
A SIMPLE PROOF FOR EVERITT’S INEQUALITY AND

APPLICATIONS

DANIEL SITARU, CLAUDIA NĂNUŢI - ROMANIA

Abstract. In this paper we will give a simple proof for Everitt’s inequality

and a few applications.

EVERITT’S INEQUALITY
If 0 < x ≤ π then:

(1)
sinx

x
< min

{2(1− cosx)

x2
,
2 + cosx

3

}
Proof.

(2)
sinx

x
<

2(1− cosx)

x2

x sinx < 2− 2 cosx

x sinx+ 2 cosx < 2

Let be f : (0, π]→ R; f(x) = x sinx+ 2 cosx

f ′(x) = sinx+ x cosx− 2 sinx

f ′(x) = x cosx− sinx

f ′′(x) = cosx− x sinx− cosx = −x sinx < 0

f ′′(x) < 0⇒ f ′ decreasing ⇒
sup

x∈(0,π]

f ′(x) = lim
x→0
x>0

f ′(x) = lim
x→0
x>0

(x cosx− sinx) = 0

f ′(x) < 0⇒ f decreasing ⇒
sup f(x) = lim

x→0
x>0

f(x) = lim
x→0
x>0

(x sinx+ 2 cosx) = 2

⇒ f(x) < 0; (∀)x ∈ (0, π]⇒ (2).

(3)
sinx

x
<

2 + cosx

3
3 sinx < 2x+ x cosx

3 sinx− 2x− x cosx < 0

Let be g : (0, π]→ R; g(x) = 3 sinx− 2x− x cosx
g′(x) = 3 cosx− 2− cosx+ x sinx

g′(x) = 2 cosx− 2 + x sinx

g′′(x) = −2 sinx+ sinx+ x cosx

g′′(x) = − sinx+ x cosx

g′′′(x) = − cosx+ cosx− x sinx
g′′′(x) = −x sinx < 0; (∀)x ∈ (0, π]

1



2 DANIEL SITARU, CLAUDIA NĂNUŢI - ROMANIA

g′′′(x) < 0⇒ g′′(x) - decreasing ⇒
sup

x∈(0,π]

g′′(x) = lim
x→0
x>0

g′′(x) = lim
x→0
x>0

(− sinx+ x cosx) = 0

⇒ g′′(x) < 0⇒ g′(x) - decreasing ⇒
sup

x∈(0,π]

g′(x) = lim
x→0
x>0

g′(x) = lim
x→0
x>0

(2 cosx− 2 + x sinx) = 0

⇒ g′(x) < 0⇒ g(x) - decreasing ⇒
⇒ g(x) < 0; (∀)x ∈ (0, π]⇒ (3)

By (2); (3)⇒ (1). �

Corollary.
If x ∈ [0, π) then:

sinx

π − x
< min

{2(1 + cosx)

(π − x)2
;
2− cosx

3

}
Proof.
We replace x in (1) with π − x:

0 < x ≤ π ⇒ 0 > −x ≥ −π ⇒ π > π − x ≥ 0

⇒ sin(π − x)
π − x

< min
{2(1− cos(π − x))

(π − x)2
;
2 + cos(π − x)

3

}
sinx

π − x
< min

{2(1 + cosx)

(π − x)2
;
2− cosx

3

}
�

Application.
If 0 < a ≤ b ≤ π then:∫ b

a

sinx

x
dx+ 2

∫ b

a

cosx

x2
dx ≤ 2(b− a)

ab

Proof.
We will use (2):

sinx

x
<

2(1− cosx)

x2∫ b

a

sinx

x
dx ≤

∫ b

a

2− 2 cosx

x2
dx∫ b

a

sinx

x
dx ≤ 2

∫ b

a

1

x2
dx− 2

∫ b

a

cosx

x2
dx∫ b

a

sinx

x
dx+ 2

∫ b

a

cosx

x2
dx ≤ −2

(1
b
− 1

a

)
=

2(b− a)
ab

Equality holds for a = b.
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