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1301. If 𝒕𝟏, 𝒕𝟐, … , 𝒕𝒏 > 0 such that 𝒕𝟏 + 𝒕𝟐 +⋯+ 𝒕𝒏 = 𝟏 

Then prove that: 

(𝟏 − 𝒕𝟏) ⋅ (𝟏 − 𝒕𝟐) ⋅ … ⋅ (𝟏 − 𝒕𝒏)

𝒕𝟏 ⋅ 𝒕𝟐 ⋅ … ⋅ 𝒕𝒏
≥ (𝒏 − 𝟏)𝒏 

Proposed by Hikmat Mammadov-Azerbaijan 
Solution 1 by Khanh Hai-Vietnam 

𝟏 − 𝒕𝟏 = 𝒕𝟐 + 𝒕𝟑 +⋯+ 𝒕𝒏 ≥ (𝒏 − 𝟏) √𝒕𝟐𝒕𝟑…𝒕𝒏
𝒏−𝟏    (AM-GM) 

Similarly, we can prove that: 

𝟏 − 𝒕𝟐 ≥ (𝒏 − 𝟏) √𝒕𝟏𝒕𝟑…𝒕𝒏
𝒏−𝟏  

……………………………… 

𝟏 − 𝒕𝒏 ≥ 𝒏(𝒏 − 𝟏) √𝒕𝟏𝒕𝟐…𝒕𝒏−𝟏
𝒏−𝟏  

⇒ ∏(𝟏 − 𝒕𝟏) ≥ (𝒏 − 𝟏)
𝒏 ⋅ 𝒕𝟏𝒕𝟐…𝒕𝒏 ⇒

∏(𝟏−𝒕𝟏)

𝒕𝟏𝒕𝟐…𝒕𝒏
≥ (𝒏 − 𝟏)𝒏   Q.E.D. 

Solution 2 by Ali Babazadeh-Azerbaijan 

𝒕𝟏 + 𝒕𝟐 +⋯+ 𝒕𝒏 = 𝟏 

𝑺 =
(𝟏 − 𝒕𝟏)(𝟏 − 𝒕𝟐)… (𝟏 − 𝒕𝒏)

𝒕𝟏 ⋅ 𝒕𝟐 ⋅ … ⋅ 𝒕𝒏
≥ (𝒏 − 𝟏)𝒏 

a) (𝟏 − 𝒕𝟏)(𝟏 − 𝒕𝟐)… (𝟏 − 𝒕𝒏) = (𝒕𝟐 +⋯+ 𝒕𝒏)(𝒕𝟏 +⋯+ 𝒕𝒏)… (𝒕𝟏 +⋯+ 𝒕𝒏−𝟏) ≥ 

≥ (𝒏 − 𝟏) √𝒕𝟐 ⋅ … ⋅ 𝒕𝒏
𝒏−𝟏 ⋅ (𝒏 − 𝟏) √𝒕𝟏 ⋅ … ⋅ 𝒕𝒏

𝒏−𝟏 ⋅ … ⋅ (𝒏 − 𝟏) √𝒕𝟏 ⋅ … ⋅ 𝒕𝒏−𝟏
𝒏−𝟏 = 

= (𝒏 − 𝟏)𝒏 √(𝒕𝟏 ⋅ 𝒕𝟐 ⋅ … ⋅ 𝒕𝒏)𝒏−𝟏
𝒏−𝟏

= (𝒏 − 𝟏)𝒏(𝒕𝟏 ⋅ 𝒕𝟐 ⋅ … ⋅ 𝒕𝒏) 

Then: 𝑺 ≥ (𝒏 − 𝟏)𝒏 

1302. If  𝒂, 𝒃. 𝒄 ≥ 𝟎  such that 𝒂 + 𝒃 + 𝒄 = 𝟐  then 

𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 +
𝟏𝟏

𝟖
𝒂𝒃𝒄 ≤ 𝟏 

Proposed by Tran Quoc Thinh-Vietnam 
Solution 1 by Nguyen Van Canh-Ben Tre-Vietnam 

Let us denote  𝒒 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤
(𝒂+𝒃+𝒄)𝟐

𝟑
=
𝟒

𝟑
, 𝒓 = 𝒂𝒃𝒄. We have 

(𝒂 − 𝒃)𝟐(𝒃 − 𝒄)𝟐(𝒄 − 𝒂)𝟐 ≥ 𝟎 ⇔ 𝟒𝒒𝟐 − 𝟒𝒒𝟑 + 𝟒(𝟗𝒒− 𝟖)𝒓 − 𝟐𝟕𝒓𝟐 ≥ 𝟎 

⇔ 𝒓 ≥
𝟐(𝟗𝒒−𝟖)−𝟐(𝟒−𝟑𝒒)√𝟒−𝟑𝒒

𝟐𝟕
. Now, 
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𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 +
𝟏𝟏

𝟖
𝒂𝒃𝒄 ≤ 𝟏; 

⇔ 𝒒𝟐 − 𝟒𝒓 +
𝟏𝟏

𝟖
𝒓 ≤ 𝟏; 

⇔
𝟐𝟏

𝟖
𝒓 + 𝟏 − 𝒒𝟐 ≥ 𝟎; (∗) 

 If  𝟎 < 𝑞 ≤ 1  then   
𝟐𝟏

𝟖
𝒓 + 𝟏 − 𝒒𝟐 ≥⏞

𝒓≥𝟎
𝟐𝟏

𝟖
. 𝟎 + 𝟎 = 𝟎 ⇒ (∗) 𝐭𝐫𝐮𝐞. 

Equality ⇔{
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟏
𝒂 + 𝒃 + 𝒄 = 𝟐
𝒂𝒃𝒄 = 𝟎

⇔ (𝒂, 𝒃, 𝒄) ∈ {(𝟏, 𝟏, 𝟎), (𝟎, 𝟏, 𝟏), (𝟏, 𝟎, 𝟏)}. 

 If  𝟏 < 𝑞 ≤
𝟒

𝟑
  then  we need to prove that 

𝟐𝟏

𝟖
(
𝟐(𝟗𝒒 − 𝟖) − 𝟐(𝟒 − 𝟑𝒒)√𝟒 − 𝟑𝒒

𝟐𝟕
) − 𝒒𝟐 + 𝟏 ≥ 𝟎; 

⇔ 𝟔𝟑𝒒 − 𝟓𝟔 + 𝟑𝟔(𝟏 − 𝒒𝟐) ≥ 𝟕(𝟒 − 𝟑𝒒)√𝟒 − 𝟑𝒒; 

⇔ (𝟏𝟐𝒒 − 𝟓)(𝟒 − 𝟑𝒒) ≥ 𝟕(𝟒 − 𝟑𝒒)√𝟒 − 𝟑𝒒; 

⇔ (𝟒 − 𝟑𝒒)⏟      
≥𝟎

(𝟏𝟐𝒒 − 𝟓 − 𝟕√𝟒 − 𝟑𝒒) ≥ 𝟎; 

We just check:                            𝟏𝟐𝒒 − 𝟓 − 𝟕√𝟒 − 𝟑𝒒 > 0; 

⇔ (𝟏𝟐𝒒 − 𝟓)𝟐 > 49(𝟒 − 𝟑𝒒); 
⇔ 𝟏𝟒𝟒 𝒒𝟐 +  𝟐𝟕 𝒒 −  𝟏𝟕𝟏 > 0; 

⇔ 𝟗 (𝒒 −  𝟏)(𝟏𝟔 𝒒 +  𝟏𝟗) > 0 (𝐭𝐫𝐮𝐞). 

