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UP.538 Solve for real numbers:

*t?+1
L t3+1dt=2(\/§—2)

Proposed by Daniel Sitaru-Romania
Solution 1 by Aki Le-Vietnam

2 +1
Letf(x)=f4 t3+1dt—2(\/§—2),then
ooy -~V —1)(VaS — 1)
f(x) = T <0,vx>0

Moreover, f(4) = 0.Then the solution set is {4}.

Solution 2 by Christos Tsifakis-Greece

Let f(x) = jxtz * 1dt—2(\/§—2),x2 0.

L B3+1
For x = 4,we have f(4) = 0.
*+1 1 (PVx-1)(1-Vx)
¥+1 x Vx(x® + 1)
=—(\/E—1)2(\/F+\/F+\/F+1)<O

Va(x3 + 1) T

So,f \ [0,0) and x = 4 is the only solution.

For x > 0,we have: f'(x) =

Solution 3 by Marin Chirciu — Romania

The condition of existence of the radicalis x > 0

t2+1 A Bt+C
W m in simple fractions — = —
e decompose in simple fractio S 51 H1+t2_t+1

nd=:pB=lc=1
WeobtalnA—g,B—g,C—3

ft2+1dt—21 (t+1)+1f t+1 dt
Br1t73" 3)t2—t+1

f t+1 dt—1f2t_1+3dt—1f 2t—1 dt+3f 1 g —
t2—t+1 2] e-t+1 2)e2-t+1 2)2—t+1
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1 3 1 1 3
_ — 2 _ — = — 2 _ — =
—Zln(t t+1)+2f s dt 2ln(t t+1)+2f dt

2 _ 1.3 2
AR (e-3) +(3)

1
31 t—- 1 2t—1

h 2 _ 2 2 _ 42 _

ln(t t+1)+2 ﬁarctan & 2(t t+ 1) ++v3arctan N

2 2

It follows:

ft2+1dt—21 (t+1)+1j t+1 dt =
Br1073" 3)e2—-t+1

Zi/—g 1)

2 1 V3 2t—1
= gln(t +1) +gln(t2 —t+1) +?arctan 73

2 1/1
= gln(t +1) +§<Eln(t2 —t+1)++3arctan

We obtain:

t2+1 2 1 V3

— 2
Lt3+1dt_ gln(t+1)+gln(t —t+1)+?arctan
2 x+1 1 x*—x+1 3

=§ln 5 +glnT+?arctaan

X
2t—1l
V3 |,

2x-8

2 x+1 1 _x*-x+1 <3 73
=§ln 5 +glnT+?arctanw.

3

The equation f —dt = 2(vx — 2) can be written:

2x—8
x+1 ¥?-x+1 | V3 73

—l —+- l n—/r-—+ —arctanm = 2(v/x — 2), with x = 4 unique solution.
T3

We deduce that x = 4 is the unique solution of the equation.
Solution 4 by Angel Plaza-Spain

By simple inspection it follows that x = 4 is a real solution to the given equation. Let us

prove that there is no solution. Consider function f(x) defined by

+1
f(x)=f4 Cla—2(vE-2)
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for x > 0. f is a continuous function for x > 0. Then by the Fundamental Theorem of

241 1 (Va-1)2 (2 +xy/x+x+yx+1)
3

Integral Calculus, f'(x) = iy xR D (22 —x 1)

< Oforallx = 0.

Therefore, function f(x) is monotonically decreasing and it has no more than a single root

in R*.



