
 
SP.537 Solve for real numbers: 

𝟑𝒆𝒙 + 𝟑𝒆𝟑𝒙 + 𝟏 = 𝟒𝒆𝟐𝒙 + 𝟑 ⋅ √𝒆𝟒𝒙
𝟑

 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝟑𝒆𝒙 + 𝟑𝒆𝟑𝒙 + 𝟏 = (𝟐𝒆𝒙 + 𝟐𝒆𝟑𝒙) + (𝒆𝒙 + 𝒆𝟑𝒙 + 𝟏) = 

= 𝟐(𝒆𝒙 + 𝒆𝟑𝒙) + (𝒆𝒙 + 𝒆𝟑𝒙 + 𝟏) ≥
𝑨𝑴−𝑮𝑴

𝟐 ⋅ 𝟐√𝒆𝒙 ⋅ 𝒆𝟑𝒙 + 𝟑 ⋅ √𝒆𝒙 ⋅ 𝒆𝟑𝒙 ⋅ 𝟏
𝟑

= 

= 𝟒√𝒆𝟒𝒙 + 𝟑√𝒆𝟒𝒙
𝟑

= 𝟒𝒆𝟐𝒙 + 𝟑√𝒆𝟒𝒙
𝟑

 

Equality holds for: 𝒆𝒙 = 𝒆𝟑𝒙 and 𝒆𝒙 = 𝒆𝟑𝒙 = 𝟏. Solution: 𝒙 = 𝟎 

Solution 2 by Marin Chiricu – Romania 

We have 𝟑𝒆𝒙 + 𝟑𝒆𝟑𝒙 + 𝟏 = 𝟒𝒆𝟐𝒙 + 𝟑√𝒆𝟒𝒙
𝟑

⇔ 𝟑𝒆𝒙 + 𝟑𝒆𝟑𝒙 + 𝟏 = 𝟒𝒆𝟐𝒙 + 𝟑𝒆
𝟒𝒙

𝟑  

With the substitution 𝒆
𝒙

𝟑 = 𝒕 > 𝟎 the equation becomes  

𝟑𝒕𝟑 + 𝟑𝒕𝟗 + 𝟏 = 𝟒𝒕𝟔 + 𝟑𝒕𝟒 ⇔ 𝟑𝒕𝟗 − 𝟒𝒕𝟔 − 𝟑𝒕𝟒 + 𝟑𝒕𝟑 + 𝟏 = 𝟎 ⇔ 

⇔ (𝒕 − 𝟏)𝟐(𝟑𝒕𝟕 + 𝟔𝒕𝟔 + 𝟗𝒕𝟓 + 𝟖𝒕𝟒 + 𝟕𝒕𝟑 + 𝟑𝒕𝟐 + 𝟐𝒕 + 𝟏) = 𝟎 ⇔ 𝒕 = 𝟏. 

Returning to the notations it follows 𝒆
𝒙

𝟑 = 𝟏 ⇔ 𝒙 = 𝟎 

Reciprocal 𝒙 = 𝟎 verify the equation. 

We deduce that 𝒙 = 𝟎 is the unique solution of the equation. 

 


