
 
SP.529 Let 𝑨𝑩𝑪 be a triangle with inradius 𝒓 and circumradius 𝑹 and let the 

interior points 𝑫,𝑬, 𝑭 be chosen on the sides 𝑩𝑪, 𝑪𝑨, 𝑨𝑩 respectively, so that 

𝑨𝑫,𝑩𝑬,𝑪𝑭 are the bisectors of the triangle 𝑨𝑩𝑪.Let 𝒓𝑨, 𝒓𝑩, 𝒓𝑪 be the inradii 

of the triangles 𝑨𝑬𝑭,𝑩𝑭𝑫,𝑪𝑫𝑬 respectively. Prove that: 

𝒓𝑨
𝟐 + 𝒓𝑩

𝟐 + 𝒓𝑪
𝟐 ≤

𝟑𝑹𝟒

𝟔𝟒𝒓𝟐
 

Proposed by George Apostolopoulos – Messolonghi – Greece  
Solution 1 by proposer, Solution 2 by Tapas Das – India, Solution 3 by Marin 
Chirciu – Romania  
Solution 1 by proposer 

Let 𝜶 = 𝑩𝑪, 𝒃 = 𝑪𝑨, 𝒄 = 𝑨𝑩 be the lengths of the sides and let 𝑹𝑨, 𝑹𝑩, 𝑹𝑪 be the 

circumradii of the triangles 𝑨𝑬𝑭,𝑩𝑭𝑫, 𝑪𝑫𝑬 respectively. 

Then 𝑭𝑬 = 𝟐𝑹𝑨 ⋅ 𝐬𝐢𝐧𝑨. We’ll prove that 𝑭𝑬 ≤
𝟐𝒂+𝒃+𝒄

𝟖
. By the law of cosines in triangle  

𝑨𝑬𝑭:𝑬𝑭𝟐 = 𝑨𝑬𝟐 + 𝑨𝑭𝟐 − 𝟐𝑨𝑬 ⋅ 𝑨𝑭 ⋅ 𝐜𝐨𝐬 𝑨 = 

= (
𝒃𝒄

𝒂 + 𝒄
)
𝟐

+ (
𝒃𝒄

𝒂 + 𝒃
)
𝟐

− 𝟐(
𝒃𝒄

𝒂 + 𝒄
) ⋅ (

𝒃𝒄

𝒂 + 𝒃
) ⋅
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄
= 

=
𝒃𝟐𝒄𝟐

(𝒂 + 𝒄)𝟐
+

𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)𝟐
−
𝒃𝒄[(𝒃 − 𝒄)𝟐 + 𝟐𝒃𝒄 − 𝒂𝟐]

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

= 𝒃𝟐𝒄𝟐 (
𝟏

𝒂 + 𝒄
−

𝟏

𝒂 + 𝒃
)
𝟐

−
𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝟐𝒄𝟐(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
−

𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
−
𝒃𝒄(𝒃 − 𝒄)𝟐[(𝒂 + 𝒃)(𝒂 + 𝒄) − 𝒃𝒄]

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
≤

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
≤ 

≤
𝒂𝟐𝒃𝒄

𝟐√𝒂𝒃 ⋅ 𝟐√𝒃𝒄
=
𝒂√𝒃𝒄

𝟒
 

So 𝑬𝑭 ≤
√𝒂√𝒃𝒄

𝟐
=
𝟐√𝒂√√𝒃𝒄

𝟒
≤
𝒂+√𝒃𝒄

𝟒
≤
𝒂+

𝒃+𝒄

𝟐

𝟒
=
𝟐𝒂+𝒃+𝒄

𝟖
. Namely 



 
𝑬𝑭 ≤

𝟐𝒂+𝒃+𝒄

𝟖
 and analogs, 𝑭𝑫 ≤

𝒂+𝟐𝒃+𝒄

𝟖
, 𝑫𝑬 ≤

𝒂+𝒃+𝟐𝒄

𝟖
. Now, we have 𝟐𝑹𝑨 ⋅ 𝐬𝐢𝐧 𝑨 ≤

𝟐𝒂+𝒃+𝒄

𝟖
. 

