
 
UP.527 Prove the closed form: 

∫
𝐥𝐧𝒙

𝒙𝟑 + 𝒙√𝒙 + 𝟏

∞

𝟎

𝒅𝒙 = −
𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧

𝝅

𝟏𝟖
 

 Proposed by Vasile Mircea Popa – Romania  

Solution 1 by proposer 

Let us denote: 

𝑰 = ∫
𝐥𝐧𝒙

𝒙𝟑 + 𝒙√𝒙+ 𝟏

∞

𝟎

𝒅𝒙; 𝑨 = ∫
𝐥𝐧𝒙

𝒙𝟑 + 𝒙√𝒙 + 𝟏

𝟏

𝟎

𝒅𝒙;𝑩 = ∫
𝐥𝐧𝒙

𝒙𝟑 + 𝒙√𝒙+ 𝟏

∞

𝟏

𝒅𝒙 

We consider the integral 𝑨. We make the variable change: 𝒙 = 𝒚
𝟐

𝟑 

We have, successively: 

𝑨 =
𝟒

𝟗
∫
(𝟏 − 𝒚)𝒚−

𝟏
𝟑 𝐥𝐧 𝒚

𝟏 − 𝒚𝟑

𝟏

𝟎

𝒅𝒚 =
𝟒

𝟗
(∫

𝒚
𝟏
𝟑 𝐥𝐧 𝒚

𝟏 − 𝒚𝟑

𝟏

𝟎

𝒅𝒚 − ∫
𝒚
𝟐
𝟑 𝐥𝐧 𝒚

𝟏 − 𝒚𝟑

𝟏

𝟎

𝒅𝒚) 

𝑨 =
𝟒

𝟗
(∫ ∑𝒚𝟑𝒌−

𝟏
𝟑

∞

𝒌=𝟎

𝐥𝐧 𝒚𝒅𝒚
𝟏

𝟎

−∫ ∑𝒚𝟑𝒌−
𝟐
𝟑

∞

𝒌=𝟎

𝐥𝐧 𝒚𝒅𝒚
𝟏

𝟎

) ; 

𝑨 =
𝟒

𝟗
∑(∫ 𝒚𝟑𝒌−

𝟏
𝟑

𝟏

𝟎

𝐥𝐧 𝒚𝒅𝒚 − ∫ 𝒚𝟑𝒌+
𝟐
𝟑

𝟏

𝟎

𝐥𝐧 𝒚𝒅𝒚)

∞

𝒌=𝟎

 

We will use the following relationship: 

∫ 𝒙𝒂
𝟏

𝟎
𝐥𝐧 𝒙 𝒅𝒙 = −

𝟏

(𝒂+𝟏)𝟐
, where 𝒂 ∈ ℝ,𝒂 ≥ 𝟎. 

We obtain: 

𝑨 =
𝟒

𝟗
∑[

𝟏

(𝟑𝒌 +
𝟓
𝟑)

𝟐 −
𝟏

(𝟑𝒌 +
𝟐
𝟑)

𝟐
]

∞

𝒌=𝟎

;  𝑨 =
𝟒

𝟗
∑[

𝟏
𝟗

(𝒌 +
𝟓
𝟗)

𝟐 −

𝟏
𝟗

(𝒌 +
𝟐
𝟗)

𝟐
]

∞

𝒌=𝟎

 

We now use the following relationship: 

𝚿𝟏(𝒙) = ∑
𝟏

(𝒙 + 𝒏)𝟐

∞

𝒏=𝟎

 

where 𝚿𝟏(𝒙) is the trigamma function.We obtained the value of the integral 𝑨: 



 

𝑨 =
𝟒

𝟖𝟏
[𝚿𝟏 (

𝟓

𝟗
) −𝚿𝟏 (

𝟐

𝟗
)] 

We consider the integral 𝑩. We make the variable change: 𝒙 =
𝟏

𝒚
. Then, by proceeding to 

the integral 𝑨, we obtain: 

𝑩 =
𝟒

𝟖𝟏
[𝚿𝟏 (

𝟒

𝟗
) − 𝚿𝟏 (

𝟕

𝟗
)] 

