
 
SP.538 In acute 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟑𝟔 ≤ 𝟒 (∑ 𝐭𝐚𝐧 𝑨 𝐭𝐚𝐧 𝑩

𝒄𝒚𝒄

) ≤ 𝟗 + ∏ 𝐭𝐚𝐧𝟐 𝑨

𝒄𝒚𝒄

 

Proposed by Daniel Sitaru – Romania  
Solution 1 by proposer, Solution 2 by Marin Chirciu – Romania  
Solution 1 by proposer 

𝟏

𝟑
∑ 𝐭𝐚𝐧 𝑨

𝒄𝒚𝒄

≥
𝑨𝑴−𝑯𝑴 𝟑

∑
𝟏

𝐭𝐚𝐧 𝑨𝒄𝒚𝒄

 

(∑ 𝐭𝐚𝐧 𝑨

𝒄𝒚𝒄

) ⋅ (∑
𝟏

𝐭𝐚𝐧 𝑨
𝒄𝒚𝒄

) ≥ 𝟗 

∏ 𝐭𝐚𝐧 𝑨

𝒄𝒚𝒄

⋅
𝐭𝐚𝐧 𝑨 𝐭𝐚𝐧 𝑩 + 𝐭𝐚𝐧 𝑩 𝐭𝐚𝐧 𝑪 + 𝐭𝐚𝐧 𝑪 𝐭𝐚𝐧 𝑨

∏ 𝐭𝐚𝐧 𝑨𝒄𝒚𝒄
≥ 𝟗 

∑ 𝐭𝐚𝐧 𝑨 𝐭𝐚𝐧 𝑩

𝒄𝒚𝒄

≥ 𝟗 ⇒ 𝟒 ∑ 𝐭𝐚𝐧 𝑨 𝐭𝐚𝐧 𝑩

𝒄𝒚𝒄

≥ 𝟑𝟔 

By Padoa’s inequality: 

∏ (𝐭𝐚𝐧 𝑨 + 𝐭𝐚𝐧 𝑩 − 𝐭𝐚𝐧 𝑪)𝒄𝒚𝒄 ≤ ∏ 𝐭𝐚𝐧 𝑨𝒄𝒚𝒄    (1) 

Denote: 𝒖 = ∑ 𝐭𝐚𝐧 𝑨𝒄𝒚𝒄 = ∏ 𝐭𝐚𝐧 𝑨𝒄𝒚𝒄 > 0 

By (1): 

∏(𝒖 − 𝐭𝐚𝐧 𝑨)

𝒄𝒚𝒄

≤ 𝒖 

𝒖𝟑 − 𝟐 (∑ 𝐭𝐚𝐧 𝑨

𝒄𝒚𝒄

) ⋅ 𝒖𝟐 + 𝟒 (∑ 𝐭𝐚𝐧 𝑨 𝐭𝐚𝐧 𝑩

𝒄𝒚𝒄

) ⋅ 𝒖 − 𝟖𝒖 ≤ 𝒖 

𝒖𝟑 − 𝟐𝒖𝟑 + 𝟒 (∑ 𝐭𝐚𝐧 𝑨 𝐭𝐚𝐧 𝑩

𝒄𝒚𝒄

) ⋅ 𝒖 ≤ 𝟗𝒖 

𝟒 (∑ 𝐭𝐚𝐧 𝑨 𝐭𝐚𝐧 𝑩

𝒄𝒚𝒄

) ⋅ 𝒖 ≤ 𝟗𝒖 + 𝒖𝟑 



 

𝟒 ∑ 𝐭𝐚𝐧 𝑨 𝐭𝐚𝐧 𝑩

𝒄𝒚𝒄

≤ 𝒖𝟐 + 𝟗 

𝟒 ∑ 𝐭𝐚𝐧 𝑨 𝐭𝐚𝐧 𝑩

𝒄𝒚𝒄

≤ 𝟗 + ∏ 𝐭𝐚𝐧𝟐 𝑨

𝒄𝒚𝒄

 

Equality holds for: 

𝐭𝐚𝐧 𝑨 = 𝐭𝐚𝐧 𝑩 = 𝐭𝐚𝐧 𝑪 ⇒ 𝑨 = 𝑩 = 𝑪 =
𝝅

𝟑
 

Solution 2 by Marin Chirciu – Romania 

Changing the variable 𝑨 →
𝝅

𝟐
− 𝑨, the inequality from enunciation is equivalent with: 

𝟑𝟔 ≤ 𝟒 ∑ 𝐜𝐨𝐭
𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
≤ 𝟗 + ∏ 𝐜𝐨𝐭𝟐

𝑨

𝟐
 

Using the inequalities in triangle ∑ 𝐜𝐨𝐭
𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
=

𝟒𝑹+𝒓

 𝒓
 and ∏ 𝐜𝐨𝐭

𝑨

𝟐
=

𝒔

𝒓
 

First inequality. 

𝟑𝟔 ≤ 𝟒 ∑ 𝐜𝐨𝐭
𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
⇔ ∑ 𝐜𝐨𝐭

𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
≥ 𝟗 ⇔

𝟒𝑹+𝒓

𝒓
≥ 𝟗 ⇔ 𝑹 ≥ 𝟐𝒓, (Euler) 

Equality holds if and only if the triangle is equilateral. 

Second inequality. 

𝟒 ∑ 𝐜𝐨𝐭
𝑨

𝟐
𝐜𝐨𝐭

𝑩

𝟐
≤ 𝟗 + ∏ 𝐜𝐨𝐭𝟐 𝑨

𝟐
⇔ 𝟒 ⋅

𝟒𝑹+𝒓

𝒓
≥ 𝟗 +

𝒔𝟐

𝒓𝟐 ⇔ 𝒔𝟐 ≥ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐, (Gerretsen) 

Equality holds if and only if the triangle is equilateral. 