⇒ (∗)  𝐭𝐫𝐮𝐞. Equality  ⇔ {

𝒒 =
𝟒

𝟑

𝒑 = 𝟐

𝒓 =
𝟖

𝟐𝟕

⇔ 𝒂 = 𝒃 = 𝒄 =
𝟐

𝟑
. Proved. 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐇𝐨𝐦𝐨𝐠𝐞𝐧𝐢𝐳𝐢𝐧𝐠 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐰𝐞 𝐠𝐞𝐭 𝐭𝐡𝐞 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐞𝐱𝐩𝐫𝐞𝐬𝐬𝐢𝐨𝐧, 

𝟏𝟔(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) + 𝟏𝟏𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) ≤ (𝒂 + 𝒃 + 𝒄)𝟒. 
𝐰𝐡𝐢𝐜𝐡, 𝐚𝐟𝐭𝐞𝐫 𝐞𝐱𝐩𝐚𝐧𝐝𝐢𝐧𝐠 𝐛𝐞𝐜𝐨𝐦𝐞𝐬, 

𝟏𝟎(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) ≤ 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 + 𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) + 𝟒∑(𝒂𝟑𝒃 + 𝒂𝒃𝟑)

𝒄𝒚𝒄

. 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟏𝟎(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) = 𝟓∑𝟐𝒂𝟐𝒃𝟐

𝒄𝒚𝒄

≤ 𝟓∑(𝒂𝟑𝒃 + 𝒂𝒃𝟑)

𝒄𝒚𝒄

. 

𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

∑(𝒂𝟑𝒃 + 𝒂𝒃𝟑)

𝒄𝒚𝒄

≤ 𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 + 𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄), 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 
𝟎 ≤ 𝒂 𝟐(𝒂 − 𝒃)(𝒂 − 𝒄) + 𝒃 𝟐(𝒃 − 𝒄)(𝒃 − 𝒂) + 𝒄 𝟐(𝒄 − 𝒂)(𝒄 − 𝒃), 
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𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐒𝐜𝐡𝐮𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲.  𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 =
𝟐

𝟑
 𝐨𝐫 𝒂 = 𝒃 = 𝟏, 𝒄 = 𝟎 𝐚𝐧𝐝 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬. 

1303. If 𝒎,𝒏 ∈ ℕ, 𝒏 ≥ 𝟐, 𝒂, 𝒃, 𝒄 > 0, (𝒂𝒃𝒄)𝒎 + 𝒂𝒎𝒃𝒎 + 𝒃𝒎𝒄𝒎 + 𝒄𝒎𝒂𝒎 = 𝟒 

then: 

√𝒂𝒎 + 𝟐
𝒏

+ √𝒃𝒎 + 𝟐
𝒏

+ √𝒄𝒎 + 𝟐
𝒏

≥ 𝟑√𝟑
𝒏

 

Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Tapas Das-India 

(𝒂𝒃𝒄)𝒎 + 𝒂𝒎𝒃𝒎 + 𝒃𝒎𝒄𝒎 + 𝒄𝒎𝒂𝒎 = 𝟒 

The given condition can be rewritten as follows: 

𝟏

𝒂𝒎 + 𝟐
+

𝟏

𝒃𝒎 + 𝟐
+

𝟏

𝒄𝒎 + 𝟐
= 𝟏 

By Holder’s inequality, we have: 

(∑ √𝒂𝒎 + 𝟐
𝒏

𝒄𝒚𝒄

)

𝒏

(∑
𝟏

𝒂𝒎 + 𝟐
) ≥ (𝟏 + 𝟏 + 𝟏)𝒏+𝟏 ⇒ (∑ √𝒂𝒎 + 𝟐

𝒏

𝒄𝒚𝒄

)

𝒏

⋅ 𝟏 ≥ 𝟑𝒏+𝟏 

∴ ∑ √𝒂𝒎 + 𝟐
𝒏

𝒄𝒚𝒄

≥ 𝟑√𝟑
𝒏

 

Solution 2 by Sidi Abdellah Lemrabott-Mauritania 

Pose: 𝒂𝒎 = 𝒙,𝒃𝒎 = 𝒚, 𝒄𝒎 = 𝒛 ⇔ 𝒙𝒚𝒛 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 = 𝟒 

Now we need to prove that: √𝒙 + 𝟐
𝒏

+ √𝒚 + 𝟐
𝒏 + √𝒛 + 𝟐

𝒏
≥ 𝟑√𝟑

𝒏
 

Pose: 𝒙 + 𝟐 = 𝒂′, 𝒚 + 𝟐 = 𝒃′, 𝒛 + 𝟐 = 𝒄′ then the condition 

𝒙𝒚𝒛 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 = 𝟒 becomes: 

𝒂′𝒃′𝒄′ = 𝒂′𝒃′ + 𝒃′𝒄′ + 𝒄′𝒂′ ≥
𝑨𝑴−𝑮𝑴

𝟑√(𝒂′𝒃′𝒄′)𝟐
𝟑

⇔ 𝒂′𝒃′𝒄′ ≥ 𝟐𝟕 

√𝒂′
𝒏

+ √𝒃′
𝒏

+ √𝒄′
𝒏

≥ 𝟑√√𝒂′𝒃′𝒄′
𝒏𝟑

≥ 𝟑√√𝟐𝟕
𝒏𝟑

= 𝟑√𝟑
𝒏

   (Q.E.D.) 

Equality holds if: (𝒂′ = 𝒃′ = 𝒄′ = 𝟑 ⇔ 𝒙 = 𝒚 = 𝒛 = 𝟏 ⇔ 𝒂 = 𝒃 = 𝒄 = 𝟏) 

Solution 3 by Khanh Hai-Vietnam 

We have: (𝒂𝒃𝒄)𝒎 + ∑(𝒂𝒃)𝒎 = 𝟒 
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⇔ (𝒂𝒃𝒄)𝒎 + 𝟐∑(𝒂𝒃)𝒎 + 𝟒∑𝒂𝒎 + 𝟖 =∑(𝒂𝒃)𝒎 + 𝟒∑𝒂𝒎 + 𝟏𝟐 

⇔∏(𝒂𝒎 + 𝟐) =∑(𝒂𝒎 + 𝟐) (𝒃𝒎 + 𝟐) ⇒∑
𝟏

𝒂𝒎 + 𝟐
= 𝟏 

By Holder’s inequality, we have: 

(∑ √𝒂𝒎 + 𝟐
𝒏

)
𝒏

⋅∑
𝟏

𝒂𝒎 + 𝟐
≥ 𝟑𝒏+𝟏 ⇔ (∑ √𝒂𝒎 + 𝟐

𝒏
)
𝒏

≥ 𝟑𝒏+𝟏 ⇔∑√𝒂𝒎 + 𝟐
𝒏

≥ 𝟑√𝟑
𝒏

 

1304. 𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 ≥ 𝟎. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜 ≤∑𝒂𝐛(𝒂 + 𝐛)

𝐜𝐲𝐜

+
𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟐
.
∑ 𝒂𝟒𝐜𝐲𝐜

∑ 𝒂𝟐𝐛𝐜𝐲𝐜

. (|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|)𝟐 

  Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
Solution 1 by Soumava Chakraborty-Kolkata-India 