Result: 

𝑰 = 𝑨 + 𝑩 =
𝟒

𝟖𝟏
[𝚿𝟏 (

𝟓

𝟗
) −𝚿𝟏 (

𝟐

𝟗
) + 𝚿𝟏 (

𝟒

𝟗
) −𝚿𝟏 (

𝟕

𝟗
)] 

We use the reflection formula: 

𝚿𝟏(𝒙) +𝚿𝟏(𝟏 − 𝒙) =
𝝅𝟐

𝐬𝐢𝐧𝟐(𝝅𝒙)
 

We obtain: 

𝚿𝟏 (
𝟐

𝟗
) +𝚿𝟏 (

𝟕

𝟗
) =

𝝅𝟐

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟗

; 𝚿𝟏 (
𝟒

𝟗
) +𝚿𝟏 (

𝟓

𝟗
) =

𝝅𝟐

𝐬𝐢𝐧𝟐
𝟒𝝅
𝟗

 

Result: 

𝑰 =
𝟒𝝅𝟐

𝟖𝟏
(−

𝟏

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟗

+
𝟏

𝐬𝐢𝐧𝟐
𝟒𝝅
𝟗

) 

We have: 

−
𝟏

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟗

+
𝟏

𝐬𝐢𝐧𝟐
𝟒𝝅
𝟗

= −𝟖 𝐬𝐢𝐧
𝝅

𝟏𝟖
 

We will prove this equality. We use the relationships 

𝐬𝐢𝐧𝟑𝒂 = 𝐬𝐢𝐧 𝒂 (𝟏 + 𝟐 𝐜𝐨𝐬𝟐𝒂); 𝐜𝐨𝐬 𝟑𝒂 = 𝐜𝐨𝐬𝒂 (𝟐 𝐜𝐨𝐬 𝟐𝒂 − 𝟏) 

We consider 

𝑬 =
𝟏

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟗

−
𝟏

𝐬𝐢𝐧𝟐
𝟒𝝅
𝟗

=
𝟏

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟗

−
𝟏

𝐜𝐨𝐬𝟐
𝝅
𝟏𝟖

=
(𝟏 + 𝟐𝐜𝐨𝐬

𝟒𝝅
𝟗 )

𝟐

𝐬𝐢𝐧𝟐
𝟐𝝅
𝟑

−
(𝟐 𝐜𝐨𝐬

𝝅
𝟗 − 𝟏)

𝟐

𝐜𝐨𝐬𝟐
𝝅
𝟔

 

𝑬 =
𝟏𝟔

𝟑
(𝐜𝐨𝐬

𝟒𝝅

𝟗
+ 𝐜𝐨𝐬

𝝅

𝟗
) (𝟏 + 𝐜𝐨𝐬

𝟒𝝅

𝟗
− 𝐜𝐨𝐬

𝝅

𝟗
) =

𝟏𝟔√𝟑

𝟑
𝐜𝐨𝐬

𝟓𝝅

𝟏𝟖
(𝟏 − 𝐬𝐢𝐧

𝟓𝝅

𝟏𝟖
) 



 

𝑬 =
𝟖√𝟑

𝟑
(𝟐 𝐜𝐨𝐬

𝟓𝝅

𝟏𝟖
− 𝐬𝐢𝐧

𝟓𝝅

𝟗
) 

But: 𝐜𝐨𝐬
𝟓𝝅

𝟏𝟖
=
𝟏

𝟐
𝐜𝐨𝐬

𝝅

𝟏𝟖
+
√𝟑

𝟐
𝐬𝐢𝐧

𝝅

𝟏𝟖
; 𝐬𝐢𝐧

𝟓𝝅

𝟗
= 𝐜𝐨𝐬

𝝅

𝟏𝟖
. So: 𝑬 = 𝟖 𝐬𝐢𝐧

𝝅

𝟏𝟖
 

Result: 

𝑰 = −
𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧

𝝅

𝟏𝟖
 

Solution 2 by Odeyemi Gideon-Nigeria 

∫
𝐥𝐧(𝒙)