But 𝑹𝑨 ≥ 𝟐𝒓𝑨 (EULER), so 𝟒𝒓𝑨 ⋅
𝒂

𝟐𝑹
≤
𝟐𝒂+𝒃+𝒄

𝟖
⇔ 𝒓𝑨 ≤

𝑹

𝟏𝟔
(𝟐 +

𝒃

𝒂
+
𝒄

𝒂
). Similarly, 

𝒓𝑩 ≤
𝑹

𝟏𝟔
(𝟐 +

𝒄

𝒃
+
𝒂

𝒃
),  and 𝒓𝑪 ≤

𝑹

𝟏𝟔
(𝟐 +

𝒂

𝒄
+
𝒃

𝒄
). Now, we have 

𝒓𝑨
𝟐 + 𝒓𝑩

𝟐 + 𝒓𝑪
𝟐 ≤

𝑹𝟐

𝟐𝟓𝟔
[(𝟐 +

𝒃

𝒂
+
𝒄

𝒂
)
𝟐

+ (𝟐 +
𝒄

𝒃
+
𝒂

𝒃
)
𝟐

+ (𝟐 +
𝒂

𝒄
+
𝒃

𝒄
)
𝟐

] = 

=
𝑹𝟐

𝟐𝟓𝟔

[
 
 
 𝟒 + 𝟒 (

𝒃

𝒂
+
𝒄

𝒂
) +

𝒃𝟐

𝒂𝟐
+
𝒄𝟐

𝒂𝟐
+
𝟐𝒃𝒄

𝒂𝟐
+ 𝟒 + 𝟒(

𝒄

𝒃
+
𝒂

𝒃
) +

𝒄𝟐

𝒃𝟐
+
𝒂𝟐

𝒃𝟐
+
𝟐𝒄𝒂

𝒃𝟐
+

+𝟒 + 𝟒(
𝒂

𝒄
+
𝒃

𝒄
) +

𝒂𝟐

𝒄𝟐
+
𝒃𝟐

𝒄𝟐
+
𝟐𝒂𝒃

𝒄𝟐 ]
 
 
 

= 

=
𝑹𝟐

𝟐𝟓𝟔

[
 
 
 
 𝟏𝟐 + 𝟒 (

𝒂

𝒃
+
𝒃

𝒂
+
𝒃

𝒄
+
𝒄

𝒃
+
𝒄

𝒂
+
𝒂

𝒄
) + (

𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒂𝟐
) + (

𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒃𝟐
) + (

𝒄𝟐

𝒂𝟐
+
𝒂𝟐

𝒄𝟐
) +

+(
𝟐𝒃𝒄

𝒂𝟐
+
𝟐𝒄𝒂

𝒃𝟐
+
𝟐𝒂𝒃

𝒄𝟐
) ]

 
 
 
 

≤ 

𝑹𝟐

𝟐𝟓𝟔

[
 
 
 
 𝟏𝟐 + 𝟒(

𝒂

𝒃
+
𝒃

𝒂
+
𝒃

𝒄
+
𝒄

𝒃
+
𝒄

𝒂
+
𝒂

𝒄
) + (

𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒂𝟐
) + (

𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒃𝟐
) + (

𝒄𝟐

𝒂𝟐
+
𝒂𝟐

𝒄𝟐
) +

+
𝒃𝟐 + 𝒄𝟐

𝒂𝟐
+
𝒄𝟐 + 𝒂𝟐

𝒃𝟐
+
𝒂𝟐 + 𝒃𝟐

𝒄𝟐 ]
 
 
 
 

= 

𝑹𝟐

𝟐𝟓𝟔

[
 
 
 
 𝟏𝟐 + 𝟒(

𝒂

𝒃
+
𝒃

𝒂
+
𝒃

𝒄
+
𝒄

𝒃
+
𝒄

𝒂
+
𝒂

𝒄
) + 𝟐(

𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒂𝟐
) + 𝟐(

𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒃𝟐
) +

+𝟐(
𝒄𝟐

𝒂𝟐
+
𝒂𝟐

𝒄𝟐
)

]
 
 
 
 

 

