
 
UP.532 Find all continuous functions 𝒇: ℝ → ℝ; 𝒇(𝟎) = 𝟎 such that: 

𝒇(𝒙) = 𝒇 (
𝒙

𝟓
) +

𝒙

𝟕
; (∀)𝒙 ∈ ℝ 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

Replacing 𝒙 successively with: 
𝒙

𝟓
;

𝒙

𝟓𝟐 ; … ;
𝒙

𝟓𝒏−𝟏 

𝒇(𝒙) − 𝒇 (
𝒙

𝟓
) =

𝒙

𝟕
 

𝒇 (
𝒙

𝟓
) − 𝒇 (

𝒙

𝟓𝟐
) =

𝒙

𝟕 ⋅ 𝟓
 

𝒇 (
𝒙

𝟓𝟐
) − 𝒇 (

𝒙

𝟓𝟑
) =

𝒙

𝟕 ⋅ 𝟓𝟐
 

− − − − − − − − − − 

𝒇 (
𝒙

𝟓𝒏−𝟏
) − 𝒇 (

𝒙

𝟓𝒏
) =

𝒙

𝟕 ⋅ 𝟓𝒏−𝟏
 

By adding: 

𝒇(𝒙) − 𝒇 (
𝒙

𝟓𝒏
) =

𝒙

𝟕
(𝟏 +

𝟏

𝟓
+

𝟏

𝟓𝟐
+ ⋯ +

𝟏

𝟓𝒏−𝟏
) 

𝒇(𝒙) − 𝒇 (
𝒙

𝟓𝒏
) =

𝒙

𝟕
⋅

𝟏
𝟓𝒏 − 𝟏

𝟏
𝟓 − 𝟏

 

𝐥𝐢𝐦
𝒏→∞

(𝒇(𝒙) − 𝒇 (
𝒙

𝟓𝒏
)) = 𝐥𝐢𝐦

𝒏→∞

𝒙

𝟕
⋅

𝟏
𝟓𝒏 − 𝟏

𝟏
𝟓 − 𝟏

 

𝒇(𝒙) − 𝒇(𝟎) =
𝒙

𝟕
⋅

𝟎 − 𝟏

−
𝟒
𝟓

, 𝒇(𝒙) − 𝟎 =
𝟓𝒙

𝟐𝟖
⇒ 𝒇(𝒙) =

𝟓𝒙

𝟐𝟖
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭 𝐧 ∈ ℕ. 𝐅𝐨𝐫 𝐚𝐥𝐥 𝐤 ∈ {𝟎, 𝟏, … , 𝒏 − 𝟏}, 𝐢𝐟 𝐰𝐞 𝐫𝐞𝐩𝐥𝐚𝐜𝐞 𝒙 𝐛𝐲 
𝒙

𝟓𝒌
, 𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

𝒇 (
𝒙

𝟓𝒌
) − 𝒇 (

𝒙

𝟓𝒌+𝟏
) =

𝒙

𝟕. 𝟓𝒌
, 𝐭𝐡𝐞𝐧  ∑ (𝒇 (

𝒙

𝟓𝒌
) − 𝒇 (

𝒙

𝟓𝒌+𝟏
))

𝒏−𝟏

𝒌=𝟎

= ∑
𝒙

𝟕. 𝟓𝒌

𝒏−𝟏

𝒌=𝟎

 



 

𝐨𝐫  𝒇(𝒙) = 𝒇 (
𝒙

𝟓𝒏
) +

𝒙

𝟕
.

𝟏 − (
𝟏
𝟓)

𝒏

𝟒
𝟓

, ∀𝒙 ∈ ℝ. 

𝐒𝐢𝐧𝐜𝐞 𝒇 𝐢𝐬 𝐜𝐨𝐧𝐭𝐢𝐧𝐮𝐨𝐮𝐬 𝐨𝐧 ℝ, 𝐭𝐡𝐞𝐧 𝐥𝐢𝐦
𝐧→∞

𝒇 (
𝒙

𝟓𝒏
) = 𝒇 (𝐥𝐢𝐦

𝐧→∞

𝒙

𝟓𝒏
) = 𝒇(𝟎) = 𝟎. 

𝐈𝐟 𝐰𝐞 𝐭𝐞𝐧𝐝 𝒏 𝐭𝐨 𝐢𝐧𝐟𝐢𝐧𝐢𝐭𝐲 𝐢𝐧 𝐭𝐡𝐞 𝐥𝐚𝐬𝐭 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧 𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝐥𝐢𝐦
𝐧→∞

(
𝟏

𝟓
)

𝒏

= 𝟎, 𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

𝒇(𝒙) =
𝟓𝒙

𝟐𝟖
,   ∀𝒙 ∈ ℝ, 

𝐓𝐡𝐞 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 𝐬𝐚𝐭𝐢𝐬𝐟𝐢𝐞𝐬 𝐭𝐡𝐞 𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧𝐬 𝐨𝐟 𝐭𝐡𝐞 𝐩𝐫𝐨𝐛𝐥𝐞𝐦. 
 

 