𝒙𝟑 + 𝒙√𝒙 + 𝟏

+∞

𝟎

𝒅𝒙 = ∫
(𝒙

𝟑
𝟐 − 𝟏) 𝐥𝐧(𝒙)

𝒙
𝟗
𝟐 − 𝟏

+∞

𝟎

𝒅𝒙 = 

= ∫ (
𝒙
𝟑
𝟐 𝐥𝐧(𝒙)

𝒙
𝟗
𝟐 − 𝟏

−
𝐥𝐧(𝒙)

𝒙
𝟗
𝟐 − 𝟏

)
+∞

𝟎

𝒅𝒙 

=
𝒙
𝟗
𝟐=𝒙 𝟒

𝟖𝟏
∫ (

𝒙−
𝟒
𝟗 𝐥𝐧(𝒙)

𝒙 − 𝟏
−
𝒙−

𝟕
𝟗 𝐥𝐧(𝒙)

𝒙 − 𝟏
)

+∞

𝟎

𝒅𝒙 

Let’s consider ∫
𝒙𝒂 𝐥𝐧(𝒙)

𝒙−𝟏

+∞

𝟎
𝒅𝒙 

∫
𝒙𝒂 𝐥𝐧(𝒙)

𝒙 − 𝟏

+∞

𝟎

𝒅𝒙 =
𝒅

𝒅𝒂
(∫

𝒙𝒂

𝒙 − 𝟏

+∞

𝟎

𝒅𝒙) =

𝟏
𝒙−𝟏

=𝒙 𝒅

𝒅𝒂
((−𝟏)𝒂∫ 𝒙−𝒂−𝟏

𝟏

𝟎

(𝟏 − 𝒙)𝒂𝒅𝒙) 

=
𝒅

𝒅𝒂
((−𝟏)𝒂𝚪(−𝒂)𝚪(𝒂 + 𝟏)) =

𝑬.𝑹.𝑭 𝒅

𝒅𝒂
((−𝟏)𝒂

𝝅

𝐬𝐢𝐧(−𝝅𝒂)
) =

𝒅

𝒅𝒂
((−𝟏)𝒂+𝟏

𝝅

𝐬𝐢𝐧(𝝅𝒂)
) 

⇒
𝟒

𝟖𝟏
∫ (

𝒙−
𝟒
𝟗 𝐥𝐧(𝒙)

𝒙 − 𝟏
−
𝒙−

𝟕
𝟗 𝐥𝐧(𝒙)

𝒙 − 𝟏
)

+∞

𝟎

𝒅𝒙 =
𝟒

𝟖𝟏
(𝝅𝟐 𝐜𝐬𝐜𝟐(𝝅𝒂))

𝒂=−
𝟕
𝟗

𝒙=−
𝟒
𝟗  

=
𝟒𝝅𝟐

𝟖𝟏
(𝐬𝐞𝐜𝟐 (

𝝅

𝟏𝟖
)− 𝐜𝐬𝐜𝟐 (

𝟐𝝅

𝟗
)) = −

𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧 (

𝝅

𝟏𝟖
) 

Solution 3 by Pham Duc Nam-Vietnam 

𝛀 = ∫
𝐥𝐧(𝒙)

𝒙𝟑 + 𝒙√𝒙 + 𝟏

∞

𝟎

𝒅𝒙 = −
𝟑𝟐

𝟖𝟏
𝝅𝟐 𝐬𝐢𝐧 (

𝝅

𝟏𝟖
)? 