It is well-known that: 
𝒂

𝒃
+
𝒃

𝒂
≤
𝑹

𝒓
,
𝒃

𝒄
+
𝒄

𝒃
≤
𝑹

𝒓
, and 

𝒄

𝒂
+
𝒂

𝒄
≤
𝑹

𝒓
. So 

𝒂𝟐

𝒃𝟐
+
𝒃𝟐

𝒂𝟐
≤
𝑹𝟐

𝒓𝟐
− 𝟐,

𝒃𝟐

𝒄𝟐
+
𝒄𝟐

𝒃𝟐
≤
𝑹𝟐

𝒓𝟐
− 𝟐, and 

𝒄𝟐

𝒂𝟐
+
𝒂𝟐

𝒄𝟐
≤
𝑹𝟐

𝒓𝟐
− 𝟐 

Namely: 

𝒓𝑨
𝟐 + 𝒓𝑩

𝟐 + 𝒓𝑪
𝟐 ≤

𝑹𝟐

𝟐𝟓𝟔
⋅ [𝟏𝟐 + 𝟒 ⋅ 𝟑

𝑹

𝒓
+ 𝟔(

𝑹𝟐

𝒓𝟐
− 𝟐)] = 

𝑹𝟐

𝟐𝟓𝟔
⋅ 𝟔(

𝟐𝑹

𝒓
+
𝑹𝟐

𝒓𝟐
) =

𝟑𝑹𝟐

𝟏𝟐𝟖
⋅
𝑹

𝒓
(𝟐 +

𝑹

𝒓
) =

𝟑𝑹𝟐

𝟏𝟐𝟖
⋅
𝑹

𝒓
⋅
𝟐𝒓 + 𝑹

𝒓
≤

𝑬𝑼𝑳𝑬𝑹 𝟑𝑹𝟑

𝟏𝟐𝟖𝒓𝟐
(𝑹 + 𝑹) =

𝟑𝑹𝟒

𝟔𝟒𝒓𝟐
 

So 𝒓𝑨
𝟐 + 𝒓𝑩

𝟐 + 𝒓𝑪
𝟐 ≤

𝟑𝑹𝟒

𝟔𝟒𝒓𝟐
. Equality holds iff the triangle 𝑨𝑩𝑪 is equilateral. 



 
Solution 2 by Tapas Das – India  

𝑹𝑨, 𝑹𝑩, 𝑹𝒄 are the circumradius of 𝚫𝑨𝑬𝑭,𝚫𝑩𝑭𝑫, 𝚫𝑪𝑫𝑬 respectively 

∴ 𝑹𝑨 ≤
𝑩𝟏𝑪𝟏
𝟐 𝐬𝐢𝐧𝑨

     ∴ 𝑹𝑨
𝟐 ≤

𝑩𝟏𝑪𝟏
𝟐

𝟒 𝐬𝐢𝐧𝟐 𝑨
   ∴ 𝑹𝑨

𝟐 ≤
(𝒂𝟐𝒃𝒄)

𝟏
𝟐

𝟏𝟔 𝐬𝐢𝐧𝟐 𝑨
=
𝑹𝟐√𝒃𝒄

𝟒𝒂
 

∴ 𝒓𝑨
𝟐 + 𝒓𝑩

𝟐 + 𝒓𝑪
𝟐 ≤ (

𝑹𝑨
𝟐
)
𝟐

+ (
𝑹𝑩
𝟐
)
𝟐

+ (
𝑹𝑪
𝟐
)
𝟐

=
𝟏

𝟒
[𝑹𝑨

𝟐 + 𝑹𝑩
𝟐 + 𝑹𝑪

𝟐] 

≤
𝟏

𝟒
𝑹𝟐 [

√𝒃𝒄

𝟒𝒂
+
√𝒄𝒂

𝟒𝒃
+
√𝒂𝒃

𝟒𝒄
] =

𝟏

𝟏𝟔
𝑹𝟐 [

√𝒃𝒄

𝒂
+
√𝒄𝒂

𝒃
+
√𝒂𝒃

𝒄
] ≤
𝑪𝑩𝑺 𝟏

𝟏𝟔
𝑹𝟐√(∑𝒃𝒄) ⋅∑

𝟏

𝒂𝟐
 

≤
𝑹𝟐

𝟏𝟔
√∑𝒂𝟐 ⋅∑

𝟏

𝒂𝟐
        [∵ ∑𝒃𝒄 ≤∑𝒂𝟐] 

