
 
UP.528 If 𝒂𝒏 > 0; 𝒓𝒏 > 0; 𝒂𝒏+𝟏 = 𝒂𝒏 + 𝒏 ⋅ 𝒓𝒏; 𝒏 ∈ ℕ

∗ and  

𝐥𝐢𝐦
𝒏→∞

𝒓𝒏 = 𝒓 > 0 

then find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝐥𝐨𝐠𝒂𝒏) 

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

Solution 1 by proposers 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏
𝒏𝟐

=
𝑪𝑬𝑺𝑨𝑹𝑶−𝑺𝑻𝑶𝑳𝒁

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏 − 𝒂𝒏
(𝒏 + 𝟏)𝟐 − 𝒏𝟐

= 

= 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏 − 𝒂𝒏
𝟐𝒏 + 𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒏𝒓𝒏
𝟐𝒏 + 𝟏

= 𝐥𝐢𝐦
𝒏→∞

𝒏

𝟐𝒏 + 𝟏
⋅ 𝒓 =

𝒓

𝟐
 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝐥𝐨𝐠 𝒂𝒏) = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝟐 𝐥𝐨𝐠𝒏 + 𝟐 𝐥𝐨𝐠 𝒏 − 𝐥𝐨𝐠 𝒂𝒏) = 

= 𝟐 𝐥𝐢𝐦
𝒏→∞

(𝑯𝒏 − 𝐥𝐨𝐠 𝒏) + 𝐥𝐢𝐦
𝒏→∞

𝐥𝐨𝐠 (
𝒏𝟐

𝒂𝒏
) = 𝟐𝜸 + 𝐥𝐨𝐠 (

𝟐

𝒓
) 

Solution 2 by Djamel Arrouche-Algeria 

𝒂𝒏+𝟏 = 𝒂𝒏 + 𝒏 ⋅ 𝒓𝒏, 𝐥𝐢𝐦
𝒏→∞

𝒓𝒏 = 𝒓 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝐥𝐨𝐠(𝒂𝒏)) , 𝒂𝒏+𝟏 − 𝒂𝒏 = 𝒏 ⋅ 𝒓𝒏 

𝒂𝒏+𝟏 − 𝒂𝒏
𝒏

= 𝒓𝒏 

∀𝝐 > 0 ∃𝑁,∀𝑛 ≥ 𝑁 𝑟 − 𝜖 < 𝒓𝒏 < 𝑟 + 𝜖 ⇒ 𝒏(𝒓 − 𝝐) < 𝒂𝒏+𝟏 − 𝒂𝒏 < (𝒓 + 𝝐)𝒏 

⇒∑𝒌(𝒓 − 𝝐)

𝒏

𝑵

< ∑(𝒂𝒌+𝟏 − 𝒂𝒌)

𝒏

𝒌=𝑵

< ∑(𝒓 + 𝝐)

𝒏

𝒌=𝑵

𝒌 

⇒ (𝒓 − 𝝐)
(𝒏 + 𝑵)(𝒏 − 𝑵 + 𝟏)

𝟐
< 𝒂𝒏+𝟏 − 𝒂𝑵 < (𝒓 + 𝝐)

(𝒏 − 𝑵 + 𝟏)(𝒏 + 𝑵)

𝟐
 

⇒ (𝟏−
𝝐

𝒓
)(𝟏 +

𝒏

𝑵
) (𝟏 +

𝟏 −𝑵

𝒏
) <

𝟐

𝒏𝟐𝒓
(𝒂𝒏+𝟏 − 𝒂𝑵) < 

< (𝟏+
𝝐

𝒓
)(𝟏 +

𝒏

𝑵
) (𝟏 +

𝟏 − 𝑵

𝒏
) 

𝝐 is arbitrary small 

⇒ 𝐥𝐢𝐦
𝒏→∞

𝟐

𝒏𝟐𝒓
(𝒂𝒏+𝟏 − 𝒂𝑵) = 𝟏 

Since 𝒂𝑵 ∈ ℝ ⇒ 𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏 ⋅
𝟐

𝒏𝟐𝒓
= 𝟏 



 

𝟐𝑯𝒏 − 𝐥𝐨𝐠(𝒂𝒏) = 𝟐𝑯𝒏 + 𝐥𝐨𝐠 (
𝟐

𝒏𝟐𝒓
) − 𝐥𝐨𝐠 (

𝟐

𝒏𝟐𝒓
𝒂𝒏) = 

= 𝟐𝑯𝒏 − 𝟐 𝐥𝐨𝐠(𝒏) + 𝐥𝐨𝐠(𝟐) + 𝐥𝐨𝐠 (
𝟐

𝒏𝟐𝒓
𝒂𝒏) 

= 𝟐(𝑯𝒏 − 𝐥𝐨𝐠(𝒏)) + 𝐥𝐨𝐠 (
𝟐

𝒓
) + 𝐥𝐨𝐠 (

𝟐

𝒏𝟐𝒓
𝒂𝒏) 

