
 
SP.531 𝐈𝐟 𝒂, 𝒃, 𝒄 ≥ 𝟏, 𝐭𝐡𝐞𝐧 ∶ 

√
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟑
− √𝒂𝒃𝒄

𝟑
≥ √

𝟏

𝒂𝒃
+

𝟏

𝒃𝒄
+

𝟏

𝒄𝒂

𝟑
−

𝟏

√𝒂𝒃𝒄
𝟑 . 

Proposed by Vasile Mircea Popa-Romania 
Solution 1 by proposer 

 
We write the inequality in the form E(a,b,c) 0 . 

Without loss of generality, we may assume that a b c 1   . 

We shall prove that: E(a,b,c) E(a, bc, bc) 0  . 

a) We will prove the inequality E(a,b,c) E(a, bc, bc) .  

The inequality can be written as follows: 

ab bc ca bc 2a bc a b c a 2 bc

3 3 3abc 3abc

     
    

Or, equivalently: 

   
2 21 1 1

a b c b c
3 3 abc

ab bc ca bc 2a bc a b c a 2 bc

3 3 3abc 3abc

 


     

 

 

To prove the inequality E(a,b,c) E(a, bc, bc)  it is enough to prove that: 

   
   

2 2

2 2

1 1
b c b c

ab bc ca bc 2a bc abc a b c abc a 2 bc

a a

  
      



 

For b c  this relationship it is true (case of equality).  
For b c  we will show that: 

 2

ab bc ca
abc a b c

a

 
    (inequality 1) and  2

bc 2a bc
abc a 2 bc

a


   (inequality 2) 

We prove inequalities (1) and (2). We have: 

   2 3ab bc ca ab a ca a a b c a bc a b c            and: 

   3bc
bc 2a bc a 2 bc a a 2 bc a bc a 2 bc

a

 
       

 
 

Thus, the inequality E(a,b,c) E(a, bc, bc) is proved. 

b) We will prove the inequality: E(a, bc, bc) 0  . Let us denote:  x bc , a x 1  . 

We have to show that: 
2

3 2

2 3 2

x 2ax a 2x 1
ax

3 3ax ax

 
   . But, we have: 2x 1 . 



 
Since both sides of the above inequality are nonnegative, it is enough to prove the 
homogeneous  inequality: 

2
3 2 2

2 3 2

x 2ax a 2x 1
ax x

3 3ax ax

  
    

 
.This inequality is equivalently written: 

   2 2 2 3 43 3
1 1

y 2y y y 2y y
3 3

     , where: 
x

y
a

 ,  0 y 1   

To prove this inequality,we study the variation and we draw the graph of the function: 

   2 2 2 3 43 3
1 1

f (y) y 2y y y 2y y
3 3

      ,  y 0,1  

We obtain: 
 

 
 
 
 
 
 
 
 
 
 
 
 

It follows that we have f (y) 0 ,  y 0,1  (we have f (1) 0 ).Thus, the inequality 

E(a, bc, bc) 0  is proved.So, the inequality E(a,b,c) 0  required in the statement of 

the problem is proved. 
Remark: The expression: 

ab bc ca
M

3

 
  

is an elementary symmetric mean of the numbers a, b, c. We have: 3M G abc  . 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐖𝐋𝐎𝐆, 𝐰𝐞 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒂 ≥ 𝒃 ≥ 𝒄. 𝐋𝐞𝐭 𝒙

≔ √𝒃𝒄 𝐚𝐧𝐝 𝐰𝐞 𝐰𝐢𝐥𝐥 𝐰𝐫𝐢𝐭𝐞 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐚𝐬 

𝑬(𝒂, 𝒃, 𝒄) = √
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟑
− √𝒂𝒃𝒄

𝟑
− √

𝒂 + 𝒃 + 𝒄

𝟑𝒂𝒃𝒄
+

𝟏

√𝒂𝒃𝒄
𝟑 ≥ 𝟎. 
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𝐖𝐞 𝐰𝐢𝐥𝐥 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝑬(𝒂, 𝒃, 𝒄)

≥ 𝑬(𝒂, 𝒙, 𝒙).  𝐓𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐬𝐮𝐜𝐜𝐞𝐬𝐬𝐢𝐯𝐞𝐥𝐲 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

