
 
UP.526. Prove the identity: 

∫
|𝐬𝐢𝐧(𝒙)|

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 = 𝟏 − 𝟐∑
𝟏

(𝟒𝒏𝟐 − 𝟏)𝒆𝟐𝒏

∞

𝒏=𝟏

 

Proposed by Vasile Mircea Popa – Romania  

Solution 1 by proposer 

Let us denote: 

𝑰 = ∫
|𝐬𝐢𝐧(𝒙)|

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 

The function 𝒇(𝒙) = |𝐬𝐢𝐧(𝒙)| is periodic with period 𝝅 and satisfies Dirichlet’s conditions. 

Also, the function is even. We expand the function in the Fourier series: 

𝒇(𝒙) = 𝒂𝟎 +∑𝒂𝒏

∞

𝒏=𝟏

𝐜𝐨𝐬(𝟐𝒏𝒙) 

where: 

𝒂𝟎 =
𝟏

𝝅
∫ 𝐬𝐢𝐧(𝒙)
𝝅

𝟎

𝒅𝒙;𝒂𝒏 =
𝟐

𝝅
∫ 𝐬𝐢𝐧(𝒙)
𝝅

𝟎

𝐜𝐨𝐬(𝟐𝒏𝒙)𝒅𝒙 

Calculating these integrals, we obtain: 

𝒂𝟎 =
𝟐

𝝅
; 𝒂𝒏 = −

𝟒

𝝅
⋅

𝟏

𝟒𝒏𝟐 − 𝟏
 

We have: 

𝒇(𝒙) =
𝟐

𝝅
−
𝟒

𝝅
∑

𝐜𝐨𝐬(𝟐𝒏𝒙)

𝟒𝒏𝟐 − 𝟏

∞

𝒏=𝟏

 

Substituting 𝒇(𝒙) in the expression of 𝑰, result: 

𝑰 =
𝟐

𝝅
∫

𝟏

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 −
𝟒

𝝅
∫ ∑

𝐜𝐨𝐬(𝟐𝒏𝒙)

(𝟒𝒏𝟐 − 𝟏)(𝟏 + 𝒙𝟐)

∞

𝒏=𝟏

∞

𝟎

 

So: 

𝑰 = 𝟏 −
𝟒

𝝅
∑

𝟏

𝟒𝒏𝟐 − 𝟏

∞

𝒏=𝟏

∫
𝐜𝐨𝐬(𝟐𝒏𝒙)

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 

We now use the following relationship: 

∫
𝐜𝐨𝐬(𝒎𝒙)

𝟏+𝒙𝟐

∞

𝟎
𝒅𝒙 =

𝝅

𝟐
𝒆−𝒎, 𝒎 > 0 



 
This relation is Laplace’s integral and is well known. It is easily proved for example using 

the properties of the Laplace transform. We obtained the value of the integral 𝑰: 

𝑰 = 𝟏 − 𝟐∑
𝟏

(𝟒𝒏𝟐 − 𝟏)𝒆𝟐𝒏

∞

𝒏=𝟏

 

Solution 2 by Pham Duc Nam-Vietnam 

* The function 𝒇(𝒙) = |𝐬𝐢𝐧(𝒙)| is even function then 𝒃𝒏 = 𝟎 and the Fourier series 

collapses to  

𝒇(𝒙) =
𝟏

𝟐
𝒂𝟎 +∑ 𝒂𝒏

∞
𝒏=𝟏 𝐜𝐨𝐬(𝒏𝒙) and 𝒂𝟎 =

𝟐

𝝅
∫ 𝒇(𝒙)
𝝅

𝟎
𝒅𝒙, 𝒂𝒏 =

𝟐

𝝅
∫ 𝒇(𝒙)
𝝅

𝟎
𝐜𝐨𝐬(𝒏𝒙)𝒅𝒙 

𝒙 ∈ [𝟎,𝝅] ⇒ 𝐬𝐢𝐧(𝒙) ≥ 𝟎 ⇒ |𝐬𝐢𝐧(𝒙)| = 𝐬𝐢𝐧(𝒙) 

Then the Fourier series of |𝐬𝐢𝐧(𝒙)| is given by: 

𝒇(𝒙) =
𝟏

𝝅
∫ 𝐬𝐢𝐧(𝒙) 𝒅𝒙
𝝅

𝟎

+∑(
𝟐

𝝅
∫ 𝐬𝐢𝐧(𝒙) 𝐜𝐨𝐬(𝒏𝒙)𝒅𝒙
𝝅

𝟎

)

