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UP.527 Prove the closed form:

J“’ In x p 32n? m

X =— sin—

0o X3+x/x+1 81 18
Proposed by Vasile Mircea Popa — Romania

Solution 1 by proposer
Let us denote:
; f°° In x dxe A Jl In x ix:B J“’ Inx 4
=| ————dx;A=| ————dx;B=| —F——dx
0o X3 +xV/x+1 o X3 +xVx+1 1 B+xvx+1

2
We consider the integral A. We make the variable change: x = y3

We have, successively:

1 1 2
4 (1(1-y)y3In 4( (1y3In 1y3In
A=—f( y)y3 Yay=2( [ }B'dy_ y Zdy
9Jo 1-y 9\Jo 1—y o 1—Yy
A= f Zy“"?lnydy—f Zy”‘?lnydy ;
9\ Jo 0
k=0 k=0
4 — 1 1 1 2
A=§Z<f y3k_§lnydy—f y3k+§lnydy>
= \Jo 0
We will use the following relationship:
1
fo x“lnxdxz—w—l)z,whereaelR{,aZO.
We obtain:
4 1 1 4~ 5 5
A:§ 52 ZZ;A:§Z 952_ 922
=|(3k+3)  (3k+3) = (k+5)  (k+3)

We now use the following relationship:

o1
P, (x) =;m

where W, (x) is the trigamma function.We obtained the value of the integral A:
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81[ () lpl(fza)]

We consider the integral B. We make the variable change: x = i Then, by proceeding to

the integral 4, we obtain:

5= () )
-nvn= o) o))

We use the reflection formula:

Result:

2

yi4
By P.(1—-x)=——f——
l(x) + 1( x) Sinz (Tl-x)
We obtain:
v ()4 (3) =g Wi (5) + w1 () ==
1\g 1lg) = o555 *1lg 1\g )~
9 9
Result:
1_4112 1 4 1
T 81\ . ,2m 2 4m
sin“ g sin 9
We have:

1 4 1 g yi4
— = —8sin—
. 5 2T 4T 18
2 &1 n2 =t
sin® sin 9

We will prove this equality. We use the relationships
sin3a =sina (1 + 2 cos2a);cos3a =cosa(2cos2a—1)

We consider

2 2
1 1 1 1 (1+2cos%r) (Zcos%—l)
E = - = e —

. L2 . AT 2T 2 1T . 5 2T 2 T
sinZ 5 sin? 9 sin2 —- 5 cos”7g sin? 3 cos“ ¢
- 16( 4 N n) (1 N 4 n) _16V3  5m (1 _ Sn)
=3 cos 5 cos 9 cos 9 cos 5)= 3 cos 18 sin 18
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E=%( 5m 511)

3 2cosl—8— sm?

5m 1 m V3 . m . 5w .4 . T
But: c0OS— = - c0s — + — sin—; sin>— = cos —. So: E = 8 sin—
18 2 18 2 18 9 18 18
Result:
; 32n*  w
= ——)/SINn—
81 18

Solution 2 by Odeyemi Gideon-Nigeria

3
+00 ln(x) +o0 (xf — 1) ln(x)
AL TP o P
o x34+x/x+1 0

3 +oo xgln(x) In(x)
_J; 9 79 dx

x2—1 x2-1

4 7
x 4 [t (xﬂn(x) xﬂn(x))
— dx

X

N O
Iy

ﬁo x—1 x—1

o x%In(x)
x—1

+° x%1n(x) d ([t° x° -1 d a 1 —a-1 a
J;) ~—1 dx—%O; x—1dx> = %<(—1) fox 1-x) dx)

WT—tn’a)) - %((_1 “ sin(n'a))

dx

. +
Let’s consider |,

ERF

d d
= (D TCar@+ D) 2 (G

4

4 x=—
— 2 (72 csc? 9
>dx =31 (72 csc (n'a))a=_7

81 x—1 x—1 °

4 7
4 (**[x9In(x) x9In(x)
81),

= ‘;—nlz (sec2 (%) — csc? (2?11:)) = — 3;;!2 sin (1)

Solution 3 by Pham Duc Nam-Vietnam

*® In(x 32 T
Q =f #dx = ——11'2 sin(—)?
0o X3+xvx+1 81

*® In(x 21
ﬂ=f de,t=x\/§:dx=——dt
0

B +xvx+1 3,3

>0 =—
9

1
4j°° t 31In(f) dt—4 i)
o t2+t+1  9ds

oo tS—l
————dt =
s:;x:%jo t2+2xt+1
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" 90s