√
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟑
− √

𝒂 + 𝒃 + 𝒄

𝟑𝒂𝒃𝒄
≥ √

𝟐𝒂√𝒃𝒄 + 𝒃𝒄

𝟑
− √

𝒂 + 𝟐√𝒃𝒄

𝟑𝒂𝒃𝒄
 

(√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 − √𝟐𝒂√𝒃𝒄 + 𝒃𝒄) √𝒂𝒃𝒄 ≥ √𝒂 + 𝒃 + 𝒄 − √𝒂 + 𝟐√𝒃𝒄 

𝒂(√𝒃 − √𝒄)
𝟐

. √𝒂𝒃𝒄

√𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + √𝟐𝒂√𝒃𝒄 + 𝒃𝒄
≥

(√𝒃 − √𝒄)
𝟐

√𝒂 + 𝒃 + 𝒄 + √𝒂 + 𝟐√𝒃𝒄
 

√𝒂𝟑𝒃𝒄(𝒂 + 𝒃 + 𝒄) + √𝒂𝟑𝒃𝒄(𝒂 + 𝟐√𝒃𝒄) ≥ √𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + √𝟐𝒂√𝒃𝒄 + 𝒃𝒄, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝒂𝟑𝒃𝒄(𝒂 + 𝒃 + 𝒄) ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂  𝐚𝐧𝐝  𝒂𝟑𝒃𝒄(𝒂 + 𝟐√𝒃𝒄)

≥ 𝟐𝒂√𝒃𝒄 + 𝒃𝒄. 
𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 𝑬(𝒂, 𝒙, 𝒙) ≥ 𝟎, 𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝒙 ≥ 𝟏, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

√
𝟐𝒂𝒙 + 𝒙𝟐

𝟑
− √𝒂𝒙𝟐𝟑

≥ 𝒙𝟐 (√
𝒂 + 𝟐𝒙

𝟑𝒂𝒙𝟐
−

𝟏

√𝒂𝒙𝟐𝟑 ). 

𝐒𝐞𝐭𝐭𝐢𝐧𝐠 𝒕 =
𝒂

𝒙
≥ 𝟏.  𝐓𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

√
𝟐𝒕 + 𝟏

𝟑
− √𝒕𝟑 ≥ √

𝒕 + 𝟐

𝟑𝒕
−

𝟏

√𝒕𝟑  ⇔  √𝒕(𝟐𝒕 + 𝟏) − √𝒕 + 𝟐 ≥ √𝟑. √𝒕𝟔 (√𝒕𝟐𝟑
− 𝟏) 

⇔
𝟐(𝒕𝟐 − 𝟏)

√𝒕(𝟐𝒕 + 𝟏) + √𝒕 + 𝟐
≥ √𝟑. √𝒕𝟔 (√𝒕𝟐𝟑

− 𝟏) 

⇔⏞
𝒕 ≥ 𝟏

𝟐 (√𝒕𝟒𝟑
+ √𝒕𝟐𝟑

+ 𝟏) ≥ √𝒕
𝟔

(√𝟑𝒕(𝟐𝒕 + 𝟏) + √𝟑(𝒕 + 𝟐)). 

𝐋𝐞𝐭 𝒚 = √𝒕𝟔 .  𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝑹𝑯𝑺 = √𝒕
𝟔

(√𝟑𝒕(𝟐𝒕 + 𝟏) + √𝟑(𝒕 + 𝟐)) ≤ √𝒕
𝟔

(
𝟑𝒕 + (𝟐𝒕 + 𝟏)

𝟐
+

𝟑 + (𝒕 + 𝟐)

𝟐
)

= 𝟑𝒚(𝒚𝟔 + 𝟏) ≤⏞
?

𝑳𝑯𝑺 
𝟐(𝒚𝟖 + 𝒚𝟒 + 𝟏) ≥ 𝟑𝒚(𝒚𝟔 + 𝟏)  ⇔  (𝒚 − 𝟏)𝟐(𝟐𝒚𝟔 + 𝒚𝟓 − 𝒚𝟑 + 𝒚 + 𝟏) ≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
 

 