≤
𝑺𝒕𝒆𝒊𝒏𝒊𝒏𝒈 𝑳𝒆𝒊𝒃𝒏𝒊𝒛 𝑹𝟐

𝟏𝟔
√
𝟗𝑹𝟐

𝟒𝒓𝟐
=
𝑹𝟐

𝟏𝟔
⋅
𝟑𝑹

𝟐𝒓
=
𝟑𝑹𝟑

𝟑𝟐𝒓
=
𝟑𝑹𝟒

𝟑𝟐𝒓𝑹
≤

𝑬𝒖𝒍𝒆𝒓 𝟑𝑹𝟒

𝟔𝟒𝒓𝟐
 

 

𝑨𝑩𝟏 =
𝒃𝒄

𝒄 + 𝒂
, 𝑨𝑪𝟏 =

𝒃𝒄

𝒂 + 𝒃
 

𝑩𝟏𝑪𝟏
𝟐 = 𝑨𝑪𝟏

𝟐 + 𝑨𝑩𝟏
𝟐 − 𝟐𝑨𝑪𝟏𝑨𝑩𝟏 𝐜𝐨𝐬 𝑨 

= (
𝒃𝒄

𝒄 + 𝒂
)
𝟐

+ (
𝒃𝒄

𝒂 + 𝒃
)
𝟐

− 𝟐(
𝒃𝒄

𝒂 + 𝒄
) (

𝒃𝒄

𝒂 + 𝒃
)
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄
 

=
𝒃𝒄[𝒃𝒄(𝒂 + 𝒃)𝟐 + 𝒃𝒄(𝒄 + 𝒂)𝟐 − (𝒂 + 𝒃)(𝒂 + 𝒄)(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)]

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
 

=
𝒃𝒄[𝒂𝟐(𝒂 + 𝒃)(𝒂 + 𝒄) − (𝒃𝟐 + 𝒄𝟐)(𝒂 + 𝒃)(𝒂 + 𝒄) + 𝒃𝒄(𝒂 + 𝒃)𝟐 + 𝒃𝒄(𝒄 + 𝒂)𝟐]

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
 

=
𝒃𝒄[𝒂𝟐(𝒂 + 𝒃)(𝒂 + 𝒄) − 𝒂(𝒃 − 𝒄)𝟐(𝒂 + 𝒃 + 𝒄)]

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
 



 

≤
𝒃𝒄𝒂𝟐(𝒂 + 𝒃)(𝒂 + 𝒄)

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
=

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
 

Note: 𝒃𝒄(𝒂 + 𝒃)𝟐 + 𝒃𝒄(𝒄 + 𝒂)𝟐 − (𝒃𝟐 + 𝒄𝟐)(𝒂 + 𝒃)(𝒂 + 𝒄) 

= 𝒃𝒄[(𝒃 − 𝒄)𝟐 + 𝟐(𝒂 + 𝒃)(𝒂 + 𝒄)] − [(𝒃 − 𝒄)𝟐 + 𝟐𝒃𝒄](𝒂 + 𝒃)(𝒂 + 𝒄) 

= 𝒃𝒄(𝒃 − 𝒄)𝟐 + 𝟐𝒃𝒄(𝒂 + 𝒃)(𝒂 + 𝒄) − (𝒃 − 𝒄)𝟐(𝒂 + 𝒃)(𝒂 + 𝒄) − 𝟐𝒃𝒄(𝒂 + 𝒃)(𝒂 + 𝒄) 

= (𝒃 − 𝒄)𝟐[𝒃𝒄 − (𝒂 + 𝒃)(𝒂 + 𝒄)] 

= (𝒃 − 𝒄)𝟐[𝒃𝒄 − 𝒂𝟐 − 𝒂𝒄 − 𝒃𝒂 − 𝒃𝒄] = −𝒂(𝒃 − 𝒄)𝟐(𝒂 + 𝒃 + 𝒄) 

∴ 𝑩𝟏𝑪𝟏
𝟐 ≤

𝒂𝟐𝒃𝒄

(𝒂+𝒃)(𝒂+𝒄)
≤

𝒂𝟐𝒃𝒄

𝟒𝒂√𝒃𝒄
     (AM-GM)=

𝒂√𝒃𝒄

𝟒
∴ 𝑩𝟏𝑪𝟏 ≤

(𝒂𝟐𝒃𝒄)
𝟏
𝟒

𝟐
 

∴ 𝑹𝑨 =
𝑩𝟏𝑪𝟏
𝟐 𝐬𝐢𝐧𝑨

 

Solution 3 by Marin Chirciu – Romania  

Lemma. 