∑𝒂𝟐𝐛

𝐜𝐲𝐜

≠ 𝟎 𝒂𝐧𝐝 𝒂,𝐛, 𝐜 ≥ 𝟎 ∴ 𝒂𝟐𝐛+ 𝐛𝟐𝐜 + 𝐜𝟐𝒂 > 0 

∴ 𝐦𝒂𝒙𝐢𝐦𝐮𝐦 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 𝐜𝒂𝐧 𝐛𝐞 = 𝟎 
𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 (𝐰𝐢𝐭𝐡 𝐛, 𝐜 > 0) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜 ≤∑𝒂𝐛(𝒂 + 𝐛)

𝐜𝐲𝐜

 

+
𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟐
.
∑ 𝒂𝟒𝐜𝐲𝐜

∑ 𝒂𝟐𝐛𝐜𝐲𝐜
. (|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|)𝟐 

⇔ 𝐛𝟑 + 𝐜𝟑 ≤
(𝟏)

𝐛𝐜(𝐛 + 𝐜) +
𝐛𝟒 + 𝐜𝟒

𝐛𝟐𝐜
(𝐛 + 𝐜 + |𝐛 − 𝐜|)𝟐 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ 𝐛𝐜(𝐛 + 𝐜) +
𝐛𝟒 + 𝐜𝟒

𝐛𝟐𝐜
(𝐛 + 𝐜 + |𝐛 − 𝐜|)𝟐 

= 𝐛𝐜(𝐛 + 𝐜) +
𝐛𝟒 + 𝐜𝟒

𝐛𝟐𝐜
((𝐛 + 𝐜)𝟐 + (𝐛 − 𝐜)𝟐 + 𝟐(𝐛 + 𝐜)|𝐛 − 𝐜|) 

≥ 𝐛𝐜(𝐛 + 𝐜) +
𝟐(𝐛𝟒 + 𝐜𝟒)(𝐛𝟐 + 𝐜𝟐)

𝐛𝟐𝐜
≥
𝐂𝐁𝐒

𝐛𝐜(𝐛 + 𝐜) +
𝟐(𝐛𝟑 + 𝐜𝟑)

𝟐

𝐛𝟐𝐜
 

≥ 𝐛𝐜(𝐛 + 𝐜) +
𝟐(𝐛𝟑 + 𝐜𝟑). 𝐛𝐜(𝐛 + 𝐜)

𝐛𝟐𝐜
= 𝐛𝐜(𝐛 + 𝐜) + 𝟐(𝐛𝟑 + 𝐜𝟑) (

𝐛𝟐𝐜 + 𝐛𝐜𝟐

𝐛𝟐𝐜
) 

= 𝐛𝐜(𝐛 + 𝐜) + 𝟐(𝐛𝟑 + 𝐜𝟑) (𝟏 +
𝐜

𝐛
) = 𝐛𝐜(𝐛 + 𝐜) + 𝟐(𝐛𝟑 + 𝐜𝟑) + 𝟐(𝐛𝟑 + 𝐜𝟑).

𝐜

𝐛
 

> 𝐛𝟑 + 𝐜𝟑 ⇒ (𝟏) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 
𝐂𝒂𝐬𝐞 𝟐  𝒂, 𝐛, 𝐜 > 0 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 = 𝟐𝒂  
> 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙+ 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 
𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) 
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⇒ 𝒂 = 𝐬− 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒ 

∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟐) 𝒂𝐧𝐝 

∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 

⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟑) 𝒂𝐧𝐝  

∑𝒂𝟑

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) =
𝐯𝐢𝒂 (𝟏)

𝐬𝟑 − 𝟑𝒙𝐲𝐳 

⇒∑𝒂𝟑

𝐜𝐲𝐜

= 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 → (𝟒) 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨,∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) 

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 ⇒∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟓) 

⦁ ∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜−∑𝒂𝐛(𝒂 + 𝐛)

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟒)

𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 + 𝟑∏(𝐬 − 𝒙)

𝐜𝐲𝐜

 

−∑(𝐬 − 𝒙)(𝐬 − 𝐲)𝐳

𝐜𝐲𝐜

= 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬+ 𝟑𝐫𝟐𝐬 −∑(−𝐬𝟐 + 𝐬𝐳 + 𝒙𝐲)𝐳

𝐜𝐲𝐜

 

= 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 + 𝟑𝐫𝟐𝐬 + 𝐬𝟐. 𝟐𝐬 − 𝐬. 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬 

∴∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜−∑𝒂𝐛(𝒂 + 𝐛)

𝐜𝐲𝐜

=
(⦁)
𝐬(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) 

⦁ ∑𝒂𝟐𝐛

𝐜𝐲𝐜

=∑(𝒂𝟐(∑𝒂

𝐜𝐲𝐜

− 𝐜 − 𝒂))

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)−∑𝒂𝟑

𝐜𝐲𝐜

−∑
𝒂𝟐𝐜𝟐

𝐜
𝐜𝐲𝐜

 

≤
𝐯𝐢𝒂 (𝟏),(𝟑) 𝒂𝐧𝐝 (𝟒) 𝒂𝐧𝐝 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝐬(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) − 𝐬𝟑 + 𝟏𝟐𝐑𝐫𝐬 −
(∑ 𝒂𝐛𝐜𝐲𝐜 )

𝟐

∑ 𝒂𝐜𝐲𝐜
 

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝐬(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) − 𝐬𝟑 + 𝟏𝟐𝐑𝐫𝐬 −
(𝟒𝐑𝐫 + 𝐫𝟐)

𝟐

𝐬
 

=
𝐫

𝐬
. ((𝟒𝐑 − 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐) ⇒

𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟐
.
∑ 𝒂𝟒𝐜𝐲𝐜

∑ 𝒂𝟐𝐛𝐜𝐲𝐜
. (|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|)𝟐 

≥
(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐
− 𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝐫
𝐬 .
((𝟒𝐑 − 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐)

. (∑(𝐲 − 𝐳)𝟐

𝐜𝐲𝐜

+ 𝟐∑|𝐲 − 𝐳||𝐳 − 𝒙|

𝐜𝐲𝐜

) 
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=
𝐯𝐢𝒂 (𝟑) 𝒂𝐧𝐝 (𝟓)

𝐬 ((𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐
− 𝟐𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐))

𝐫((𝟒𝐑− 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐)
. (𝟐(∑𝒙𝟐

𝐜𝐲𝐜

−∑𝒙𝐲

𝐜𝐲𝐜

)

+ 𝟐∑|𝐲 − 𝐳||𝐳 − 𝒙|

𝐜𝐲𝐜

) 

≥
𝐬((𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝟐
− 𝟐𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐))

𝐫((𝟒𝐑− 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐)
. (𝟐(∑𝒙𝟐

𝐜𝐲𝐜

−∑𝒙𝐲

𝐜𝐲𝐜

)) 

=
𝟐𝐬((𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝟐
− 𝟐𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐))(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐)

𝐫((𝟒𝐑− 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐)
 

≥
?
𝐬(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) ⇔ 𝟐𝐬𝟔 − (𝟔𝟎𝐑𝐫 + 𝟒𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟓𝟐𝟖𝐑𝟐 + 𝟖𝟒𝐑𝐫 + 𝟏𝟓𝐫𝟐) 

−𝐫𝟑(𝟏𝟎𝟐𝟒𝐑𝟑 + 𝟔𝟐𝟒𝐑𝟐𝐫 + 𝟏𝟐𝟎𝐑𝐫𝟐 + 𝟕𝐫𝟑) ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 ∵ 𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

