
 
UP.538 Solve for real numbers: 

∫
𝒕𝟐 + 𝟏

𝒕𝟑 + 𝟏
𝒅𝒕

𝒙

𝟒

= 𝟐(√𝒙 − 𝟐) 

Proposed by Daniel Sitaru-Romania 
Solution 1 by Aki Le-Vietnam 

𝑳𝒆𝒕 𝒇(𝒙) = ∫
𝒕𝟐 + 𝟏

𝒕𝟑 + 𝟏
𝒅𝒕

𝒙

𝟒

− 𝟐(√𝒙 − 𝟐), 𝒕𝒉𝒆𝒏 

𝒇′(𝒙) =
−(√𝒙 − 𝟏)(√𝒙𝟓 − 𝟏)

(𝒙𝟑 + 𝟏)√𝒙
≤ 𝟎, ∀𝒙 > 𝟎 

𝑴𝒐𝒓𝒆𝒐𝒗𝒆𝒓, 𝒇(𝟒) = 𝟎. 𝑻𝒉𝒆𝒏 𝒕𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒔𝒆𝒕 𝒊𝒔 {𝟒}. 

Solution 2 by Christos Tsifakis-Greece 

𝑳𝒆𝒕 𝒇(𝒙) = ∫
𝒕𝟐 + 𝟏

𝒕𝟑 + 𝟏
𝒅𝒕

𝒙

𝟒

− 𝟐(√𝒙 − 𝟐), 𝒙 ≥ 𝟎. 

𝑭𝒐𝒓 𝒙 = 𝟒, 𝒘𝒆 𝒉𝒂𝒗𝒆 𝒇(𝟒) = 𝟎. 

𝑭𝒐𝒓 𝒙 > 𝟎, 𝒘𝒆 𝒉𝒂𝒗𝒆: 𝒇′(𝒙) =
𝒙𝟐 + 𝟏

𝒙𝟑 + 𝟏
−

𝟏

√𝒙
=

(𝒙𝟐√𝒙 − 𝟏)(𝟏 − √𝒙)

√𝒙(𝒙𝟑 + 𝟏)
= 

=
−(√𝒙 − 𝟏)

𝟐
(√𝒙𝟒 + √𝒙𝟑 + √𝒙𝟐 + 𝟏)

√𝒙(𝒙𝟑 + 𝟏)
≤ 𝟎.  

𝑺𝒐, 𝒇 ↘ [𝟎, ∞) 𝒂𝒏𝒅 𝒙 = 𝟒 𝒊𝒔 𝒕𝒉𝒆 𝒐𝒏𝒍𝒚 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏.   

Solution 3 by Marin Chirciu – Romania  

The condition of existence of the radical is 𝒙 ≥ 𝟎 

We decompose in simple fractions 
𝒕𝟐+𝟏

𝒕𝟑+𝟏
=

𝑨

𝒕+𝟏
+

𝑩𝒕+𝑪

𝒕𝟐−𝒕+𝟏
 

We obtain 𝑨 =
𝟐

𝟑
, 𝑩 =

𝟏

𝟑
, 𝑪 =

𝟏

𝟑
 

∫
𝒕𝟐 + 𝟏

𝒕𝟑 + 𝟏
𝒅𝒕 =

𝟐

𝟑
𝐥𝐧(𝒕 + 𝟏) +

𝟏

𝟑
∫

𝒕 + 𝟏

𝒕𝟐 − 𝒕 + 𝟏
𝒅𝒕 

∫
𝒕 + 𝟏

𝒕𝟐 − 𝒕 + 𝟏
𝒅𝒕 =

𝟏

𝟐
∫

𝟐𝒕 − 𝟏 + 𝟑

𝒕𝟐 − 𝒕 + 𝟏
𝒅𝒕 =

𝟏

𝟐
∫

𝟐𝒕 − 𝟏

𝒕𝟐 − 𝒕 + 𝟏
𝒅𝒕 +

𝟑

𝟐
∫

𝟏

𝒕𝟐 − 𝒕 + 𝟏
𝒅𝒕 = 



 

=
𝟏

𝟐
𝐥𝐧(𝒕𝟐 − 𝒕 + 𝟏) +

𝟑

𝟐
∫

𝟏

𝒕𝟐 − 𝒕 +
𝟏

𝟒
+

𝟑

𝟒

𝒅𝒕 =
𝟏

𝟐
𝐥𝐧(𝒕𝟐 − 𝒕 + 𝟏) +

𝟑

𝟐
∫

𝟏

(𝒕 −
𝟏

𝟐
)

𝟐

+ (
√𝟑

𝟐
)

𝟐
𝒅𝒕 = 

=
𝟏

𝟐
𝐥𝐧(𝒕𝟐 − 𝒕 + 𝟏) +

𝟑

𝟐
⋅

𝟏

√𝟑

𝟐

𝐚𝐫𝐜𝐭𝐚𝐧
𝒕 −

𝟏

𝟐

√𝟑

𝟐

=
𝟏

𝟐
(𝒕𝟐 − 𝒕 + 𝟏) + √𝟑 𝐚𝐫𝐜𝐭𝐚𝐧

𝟐𝒕 − 𝟏

√𝟑
. 

