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SP. 533 Prove that k = |s the largest positive value of the constant k such
that
1 1 1 1 1
Sty te +d+——5>k(a+b+c+d+e—5)

for any positive real numbers a, b, ¢, d, e satisfying
ab+ bc+cd+de+ea=>5
Proposed by Vasile Cirtoaje — Romania
Solution by proposer
Settingia=x%2b=e = xﬂz,c =d= i,m,x >0,

from the equality constraint ab + bc + cd + de + ea = 5, we get
1 x(5x%2-1)

a2 Y — ) m= 7.2 AN

x3  «xZ 2(x3+1)

and the desired inequality becomes

1 2x? 2m 2
—+ 2 2x- 5>k( +—2+——5),
X m X X

1 4x(x3+1) , 5x*—-1 2
b ——— 4 2x-5>k(x2+ +=-5)
x2 5x2 -1 xt+x

For x — oo, this inequality leads to the necessary condition E > k.
Further, we need to prove the inequality for k = g, i.e. to show that E(a,b,c,d,e) = 0,
where E = 5(1+1+1+1+1)—4(a+b+c+d+e)—5.
a b ¢ d e
LetT = (T1,T,, T3, T4, Ts) and t = (t4,t,, t3,t4, ts) be two decreasing sequences of
nonnegative numbers. By Karamata majorization inequality applied to the convex function
f(x) =¢€* if
Ty =>t,T1T, = t1t3, T T,T3 = t1tyt3, T1ToT3T4 = titytzty, and T{T,T3T4T5 =
titytst,ts, then
Ti+Ty+T3+Ty+Ts>t;+t, +t5+t,+ts.
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Let (x4, x5, X3, X4, X5) be a permutation of (a,b,c,d, e) suchthat x; > x; > x3 > x4 =
X5. According to Karamata’s inequality, the largest cyclic sum of five terms x;x;, where i #
J and each x; appears twice, is §1 = X1X; + X1X3 + X2X4 + X3X5 + X4X5.

As a consequence, the smallest sum is
S, = Z XiXj — S1 = X1X5 + X1X4 + X2X5 + X2X3 + X3X4.

1<i<j<5
Since E(a, b, c,d,e) = E(x4,X3,Xx3,X4,X5) and ab + bc + cd + de + ea = 5 involves
S, < 5,toprove that E(a, b,c,d, e) > 0 it suffices to show that S, < 5 involves
E(x41,Xx3,X3,X4,%x5) = 0. Since increasing all the x; by the same multiplicative factor
increases the sum S, and decreases the function E (x4, X3, X3, X4, X5), Wwe may consider
S, = 5. So, we need to show that E(a, b, c,d, e) > 0 for

ae+ad+be+bc+cd=5 a=b=c=d=e>0.

a+b d+e
Denote:sz,sz,aZbeZCZdZyZe.

Replacing a and e with 2x — b and 2y — d, respectively, we have
5=a(d+e)+be+bc+cd=22x—b)y+bR2y—d)+bc+cd=
=4xy+ bc— (b — c)d.

From this, we get: 5 > 4xy + bc — (b — ¢)c = 4xy + ¢?,

Hence 4xy <5—c? c¢<+5and
5=4xy+bc—(b—c)d <4xy+bc—(b—c)y=4xy+b(c—y)+cy

3
S4xy+x(c—y)+cy=3xy+c(x+y)SZ(S—CZ)+c(x+y),

hence: 4c(x +y) > 3c®> +5

By the AM-HM inequality, we have
1 1 4 2 1 1 2
>

> — 4= .
a+b_a+b x'd+e_y

Thus, it suffices to show that the conditions
4xy <5-c% 4c(x+y)=3c*+5, x=2c=>y>0

involve
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2 1
—_ — — >
5(x+y+c)_4(2x+2y+c)+5,

thatis

5 5
_— —_— —5>0.
2(x+y)< 4)+c 4c—-5=>0

Since
5 20 . _ 4c?
xy ~5-c¢2 = 5-c?
2
it suffices to show that: s(i:—gc + % —4c—-52=0.
Indeed,
8(x+y)c? 5 2¢(3¢2+5) 5
BUHNC 5 4 5528 *5 5 4 5
5—c? c 5—c? c
_5(2c*+c*-3c¢®-5¢+5) 5(c—1)%*2c®+5c+5) -
B c(5—c2) - c(5—c?) -

The proof is completed. For k = g, the equality occurswhena=b=c=d =e = 1.