⇔ (𝟑𝟔𝐑− 𝟑𝟒𝐫)𝐬𝟒 − 𝐫𝐬𝟐(𝟏𝟎𝟎𝟖𝐑𝟐 − 𝟏𝟎𝟒𝟒𝐑𝐫 + 𝟏𝟑𝟓𝐫𝟐) 

+𝐫𝟐(𝟕𝟏𝟔𝟖𝐑𝟑 − 𝟖𝟑𝟎𝟒𝐑𝟐𝐫 + 𝟐𝟐𝟖𝟎𝐑𝐫𝟐 − 𝟐𝟓𝟕𝐫𝟑) ≥
?
⏟
(∗∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝟑𝟔𝐑 − 𝟑𝟒𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐄𝐮𝐥𝐞𝐫

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝟑𝟔𝐑− 𝟑𝟒𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐
 

⇔ (𝟏𝟒𝟒𝐑𝟐 − 𝟒𝟎𝟒𝐑𝐫 + 𝟐𝟎𝟓𝐫𝟐)𝐬𝟐 ≥
?
⏟
(∗∗∗)

𝐫(𝟐𝟎𝟒𝟖𝐑𝟑 − 𝟔𝟏𝟔𝟎𝐑𝟐𝐫 + 𝟒𝟎𝟔𝟎𝐑𝐫𝟐 − 𝟓𝟗𝟑𝐫𝟑) 

𝐂𝒂𝐬𝐞 𝟐𝐢  𝟏𝟒𝟒𝐑𝟐 − 𝟒𝟎𝟒𝐑𝐫 + 𝟐𝟎𝟓𝐫𝟐 ≥ 𝟎 (⇔ 𝐭 =
𝐑

𝐫
≥ 𝟐. 𝟏𝟒𝟎𝟓 (𝒂𝐩𝐩𝐫𝐨𝒙𝐢𝐦𝒂𝐭𝐞𝐥𝐲)) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟒𝟒𝐑𝟐 − 𝟒𝟎𝟒𝐑𝐫 + 𝟐𝟎𝟓𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥
?
𝐫(𝟐𝟎𝟒𝟖𝐑𝟑 − 𝟔𝟏𝟔𝟎𝐑𝟐𝐫 + 𝟒𝟎𝟔𝟎𝐑𝐫𝟐 − 𝟓𝟗𝟑𝐫𝟑) ⇔ 𝟑𝟐𝐭𝟑 − 𝟏𝟐𝟖𝐭𝟐 + 𝟏𝟓𝟓𝐭− 𝟓𝟒 ≥

?
𝟎 

⇔ (𝐭 − 𝟐)(𝟑𝟐𝐭(𝐭 − 𝟐) + 𝟐𝟕) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 > 𝟐 ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐𝐢𝐢  𝟏𝟒𝟒𝐑𝟐 − 𝟒𝟎𝟒𝐑𝐫 + 𝟐𝟎𝟓𝐫𝟐 < 0  𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

−(−(𝟏𝟒𝟒𝐑𝟐 − 𝟒𝟎𝟒𝐑𝐫 + 𝟐𝟎𝟓𝐫𝟐)) (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≥
?

 

𝐫(𝟐𝟎𝟒𝟖𝐑𝟑 − 𝟔𝟏𝟔𝟎𝐑𝟐𝐫 + 𝟒𝟎𝟔𝟎𝐑𝐫𝟐 − 𝟓𝟗𝟑𝐫𝟑)  

⇔ 𝟏𝟒𝟒𝐭𝟒 − 𝟕𝟕𝟐𝐭𝟑 + 𝟏𝟒𝟒𝟗𝐭𝟐 − 𝟏𝟏𝟏𝟑𝐭 + 𝟑𝟎𝟐 ≥
?
𝟎 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟏𝟒𝟒𝐭(𝐭 − 𝟐) + 𝟗𝟐𝐭 + 𝟖𝟗) + 𝟐𝟕) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗∗∗) 

𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟐𝐢, 𝟐𝐢𝐢, (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 𝐰𝐢𝐭𝐡  

𝐬𝐢𝐝𝐞𝐬 (𝐛 + 𝐜), (𝐜 + 𝒂), (𝒂 + 𝐛) ∴
𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟐
.
∑ 𝒂𝟒𝐜𝐲𝐜

∑ 𝒂𝟐𝐛𝐜𝐲𝐜
. (|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|)𝟐 



 
www.ssmrmh.ro 

9 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400 

 

≥ 𝐬(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) =
𝐯𝐢𝒂 (⦁)

∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜−∑𝒂𝐛(𝒂 + 𝐛)

𝐜𝐲𝐜

∴ ∀ 𝒂,𝐛, 𝐜 > 0, 

∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜 ≤∑𝒂𝐛(𝒂 + 𝐛)

𝐜𝐲𝐜

+
𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟐
.
∑ 𝒂𝟒𝐜𝐲𝐜

∑ 𝒂𝟐𝐛𝐜𝐲𝐜
. (|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|)𝟐 

𝐇𝐞𝐧𝐜𝐞, 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐,∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜 ≤∑𝒂𝐛(𝒂 + 𝐛)

𝐜𝐲𝐜

 

+
𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟐
.
∑ 𝒂𝟒𝐜𝐲𝐜

∑ 𝒂𝟐𝐛𝐜𝐲𝐜
. (|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|)𝟐 ∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 > 0 (𝑄𝐸𝐷) 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐁𝐲 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝐚𝐧𝐝 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒 ≥
𝟏

𝟑
(𝒂 + 𝒃 + 𝒄)(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)

=
𝟏

𝟑
(𝒂 + 𝒃 + 𝒄) (

𝟐𝒂𝟑 + 𝒃𝟑

𝟑
+
𝟐𝒃𝟑 + 𝒄𝟑

𝟑
+
𝟐𝒄𝟑 + 𝒂𝟑

𝟑
) 

≥
𝟏

𝟑
(𝒂 + 𝒃 + 𝒄)(𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂). 

𝐁𝐲 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

(|𝒂 − 𝒃| + |𝒃 − 𝒄| + |𝒄 − 𝒂|)𝟐 =∑(𝒂 − 𝒃)𝟐

𝒄𝒚𝒄

+∑|𝒂 − 𝒃|(|𝒃 − 𝒄| + |𝒄 − 𝒂|)

𝒄𝒚𝒄

 

≥∑(𝒂 − 𝒃)𝟐

𝒄𝒚𝒄

+∑(𝒂 − 𝒃)𝟐

𝒄𝒚𝒄

= 𝟒(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝒂𝒃 − 𝒃𝒄 − 𝒄𝒂). 

𝐅𝐫𝐨𝐦 𝐭𝐡𝐞𝐬𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬 𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 
𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟐
,
𝟒

𝟑
> 1, 𝐭𝐡𝐞𝐧 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝑹𝑯𝑺(∗) ≥∑𝒂𝒃(𝒂 + 𝒃)

𝒄𝒚𝒄

+ (𝒂 + 𝒃 + 𝒄)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝒂𝒃 − 𝒃𝒄 − 𝒄𝒂) 

=∑𝒂𝟑

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄 +∑𝒂(𝒃 − 𝒄)𝟐

𝒄𝒚𝒄

≥∑𝒂𝟑

𝒄𝒚𝒄

+ 𝟑𝒂𝒃𝒄 = 𝑳𝑯𝑺(∗), 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄. 
 