𝛀 = ∫
𝐥𝐧(𝒙)

𝒙𝟑 + 𝒙√𝒙 + 𝟏

∞

𝟎

𝒅𝒙, 𝒕 = 𝒙√𝒙 ⇒ 𝒅𝒙 =
𝟐

𝟑

𝟏

𝒕
𝟏
𝟑

𝒅𝒕 

⇒ 𝛀 =
𝟒

𝟗
∫

𝒕−
𝟏
𝟑 𝐥𝐧(𝒕)

𝒕𝟐 + 𝒕 + 𝟏

∞

𝟎

𝒅𝒕 =
𝟒

𝟗

𝝏

𝝏𝒔
|
𝒔=
𝟐
𝟑
,𝒙=

𝟏
𝟐

∫
𝒕𝒔−𝟏

𝒕𝟐 + 𝟐𝒙𝒕+ 𝟏

∞

𝟎

𝒅𝒕 = 



 

=
𝟒

𝟗

𝝏

𝝏𝒔
|
𝒔=
𝟐
𝟑
,𝒙=

𝟏
𝟐

∫ 𝒕𝒔−𝟏 (∑𝑼𝒏(𝒙)(−𝒕)
𝒏

∞

𝒏=𝟎

)
∞

𝟎

𝒅𝒕 

Where: 𝑼𝒏(𝒙) is the Chebyshev polynomials of the second kind, and its generating function is: 

∑ 𝑼𝒏(𝒙)
∞
𝒏=𝟎 𝒕𝒏 =

𝟏

𝒕𝟐−𝟐𝒙𝒕+𝟏
, letting 𝒙 = 𝐜𝐨𝐬(𝜽) ⇒ 𝑼𝒏(𝒙) =

𝐬𝐢𝐧((𝒏+𝟏)𝜽)

𝐬𝐢𝐧(𝜽)
 

⇒ 𝛀 =
𝟒

𝟗

𝝏

𝝏𝒔
|
𝒔=
𝟐
𝟑
,𝜽=

𝝅
𝟑

∫ 𝒕𝒔−𝟏
∞

𝟎

(∑
𝚪(𝒏 + 𝟏) 𝐬𝐢𝐧((𝒏 + 𝟏)𝜽)

𝐬𝐢𝐧(𝜽)𝒏!
(−𝒕)𝒏

∞

𝒏=𝟎

)𝒅𝒕 

by Ramanujan’s master theorem: 

𝒇(𝒙) = ∑
𝝋(𝒏)

𝒏!

∞

𝒏=𝟎

(−𝒙)𝒏 ⇒𝓜{𝒇(𝒙)}(𝒔) = 𝚪(𝒔)𝝋(−𝒔), 

apply for 𝛀 with 𝝋(𝒏) = 𝚪(𝒏 + 𝟏) 𝐬𝐢𝐧((𝒏 + 𝟏)𝜽) 

⇒ 𝛀 =
𝟒

𝟗

𝝏

𝝏𝒔
|
𝒔=
𝟐
𝟑
,𝜽=

𝝅
𝟑

𝚪(𝒔)𝚪(𝟏 − 𝒔)
𝐬𝐢𝐧((𝟏 − 𝒔)𝜽)

𝐬𝐢𝐧(𝜽)
=
𝟖𝝅

𝟗√𝟑

𝝏

𝝏𝒔
|
𝒔=
𝟐
𝟑

𝐬𝐢𝐧 ((𝟏 − 𝒔)
𝝅
𝟑)

𝐬𝐢𝐧(𝝅𝒔)
 

=
𝟖𝝅

𝟗√𝟑
(−

𝝅

𝟑𝐬𝐢𝐧(𝝅𝒔)
(𝐜𝐨𝐬(

𝝅

𝟑
(𝒔 − 𝟏)) + 𝟑𝐜𝐨𝐬 (

𝝅

𝟔
(𝟐𝒔 + 𝟏))𝐜𝐨𝐭(𝝅𝒔)))

𝒔=
𝟐
𝟑

= 

= −
𝟏𝟔𝝅𝟐

𝟖𝟏
(𝐜𝐨𝐬 (

𝝅

𝟗
) − √𝟑𝐬𝐢𝐧 (

𝝅

𝟗
)) 

= −
𝟑𝟐𝝅𝟐

𝟖𝟏
(
𝟏

𝟐
𝐜𝐨𝐬 (

𝝅

𝟗
)−

√𝟑

𝟐
𝐬𝐢𝐧 (

𝝅

𝟗
)) = −

𝟑𝟐𝝅𝟐

𝟖𝟏
(𝐬𝐢𝐧(

𝝅

𝟔
)𝐜𝐨𝐬 (

𝝅

𝟗
) − 𝐜𝐨𝐬 (

𝝅

𝟔
)𝐬𝐢𝐧 (

𝝅

𝟗
)) 

= −
𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧 (

𝝅

𝟔
−
𝝅

𝟗
) = −

𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧 (

𝝅

𝟖𝟏
), hence proved. 

