
 
UP.533 Calculate the integral: 

∫
𝐚𝐫𝐜𝐜𝐨𝐬 𝒙

√𝟒𝒙𝟒 + 𝒙𝟐 + 𝟒

𝟏

−𝟏

𝒅𝒙 

Proposed by Vasile Mircea Popa – Romania  

Solution by proposer 

We make the notation: 𝑨 = ∫
𝐚𝐫𝐜𝐜𝐨𝐬 𝒙

√𝟒𝒙𝟒+𝒙𝟐+𝟒

𝟏

−𝟏
𝒅𝒙. 

We also consider the integral: 𝑩 = ∫
𝐚𝐫𝐜𝐬𝐢𝐧𝒙

√𝟒𝒙𝟒+𝒙𝟐+𝟒

𝟏

−𝟏
𝒅𝒙 

We have: 

𝑨 +𝑩 = ∫
𝐚𝐫𝐜𝐜𝐨𝐬 𝒙 + 𝐚𝐫𝐜𝐬𝐢𝐧 𝒙

√𝟒𝒙𝟒 + 𝒙𝟐 + 𝟒

𝟏

−𝟏

𝒅𝒙 =
𝝅

𝟐
∫

𝟏

√𝟒𝒙𝟒 + 𝒙𝟐 + 𝟒

𝟏

−𝟏

𝒅𝒙 

But, we have: 

∫
𝟏

√𝟒𝒙𝟒 + 𝒙𝟐 + 𝟒

𝟏

−𝟏

𝒅𝒙 = 𝟐∫
𝟏

√𝟒𝒙𝟒 + 𝒙𝟐 + 𝟒

𝟏

𝟎

𝒅𝒙 

because the function under the integral sign is even. 

We are going to calculate the integral: 

𝑪 = ∫
𝟏

√𝟒𝒙𝟒 + 𝒙𝟐 + 𝟒

𝟏

𝟎

𝒅𝒙 

We will show that the 𝑪 integral can be expressed using the complete elliptic integral of 

the first kind. 

The complete elliptic integral of the first kind is defined by the relationship: 

𝑲(𝒌) = ∫
𝟏

√𝟏−𝒌𝟐 𝐬𝐢𝐧𝟐 𝜽

𝝅

𝟐
𝟎

𝒅𝜽, with −𝟏 < 𝒌 < 𝟏. 

Substitute: 

𝒕 = 𝐭𝐚𝐧
𝜽

𝟐
, so 𝐬𝐢𝐧 𝜽 =

𝟐𝒕

𝟏+𝒕𝟐
 and 𝒅𝜽 =

𝟐

𝟏+𝒕𝟐
𝒅𝒕. 

We have: 



 

𝑲(𝒌) = ∫
𝟏

√𝟏 − 𝒌𝟐
𝟒𝒕𝟐

(𝟏 + 𝒕𝟐)𝟐

𝟏

𝟎

𝟐
𝟏

𝟏 + 𝒕𝟐
𝒅𝒕 = 𝟐∫

𝟏

√𝒕𝟒 + (𝟐 − 𝟒𝒌𝟐)𝒕𝟐 + 𝟏

𝟏

𝟎

𝒅𝒕 

We have: 

𝑪 =
𝟏

𝟐
∫

𝟏

√𝒙𝟒 +
𝟏
𝟒𝒙

𝟐 + 𝟏

𝟏

𝟎

𝒅𝒙 

We put the condition: 

𝟐 − 𝟒𝒌𝟐 =
𝟏

𝟒
, so 𝒌 =

√𝟕

𝟒
 (we choose 𝒌 > 𝟎). 

We obtain: 

𝑪 =
𝟏

𝟐
⋅
𝟏

𝟐
⋅ 𝑲(

√𝟕

𝟒
) 

The integral 𝑩 is equal to zero, because the function under the integral sign is odd. 

So, we have: 𝑨 =
𝝅

𝟐
⋅ 𝟐𝑪 

We obtained the value of the integral required in the problem statement: 

𝑨 =
𝝅

𝟒
𝑲(

√𝟕

𝟒
). 

 