1305. 𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 > 0. 𝑃𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) (
𝟏

(𝒂 + 𝐛)𝟐
+

𝟏

(𝐛 + 𝐜)𝟐
+

𝟏

(𝐜 + 𝒂)𝟐
)

≤
𝟗

𝟒
+
𝟐𝟎𝟐𝟑𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂𝐛𝐜
(|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|) 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
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Solution 1 by Soumava Chakraborty-Kolkata-India 
𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 

𝐲 + 𝐳 − 𝒙 = 𝟐𝒂 > 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙+ 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 
⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 

𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬− 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫+ 𝐫𝟐 → (𝟐) 𝒂𝐧𝐝∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

 

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟑) 

(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) (
𝟏

(𝒂 + 𝐛)𝟐
+

𝟏

(𝐛 + 𝐜)𝟐
+

𝟏

(𝐜 + 𝒂)𝟐
) −

𝟗

𝟒
=

𝐯𝐢𝒂 (𝟐)
(𝟒𝐑𝐫 + 𝐫𝟐)∑

𝟏

𝒙𝟐
𝐜𝐲𝐜

−
𝟗

𝟒
 

=
(𝟒𝐑𝐫 + 𝐫𝟐)

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
(∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

)−
𝟗

𝟒
≤

𝐆𝐨𝐥𝐝𝐬𝐭𝐨𝐧𝐞 (𝟒𝐑𝐫 + 𝐫𝟐)(𝟒𝐑𝟐𝐬𝟐)

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
−
𝟗

𝟒
 

∴ (𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) (
𝟏

(𝒂 + 𝐛)𝟐
+

𝟏

(𝐛 + 𝐜)𝟐
+

𝟏

(𝐜 + 𝒂)𝟐
) −

𝟗

𝟒
≤
(⦁) 𝐑 − 𝟐𝐫

𝐫
 

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝒂𝐛𝐜
(|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|) =

𝐯𝐢𝒂 (𝟑) 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐

∏ (𝐬 − 𝒙)𝐜𝐲𝐜
.∑|𝐲 − 𝐳|

𝐜𝐲𝐜

 

=
𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐

𝐫𝟐𝐬
.√∑(𝐲 − 𝐳)𝟐

𝐜𝐲𝐜

+ 𝟐∑|𝐲 − 𝐳||𝐳 − 𝒙|

𝐜𝐲𝐜

 

≥
𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐

𝐫𝟐𝐬
.√𝟐(∑𝒙𝟐

𝐜𝐲𝐜

−∑𝒙𝐲

𝐜𝐲𝐜

) 

=
𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐

𝐫𝟐𝐬
. √𝟐(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) ≥

? 𝐑− 𝟐𝐫

𝐫
 

⇔ 𝟐(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐
≥
?
⏟
(∗)

(𝐑 − 𝟐𝐫)𝟐𝐫𝟐𝐬𝟐 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟐(𝟒𝐑𝐫 − 𝟖𝐫𝟐)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐

 

= 𝟖𝐫(𝐑− 𝟐𝐫)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐
 𝒂𝐧𝐝 ∵ 𝐑 − 𝟐𝐫 ≥

𝐄𝐮𝐥𝐞𝐫
𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟖(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐
>
(∗∗)

𝐫(𝐑 − 𝟐𝐫)𝐬𝟐 

𝐀𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟖(𝟖𝐑𝐫 − 𝟕𝐫𝟐)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) >
?
𝐫(𝐑 − 𝟐𝐫)𝐬𝟐 

⇔ (𝟔𝟑𝐑 − 𝟓𝟒𝐫)𝐬𝟐 >
?
⏟
(∗∗∗)

𝐫(𝟓𝟏𝟐𝐑𝟐 − 𝟑𝟐𝟎𝐑𝐫 − 𝟏𝟏𝟐𝐫𝟐) 

𝐎𝐧𝐜𝐞 𝒂𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟔𝟑𝐑 − 𝟓𝟒𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) >
?
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𝐫(𝟓𝟏𝟐𝐑𝟐 − 𝟑𝟐𝟎𝐑𝐫 − 𝟏𝟏𝟐𝐫𝟐) ⇔ 𝟒𝟗𝟔𝐑𝟐 − 𝟖𝟓𝟗𝐑𝐫 + 𝟑𝟖𝟐𝐫𝟐 >
?
𝟎 

⇔ (𝐑− 𝟐𝐫)(𝟒𝟗𝟔𝐑+ 𝟏𝟑𝟑𝐫) + 𝟔𝟒𝟖𝐫𝟐 >
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝒂𝐛𝐜
(|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|) ≥

𝐑 − 𝟐𝐫

𝐫
 

≥
𝐯𝐢𝒂 (⦁)

(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) (
𝟏

(𝒂 + 𝐛)𝟐
+

𝟏

(𝐛 + 𝐜)𝟐
+

𝟏

(𝐜 + 𝒂)𝟐
) −

𝟗

𝟒
 

⇒ (𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) (
𝟏

(𝒂 + 𝐛)𝟐
+

𝟏

(𝐛 + 𝐜)𝟐
+

𝟏

(𝐜 + 𝒂)𝟐
) −

𝟗

𝟒
 

≤
𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝒂𝐛𝐜
(|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|) 

≤
𝟐𝟎𝟐𝟑𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂𝐛𝐜
(|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|) 

⇒ (𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) (
𝟏

(𝒂 + 𝐛)𝟐
+

𝟏

(𝐛 + 𝐜)𝟐
+

𝟏

(𝐜 + 𝒂)𝟐
) 

≤
𝟗

𝟒
+
𝟐𝟎𝟐𝟑𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂𝐛𝐜
(|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|) ∀ 𝒂, 𝐛, 𝐜 > 0, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) (
𝟏

(𝒂 + 𝒃)𝟐
+

𝟏

(𝒃 + 𝒄)𝟐
+

𝟏

(𝒄 + 𝒂)𝟐
) ≤⏞
𝑨𝑴−𝑮𝑴

 

≤ (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) (
𝟏

𝟒𝒂𝒃
+

𝟏

𝟒𝒃𝒄
+

𝟏

𝟒𝒄𝒂
) 

=
𝟗

𝟒
+
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒂 + 𝒃 + 𝒄) − 𝟗𝒂𝒃𝒄

𝟒𝒂𝒃𝒄
=
𝟗

𝟒
+
𝒄(𝒂 − 𝒃)𝟐 + 𝒂(𝒃 − 𝒄)𝟐 + 𝒃(𝒄 − 𝒂)𝟐

𝟒𝒂𝒃𝒄
 

=
𝟗

𝟒
+
|𝒄𝒂 − 𝒃𝒄||𝒂 − 𝒃| + |𝒂𝒃 − 𝒄𝒂||𝒃 − 𝒄| + |𝒃𝒄 − 𝒂𝒃||𝒄 − 𝒂|

𝟒𝒂𝒃𝒄
 

≤
𝟗

𝟒
+
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)|𝒂 − 𝒃| + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)|𝒃 − 𝒄| + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)|𝒄 − 𝒂|

𝟒𝒂𝒃𝒄
 

=
𝟗

𝟒
+
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(|𝒂 − 𝒃| + |𝒃 − 𝒄| + |𝒄 − 𝒂|)

𝟒𝒂𝒃𝒄
 

≤
𝟗

𝟒
+
𝟐𝟎𝟐𝟑𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝒂𝒃𝒄
(|𝒂 − 𝒃| + |𝒃 − 𝒄| + |𝒄 − 𝒂|). 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄. 
 