∞

𝒏=𝟐

𝐜𝐨𝐬(𝒏𝒙) ∵ 𝒂𝟏 = 𝟎 

1. 
𝟏

𝝅
∫ 𝐬𝐢𝐧(𝒙)
𝝅

𝟎
𝒅𝒙 =

𝟏

𝝅
(−𝐜𝐨𝐬(𝒙))|𝟎

𝝅 =
𝟐

𝝅
 

2. 
𝟐

𝝅
∫ 𝐬𝐢𝐧(𝒙) 𝐜𝐨𝐬(𝒏𝒙)
𝝅

𝟎
𝒅𝒙 =

𝟏

𝝅
∫ (𝐬𝐢𝐧(𝒙(𝟏 + 𝒏)) + 𝐬𝐢𝐧(𝒙(𝟏 − 𝒏)))
𝝅

𝟎
𝒅𝒙 = 

= −
𝟏

𝝅

𝟐(𝐜𝐨𝐬(𝝅𝒏) + 𝟏)

𝒏𝟐 − 𝟏
= {

𝟎, 𝒊𝒇 𝒏 𝒊𝒔 𝒐𝒅𝒅

−
𝟏

𝝅

𝟒

𝒏𝟐 − 𝟏
, 𝒊𝒇 𝒏 𝒊𝒔 𝒆𝒗𝒆𝒏

 

⇒ 𝒇(𝒙) =
𝟐

𝝅
−
𝟒

𝝅
∑

𝐜𝐨𝐬(𝟐𝒌𝒙)

𝟒𝒌𝟐 − 𝟏

∞

𝒌=𝟏

 

∗ ∫
|𝐬𝐢𝐧(𝒙)|

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 = ∫
𝟏

𝟏 + 𝒙𝟐

∞

𝟎

(
𝟐

𝝅
−
𝟒

𝝅
∑

𝐜𝐨𝐬(𝟐𝒌𝒙)

𝟒𝒌𝟐 − 𝟏

∞

𝒌=𝟏

)𝒅𝒙 = 

=
𝟐

𝝅
∫

𝟏

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 −
𝟒

𝝅
∑

𝟏

𝟒𝒌𝟐 − 𝟏

∞

𝒌

∫
𝐜𝐨𝐬(𝟐𝒌𝒙)

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 

= 𝟏 −
𝟒

𝝅
∑

𝟏

𝟒𝒌𝟐 − 𝟏

∞

𝒌=𝟏

(
𝟏

𝟐
𝓡∫

𝒆𝟐𝒌𝒊𝒙

𝟏 + 𝒙𝟐

∞

−∞

𝒅𝒙) = 

= 𝟏 −
𝟒

𝝅
∑

𝟏

𝟒𝒌𝟐 − 𝟏

∞

𝒌=𝟏

(
𝟏

𝟐
𝓡(𝟐𝝅𝒊. 𝑹𝒆𝒔 (

𝒆𝟐𝒌𝒊𝒙

𝟏 + 𝒛𝟐
, 𝒛 = 𝒊))) 

= 𝟏 −
𝟒

𝝅
∑

𝟏

𝟒𝒌𝟐 − 𝟏

∞

𝒌=𝟏

(
𝟏

𝟐
𝓡(𝟐𝝅𝒊 𝐥𝐢𝐦

𝒙→𝒊
(𝒛 − 𝒊)

𝒆𝟐𝒌𝒊𝒙

(𝒛 + 𝒊)(𝒛 − 𝒊)
)) = 



 

= 𝟏 −
𝟒

𝝅
∑

𝟏

𝟒𝒌𝟐 − 𝟏

∞

𝒌=𝟏

(
𝟏

𝟐
𝓡(𝟐𝝅𝒊 (−

𝟏

𝟐
𝒊𝒆−𝟐𝒌))) 

= 𝟏 − 𝟐∑
𝟏

𝟒𝒌𝟐−𝟏

∞
𝒌=𝟏

𝟏

𝒆𝟐𝒌
, as required. 

