
 
UP.536 If 𝟏 < 𝒂 ≤ 𝒃; 𝒎 ≥ 𝟏 then: 

(𝒃 − 𝟏)𝒎+𝟏 − (𝒂 − 𝟏)𝒎+𝟏

𝒎 + 𝟏
+ 𝒃 − 𝒂 ≤

𝒃𝒎+𝟏 − 𝒂𝒎+𝟏

𝒎 + 𝟏
 

Proposed by Daniel Sitaru – Romania  

Solution 1 by proposer 

(𝒃 − 𝟏)𝒎+𝟏 − (𝒂 − 𝟏)𝒎+𝟏

𝒎 + 𝟏
= ∫ (𝒙 − 𝟏)𝒎

𝒃

𝒂

𝒅𝒙 

𝒃 − 𝒂 = ∫ 𝒅𝒙
𝒃

𝒂

 

𝒃𝒎+𝟏 − 𝒂𝒎+𝟏

𝒎 + 𝟏
= ∫ 𝒙𝒎

𝒃

𝒂

𝒅𝒙 

We must prove that 

∫ (𝒙 − 𝟏)𝒎
𝒃

𝒂

𝒅𝒙 + ∫ 𝒅𝒙
𝒃

𝒂

≤ ∫ 𝒙𝒎
𝒃

𝒂

𝒅𝒙 

∫ ((𝒙 − 𝟏)𝒎 + 𝟏)
𝒃

𝒂

𝒅𝒙 ≤ ∫ 𝒙𝒎
𝒃

𝒂

𝒅𝒙 

It is enough to prove that: 

(𝒙 − 𝟏)𝒎 + 𝟏 ≤ 𝒙𝒎; (∀)𝒙 > 𝟏; 𝒎 ≥ 𝟏 

Let be: 𝒇: (𝟏, ∞) → ℝ; 𝒇(𝒙) = (𝒙 − 𝟏)𝒎 − 𝒙𝒎 + 𝟏 

𝒇′(𝒙) = 𝒎((𝒙 − 𝟏)𝒎−𝟏 − 𝒙𝒎−𝟏) < 𝟎 because 𝒙 − 𝟏 < 𝒙 

𝒇 decreasing on (𝟏, ∞) 

𝐬𝐮𝐩
𝒙>𝟏

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→𝟏
𝒙>𝟏

𝒇(𝒙) = 𝐥𝐢𝐦
𝒙→𝟏
𝒙>𝟏

((𝒙 − 𝟏)𝒎 − 𝒙𝒎 + 𝟏) = 𝟎 

⇒ 𝒇(𝒙) ≤ 𝟎; (∀)𝒙 > 𝟏 ⇒ (𝒙 − 𝟏)𝒎 − 𝒙𝒎 + 𝟏 ≤ 𝟎 

Equality holds for 𝒂 = 𝒃. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐖𝐫𝐢𝐭𝐞 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐚𝐬 𝒇(𝒂) ≤ 𝒇(𝒃), 𝐰𝐡𝐞𝐫𝐞 

𝒇(𝒙) =
𝒙𝒎+𝟏 − (𝒙 − 𝟏)𝒎+𝟏

𝒎 + 𝟏
− 𝒙,   𝒙 ≥ 𝟏. 

𝐖𝐞 𝐡𝐚𝐯𝐞 𝒇′(𝒙) = 𝒙𝒎 − (𝒙 − 𝟏)𝒎 − 𝟏 𝐚𝐧𝐝 



 
 𝒇′′(𝒙) = 𝒎[𝒙𝒎−𝟏 − (𝒙 − 𝟏)𝒎−𝟏] ≥ 𝟎, 𝐭𝐡𝐞𝐧 𝒇′ 𝐢𝐬 

𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠 𝐨𝐧 [𝟏, ∞) 𝐚𝐧𝐝 
 𝒇′(𝒙) ≥ 𝒇′(𝟏) = 𝟎, ∀𝒙 ≥ 𝟏, 𝐭𝐡𝐞𝐧 𝒇 𝐢𝐬 𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠 𝐨𝐧 [𝟏, ∞), 𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 

𝟏 < 𝒂 ≤ 𝒃 , 𝐭𝐡𝐞𝐧 𝒇(𝒂) ≤ 𝒇(𝒃), 𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝. 
𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝒂 = 𝒃. 

 

 

 