1306. If 𝒂, 𝒃, 𝒄 ≥ 𝟎, 𝒂𝒃𝒄 + 𝟒(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) = 𝟐𝟓𝟔 then: 

𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃𝒄 ≥ 𝟑𝟎𝟒 

Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Lazaros Zachariadis-Greece 

𝑳𝑯𝑺 = 𝟐∑(
𝒂𝟑

𝟒
+
𝒃𝟑

𝟒
+ 𝟏𝟔) +∑𝒂𝟐 + 𝒂𝒃𝒄 − 𝟗𝟔 
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≥ 𝟐∑𝟑√
(𝒂𝒃)𝟑𝟏𝟔

𝟒𝟐

𝟑

+∑𝒂𝒃 + 𝒂𝒃𝒄 − 𝟗𝟔 = 𝟕∑𝒂𝒃 + 𝒂𝒃𝒄 − 𝟗𝟔 

= 𝟒∑𝒂𝒃 + 𝟑∑𝒂𝒃+ 𝒂𝒃𝒄 − 𝟗𝟔 

= 𝟐𝟓𝟔 + 𝟑∑𝒂𝒃− 𝟗𝟔 ≥
(∗)

𝟏𝟔𝟎 + 𝟑 ⋅
𝟏𝟒𝟒

𝟑
= 𝟏𝟔𝟎 + 𝟏𝟒𝟒 = 𝟑𝟎𝟒 = 𝑹𝑯𝑺 

“=”  𝒂 = 𝒃 = 𝒄 = 𝟒 

𝒂𝒃𝒄 + 𝟒∑𝒂𝒃 ≤ (
∑𝒂𝒃

𝟑
)

𝟑

𝟐
+ 𝟒∑𝒂𝒃    (*) 

(
√𝟑∑𝒂𝒃

𝟗
−
𝟒

𝟑
)(𝟏𝟔√𝟑∑𝒂𝒃 + 𝒙 + 𝟏𝟗𝟐) ≥ 𝟎 

√𝟑∑𝒂𝒃

𝟗
≥
𝟒

𝟑
⇔ √𝟑∑𝒂𝒃 ≥ 𝟏𝟐 

𝟑∑𝒂𝒃 ≥ 𝟏𝟒𝟒 ⇔∑𝒂𝒃 ≥
𝟏𝟒𝟒

𝟑
= 𝟒𝟖 

Solution 2 by Khanh Hai-Vietnam 

𝟐𝟓𝟔 = 𝒂𝒃𝒄 + 𝟒∑𝒂𝒃 ≥ 𝒂𝒃𝒄 + 𝟏𝟐√𝒂𝟐𝒃𝟐𝒄𝟐
𝟑

 

⇔ 𝒙𝟑 + 𝟏𝟐𝒙𝟐 − 𝟐𝟓𝟔 ≤ 𝟎       (𝒙 = √𝒂𝒃𝒄
𝟑

) 

⇔ (𝒙− 𝟒)(𝒙 + 𝟖)𝟐 ≤ 𝟎 ⇔ 𝒙 ≤ 𝟒 ⇔ 𝒂𝒃𝒄 ≤ 𝟔𝟒 ⇒∑𝒂𝒃 ≥ 𝟒𝟖 

𝟐𝑳𝑯𝑺 = 𝟐 (∑𝒂𝟑 + 𝟐∑𝒂𝟐 + 𝒂𝒃𝒄) ≥ 𝟐(∑𝒂𝟑 +∑𝒂𝒃+ 𝟐𝟓𝟔− 𝟒∑𝒂𝒃) 

= 𝟐(∑𝒂𝟑 − 𝟑∑𝒂𝒃+ 𝟐𝟓𝟔) = 𝟐∑𝒂𝟑 − 𝟔∑𝒂𝒃+ 𝟓𝟏𝟐 

= 𝒂𝟑 + 𝒃𝟑 + 𝟔𝟒 + 𝒃𝟑 + 𝒄𝟑 + 𝟔𝟒 + 𝒄𝟑 + 𝒂𝟑 + 𝟔𝟒 − 𝟔∑𝒂𝒃 + 𝟑𝟐𝟎 

≥ 𝟏𝟐∑𝒂𝒃 − 𝟔∑𝒂𝒃 + 𝟑𝟐𝟎 

= 𝟔∑𝒂𝒃+ 𝟑𝟐𝟎 ≥ 𝟔𝟎𝟖 = 𝟐𝑹𝑯𝑺 ⇒ 𝟐𝑳𝑯𝑺 ≥ 𝟐𝑹𝑯𝑺 ⇒ 𝑸.𝑬.𝑫. 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

𝟐𝟓𝟔 = 𝒂𝒃𝒄 + 𝟒∑𝒂𝒃 ≤ (
𝒂 + 𝒃 + 𝒄

𝟑
)
𝟑

+
𝟒

𝟑
(𝒂 + 𝒃 + 𝒄)𝟐∑𝒂 = 𝒙 
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𝒙𝟑 + 𝟑𝟔𝒙𝟐 − 𝟔𝟗𝟏𝟐 ≥ 𝟎 

(𝒙 − 𝟏𝟐)(𝒙 + 𝟐𝟒)𝟐 ≥ 𝟎 

𝒙 ≥ 𝟏𝟐  (1) 

𝒂𝒃𝒄 = 𝟐𝟓𝟔 − 𝟒∑𝒂𝒃 ≥ 𝟐𝟓𝟔 −
𝟒

𝟑
𝒙𝟐    (2) 

∑𝒂𝟑 +∑𝒂𝟐 + 𝒂𝒃𝒄 ≥ 𝟑𝟎𝟒 

∑𝒂𝟑 +∑𝒂𝟐 + 𝒂𝒃𝒄 ≥
(𝒂 + 𝒃 + 𝒄)𝟑

𝟐𝟕
+
(𝒂 + 𝒃 + 𝒄)𝟐

𝟑
+ 𝒂𝒃𝒄 ≥ 

≥
(𝟐) 𝒙𝟑

𝟐𝟕
+
𝒙𝟐

𝟑
+ 𝟐𝟓𝟔 −

𝟒

𝟑
𝒙𝟐 ≥

?
𝟑𝟎𝟒 

𝒙𝟑 − 𝟗𝒙𝟐 − 𝟒𝟑𝟐 ≥ 𝟎 

(𝒙 − 𝟏𝟐)⏟      
≥𝟎

(𝒙𝟐 + 𝟑𝒙 + 𝟑𝟔)⏟          
>0

≥ 𝟎   (True) 

𝒙 ≥ 𝟏𝟐, 𝒂 + 𝒃 + 𝒄 ≥ 𝟏𝟐, (𝒂 = 𝒃 = 𝒄 = 𝟒) 

1307. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑡ℎ𝑒𝑛 ∶ 

𝟑

𝟐
. √

𝟑

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑

𝟑

≤
𝟏

𝒂 + 𝐛
+

𝟏

𝐛 + 𝐜
+

𝟏

𝐜 + 𝒂
≤
𝟑

𝟐
∙
𝒂 + 𝐛 + 𝐜

𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂
 

  Proposed by Sidi Abdallah Lemrabott-Mauritania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐍𝐨𝐰,
𝟑

𝟐
. √

𝟑

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑

𝟑

≤
𝐇𝐨𝐥𝐝𝐞𝐫 𝟑

𝟐
. √

𝟐𝟕

(∑ 𝒂𝐜𝐲𝐜 )
𝟑

𝟑
=

𝟗

𝟐∑ 𝒂𝐜𝐲𝐜
  

𝒂𝐧𝐝 
𝟏

𝒂 + 𝐛
+

𝟏

𝐛 + 𝐜
+

𝟏

𝐜 + 𝒂
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟗

𝟐∑ 𝒂𝐜𝐲𝐜
 

∴
𝟑

𝟐
. √

𝟑

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑

𝟑

≤
𝟏

𝒂 + 𝐛
+

𝟏

𝐛 + 𝐜
+

𝟏

𝐜 + 𝒂
 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 = 𝟐𝒂  
> 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)   

