
 
SP.530. Let 𝒂, 𝒃, 𝒄 be the lengths of the sides of a triangle with inradius 

circumradius 𝑹. Prove that: 

𝟑𝟏−
𝟏

𝟐𝒏

√(𝒎 + 𝟏)𝑹
𝒏

≤
𝟏

√𝒎 ⋅ 𝒂 + 𝒃
𝒏 +

𝟏

√𝒎 ⋅ 𝒃 + 𝒄
𝒏 +

𝟏

√𝒎 ⋅ 𝒄 + 𝜶𝒏
≤

𝟑𝟏−
𝟏

𝟐𝒏

√(𝒎 + 𝟏) ⋅ 𝟐𝒓
𝒏

 

for all integers 𝒎 ≥ 𝟎 and 𝒏 ≥ 𝟏. 

Proposed by George Apostolopoulos – Messolonghi – Greece 
Solution 1 by proposer 

 

For the right inequality, first will prove that 

𝟏

𝒎⋅𝜶+𝒃
≤

𝟏

(𝒎+𝟏)𝟐 (
𝒎

𝒂
+

𝟏

𝒃
). We have 

𝟏

(𝒎 + 𝟏)𝟐
(

𝒎

𝒂
+

𝟏

𝒃
) −

𝟏

𝒎 ⋅ 𝒂 + 𝒃
=

(𝒂 + 𝒎𝒃)(𝒎𝒂 + 𝒃) − (𝒎 + 𝟏)𝟐𝒂𝒃

(𝒎 + 𝟏)𝟐𝒂𝒃(𝒎𝒂 + 𝒃)
= 

𝒎(𝒂−𝒃)𝟐

(𝒎+𝟏)𝟐𝒂𝒃(𝒎𝒂+𝒃)
≥ 𝟎. So 

𝟏

√𝒎𝒂+𝒃
𝒏 ≤

𝟏

√(𝒎+𝟏)𝟐𝒏 √
𝒎

𝒂
+

𝟏

𝒃

𝒏
 . Similarly 

𝟏

√𝒎𝒃 + 𝒄
𝒏 ≤

𝟏

√(𝒎 + 𝟏)𝟐𝒏
√

𝒎

𝒃
+

𝟏

𝒄

𝒏

,
𝟏

√𝒎𝒄 + 𝒂𝒏 ≤
𝟏

√(𝒎 + 𝟏)𝟐𝒏
√

𝒎

𝒄
+

𝟏

𝒂

𝒏

 

Adding up these inequalities, we have 

𝟏

√𝒎𝒂 + 𝒃
𝒏 +

𝟏

√𝒎𝒃 + 𝒄
𝒏 +

𝟏

√𝒎𝒄 + 𝒂𝒏 ≤
𝟏

√(𝒎 + 𝟏)𝟐𝒏
( √

𝒎

𝒂
+

𝟏

𝒃

𝒏

+ √
𝒎

𝒃
+

𝟏

𝒄

𝒏

+ √
𝒎

𝒄
+

𝟏

𝒂

𝒏

) 

We know that (
𝒙+𝒚+𝒛

𝟑
)

𝒏

≤
𝒙𝒏+𝒚𝒏+𝒛𝒏

𝟑
, (𝒙, 𝒚, 𝒛 > 𝟎). So for 

𝒙 = √
𝒎

𝒂
+

𝟏

𝒃

𝒏
, 𝒚 = √

𝒎

𝒃
+

𝟏

𝒄

𝒏
, 𝒛 = √

𝒎

𝒄
+

𝟏

𝒂

𝒏
, we get 

(
√

𝒎

𝒂
+

𝟏

𝒃

𝒏
+ √

𝒎

𝒃
+

𝟏

𝒄

𝒏
+ √

𝒎

𝒄
+

𝟏

𝒂

𝒏

𝟑
)

𝒏

≤
(𝒎+𝟏)(

𝟏

𝒂
+

𝟏

𝒃
+

𝟏

𝒄
)

𝟑
 so 

√
𝒎

𝒂
+

𝟏

𝒃

𝒏

+ √
𝒎

𝒃
+

𝟏

𝒄

𝒏

+ √
𝒎

𝒄
+

𝟏

𝒂

𝒏

≤
𝟑

√𝟑
𝒏 √𝒎 + 𝟏

𝒏
⋅ √

𝟏

𝒂
+

𝟏

𝒃
+

𝟏

𝒄

𝒏

 



 

We know that (
𝟏

𝒂
+

𝟏

𝒃
+

𝟏

𝒄
)