𝐥𝐢𝐦
𝒏→∞

𝐥𝐨𝐠 (
𝒂𝒏⋅𝟐

𝒏𝟐𝒓
) = 𝐥𝐨𝐠(𝟏) = 𝟎; 𝐥𝐢𝐦

𝒏→∞
𝑯𝒏 − 𝐥𝐨𝐠(𝒏) = 𝜸: Euler Mascheroni Constant 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝐥𝐨𝐠(𝒂𝒏)) , 𝛀 = 𝟐 ⋅ 𝜸 + 𝐥𝐨𝐠 (
𝟐

𝒓
) 

Solution 3 by Kamel Gandouli Rezgui-Algeria 

𝒂𝒏+𝟏 − 𝒂𝒏 = 𝒏𝒓𝒏; 𝒏 > 0 

⇒∑𝒂𝒌+𝟏 − 𝒂𝒌

𝒏−𝟏

𝒌=𝟏

= ∑𝒌𝒓𝒌

𝒏−𝟏

𝒌=𝟏

⇒ 𝒂𝒏 = ∑𝒌𝒓𝒌

𝒏−𝟏

𝒌=𝟏

+ 𝒂𝟏 

⇒ 𝐥𝐨𝐠(𝒂𝒏) = 𝐥𝐨𝐠(∑𝒌𝒓𝒌 + 𝒂𝟏

𝒏−𝟏

𝒌=𝟏

) = 𝐥𝐨𝐠 𝒏𝟐 + 𝐥𝐨𝐠 (
𝟏

𝒏𝟐
∑𝒌𝒓𝒌

𝒏−𝟏

𝒌=𝟏

+
𝒂𝟏
𝒏𝟐
) 

= 𝐥𝐨𝐠 𝒏𝟐 + 𝐥𝐨𝐠(
𝟏

𝒏𝟐
∑𝒌𝒓𝒌

𝒏

𝒌=𝟏

−
𝒓𝒏
𝒏
+
𝒂𝟏
𝒏𝟐
) 

𝟏

𝒏𝟐
∑𝒌(𝒓𝒌 − 𝒓)

𝒏

𝒌=𝟏

+
𝟏

𝒏𝟐
∑𝒌𝒓

𝒏

𝒌=𝟏

 

𝐥𝐢𝐦
𝒏→+∞

𝟏

𝒏
∑ 𝒌(𝒓𝒌 − 𝒓)
𝒏
𝒌=𝟏 = 𝟎 Cesaro lemma⇒ 𝐥𝐢𝐦

𝒏→+∞

𝟏

𝒏𝟐
∑ 𝒌(𝒓𝒌 − 𝒓)
𝒏
𝒌=𝟏 = 𝟎 

and 
𝟏

𝒏𝟐
∑ 𝒌𝒓𝒏
𝒌=𝟏 =

𝒏(𝒏+𝟏)

𝟐𝒏𝟐
𝒓 ⇒ 𝐥𝐢𝐦

𝒏→+∞

𝟏

𝒏𝟐
∑ 𝒌𝒓𝒏
𝒌=𝟏 =

𝒓

𝟐
 

⇒ 𝐥𝐢𝐦
𝒏→∞

𝟏

𝒏𝟐
∑𝒌𝒓𝒌

𝒏

𝒌=𝟏

=
𝒓

𝟐
⇒ 𝐥𝐢𝐦

𝒏→+∞
𝐥𝐨𝐠(

𝟏

𝒏𝟐
∑𝒌𝒓𝒌

𝒏

𝒌=𝟏

−
𝒓𝒏
𝒏
+
𝒂𝟏
𝒏𝟐
) = 𝐥𝐨𝐠

𝒓

𝟐
 

⇒ 𝟐𝑯𝒏 − 𝐥𝐨𝐠𝒂𝒏 = 𝟐𝑯𝒏 − 𝟐 𝐥𝐨𝐠 𝒏 + 𝐥𝐨𝐠 (
𝟏

𝒏𝟐
∑𝒌𝒓𝒌

𝒏

𝒌=𝟏

−
𝒓𝒏
𝒏
+
𝒂𝟏
𝒏𝟐
) 

⇒ 𝐥𝐢𝐦
𝒏→+∞

𝟐𝑯𝒏 − 𝐥𝐨𝐠𝒂𝒏 = 𝟐𝜸 + 𝐥𝐨𝐠
𝒓

𝟐
 

Solution 4 by Le Thu-Vietnam 

∵ 𝒂𝒏+𝟏 = 𝒂𝒏 + 𝒏𝒓𝒏 ⇒ 𝒂𝒏+𝟐 − 𝒂𝒏+𝟏 = (𝒏 + 𝟏)𝒓𝒏+𝟏 

∵ 𝐥𝐢𝐦𝒓𝒏+𝟏 = 𝐥𝐢𝐦𝒓𝒏 = 𝒓 ∈ ℝ ⇒ 𝐥𝐢𝐦
𝒓𝒏
𝒏
= 𝟎 



 
∴ 𝛀 ≡ 𝐥𝐢𝐦[𝟐𝓗𝒏 − 𝐥𝐧(𝒂𝒏)] 

