilateral.

EF EF

R
Wehaver, <-2andR, =
2

2sinA A~ 4sina
RZ. a’bc
) EF? EF>  R?EF? Lemma1 ™ "(a+ b)(a+c) R*bc
T = = = < =
¢ 16sin24 az 4q? 4q? 4(a+ b)(a+c)
16 —5
4R
Let’s get back to the main problem.
. 2 R%bc .
Using Lemma rj < T aro Ve obtain:
, Lemma R%bc , 2 be(b +¢)
Z TA S = —
4(a+ b)(a+ ) 4T](b + ©)

_ R%* 2p(p*—-r®—2Rr) R*(p*+r®—2Rr)
4 2p(P%2+712+2Rr)  4(p?+71?2+ 2Rr)

We prove that:
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R*(p* + 1% — 2Rr) - 3R*
4(p2+ 12+ 2Rr) ~ 64r?

© p?(3R? — 161%) + r(6R3 + 3R?*r + 32Rr?> —1613) > 0

© 161%*(p?> +r? — 2Rr) < 3R*(p* +1r*> + 2Rr) ©

We distinguish the cases:
Case 1. If (3R? — 1671?%) > 0 the inequality is obvious.
Case 2. If (3R? — 1612) < 0 the inequality can be written:
r(6R3 + 3R?r + 32Rr? — 1613) > p?(161r? — 3R?), which follows from Gerretsen’s
inequality: p? < 4R? + 4Rr + 3712,
It remains to prove that:
r(6R3 + 3R?r + 32Rr? — 1673) > (4R? + 4Rr + 3r%)(161*> — 3R?») &
& 6R* + 9R3r — 26R*r? — 16Rr3 - 32r* > 0 &
& (R —2r)(6R3 + 21Rr? + 16Rr?* + 16713) > 0, see R > 2r, (Euler).

Equality holds if and only if the triangle is equilateral.