Solution 4 by Ankush Kumar Parcha-India 

We have, 

∫
𝐥𝐧(𝒙)

𝒙𝟑 + 𝒙√𝒙 + 𝟏ℝ+
𝒅𝒙 ⟹

𝒙→𝒙𝟐

𝟒∫
𝒙 𝐥𝐧(𝒙)

𝒙𝟔 + 𝒙𝟑 + 𝟏ℝ+
𝒅𝒙 

⇒ 𝟒∫
(𝒙 − 𝒙𝟒) 𝐥𝐧(𝒙)

𝟏 − 𝒙𝟗

𝟏

𝟎

𝒅𝒙 + 𝟒∫
(𝒙 − 𝒙𝟒) 𝐥𝐧(𝒙)

𝟏 − 𝒙𝟗

∞

𝟏

𝒅𝒙
⏟              

𝒙→
𝟏
𝒙

 

⇒ 𝟒∫
(𝒙𝟔 − 𝒙𝟒 − 𝒙𝟑 + 𝒙) 𝐥𝐧(𝒙)

𝟏 − 𝒙𝟗

𝟏

𝟎

𝒅𝒙 ⟹
𝒙𝟗→𝒙 𝟒

𝟖𝟏
∫
(𝒙−

𝟕
𝟗 − 𝒙−

𝟓
𝟗 − 𝒙−

𝟒
𝟗 + 𝒙−

𝟐
𝟗) 𝐥𝐧(𝒙)

𝟏 − 𝒙

𝟏

𝟎

𝒅𝒙 



 

(∵ 𝝍(𝒎)(𝒛) = −∫
𝒕𝒛−𝟏 𝐥𝐧𝒎(𝒕)

𝟏 − 𝒕

𝟏

𝟎

𝒅𝒕,𝓡(𝒛) > 𝟎 ∧𝒎 > 𝟎) 

⇒
𝟒

𝟖𝟏
[𝝍(𝟏) (

𝟓

𝟗
) +𝝍(𝟏) (

𝟒

𝟗
) −𝝍(𝟏) (

𝟕

𝟗
) −𝝍(𝟏) (

𝟐

𝟗
)] 

(∵ 𝝍(𝟏)(𝟏 − 𝒛) +𝝍(𝟏)(𝒛) =
𝝅𝟐

𝐬𝐢𝐧𝟐(𝝅𝒛)
) 

⇒
𝟒

𝟖𝟏
(

𝝅𝟐

𝐬𝐢𝐧𝟐 (
𝟒𝝅
𝟗
)
−

𝝅𝟐

𝐬𝐢𝐧𝟐 (
𝟐𝝅
𝟗
)
) ⟹
∵𝐜𝐨𝐬(𝟐𝒙)=𝟏−𝟐 𝐬𝐢𝐧𝟐(𝒙) 𝟒𝝅𝟐

𝟖𝟏
(

𝟏

𝐜𝐨𝐬𝟐 (
𝝅
𝟏𝟖
)
−

𝟐

𝟏 − 𝐬𝐢𝐧 (
𝝅
𝟏𝟖
)
) 

⇒ −
𝟒𝝅𝟐

𝟖𝟏
(
𝟏 + 𝟐𝐬𝐢𝐧 (

𝝅
𝟏𝟖
)

𝐜𝐨𝐬𝟐 (
𝝅
𝟏𝟖
)
) ⟹
∵𝐬𝐢𝐧(𝟑𝒙)=𝟑 𝐬𝐢𝐧(𝒙)−𝟒 𝐬𝐢𝐧𝟑(𝒙)

 

⇒ ∫
𝐥𝐧(𝒙)

