
 
SP.532 Prove that in any right triangle with the cathetus 𝒃 and 𝒄 we have the 

inequality: 

𝒓 ≤
𝟐−√𝟐

𝟒
(𝒃 + 𝒄), where 𝒓 is the inradii of the triangle. 

Proposed by Laura Molea and Gheorghe Molea – Romania  
Solution 1 by proposers, Solution 2 by Marin Chirciu – Romania  
Solution 1 by proposers 

We have 𝒓 =
𝑺

𝒑
, 𝑺 =

𝒃𝒄

𝟐
⇒ 𝒃𝒄 = 𝒓(𝒂 + 𝒃 + 𝒄) ⇒ 𝒂 =

𝒃𝒄−𝒓𝒃−𝒓𝒄

𝒓
=

𝒃𝒄

𝒓
− 𝒃− 𝒄. 

But 𝒃𝟐 + 𝒄𝟐 = 𝒂𝟐 ⇒ 𝒃𝟐 + 𝒄𝟐 = (
𝒃𝒄

𝒓
− 𝒃 − 𝒄)

𝟐

 

𝒓𝟐𝒃𝟐 + 𝒓𝟐𝒄𝟐 = 𝒃𝟐𝒄𝟐 + 𝒃𝟐𝒓𝟐 + 𝒄𝟐𝒓𝟐 − 𝟐𝒃𝟐𝒄𝒓 − 𝟐𝒃𝒄𝟐𝒓 + 𝟐𝒃𝒄𝒓𝟐 

𝒃𝟐𝒄𝟐 − 𝟐𝒃𝟐𝒄𝒓 − 𝟐𝒃𝒄𝟐𝒓 + 𝟐𝒃𝒄𝒓𝟐 = 𝟎|: 𝒃𝒄 

𝒃𝒄 − 𝟐𝒃𝒓 − 𝟐𝒄𝒓 + 𝟐𝒓𝟐 = 𝟎, 𝒃(𝒄 − 𝟐𝒓) − 𝟐𝒓(𝒄 − 𝟐𝒓) = 𝟐𝒓𝟐 

(𝒃 − 𝟐𝒓)(𝒄 − 𝟐𝒓) = 𝟐𝒓𝟐    (*) 

But 𝒂 + 𝒃 > 𝑐 ⇔ 𝑎 + 𝑏 + 𝑐 > 2𝒄 ⇔ 𝟏 >
𝟐𝒄

𝒂+𝒃+𝒄
 

⇔ 𝒃 >
𝟐𝒃𝒄

𝒂 + 𝒃 + 𝒄
=
𝟐𝒓(𝒂 + 𝒃 + 𝒄)

𝒂 + 𝒃 + 𝒄
= 𝟐𝒓 ⇒ 𝒃 > 2𝒓 

⇒ 𝒃 − 𝟐𝒓 > 0. Analogous we obtain 𝒄 − 𝟐𝒓 > 0 

As 𝑴𝒈 ≤ 𝑴𝒂 ⇒ from inequality (*) the result 

𝒓√𝟐 = √(𝒃 − 𝟐𝒓)(𝒄 − 𝟐𝒓) ≤
𝒃 − 𝟐𝒓 + 𝒄 − 𝟐𝒓

𝟐
⇔ 𝟐𝒓√𝟐 + 𝟒𝒓 ≤ 𝒃 + 𝒄 ⇔ 

𝟐𝒓(√𝟐 + 𝟐) ≤ 𝒃 + 𝒄 ⇔ 𝒓 ≤
𝟏

𝟐(𝟐 + √𝟐)
(𝒃 + 𝒄) ⇔ 𝒓 ≤

𝟐 − √𝟐

𝟒
(𝒃 + 𝒄) 

We have equality ⇔ the isosceles right triangle. 

Solution 2 by Marin Chirciu – Romania 

Using 𝒓 =
𝒃+𝒄−𝒂

𝟐
 the inequality from enunciation can be written 

𝒃+𝒄−𝒂

𝟐
≤

𝟐−√𝟐

𝟒
(𝒃 + 𝒄) ⇔ 

⇔ 𝟐𝒂 ≥ √𝟐(𝒃 + 𝒄) ⇔ 𝟐𝒂𝟐 ≥ (𝒃 + 𝒄)𝟐 ⇔ 𝟐(𝒃𝟐 + 𝒄𝟐) ≥ (𝒃 + 𝒄)𝟐 ⇔ (𝒃 − 𝒄)𝟐 ≥ 𝟎 

with equality for 𝒃 = 𝒄. 

Equality holds if and only if the triangle is right-angles isosceles. 