S=§,x=% J:o e <Z Un(x) (—t)n> dt

Where: U,,(x) is the Chebyshev polynomials of the second kind, and its generating function is:

o n _ 1 . _ _sin((n+1)0)
Yo o Un(x) th = Ty letting x = cos(0) = U, (x) = @)
40 o — I'(n+1)sin((n+ 1)@

=Q=o-1 , nf t5‘1<z ( ). (9()( , ) )(—t)">dt

sls=26=2 Jo P sin(@)n!

by Ramanujan’s master theorem:

> ()
fx) =

(20" = M{F(0)}s) = T($)e(-s),

n=0

apply for @ with ¢(n) = T(n + 1) sin((n + 1)0)

Q- 49 1 sin((1 - 5)0) _8m d sin ((1 =) %)
202905l 2, "0 ") To30s

_2  sin(ms)
5=3

= 98\75 (_ 3 si:lt(ﬂs) <cos <g (s — 1)) + 3 cos (g (2s + 1)) cot(ns)))

_2
5=3

1612

81 (cos (g) —+/3sin (g))

- sin (g)) = — 3211t2 (sin (g) cos (g) — COoS (g) sin (g))
= — 327:2 sin (g — g) =— 32’;2 sin (:—1), hence proved.

Solution 4 by Ankush Kumar Parcha-India

We have,

f In(x) 4 x;:;z 4 f xIn(x)
——dx
R+ x3 + X\/E +1 R

——— aXx
+x0+x3+1

T(x —xY)In(x @ (x —x*)In(x
0 1-—x 1 1—x
x—)%

7z 5 4 2
1(x 9—x9—x9+x 9)ln(x)
d
_[0 1-—x X

4-[1 (x6 — x* —x% + x) In(x) p x4
= = —
. 1-x° * 7 8
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14z-1y,m
< P (2) = —J; #dtﬂa(z) >0Am > 0)

o G0 ()0 G)-0 )

2
< YO -2 +pD () = ”—)

sin2(mz)

4 2 2 cos(2x)=1-2 sin?(x) 4572 1 2
= — — = -
81\ sin (%n) sin? (Z?n) 81 \ cos? (7g) 1-sin(7g)

. Y3
411-2 (1 + 2 sin (18)) +sin(3x)=3 sin(x)—4 sin3 (x)
=

$ J—
81\ cos? (18)
In(x) 32m? 1
> | ——2 dx=— in(—
fw B+x/x+1 x g1 - (18)

Solution 5 by Djamel Arrouche-Algeria

f‘x’ In(x) dx= A 32m? (n)
———dx=A=— sin (—
0o xX3+xVx+1 81

=

2
xﬁ:y;dngy_iz

1 1 1
4 (*In(y)y3dy 4 (1y3In(y) [® y3In(y)
st [y ([ ying)  tying)
9J) y-+y+1 9\ Jop y*+y+1 1 y-+y+1 “y-;
1

1 1
'y 3ln(y) 4 f zZln(z)dz 4 (* y3-y3
_9 yZ+y+1 9

zZ2+z+1 9)y y2+y+1
4 1 1 ys ln(y) y S+1
o (f(‘g) +f(- 5))‘ £(s) = —In(y)

In(y) dy

V+y+1
' g1 @ 1['7F In()
1 z 3 In(z 1 z 3 In(z
3: = = — —_—
v =220 9L 1-z 9L 1-z
1) 1 In(x)x?
we have 'V (1 + z) = — dx

= f(s) = 6<tp<1) (S ; 2) _ g (s +3- 1)>
dQ)-33 (@@ v )
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(b G Gl ()

lpl(l — Z) + lpl(Z) = San—(TCZ)

472 1
+

1

1 3 1
sin (15)  sin? (75)

= 1-4cos” (18) = —BSln(

sin? (75)

8m
o 1- 2(cos(18) + 1) _ -1- Zsm(18) _ —85in(

cos? (18) cos? (18)

1)

1)

o-1-2 (”) 8 sin— cos? — = —4 ”( (2")+1)
Sln 18 SlnlBCOS 18_ sm18 COS 18

o —1+2 (n)_ 2<2 . (n) (Zn))_ 2( (n 21‘[))+ (n 21r>
sin 18) = sin T cos 18)) = sin 18 18 sin 18 18

& —1 4 2sin (18) = —2sin (g) — 2sin (_E) .. True

= 1 1 = —8sin (—)
sint (3g)  sin? ({5) 1

®  In(x) _ 4n? 1 1 32w
fo 2rax+l 81\ g2 (*j—”)_sinz (4m) =-S5 ()