𝒙𝟑 + 𝒙√𝒙 + 𝟏ℝ+
𝒅𝒙 = −

𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧 (

𝝅

𝟏𝟖
) 

Solution 5 by Djamel Arrouche-Algeria 

∫
𝐥𝐧(𝒙)

𝒙𝟑 + 𝒙√𝒙 + 𝟏

∞

𝟎

𝒅𝒙 = 𝚫 = −
𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧 (

𝝅

𝟏𝟖
) 

𝒙√𝒙 = 𝒚;𝒅𝒙 =
𝟐

𝟑
𝒚−

𝟏
𝟑 ⇒ 

𝚫 =
𝟒

𝟗
∫

𝐥𝐧(𝒚)𝒚−
𝟏
𝟑𝒅𝒚

𝒚𝟐 + 𝒚 + 𝟏

∞

𝟎

=
𝟒

𝟗
(∫

𝒚−
𝟏
𝟑 𝐥𝐧(𝒚)

𝒚𝟐 + 𝒚+ 𝟏

𝟏

𝟎

+∫
𝒚−

𝟏
𝟑 𝐥𝐧(𝒚)

𝒚𝟐 + 𝒚 + 𝟏

∞

𝟏

𝒅𝒚
𝒚→
𝟏
𝒛

) 

=
𝟒

𝟗
∫

𝒚−
𝟏
𝟑 𝐥𝐧(𝒚)

𝒚𝟐 + 𝒚+ 𝟏

𝟏

𝟎

−
𝟒

𝟗
∫
𝒛
𝟏
𝟑 𝐥𝐧(𝒛)𝒅𝒛

𝒛𝟐 + 𝒛 + 𝟏

𝟏

𝟎

=
𝟒

𝟗
∫

𝒚
𝟏
𝟑 − 𝒚−

𝟏
𝟑

𝒚𝟐 + 𝒚 + 𝟏

𝟏

𝟎

𝐥𝐧(𝒚) 𝒅𝒚 

=
𝟒

𝟗
(𝒇(−

𝟏

𝟑
) + 𝒇 (−

𝟏

𝟑
))| 𝒇(𝒔) = ∫

𝒚𝒔 𝐥𝐧(𝒚)

𝒚𝟐 + 𝒚+ 𝟏

𝟏

𝟎

= ∫
𝒚𝒔 − 𝒚𝒔+𝟏

𝟏 − 𝒚𝟑

𝟏

𝟎

𝐥𝐧(𝒚) 

𝒚𝟑 = 𝒛 ⇒ 𝒇(𝒔) =
𝟏

𝟗
∫
𝒛
𝒔−𝟐
𝟑 𝐥𝐧(𝒛)

𝟏 − 𝒛

𝟏

𝟎

−
𝟏

𝟗
∫
𝒛
𝒔−𝟏
𝟑 𝐥𝐧(𝒛)

𝟏 − 𝒛

𝟏

𝟎

 

we have 𝚿(𝟏)(𝟏 + 𝒛) = ∫
− 𝐥𝐧(𝒙)𝒙𝒛

𝟏−𝒙

𝟏

𝟎
𝒅𝒙 

⇒ 𝒇(𝒔) =
𝟏

𝟗
(𝚿(𝟏) (

𝒔 + 𝟐

𝟑
) − 𝚿(𝟏) (

𝒔 + 𝟏

𝟑
)) 

𝚫 =
𝟒

𝟗
(𝒇(−

𝟏

𝟑
) + 𝒇(

𝟏

𝟑
)) =

𝟒

𝟗
⋅
𝟏

𝟗
(−𝚿𝟏 (

𝟕

𝟗
) + 𝚿𝟏 (

𝟒

𝟗
) − 𝟏 +𝚿𝟏 (

𝟓

𝟗
) −𝚿𝟏 (

𝟐

𝟗
)) 



 

=
𝟒

𝟖𝟏
(− {𝚿𝟏 (

𝟏𝟒

𝟏𝟖
)+ 𝚿𝟏 (

𝟒

𝟏𝟖
)} + (𝚿𝟏 (

𝟖

𝟏𝟖
) +𝚿𝟏 (

𝟏𝟎

𝟏𝟖
))) 