It follows: 

∫
𝒕𝟐 + 𝟏

𝒕𝟑 + 𝟏
𝒅𝒕 =

𝟐

𝟑
𝐥𝐧(𝒕 + 𝟏) +

𝟏

𝟑
∫

𝒕 + 𝟏

𝒕𝟐 − 𝒕 + 𝟏
𝒅𝒕 = 

=
𝟐

𝟑
𝐥𝐧(𝒕 + 𝟏) +

𝟏

𝟑
(

𝟏

𝟐
𝐥𝐧(𝒕𝟐 − 𝒕 + 𝟏) + √𝟑 𝐚𝐫𝐜𝐭𝐚𝐧

𝟐𝒕 − 𝟏

√𝟑
) = 

=
𝟐

𝟑
𝐥𝐧(𝒕 + 𝟏) +

𝟏

𝟔
𝐥𝐧(𝒕𝟐 − 𝒕 + 𝟏) +

√𝟑

𝟑
𝐚𝐫𝐜𝐭𝐚𝐧

𝟐𝒕 − 𝟏

√𝟑
 

We obtain: 

∫
𝒕𝟐 + 𝟏

𝒕𝟑 + 𝟏

𝒙

𝟒

𝒅𝒕 = [
𝟐

𝟑
𝐥𝐧(𝒕 + 𝟏) +

𝟏

𝟔
𝐥𝐧(𝒕𝟐 − 𝒕 + 𝟏) +

√𝟑

𝟑
𝐚𝐫𝐜𝐭𝐚𝐧

𝟐𝒕 − 𝟏

√𝟑
]

𝟒

𝒙

= 

=
𝟐

𝟑
𝐥𝐧

𝒙 + 𝟏

𝟓
+

𝟏

𝟔
𝐥𝐧

𝒙𝟐 − 𝒙 + 𝟏

𝟏𝟑
+

√𝟑

𝟑
𝐚𝐫𝐜𝐭𝐚𝐧

𝟐𝒙−𝟏

√𝟑
−

𝟕

√𝟑

𝟏 +
𝟐𝒙−𝟏

√𝟑
⋅

𝟕

√𝟑

= 

=
𝟐

𝟑
𝐥𝐧

𝒙 + 𝟏

𝟓
+

𝟏

𝟔
𝐥𝐧

𝒙𝟐 − 𝒙 + 𝟏

𝟏𝟑
+

√𝟑

𝟑
𝐚𝐫𝐜𝐭𝐚𝐧

𝟐𝒙−𝟖

√𝟑

𝟏 +
𝟕(𝟐𝒙−𝟏)

𝟑

. 

The equation ∫
𝒕𝟐+𝟏

𝒕𝟑+𝟏

𝒙

𝟒
𝒅𝒕 = 𝟐(√𝒙 − 𝟐) can be written: 

𝟐

𝟑
𝐥𝐧

𝒙+𝟏

𝟓
+

𝟏

𝟔
𝐥𝐧

𝒙𝟐−𝒙+𝟏

𝟏𝟑
+

√𝟑

𝟑
𝐚𝐫𝐜𝐭𝐚𝐧

𝟐𝒙−𝟖

√𝟑

𝟏+
𝟕(𝟐𝒙−𝟏)

𝟑

= 𝟐(√𝒙 − 𝟐), with 𝒙 = 𝟒 unique solution. 

We deduce that 𝒙 = 𝟒 is the unique solution of the equation. 

Solution 4 by Angel Plaza-Spain 

By simple inspection it follows that 𝒙 = 𝟒 is a real solution to the given equation. Let us 

prove that there is no solution. Consider function 𝒇(𝒙) defined by  

𝒇(𝒙) = ∫
𝒕𝟐 + 𝟏

𝒕𝟑 + 𝟏

𝒙

𝟒

𝒅𝒕 − 𝟐(√𝒙 − 𝟐), 



 
for 𝒙 ≥ 𝟎. 𝒇 is a continuous function for 𝒙 ≥ 𝟎. Then by the Fundamental Theorem of 

Integral Calculus, 𝒇′(𝒙) =
𝒙𝟐+𝟏

𝒙𝟑+𝟏
−

𝟏

√𝒙
= −

(√𝒙−𝟏)
𝟐

(𝒙𝟐+𝒙√𝒙+𝒙+√𝒙+𝟏)

√𝒙(𝒙+𝟏)(𝒙𝟐−𝒙+𝟏)
≤ 𝟎 for all 𝒙 ≥ 𝟎. 

Therefore, function 𝒇(𝒙) is monotonically decreasing and it has no more than a single root 

in ℝ+. 


