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UP.526. Prove the identity:

jwlsin(x)ldle_zi 1
o 1+x? 4~ (4n? — 1)e?n

Proposed by Vasile Mircea Popa — Romania
Solution 1 by proposer

Let us denote:

“|sin(x
- [,
o 1+x

The function f(x) = |sin(x)| is periodic with period 7 and satisfies Dirichlet’s conditions.

Also, the function is even. We expand the function in the Fourier series:

f(x)=ay+ Z a, cos(2nx)
n=1
where:

1 (" 2 ("
a, = E,[ sin(x) dx; a,, = ;j sin(x) cos(2nx) dx
0 0

Calculating these integrals, we obtain:

2 4 1
Qo =777 n T 4n? —1
We have:
2 4°°cos(2nx)
FO =022 Tz -1
n=1

Substituting f(x) in the expression of I, result:

[ = Z-l‘°° 1 d 41‘“’5: cos(2nx)
T m), 1+x2 T 0 1(4n2—1)(1+x2)
n=

So:

[—1 4 i 1 f°° cos(2nx) 4
T om s4n? —1), 1+ o
n=

We now use the following relationship:

foo cos(mx) d

_ T _—-m
0 152z X=5e,m>0
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This relation is Laplace’s integral and is well known. It is easily proved for example using

the properties of the Laplace transform. We obtained the value of the integral I:

S 1
PP SN S
(4n% — 1)e?n
n=1

Solution 2 by Pham Duc Nam-Vietnam

* The function f(x) = |sin(x)| is even function then b,, = 0 and the Fourier series

collapses to
flx) = %ao + Y, a, cos(nx) and ay = %f:f(x) dx,a, = %f:f(x) cos(nx) dx

x € [0,7r] = sin(x) = 0 = |sin(x)| = sin(x)
Then the Fourier series of |sin(x)]| is given by:

b4
0 0

1 " 3 N 2 3 e —
fx) = E,[ sin(x) dx + nz; <;j sin(x) cos(nx) dx) cos(nx) ~a; =0

1. if: sin(x) dx = %(— cos(x))|T = %

2. %f: sin(x) cos(nx) dx = if:(sin(x(l +n)) +sin(x(1 —n)))dx =

1 4
O

T nz -1

12(cos(mn) +1) 0,if nis odd
B if niseven

S f) = E _i cos(2kx)

T T 4k2 -1
k=1

“|sin(x)| R | 2 4w cos(2kx)
*f zdx:f 2\ "7 ) o —q |9X=
o 1+x o 1+x*\m = 4k- -1
k=1

_2f°° 1 45: 1 f°°cos(2kx)d
w1+ mli4k?—1)y 1+x o

a1 (1 (@ ekix
=1——Z— —Rf dx ) =
nk_14k2—1(2 L1422 x)

4 had 1 1 eZkix
:1—;;m ER 2ﬂl.Res<m,Z:l>

4 had 1 1 eZkix
=1 _Ekzlztkz —1 573(2"’1}3}(2_ DT G- i)) N
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4v— 1 1o (gmi( L o2
_nkzl4k2—1 2 ’"(_zw )

1 1 .
=1-2 Z,‘:’zlm—_lez—k, as required.

Solution 3 by Ankush Kumar Parcha-India

Consider, f(z) = ( )&I‘ yu(-r,—8)Uuy U (é,R)

is the contour containing ¥ and 1 a semi-circular arcs in the upper half of C - plane with

different radii and (—R, —6) U (6, R) lies on R(z) axis

iz -6 ix T

fﬁlf:’:z coth( )dz—.[yli coth( )dz+J_Rﬁcoth(7x)dx

r

eiz R pix
+.[¢1+ 2t:oth( )dz+j 1+ 22 coth( )dx
(- Cauchy’s Residue Theorem: fcf(z) dz = 2miY, Resf(z = z;))
(- Jordan’s Lemma: Ilel_r)?o fCR e™ f(z)dz=0,f(z) >0Az—> oo Am€E RY)
Taking limits

Rom 500 lim 27i Res f(z = i) + lim 2i Z Res f(z = 2ni) =

-0 6-0 neN

li f ¢ coth (”Z) d
= 11im cOo —_— VA
R>w | 1 4 72 2
8-0 "7
=0,-f(2)>0Az>oA1ERT
wtim [ =2 coth (”x) dx + i " coth (”Z) dz +
1m ——= CO —_ X 1m co o VA
R>o g 1+x2 2 R>eo p1+7° 2

=—im Res f(z=0)

] X
+ %:_1)10;0 1+ e coth (7) dx
iz i
= 2milim (2= et COth( 2 ) + 2mi lim M (E)
z-i 1+ z2 z-2ni 1+ z2 2

~0 neN

— fR_ T ilx > coth ( Zx) dx — i l;_l))l 125; coth (?) + fR+ 1522 coth (n?x) dx

2
n
Taking Imaginary 2 2 2
=" gl (-2 - )} =32
part J{ T[l( 3me? 15me* 35me® ) J{ l}
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+3
R

ix 1 s ( )
1 i " coth (n?x) dx > 2 — 41; a2 —De?n = JR i‘:‘_ ;‘2 coth (n?x) dx
( f+af(t) dt =2 faf(t),f(—t) = f(t))
-a 0

( Maz Identity: f) - -g)dt = f LAf()}(x) -L{l{g(t)}(x)dx>
R* R*

1 _ » coth (%)
512 ;m - L L (sin()® - £ 2O

h(™S
( L{lsin(®(s) = = (2 )>

1+ s2

( L, {sin(wt) (s) =

t-x .[ |sin(x)| d 1—2 Z 1
—t _— = —_ _
g+ 1+ x2 o (4n? — 1)e2n
neN

SZ+—(DZ}’S > |3(w)|)