𝟐

≤ 𝟑 (
𝟏

𝒂𝟐 +
𝟏

𝒃𝟐 +
𝟏

𝒄𝟐) and 

𝟏

𝒂𝟐 +
𝟏

𝒃𝟐 +
𝟏

𝒄𝟐 ≤
𝟏

𝟒𝒓𝟐 (easy proof), so 
𝟏

𝒂
+

𝟏

𝒃
+

𝟏

𝒄
≤

√𝟑

𝟐𝒓
. Now we have 

√
𝒎

𝒂
+

𝟏

𝒃

𝒏

+ √
𝒎

𝒃
+

𝟏

𝒄

𝒏

+ √
𝒎

𝒄
+

𝟏

𝒂

𝒏

≤
𝟏

√(𝒎 + 𝟏)𝟐𝒏
⋅

𝟑

√𝟑
𝒏 √𝒎 + 𝟏

𝒏
⋅

√√𝟑
𝒏

√𝟐𝒓
𝒏 =

𝟑𝟏−
𝟏

𝟐𝒏

√(𝒎 + 𝟏) ⋅ 𝟐𝒓
𝒏

 

For the left inequality, we use the AM-GM inequality, we have 

𝟏

√𝒎𝒂 + 𝒃
𝒏 +

𝟏

√𝒎𝒃 + 𝒄
𝒏 +

𝟏

√𝒎𝒄 + 𝒂𝒏 ≥
𝟑

√ √(𝒎𝒂 + 𝒃)(𝒎𝒃 + 𝒄)(𝒎𝒄 + 𝒂)𝒏𝟑
= 

𝟑

√√(𝒎𝒂 + 𝒃)(𝒎𝒃 + 𝒄)(𝒎𝒄 + 𝒂)𝟑𝒏
≥

𝟑

√
(𝒎𝒂 + 𝒃) + (𝒎𝒃 + 𝒄) + (𝒎𝒄 + 𝒂)

𝟑

𝒏

= 

𝟑 √𝟑
𝒏

√(𝒎 + 𝟏)(𝒂 + 𝒃 + 𝒄)𝒏
≥

𝟑 √𝟑
𝒏

√𝒎 + 𝟏
𝒏

⋅ √𝟑√𝟑𝑹
𝒏

=
𝟑𝟏−

𝟏
𝟐𝒏

√(𝒎 + 𝟏)𝑹
𝒏

 

(𝒂 + 𝒃 + 𝒄 ≤ 𝟑√𝟑𝑹) 

Equality holds if and only if the triangle is equilateral. 

Solution 2 by Tapas Das – India  

𝟏

√𝒎𝒂 + 𝒃
𝒏 +

𝟏

√𝒎𝒃 + 𝒄
𝒏 +

𝟏

√𝒎𝒄 + 𝒂𝒏 =
(𝟏)

𝟏
𝒏

+𝟏

√𝒎𝒂 + 𝒃
𝒏 +

(𝟏)
𝟏
𝒏

+𝟏

√𝒎𝒃 + 𝒄
𝒏 +

(𝟏)
𝟏
𝒏

+𝟏

√𝒎𝒄 + 𝒂𝒏 ≥ 

≥
𝑹𝒂𝒅𝒐𝒏 (𝟏 + 𝟏 + 𝟏)

𝟏
𝒏

+𝟏

[𝒎(∑ 𝒂) + ∑ 𝒂]
𝟏
𝒏

=
𝟑

𝟏
𝒏

+𝟏

(∑ 𝒂)
𝟏
𝒏 ⋅ (𝒎 + 𝟏)

𝟏
𝒏

=
𝟑

𝟏
𝒏

+𝟏

(𝟐𝒔)
𝟏
𝒏 ⋅ (𝒎 + 𝟏)

𝟏
𝒏

≥ 

≥
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟑

𝟏
𝒏

+𝟏

(𝟑√𝟑𝑹)
𝟏
𝒏(𝒎 + 𝟏)

𝟏
𝒏

=
𝟑

𝟏
𝒏

+𝟏−
𝟑

𝟐𝒏

√(𝒎 + 𝟏) ⋅ 𝑹
=

𝟑𝟏−
𝟏

𝟐𝒏

√(𝒎 + 𝟏)𝑹
 

𝟏

𝒂𝒎 + 𝒃
+

𝟏

𝒃𝒎 + 𝒄
+

𝟏

𝒄𝒎 + 𝒂
  

=
(𝒃𝒎 + 𝒄)(𝒄𝒎 + 𝒂) + (𝒂𝒎 + 𝒃)(𝒄𝒎 + 𝒂) + (𝒂𝒎 + 𝒃)(𝒃𝒎 + 𝒄)

(𝒂𝒎 + 𝒃)(𝒃𝒎 + 𝒄)(𝒄𝒎 + 𝒂)
 

≤
𝑯𝒐𝒍𝒅𝒆𝒓 [(𝒃𝒎 + 𝒄)(𝒄𝒎 + 𝒂) + (𝒂𝒎 + 𝒃)]𝟐

𝟑

[(𝒂𝒃𝒄𝒎𝟑)
𝟏
𝟑 + (𝒂𝒃𝒄)

𝟏
𝟑]

𝟑

=
(𝒂 + 𝒃 + 𝒄)𝟐(𝒎 + 𝟏)𝟐

(𝒂𝒃𝒄)(𝒎 + 𝟏)𝟑 ⋅ 𝟑
 



 