= 𝐥𝐢𝐦[𝟐𝓗𝒏 − 𝐥𝐧(𝒂𝒏+𝟏 − 𝒏𝒓𝒏)] 

= 𝟐 𝐥𝐢𝐦[𝓗𝒏 − 𝐥𝐧(𝒏)]⏞          
≡𝜸

− 𝐥𝐢𝐦 𝐥𝐧 {
𝒂𝒏+𝟏
𝒏𝟐

−
𝒓𝒏
𝒏
} = 𝟐𝜸 − 𝐥𝐧 (𝐥𝐢𝐦

𝒂𝒏+𝟏
𝒏𝟐

) 

=
𝒔−𝒄

𝟐𝜸 − 𝐥𝐧 {𝐥𝐢𝐦
𝒂𝒏+𝟐 − 𝒂𝒏+𝟏
(𝒏 + 𝟏)𝟐 − 𝒏𝟐

} = 𝟐𝜸 − 𝐥𝐧 (𝒓 ⋅ 𝐥𝐢𝐦
𝒏 + 𝟏

𝟐𝒏 + 𝟏
) = 𝟐𝜸 − 𝐥𝐧 (

𝒓

𝟐
) 

Solution 5 by Pham Duc Nam-Vietnam 

If: 𝒂𝒏 > 𝟎; 𝒓𝒏 > 𝟎,𝒂𝒏+𝟏 = 𝒂𝒏 + 𝒏𝒓𝒏(∀𝒏 ∈ ℕ
∗) and 𝐥𝐢𝐦

𝒏→∞
𝒓𝒏 = 𝒓 > 𝟎 

Then find: 𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝐥𝐧(𝒂𝒏)) 

𝐥𝐢𝐦
𝒏→∞

𝒓𝒏 = 𝒓 ⇒ 𝐥𝐢𝐦
𝒏→∞

𝒓𝒏+𝟏 = 𝒓; 𝐥𝐢𝐦
𝒏→∞

∑ 𝒌𝒓𝒌
𝒏
𝒌=𝟏

𝒏𝟐
=
𝒓

𝟐
 

Indeed, by Stolz – Cesaro theorem: 𝐥𝐢𝐦
𝒏→∞

∑ 𝒌𝒓𝒌
𝒏+𝟏
𝒌=𝟏 −∑ 𝒌𝒓𝒌

𝒏
𝒌=𝟏

(𝒏+𝟏)𝟐−𝒏𝟐
= 𝐥𝐢𝐦

𝒏→∞

(𝒏+𝟏)𝒓𝒏+𝟏

𝟐𝒏+𝟏
=

𝒓

𝟐
 

For 𝒌 ≤ 𝒏, 𝒂𝒌+𝟏 − 𝒂𝒌 = 𝒌𝒓𝒌 ⇒ ∑ (𝒂𝒌+𝟏 − 𝒂𝒌)
𝒏
𝒌=𝟏⏟          
𝑻𝒆𝒍𝒆𝒔𝒄𝒐𝒑𝒊𝒏𝒈 𝒔𝒖𝒎

= ∑ 𝒌𝒓𝒌
𝒏
𝒌=𝟏 ⇔ 𝒂𝒏+𝟏 − 𝒂𝟏 = ∑ 𝒌𝒓𝒌

𝒏
𝒌=𝟏  

⇔ 𝒂𝒏+𝟏 − 𝒂𝒏 + 𝒂𝒏 − 𝒂𝟏 =∑𝒌𝒓𝒌

𝒏

𝒌=𝟏

⇔ 𝒂𝒏 =∑𝒌𝒓𝒌

𝒏

𝒌=𝟏

+ 𝒂𝟏 − 𝒏𝒓𝒏 ⇒ 

⇒
𝒂𝒏
𝒏𝟐
=
∑ 𝒌𝒓𝒌
𝒏
𝒌=𝟏

𝒏𝟐
+
𝒂𝟏
𝒏𝟐
−
𝒓𝒏
𝒏
⇒ 𝐥𝐧(𝒂𝒏) = 𝐥𝐧 (

∑ 𝒌𝒓𝒌
𝒏
𝒌=𝟏

𝒏𝟐
+
𝒂𝟏
𝒏𝟐
−
𝒓𝒏
𝒏
) + 𝟐 𝐥𝐧(𝒏) 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝐥𝐧(𝒂𝒏)) = 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝟐 𝐥𝐧(𝒏) − 𝐥𝐧(
∑ 𝒌𝒓𝒌
𝒏
𝒌=𝟏

𝒏𝟐
+
𝒂𝟏
𝒏𝟐
−
𝒓𝒏
𝒏
)) = 

= 𝐥𝐢𝐦
𝒏→∞

(𝟐𝑯𝒏 − 𝟐 𝐥𝐧(𝒏) − 𝐥𝐧 (
𝒓

𝟐
)) 

By definition: 𝜸 = 𝐥𝐢𝐦
𝒏→∞

(𝑯𝒏 − 𝐥𝐧(𝒏)) ⇒ 𝛀 = 𝟐𝜸 − 𝐥𝐧 (
𝒓

𝟐
) 

 