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 

𝐜 = 𝐬 − 𝐳 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜
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⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫+ 𝐫𝟐 → (𝟐) 

∴
𝟏

𝒂 + 𝐛
+

𝟏

𝐛 + 𝐜
+

𝟏

𝐜 + 𝒂
≤
𝟑

𝟐
.
𝒂 + 𝐛 + 𝐜

𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂
⇔

𝐯𝐢𝒂 (𝟏),(𝟐)

∑
𝟏

𝒙
𝐜𝐲𝐜

≤
𝟑𝐬

𝟐(𝟒𝐑𝐫 + 𝐫𝟐)
 

⇔
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟒𝐑𝐫𝐬
≤

𝟑𝐬

𝟐(𝟒𝐑𝐫 + 𝐫𝟐)
⇔ (𝟐𝐑 − 𝐫)𝐬𝟐 ≥ 𝐫(𝟒𝐑 + 𝐫)𝟐 → 𝐭𝐫𝐮𝐞 

∵ (𝟐𝐑 − 𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝐑− 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝐫(𝟒𝐑+ 𝐫)𝟐 

= 𝟐𝐫(𝟖𝐑− 𝐫)(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 ∴
𝟏

𝒂 + 𝐛
+

𝟏

𝐛 + 𝐜
+

𝟏

𝐜 + 𝒂
≤
𝟑

𝟐
.
𝒂 + 𝐛 + 𝐜

𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂
 𝒂𝐧𝐝 𝐬𝐨, 

𝟑

𝟐
. √

𝟑

𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑

𝟑

≤
𝟏

𝒂+ 𝐛
+

𝟏

𝐛 + 𝐜
+

𝟏

𝐜 + 𝒂
≤
𝟑

𝟐
.
𝒂 + 𝐛 + 𝐜

𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂
  

∀ 𝒂, 𝐛, 𝐜 > 0,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

1308. 𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 > 0. 𝑃𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
≤
𝟑

𝟐
+
𝟐𝟎𝟐𝟐𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂𝟐𝐛 + 𝐛𝟐𝐜 + 𝐜𝟐𝒂
(|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|) 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 
𝐲 + 𝐳 − 𝒙 = 𝟐𝒂 > 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 

⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 

𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬− 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫+ 𝐫𝟐 → (𝟐) 𝒂𝐧𝐝∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

 

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟑) 𝒂𝐧𝐝  

∑𝒂𝟑

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) =
𝐯𝐢𝒂 (𝟏)

𝐬𝟑 − 𝟑𝒙𝐲𝐳 

⇒∑𝒂𝟑

𝐜𝐲𝐜

= 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 → (𝟒) 

∑
𝒂

𝐛+ 𝐜
𝐜𝐲𝐜

−
𝟑

𝟐
=∑

𝐬 − 𝒙

𝒙
𝐜𝐲𝐜

−
𝟑

𝟐
=
𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟒𝐑𝐫𝐬
−
𝟑

𝟐
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⇔∑
𝒂

𝐛+ 𝐜
𝐜𝐲𝐜

−
𝟑

𝟐
=
(⦁) 𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐

𝟒𝐑𝐫
 

𝒂𝟐𝐛+ 𝐛𝟐𝐜 + 𝐜𝟐𝒂 =∑𝒂𝟐(∑𝒂

𝐜𝐲𝐜

− 𝐜 − 𝒂)

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)−∑𝒂𝟑

𝐜𝐲𝐜

−∑
𝒂𝟐𝐜𝟐

𝐜
𝐜𝐲𝐜

 

≤
𝐯𝐢𝒂 (𝟏),(𝟑) 𝒂𝐧𝐝 (𝟒) 𝒂𝐧𝐝 𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝐬(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) − 𝐬𝟑 + 𝟏𝟐𝐑𝐫𝐬 −
(∑ 𝒂𝐛𝐜𝐲𝐜 )

𝟐

∑ 𝒂𝐜𝐲𝐜
 

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝐬(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) − 𝐬𝟑 + 𝟏𝟐𝐑𝐫𝐬 −
(𝟒𝐑𝐫 + 𝐫𝟐)

𝟐

𝐬
 

=
𝐫

𝐬
. ((𝟒𝐑− 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐) ⇒

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝒂𝟐𝐛+ 𝐛𝟐𝐜 + 𝐜𝟐𝒂
(|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|) 

≥
𝐯𝐢𝒂 (𝟑) 𝐬(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝐫((𝟒𝐑− 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐)
.∑|𝐲 − 𝐳|

𝐜𝐲𝐜

 

=
𝐬(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝐫((𝟒𝐑− 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐)
. √∑(𝐲 − 𝐳)𝟐

𝐜𝐲𝐜

+ 𝟐∑|𝐲 − 𝐳||𝐳 − 𝒙|

𝐜𝐲𝐜

 

≥
𝐬(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝐫((𝟒𝐑− 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐)
. √𝟐(∑𝒙𝟐

𝐜𝐲𝐜

−∑𝒙𝐲

𝐜𝐲𝐜

) 

=
𝐬(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝐫((𝟒𝐑− 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐)
. √𝟐(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) ≥

? 𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐

𝟒𝐑𝐫
 

⇔ 𝟑𝟐𝐑𝟐𝐬𝟐(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐

 

≥
?
⏟
(∗)

((𝟒𝐑− 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑+ 𝐫)𝟐)
𝟐
(𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
 

𝐍𝐨𝐰, 𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐 = 𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐 + 𝟐𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐 

⇒ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝟑𝟐𝐑𝟐𝐬𝟐(𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐
 

≥
?
((𝟒𝐑− 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑+ 𝐫)𝟐)

𝟐
(𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
 

 

⇔ (𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐) (𝟑𝟐𝐑𝟐𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐

− (𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐) ((𝟒𝐑− 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐)
𝟐

) 

≥
?
𝟎, 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐰𝐡𝐢𝐜𝐡, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

 𝟑𝟐𝐑𝟐𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐
>
(∗∗)

(𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐) ((𝟒𝐑− 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑+ 𝐫)𝟐)
𝟐

  

(∵ 𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐 = 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟐𝐫(𝐑 − 𝟐𝐫) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐄𝐮𝐥𝐞𝐫

𝟎) 

𝐀𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) = 𝟑𝟐𝐑𝟐𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐 + 𝟔𝐫(𝐑− 𝟐𝐫) + 𝟗𝐫𝟐) 

>
𝐄𝐮𝐥𝐞𝐫

𝟑𝟐𝐑𝟐𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐) 

>
?
(𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐)((𝟒𝐑 − 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑+ 𝐫)𝟐)

𝟐
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⇔ 𝟑𝟐𝐑𝟐𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) >
?
((𝟒𝐑 − 𝟐𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐)

𝟐

 

⇔ (𝟏𝟔𝐑𝟐 + 𝟏𝟔𝐑𝐫 − 𝟒𝐫𝟐)𝐬𝟒 − 𝐫𝐬𝟐(𝟏𝟐𝟖𝐑𝟑 + 𝟔𝟒𝐑𝟐𝐫 + 𝟐𝟒𝐑𝐫𝟐 + 𝟒𝐫𝟑) 

