
 
SP.539. If 𝒂 > 𝟎; 𝒇:ℝ → ℝ is a function such that: 

𝒇 (𝒂𝒙 −
𝟏

𝒂
) ≤ 𝒂𝒙 ≤ 𝒇(𝒙) − 𝟏; (∀)𝒙 ∈ ℝ   then: 

𝒇(𝟐) + 𝒇(𝟒) + 𝒇(𝟖) >
𝟏𝟐√𝒂

𝒂
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

𝒂𝒙 ≤ 𝒇(𝒙) − 𝟏 ⇒ 𝒇(𝒙) ≥
𝒂𝒙+𝟏

𝒂
       (1) 

𝒇 (𝒂𝒙 −
𝟏

𝒂
) ≤ 𝒂𝒙       (2) 

Replace 𝒚 = 𝒂𝒙 −
𝟏

𝒂
 in (2): 𝒚 +

𝟏

𝒂
= 𝒂𝒙 ⇒ 𝒙 =

𝟏

𝒂
𝒚 +

𝟏

𝒂𝟐
 

𝒇(𝒚) ≤ 𝒂(
𝟏

𝒂
𝒚 +

𝟏

𝒂𝟐
) ⇒ 𝒇(𝒚) ≤ 𝒚 +

𝟏

𝒂
=
𝒂𝒚 + 𝟏

𝒂
 

𝒇(𝒙) ≤
𝒂𝒙+𝟏

𝒂
      (3) 

By (2);(3): 

𝒇(𝒙) =
𝒂𝒙 + 𝟏

𝒂
⇒ 𝒇(𝒙) = 𝒙 +

𝟏

𝒂
 

𝒇(𝟐) + 𝒇(𝟒) + 𝒇(𝟖) = (𝟐 +
𝟏

𝒂
) + (𝟒 +

𝟏

𝒂
) + (𝟖 +

𝟏

𝒂
) ≥ 

>
𝑨𝑴−𝑮𝑴

𝟔 ⋅ √𝟐 ⋅
𝟏

𝒂
⋅ 𝟒 ⋅

𝟏

𝒂
⋅ 𝟖 ⋅

𝟏

𝒂

𝟔

= 𝟔√𝟐𝟔 ⋅
𝟏

𝒂𝟑

𝟔

= 𝟏𝟐 ⋅ √
𝟏

𝒂𝟑

𝟔

= 𝟏𝟐 ⋅
𝟏

√𝒂
=
𝟏𝟐√𝒂

𝒂
 

Solution 2 by Marin Chirciu – Romania 

We have 𝒇(𝒙) ≥ 𝒂𝒙 + 𝟏, (∀)𝒙 ∈ ℝ. 

We obtain 𝒇(𝟐) + 𝒇(𝟒) + 𝒇(𝟖) ≥ (𝟐𝒂 + 𝟏) + (𝟒𝒂+ 𝟏) + (𝟖𝒂 + 𝟏) = 𝟏𝟒𝒂 + 𝟑 >
𝟏𝟐√𝒂

𝒂
 

which follows from 𝟏𝟒𝒂 + 𝟑 >
𝟏𝟐√𝒂

𝒂
, 𝒂 > 𝟎 

We denote √𝒂 = 𝒕 > 𝟎 and 𝟏𝟒𝒂 + 𝟑 >
𝟏𝟐√𝒂

𝒂
 we write 𝟏𝟒𝒕𝟐 + 𝟑 >

𝟏𝟐

𝒕
⇔ 

⇔ 𝟏𝟒𝒕𝟑 + 𝟑𝒕 + 𝟏𝟐 > 𝟎, 𝒕 > 𝟎 
We consider the function 𝒈(𝒕) = 𝟏𝟒𝒕𝟑 + 𝟑𝒕 − 𝟏𝟐, 𝒕 > 𝟎 

𝒈′(𝒕) = 𝟒𝟐𝒕𝟐 + 𝟑 > 𝟎 ⇒ 𝒈 is strictly increasing on (𝟎,∞). 
From the table of variation it follows 𝒈(𝒕) > 𝟎 for 𝒕 ≥ 𝟏. 