Solution 3 by Ankush Kumar Parcha-India 

Consider, 𝒇(𝒛) ≔
𝒆𝒊𝒛

𝟏+𝒛𝟐
𝐜𝐨𝐭𝐡 (

𝝅𝒛

𝟐
)&𝚪: 𝜸 ∪ (−𝒓,−𝜹) ∪ 𝝍 ∪ (𝜹,𝑹) 

is the contour containing 𝜸 and 𝝍 a semi-circular arcs in the upper half of ℂ - plane with 

different radii and (−𝑹,−𝜹) ∪ (𝜹,𝑹) lies on 𝓡(𝒛) axis 

∮
𝒆𝒊𝒛

𝟏 + 𝒛𝟐

 

𝚪

𝐜𝐨𝐭𝐡 (
𝝅𝒛

𝟐
)𝒅𝒛 = ∫

𝒆𝒊𝒛

𝟏 + 𝒛𝟐𝜸

𝐜𝐨𝐭𝐡 (
𝝅𝒛

𝟐
)𝒅𝒛 + ∫

𝒆𝒊𝒙

𝟏 + 𝒙𝟐

−𝜹

−𝑹

𝐜𝐨𝐭𝐡 (
𝝅𝒙

𝟐
)𝒅𝒙 

+∫
𝒆𝒊𝒛

𝟏 + 𝒛𝟐𝝍

𝐜𝐨𝐭𝐡 (
𝝅𝒛

𝟐
)𝒅𝒛 + ∫

𝒆𝒊𝒙

𝟏 + 𝒙𝟐

𝑹

𝜹

𝐜𝐨𝐭𝐡 (
𝝅𝒙

𝟐
)𝒅𝒙 

(∵ Cauchy’s Residue Theorem: ∫ 𝒇(𝒛)
𝑪

𝒅𝒛 = 𝟐𝝅𝒊∑ 𝑹𝒆𝒔𝒇(𝒛 = 𝒛𝒌)𝒌 ) 

(∵ Jordan’s Lemma: 𝐥𝐢𝐦
𝑹→∞

∫ 𝒆𝒊𝒎𝒛
𝑪𝑹

𝒇(𝒛)𝒅𝒛 = 𝟎, 𝒇(𝒛) → 𝟎 ∧ 𝒛 → ∞ ∧𝒎 ∈ ℝ+) 

⟹
𝑹→∞,𝜹→𝟎

𝑻𝒂𝒌𝒊𝒏𝒈 𝒍𝒊𝒎𝒊𝒕𝒔

𝐥𝐢𝐦
𝑹→∞
𝜹→𝟎

𝟐𝝅𝒊𝑹𝒆𝒔 𝒇(𝒛 = 𝒊) + 𝐥𝐢𝐦
𝑹→∞
𝜹→𝟎

𝟐𝝅𝒊∑𝑹𝒆𝒔

𝒏∈ℕ

𝒇(𝒛 = 𝟐𝒏𝒊) = 

= 𝐥𝐢𝐦
𝑹→∞
𝜹→𝟎

∫
𝒆𝒊𝒛

𝟏 + 𝒛𝟐𝜸

𝐜𝐨𝐭𝐡 (
𝝅𝒛

𝟐
)𝒅𝒛

⏟                  
=𝟎,∵𝒇(𝒛)→𝟎∧𝒛→∞∧𝟏∈ℝ+

 

+ 𝐥𝐢𝐦
𝑹→∞
𝜹→𝟎

∫
𝒆𝒊𝒙

𝟏 + 𝒙𝟐

−𝜹

−𝑹

𝐜𝐨𝐭𝐡 (
𝝅𝒙

𝟐
)𝒅𝒙 + 𝐥𝐢𝐦

𝑹→∞
𝜹→𝟎

∫
𝒆𝒊𝒛

𝟏 + 𝒛𝟐𝝍

𝐜𝐨𝐭𝐡 (
𝝅𝒛

𝟐
)𝒅𝒛

⏟                  
=−𝒊𝝅 𝑹𝒆𝒔 𝒇(𝒛=𝟎)

+ 

+ 𝐥𝐢𝐦
𝑹→∞
𝜹→𝟎

∫
𝒆𝒊𝒙

𝟏 + 𝒙𝟐

𝑹

𝜹

𝐜𝐨𝐭𝐡 (
𝝅𝒙

𝟐
)𝒅𝒙 

⇒ 𝟐𝝅𝒊 𝐥𝐢𝐦
𝒛→𝒊

(𝒛 − 𝒊)𝒆𝒊𝒛 𝐜𝐨𝐭𝐡 (
𝝅𝒛
𝟐 )