=
𝟒𝒔𝟐

𝟑𝒂𝒃𝒄(𝒎 + 𝟏)
=

𝟒𝒔𝟐

𝟑(𝟒𝑹𝒓𝒔)(𝒎 + 𝟏)
=

𝒔

𝟑𝑹𝒓(𝒄𝒎 + 𝟏)
 

≤
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟑√𝟑𝑹

𝟐⋅𝟑𝑹𝒓(𝒎+𝟏)
=

𝟑
𝟏
𝟐

(𝒎+𝟏)𝟐𝒓
        (1) 

∴
𝟏

√𝒂𝒎 + 𝒃
𝒏 +

𝟏

√𝒃𝒎 + 𝒄
𝒏 +

𝟏

√𝒄𝒎 + 𝒂𝒏 ≤
𝑯𝒐𝒍𝒅𝒆𝒓

 √(𝟏 + 𝟏 + 𝟏)𝒏−𝟏 ∑
𝟏

𝒂𝒎 + 𝒃

𝒏

 

≤ √𝟑𝒏−𝟏 ⋅
𝟑

𝟏
𝟐

(𝒎+𝟏)𝟐𝒓

𝒏

 , using (1)= √ 𝟑
𝒏−

𝟏
𝟐

(𝒎+𝟏)𝟐𝒓

𝒏

=
𝟑

𝟏−
𝟏

𝟐𝒏

√(𝒎+𝟏)𝟐𝒓
𝒏  

Solution 3 by Marin Chirciu – Romania  

RHS 

∑
𝟏

√𝒎 ⋅ 𝒂 + 𝒃
𝒏 ≤

𝑯𝒐𝒍𝒅𝒆𝒓
√𝟑𝒏−𝟏 ∑

𝟏

𝒎 ⋅ 𝒂 + 𝒃

𝒏

≤
(𝟏)

√𝟑𝒏−𝟏 ⋅
𝟏

𝒎 + 𝟏
⋅

√𝟑

𝟐𝒓

𝒏

=
𝟑𝟏−

𝟏
𝟐𝒏

√(𝒎 + 𝟏) ⋅ 𝟐𝒓
𝒏

 

where (1) ⇔ ∑
𝟏

𝒎⋅𝒂+𝒃
≤

𝟏

𝒎+𝟏
⋅

√𝟑

𝟐𝒓
, see: 

∑
𝟏

𝒎 ⋅ 𝒂 + 𝒃
≤
𝑪𝑺 𝟏

(𝒎 + 𝟏)𝟐
∑ (

𝒎

𝒂
+

𝟏

𝒃
) =

𝟏

(𝒎 + 𝟏)𝟐
(𝒎 + 𝟏) ∑

𝟏

𝒂
= 

=
𝟏

𝒎 + 𝟏
∑

𝟏

𝒂
≤

𝑳𝒆𝒖𝒏𝒃𝒆𝒓𝒈𝒆𝒓 𝟏

𝒎 + 𝟏
⋅

√𝟑

𝟐𝒓
 

Equality holds if and only if the triangle is equilateral. 

LHS 

∑
𝟏

√𝒎⋅𝒂+𝒃
𝒏 ≥

𝑯𝒐𝒍𝒅𝒆𝒓 𝟗

∑ √𝒎⋅𝒂+𝒃
𝒏 ≥

(𝟐)
𝟗

√𝟑
𝒏+

𝟏
𝟐(𝒎+𝟏)⋅𝑹

𝒏
=

𝟑𝟐

𝟑
𝟏+

𝟏
𝟐𝒏 √(𝒎+𝟏)⋅𝑹

𝒏
=

𝟑
𝟏−

𝟏
𝟐𝒏

√(𝒎+𝟏)⋅𝑹
𝒏  , 

Where (2) ⇔ ∑ √𝒎 ⋅ 𝒂 + 𝒃
𝒏

≤ √𝟑𝒏+
𝟏

𝟐(𝒎 + 𝟏) ⋅ 𝑹
𝒏

, see: 

∑ √𝒎 ⋅ 𝒂 + 𝒃
𝒏

≤
𝑯𝒐𝒍𝒅𝒆𝒓

√𝟑𝒏−𝟏 ∑(𝒎 ⋅ 𝒂 + 𝒃)
𝒏

= √𝟑𝒏−𝟏(𝒎 + 𝟏) ∑ 𝒂
𝒏

= 

= √𝟑𝒏−𝟏(𝒎 + 𝟏) ⋅ 𝟐𝒑
𝒏

≤
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 

≤
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

√𝟑𝒏−𝟏(𝒎 + 𝟏) ⋅ 𝟑√𝟑𝑹
𝒏

= √𝟑𝒏+
𝟏
𝟐(𝒎 + 𝟏) ⋅ 𝑹

𝒏

 

Equality holds if and only if the triangle is equilateral. 

 