In 𝚫𝑨𝑩𝑪, 𝑨𝑫,𝑩𝑬, 𝑪𝑭 – internal bisectors, 𝒓𝑨 – inradii 𝚫𝑨𝑬𝑭: 

𝒓𝑨
𝟐 ≤

𝑹𝟐𝒃𝒄

𝟒(𝒂 + 𝒃)(𝒂 + 𝒄)
 

Proof. 

Let 𝑹𝑨, 𝑹𝑩, 𝑹𝑪 – circumradii 𝚫𝑨𝑬𝑭, 𝚫𝑩𝑭𝑫, 𝚫𝑪𝑫𝑬. 

𝑹𝑨 =
𝑬𝑭

𝟐𝐬𝐢𝐧𝑨
 

Lemma 1. 

In 𝚫𝑨𝑩𝑪, 𝑨𝑫,𝑩𝑬, 𝑪𝑭 – internal bisectors 

𝑬𝑭𝟐 ≤
𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
 

Proof. 

With bisector theorem we have 𝑨𝑫 =
𝒃𝒄

𝒂+𝒄
, 𝑨𝑭 =

𝒃𝒄

𝒂+𝒃
. 

Using cosine theorem in 𝚫𝑨𝑬𝑭 we obtain: 

𝑬𝑭𝟐 = 𝑨𝑬𝟐 + 𝑨𝑭𝟐 − 𝟐𝑨𝑬 ⋅ 𝑨𝑭 ⋅ 𝐜𝐨𝐬 𝑨 = 

= (
𝒃𝒄

𝒂 + 𝒄
)
𝟐

+ (
𝒃𝒄

𝒂 + 𝒃
)
𝟐

− 𝟐
𝒃𝒄

𝒂 + 𝒄
⋅
𝒃𝒄

𝒂 + 𝒃
⋅
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄
= 



 

=
𝒃𝟐𝒄𝟐

(𝒂 + 𝒄)𝟐
+

𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)𝟐
−
𝒃𝒄(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝟐𝒄𝟐

(𝒂 + 𝒄)𝟐
+

𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)𝟐
−
𝒃𝒄[𝟐𝒃𝒄 + (𝒃 − 𝒄)𝟐 − 𝒂𝟐]

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝟐𝒄𝟐

(𝒂 + 𝒄)𝟐
+

𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)𝟐
−

𝟐𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
−

𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝟐𝒄𝟐

(𝒂 + 𝒄)𝟐
+

𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)𝟐
−

𝟐𝒃𝟐𝒄𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)⏟                        
 

−
𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

= 𝒃𝟐𝒄𝟐 (
𝟏

𝒂 + 𝒄
−

𝟏

𝒂 + 𝒃
)
𝟐

−
𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝟐𝒄𝟐(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
−

𝒃𝒄(𝒃 − 𝒄)𝟐

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝒄(𝒃 − 𝒄)𝟐[𝒃𝒄 − (𝒂 + 𝒃)(𝒂 + 𝒄)]

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
𝒃𝒄(𝒃 − 𝒄)𝟐(−𝒂𝟐 − 𝒂𝒃 − 𝒂𝒄)

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
= 

=
−𝒂𝒃𝒄(𝒃 − 𝒄)𝟐(𝒂 + 𝒃 + 𝒄)

(𝒂 + 𝒃)𝟐(𝒂 + 𝒄)𝟐
+

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
≤

𝒂𝟐𝒃𝒄

(𝒂 + 𝒃)(𝒂 + 𝒄)
 

Equality holds if and only if the triangle is equilateral. 