𝟏 + 𝒛𝟐⏟                
=𝟎

+ 𝟐𝝅𝒊∑ 𝐥𝐢𝐦
𝒛→𝟐𝒏𝒊

(𝒛 − 𝟐𝒏𝒊)𝒆𝒊𝒛

𝟏 + 𝒛𝟐
𝒏∈ℕ

𝐜𝐨𝐭𝐡 (
𝝅𝒛

𝟐
) 

= ∫
𝒆𝒊𝒙

𝟏 + 𝒙𝟐ℝ−
𝐜𝐨𝐭𝐡 (

𝝅𝒙

𝟐
)𝒅𝒙 − 𝒊𝝅 𝐥𝐢𝐦

𝒛→𝟎

𝒛𝒆𝒊𝒛

𝟏 + 𝒛𝟐
𝐜𝐨𝐭𝐡 (

𝝅𝒛

𝟐
)

⏟              

=
𝟐
𝝅

+∫
𝒆𝒊𝒙

𝟏 + 𝒙𝟐ℝ+
𝐜𝐨𝐭𝐡 (

𝝅𝒙

𝟐
)𝒅𝒙 

⟹
𝑻𝒂𝒌𝒊𝒏𝒈 𝑰𝒎𝒂𝒈𝒊𝒏𝒂𝒓𝒚

𝒑𝒂𝒓𝒕
𝕴 {𝟐𝝅𝒊 (−

𝟐

𝟑𝝅𝒆𝟐
−

𝟐

𝟏𝟓𝝅𝒆𝟒
−

𝟐

𝟑𝟓𝝅𝒆𝟔
−⋯)} = 𝕴{−𝟐𝒊} 



 

+𝕴∫
𝒆𝒊𝒙

𝟏 + 𝒙𝟐ℝ

𝐜𝐨𝐭𝐡 (
𝝅𝒙

𝟐
)𝒅𝒙 ⇒ 𝟐 − 𝟒∑

𝟏

(𝟒𝒏𝟐 − 𝟏)𝒆𝟐𝒏
𝒏∈ℕ

= ∫
𝐬𝐢𝐧(𝒙)

𝟏 + 𝒙𝟐ℝ

𝐜𝐨𝐭𝐡 (
𝝅𝒙

𝟐
)𝒅𝒙 

(∵ ∫ 𝒇(𝒕)
+𝒂

−𝒂

𝒅𝒕 = 𝟐∫ 𝒇(𝒕), 𝒇(−𝒕) = 𝒇(𝒕)
𝒂

𝟎

) 

(∵ 𝑴𝒂𝒛 𝑰𝒅𝒆𝒏𝒕𝒊𝒕𝒚: ∫ 𝒇(𝒕)
ℝ+

⋅ 𝒈(𝒕)𝒅𝒕 = ∫ 𝓛𝒕{𝒇(𝒕)}(𝒙) ⋅ 𝓛𝒕
−𝟏{𝒈(𝒕)}(𝒙)𝒅𝒙

ℝ+
 ) 

⇒ 𝟏 − 𝟐∑
𝟏

(𝟒𝒏𝟐 − 𝟏)𝒆𝟐𝒏
𝒏∈ℕ

= ∫ 𝓛𝒙
𝑹+

{𝐬𝐢𝐧(𝒙)}(𝒕) ⋅ 𝓛𝒙
−𝟏 {

𝐜𝐨𝐭𝐡 (
𝝅𝒙
𝟐 )

𝟏 + 𝒙𝟐
}(𝒕)𝒅𝒕 

(∵ 𝓛𝒕{|𝐬𝐢𝐧(𝒕)|}(𝒔) =
𝐜𝐨𝐭𝐡 (

𝝅𝒔
𝟐 )

𝟏 + 𝒔𝟐
) 

(∵ 𝓛𝒕 {𝐬𝐢𝐧(𝝎𝒕) (𝒔) =
𝝎

𝒔𝟐 +𝝎𝟐
} , 𝒔 > |𝕴(𝝎)|) 

⟹
𝒕−𝒙

∫
|𝐬𝐢𝐧(𝒙)|

𝟏 + 𝒙𝟐ℝ+
𝒅𝒙 = 𝟏 − 𝟐∑

𝟏

(𝟒𝒏𝟐 − 𝟏)𝒆𝟐𝒏
𝒏∈ℕ

 


