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up.5281Ifa, > 0;r, > 0;a,,1 =a,+n-r,;n € N and

limr,=r>0

n—>0oo

then find:
Q = 1lim(2H,, — loga,,)

n—oo

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru — Romania

Solution 1 by proposers
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Solution 2 by Djamel Arrouche-Algeria
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2H, —log(a,) = 2H, +log( 2 ) lo g( 2 ):

2
= 2H, — 2log(n) + log(2) + log( an)

= 2(H,, — log(n)) + log (2) + log( 2 an)

lim log( ) log(1) = 0; llm H,, — log(n) = y: Euler Mascheroni Constant
n—-oo

2
Q =1lim(2H, —log(a,)), Q=2-y+log (;)
n—>0o

Solution 3 by Kamel Gandouli Rezgui-Algeria
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nlirPoo%ZLl k(r;, — r) = 0 Cesaro lemma= nl_i)r:loo%Z’,tzl k(rp,—7r)=0

and 37 kr ="00r o Jim Lyn k=1
r
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1 rn, a
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Solution 4 by Le Thu-Vietnam
Y lpy1 = 0p N D Apyy — Ay = M+ D)1y

r
vlimr,,, =limr,=reR = lim?": 0
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-~ Q =1im[2%, — In(a,)]
= lim[2H, — In(a,,; — nry)]
=y

a T a
=2 lim[#,, — In(n)] — lim ln{ :2‘1 _ ;n} =2y —1In (lim ;;1)

s—c _ . an+2_an+1}_ _ ( 1 n+1)_ _ Z
= 2y ln{hm(n+1)2—n2 =2y —In|r llm2n+1 =2y ln(z)

Solution 5 by Pham Duc Nam-Vietnam
If:a, >0;r, >0,a,.1=a,+nr,(vne N")and limr,=r >0
n—-oo

Then find: Q = 111i_)r£10(2Hn —In(a,))
ko1 krp T
. . . Lk=1 KTk
== lim e =7 lim =55 = g

. 2 =Stk ] 1
Indeed, by Stolz — Cesaro theorem: lim Zi=1 KTk D=1 ke _ g 04 DTnes _ T
n-oo (n+1)2-n2

n-oc 2n+1 2

— n —\yn _\yn
Fork<m,ap. —ap=krp=Yi1(ag — ) =Yg kry © apyq — ag = X kry,
Telescoping sum

n n
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k=1 k=1

a, XYp-kry a4 1, Yrorkry ay T,
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n n n n
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Q =lim (ZHn — ln(an)) = lim <2Hn -2 ln(n) —In <2k—1 Tk n aq rn>>
n-oo n-oo

n2 nZ n

— 1111_)1?0 (ZHn —2In(n) —In (g))

By definition: y = lim(H,, — In(n)) > @ = 2y —In (g)
n—-o0o



