
 
UP.529 If 𝒂𝒏 > 0; 𝑛 ∈ ℕ∗; 𝐥𝐢𝐦

𝒏→∞
(𝒂𝒏+𝟏 − 𝒂𝒏) = 𝒂 > 0 then find: 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
𝟏

√𝒏!
𝒏 −

𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

) ⋅ 𝒂𝒏
𝟐  

Proposed by D.M. Bătinețu-Giurgiu, Daniel Sitaru – Romania  

Solution 1 by proposers 

We will use Lalescu’s sequence: 

𝐥𝐢𝐦
𝒏→∞

( √(𝒏 + 𝟏)!
𝒏+𝟏

− √𝒏!
𝒏

) =
𝟏

𝒆
 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏
𝒏

=
𝑪𝑬𝑺𝑨𝑹𝑶−𝑺𝑻𝑶𝑳𝒁

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏 − 𝒂𝒏
𝒏 + 𝟏 − 𝒏

= 𝐥𝐢𝐦
𝒏→∞

(𝒂𝒏+𝟏 − 𝒂𝒏) = 𝒂 

𝛀 = 𝐥𝐢𝐦
𝒏→∞

(
√(𝒏 + 𝟏)!

𝒏+𝟏
− √𝒏!

𝒏

√𝒏!
𝒏

⋅ √(𝒏 + 𝟏)!
𝒏+𝟏

) ⋅ 𝒂𝒏
𝟐 = 

= 𝐥𝐢𝐦
𝒏→∞

( √(𝒏 + 𝟏)!
𝒏+𝟏

− √𝒏!
𝒏

) ⋅
𝒏

√𝒏!
𝒏 ⋅

𝒏 + 𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

⋅ (
𝒂𝒏
𝒏
)
𝟐

⋅
𝒏

𝒏 + 𝟏
= 

=
𝟏

𝒆
⋅ 𝐥𝐢𝐦
𝒏→∞

𝒏

√𝒏!
𝒏 ⋅ 𝐥𝐢𝐦

𝒏→∞

𝒏 + 𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

⋅ 𝐥𝐢𝐦
𝒏→∞

(
𝒂𝒏
𝒏
)
𝟐

⋅ 𝐥𝐢𝐦
𝒏→∞

𝒏

𝒏 + 𝟏
=
𝟏

𝒆
⋅ 𝒆 ⋅ 𝒆 ⋅ 𝒂𝟐 ⋅ 𝟏 = 𝒂𝟐𝒆 

Solution 2 by Angel Plaza-Spain 

𝐥𝐢𝐦
𝒏→∞

𝒂𝒏+𝟏

𝒏+𝟏
= 𝐥𝐢𝐦

𝒏→∞
(𝒂𝒏+𝟏 − 𝒂𝒏) = 𝒂. Therefore 𝐥𝐢𝐦

𝒏→∞

𝒂𝒏
𝟐

𝒏𝟐
= 𝐥𝐢𝐦

𝒏→∞
(
𝒂𝒏

𝒏
)
𝟐

= 𝒂𝟐. Hence 

𝛀 = 𝒂𝟐 ⋅ 𝐥𝐢𝐦
𝒏→∞

(
𝟏

√𝒏!
𝒏 −

𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

) ⋅ 𝒏𝟐 

By using that [1]:  

𝐥𝐢𝐦
𝒏→∞

(
(𝒏+𝟏)𝟐

√(𝒏+𝟏)!
𝒏+𝟏 −

𝒏𝟐

√𝒏!
𝒏 ) = 𝒆, then, by Stirling formula for n! 

𝐥𝐢𝐦
𝒏→∞

(
𝟏

√𝒏!
𝒏 −

𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

) ⋅ 𝒏𝟐 = −𝒆 + 𝐥𝐢𝐦
𝒏→∞

𝟐𝒏 + 𝟏

√(𝒏 + 𝟏)!
𝒏+𝟏

 

= −𝒆 + 𝐥𝐢𝐦
𝒏→∞

𝟐𝒏+𝟏

(𝒏+𝟏)𝒆−𝟏
= −𝒆 + 𝟐𝒆 = 𝒆. 

Therefore:  𝛀 = 𝒂𝟐𝒆 
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