𝚿𝟏(𝟏 − 𝒛) + 𝚿𝟏(𝒛) =
𝝅𝟐

𝐬𝐢𝐧𝟐(𝝅𝒛)
 

𝚫 =
𝟒𝝅𝟐

𝟖𝟏
(−

𝟏

𝐬𝐢𝐧𝟐 (
𝟒𝝅
𝟏𝟖
)
+

𝟏

𝐬𝐢𝐧𝟐 (
𝟖𝝅
𝟏𝟖
)
) 

𝟏

𝐬𝐢𝐧𝟐 (
𝟖𝝅
𝟏𝟖
)
−

𝟏

𝐬𝐢𝐧𝟐 (
𝟒𝝅
𝟏𝟖
)
= −𝟖𝐬𝐢𝐧 (

𝝅

𝟏𝟖
) . . ? 

⇔
𝟏− 𝟒𝐜𝐨𝐬𝟐 (

𝟒𝝅
𝟏𝟖
)

𝐬𝐢𝐧𝟐 (
𝟖𝝅
𝟏𝟖
)

= −𝟖𝐬𝐢𝐧 (
𝝅

𝟏𝟖
) 

⇔=
𝟏 − 𝟐(𝐜𝐨𝐬 (

𝟖𝝅
𝟏𝟖
) + 𝟏)

𝐜𝐨𝐬𝟐 (
𝝅
𝟏𝟖
)

=
−𝟏 − 𝟐𝐬𝐢𝐧 (

𝝅
𝟏𝟖
)

𝐜𝐨𝐬𝟐 (
𝝅
𝟏𝟖
)

= −𝟖𝐬𝐢𝐧(
𝝅

𝟏𝟖
) 

⇔ −𝟏− 𝟐𝐬𝐢𝐧(
𝝅

𝟏𝟖
) = 𝟖𝐬𝐢𝐧

𝝅

𝟏𝟖
𝐜𝐨𝐬𝟐

𝝅

𝟏𝟖
= −𝟒𝐬𝐢𝐧

𝝅

𝟏𝟖
(𝐜𝐨𝐬 (

𝟐𝝅

𝟏𝟖
) + 𝟏) 

⇔ −𝟏 + 𝟐𝐬𝐢𝐧 (
𝝅

𝟏𝟖
) = −𝟐(𝟐𝐬𝐢𝐧 (

𝝅

𝟏𝟖
) 𝐜𝐨𝐬 (

𝟐𝝅

𝟏𝟖
)) = −𝟐(𝐬𝐢𝐧(

𝝅

𝟏𝟖
+
𝟐𝝅

𝟏𝟖
))+ 𝐬𝐢𝐧 (

𝝅

𝟏𝟖
−
𝟐𝝅

𝟏𝟖
) 

⇔ −𝟏 + 𝟐𝐬𝐢𝐧 (
𝝅

𝟏𝟖
) = −𝟐𝐬𝐢𝐧 (

𝝅

𝟔
) − 𝟐 𝐬𝐢𝐧 (−

𝝅

𝟏𝟖
) .. True 

⇒
𝟏

𝐬𝐢𝐧𝟐 (
𝟖𝝅
𝟏𝟖
)
−

𝟏

𝐬𝐢𝐧𝟐 (
𝟒𝝅
𝟏𝟖
)
= −𝟖𝐬𝐢𝐧 (

𝝅

𝟏𝟖
) 

∫
𝐥𝐧(𝒙)

𝒙𝟐 + 𝒙√𝒙 + 𝟏

∞

𝟎

=
𝟒𝝅𝟐

𝟖𝟏
(

𝟏

𝐬𝐢𝐧𝟐 (
𝟖𝝅
𝟏𝟖
)
−

𝟏

𝐬𝐢𝐧𝟐 (
𝟒𝝅
𝟏𝟖
)
) = −

𝟑𝟐𝝅𝟐

𝟖𝟏
𝐬𝐢𝐧 (

𝝅

𝟏𝟖
) 