We have 𝒓𝑨 ≤
𝑹𝑨

𝟐
 and 𝑹𝑨 =

𝑬𝑭

𝟐𝐬𝐢𝐧𝑨
⇒ 𝒓𝑨 =

𝑬𝑭

𝟒𝐬𝐢𝐧𝑨
⇒ 

𝒓𝒂
𝟐 =

𝑬𝑭𝟐

𝟏𝟔 𝐬𝐢𝐧𝟐 𝑨
=

𝑬𝑭𝟐

𝟏𝟔
𝒂𝟐

𝟒𝑹𝟐

=
𝑹𝟐𝑬𝑭𝟐

𝟒𝒂𝟐
≤

𝑳𝒆𝒎𝒎𝒂 𝟏 𝑹
𝟐 ⋅

𝒂𝟐𝒃𝒄
(𝒂 + 𝒃)(𝒂 + 𝒄)

𝟒𝒂𝟐
=

𝑹𝟐𝒃𝒄

𝟒(𝒂 + 𝒃)(𝒂 + 𝒄)
 

Let’s get back to the main problem. 

Using Lemma 𝒓𝑨
𝟐 ≤

𝑹𝟐𝒃𝒄

𝟒(𝒂+𝒃)(𝒂+𝒄)
 we obtain: 

∑𝒓𝑨
𝟐 ≤
𝑳𝒆𝒎𝒎𝒂

 ∑
𝑹𝟐𝒃𝒄

𝟒(𝒂 + 𝒃)(𝒂 + 𝒄)
= 𝑹𝟐

∑𝒃𝒄(𝒃 + 𝒄) 

𝟒∏(𝒃 + 𝒄)
= 

=
𝑹𝟐

𝟒
⋅
𝟐𝒑(𝒑𝟐 − 𝒓𝟐 − 𝟐𝑹𝒓)

𝟐𝒑(𝒑𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)
=
𝑹𝟐(𝒑𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓)

𝟒(𝒑𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)
 

We prove that: 



 
𝑹𝟐(𝒑𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓)

𝟒(𝒑𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓)
≤
𝟑𝑹𝟒

𝟔𝟒𝒓𝟐
⇔ 𝟏𝟔𝒓𝟐(𝒑𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓) ≤ 𝟑𝑹𝟐(𝒑𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓) ⇔ 

⇔ 𝒑𝟐(𝟑𝑹𝟐 − 𝟏𝟔𝒓𝟐) + 𝒓(𝟔𝑹𝟑 + 𝟑𝑹𝟐𝒓 + 𝟑𝟐𝑹𝒓𝟐 − 𝟏𝟔𝒓𝟑) ≥ 𝟎 

We distinguish the cases: 

Case 1. If (𝟑𝑹𝟐 − 𝟏𝟔𝒓𝟐) ≥ 𝟎 the inequality is obvious. 

Case 2. If (𝟑𝑹𝟐 − 𝟏𝟔𝒓𝟐) < 𝟎 the inequality can be written: 

𝒓(𝟔𝑹𝟑 + 𝟑𝑹𝟐𝒓 + 𝟑𝟐𝑹𝒓𝟐 − 𝟏𝟔𝒓𝟑) ≥ 𝒑𝟐(𝟏𝟔𝒓𝟐 − 𝟑𝑹𝟐), which follows from Gerretsen’s 

inequality: 𝒑𝟐 ≤ 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐. 

It remains to prove that: 

𝒓(𝟔𝑹𝟑 + 𝟑𝑹𝟐𝒓 + 𝟑𝟐𝑹𝒓𝟐 − 𝟏𝟔𝒓𝟑) ≥ (𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐)(𝟏𝟔𝒓𝟐 − 𝟑𝑹𝟐) ⇔ 

⇔ 𝟔𝑹𝟒 + 𝟗𝑹𝟑𝒓 − 𝟐𝟔𝑹𝟐𝒓𝟐 − 𝟏𝟔𝑹𝒓𝟑 − 𝟑𝟐𝒓𝟒 ≥ 𝟎 ⇔ 

⇔ (𝑹 − 𝟐𝒓)(𝟔𝑹𝟑 + 𝟐𝟏𝑹𝒓𝟐 + 𝟏𝟔𝑹𝒓𝟐 + 𝟏𝟔𝒓𝟑) ≥ 𝟎, see 𝑹 ≥ 𝟐𝒓, (Euler). 

Equality holds if and only if the triangle is equilateral.  

 

 