−𝐫𝟐(𝟒𝐑+ 𝐫)𝟒 >
?
⏟
(∗∗∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝟐 + 𝟏𝟔𝐑𝐫 − 𝟒𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)𝐬𝟐 

−𝐫𝐬𝟐(𝟏𝟐𝟖𝐑𝟑 + 𝟔𝟒𝐑𝟐𝐫 + 𝟐𝟒𝐑𝐫𝟐 + 𝟒𝐫𝟑) − 𝐫𝟐(𝟒𝐑 + 𝐫)𝟒 >
?
𝟎 

⇔ (𝟏𝟐𝟖𝐑𝟑 + 𝟏𝟏𝟐𝐑𝟐𝐫 − 𝟏𝟔𝟖𝐑𝐫𝟐 + 𝟏𝟔𝐫𝟑)𝐬𝟐 >
?
⏟

(∗∗∗∗)

𝐫(𝟒𝐑+ 𝐫)𝟒 

𝐀𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟐𝟖𝐑𝟑 + 𝟏𝟏𝟐𝐑𝟐𝐫 − 𝟏𝟔𝟖𝐑𝐫𝟐 + 𝟏𝟔𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

>
?
𝐫(𝟒𝐑 + 𝐫)𝟒 ⇔ 𝟏𝟕𝟗𝟐𝐭𝟒 + 𝟖𝟗𝟔𝐭𝟑 − 𝟑𝟑𝟒𝟒𝐭𝟐 + 𝟏𝟎𝟖𝟎𝐭 − 𝟖𝟏 >

?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟏𝟕𝟗𝟐𝐭𝟑 + 𝟒𝟒𝟖𝟎𝐭𝟐 + 𝟓𝟔𝟏𝟔𝐭+ 𝟏𝟐𝟑𝟏𝟐) + 𝟐𝟒𝟓𝟒𝟑 >
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗∗∗) ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝒂𝟐𝐛+ 𝐛𝟐𝐜 + 𝐜𝟐𝒂
(|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|) ≥ 

𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐

𝟒𝐑𝐫
=

𝐯𝐢𝒂 (⦁)
∑

𝒂

𝐛+ 𝐜
𝐜𝐲𝐜

−
𝟑

𝟐
⇒∑

𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

−
𝟑

𝟐
 

≤
𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐

𝒂𝟐𝐛+ 𝐛𝟐𝐜 + 𝐜𝟐𝒂
(|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|) ≤ 

𝟐𝟎𝟐𝟐𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂𝟐𝐛+ 𝐛𝟐𝐜 + 𝐜𝟐𝒂
(|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|) 

⇒
𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
≤
𝟑

𝟐
+
𝟐𝟎𝟐𝟐𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂𝟐𝐛+ 𝐛𝟐𝐜 + 𝐜𝟐𝒂
(|𝒂 − 𝐛| + |𝐛 − 𝐜| + |𝐜 − 𝒂|)  

∀ 𝒂, 𝐛, 𝐜 > 0,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

∑
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

−
𝟑

𝟐
=∑(

𝒂

𝒃 + 𝒄
−
𝟏

𝟐
)

𝒄𝒚𝒄

=
𝟏

𝟐
∑(

𝒂 − 𝒃

𝒃 + 𝒄
−
𝒄 − 𝒂

𝒃 + 𝒄
)

𝒄𝒚𝒄

=
𝟏

𝟐
∑(

𝒃 − 𝒄

𝒄 + 𝒂
−
𝒃 − 𝒄

𝒂 + 𝒃
)

𝒄𝒚𝒄

 

    =
𝟏

𝟐
∑

(𝒃 − 𝒄)𝟐

(𝒄 + 𝒂)(𝒂 + 𝒃)
𝒄𝒚𝒄

=
∑ (𝒃 + 𝒄)(𝒃 − 𝒄)𝟐𝒄𝒚𝒄

𝟐(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≤
∑ |𝒃𝟐 − 𝒄𝟐||𝒃 − 𝒄|𝒄𝒚𝒄

𝟐(𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂)
 

                       ≤
∑ (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)|𝒃 − 𝒄|𝒄𝒚𝒄

𝟐(𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂)

≤
𝟐𝟎𝟐𝟐𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝒂𝟐𝒃 + 𝒃𝟐𝒄 + 𝒄𝟐𝒂
(|𝒂 − 𝒃| + |𝒃 − 𝒄| + |𝒄 − 𝒂|). 

𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄. 
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1309.  𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 𝒂 + 𝐛 + 𝐜 = 𝟐. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

① 𝐈𝐟 𝟏 ≤ 𝐤 < 2, 𝑡ℎ𝑒𝑛 ∶ (𝒂𝐛)𝐤 + (𝐛𝐜)𝐤 + (𝐜𝒂)𝐤 ≤
𝟒

𝟑
  

② 𝐈𝐟 𝐤 ≥ 𝟐, 𝐭𝐡𝐞𝐧 ∶ (𝒂𝐛)𝐤 + (𝐛𝐜)𝐤 + (𝐜𝒂)𝐤 ≤ 𝟏 

  Proposed by Nguyen Van Canh-Ben Tre-Vietnam 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝐛𝐜 =
𝒂+𝐛+𝐜 = 𝟐

𝐛(𝟐 − 𝒂− 𝐛) = −𝟏 + 𝟐𝐛 − 𝐛𝟐 + 𝟏 − 𝒂𝐛 

∴ 𝐛𝐜 =
(⦁)
𝟏 − 𝒂𝐛 − (𝟏 − 𝐛)𝟐 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐩𝐫𝐨𝐜𝐞𝐞𝐝 𝐰𝐢𝐭𝐡 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐨𝐟 ∶ ① 𝐈𝐟 𝟏 ≤ 𝐤 < 2, 𝑡ℎ𝑒𝑛 ∶ (𝒂𝐛)𝐤 + (𝐛𝐜)𝐤 + (𝐜𝒂)𝐤 ≤
𝟒

𝟑
 

𝐖𝐞 𝐧𝐨𝐭𝐢𝐜𝐞 𝐭𝐡𝒂𝐭 𝐢𝐟 𝐞𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 = 𝟎, 𝐭𝐡𝐞𝐧 𝐋𝐇𝐒 = 𝟎 <
𝟒

𝟑
 𝒂𝐧𝐝 𝐬𝐨 𝐰𝐞 𝐩𝐫𝐨𝐜𝐞𝐞𝐝 

 𝐰𝐢𝐭𝐡 𝐭𝐡𝐞 𝐜𝒂𝐬𝐞𝐬 𝐰𝐡𝐞𝐧 𝐞𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 𝒂𝒍𝒍 𝟑 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 > 0 
𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 (𝐰𝐢𝐭𝐡 𝐛, 𝐜 > 0) 

𝐛𝐜 =
𝐯𝐢𝒂 (⦁)

𝟏 − 𝒂𝐛 − (𝟏 − 𝐛)𝟐 = 𝟏− (𝟏 − 𝐛)𝟐 ≤ 𝟏 ⇒ 𝐥𝐧(𝐛𝐜) ≤ 𝟎 
⇒ (𝐤 − 𝟏). 𝐥𝐧(𝐛𝐜) ≤ 𝟎 ⇒ 𝐤. 𝐥𝐧(𝐛𝐜) ≤ 𝐥𝐧(𝐛𝐜) ⇒ 𝐥𝐧(𝐛𝐜)𝐤 ≤ 𝐥𝐧(𝐛𝐜) ⇒ (𝐛𝐜)𝐤 ≤ 𝐛𝐜 ≤ 𝟏 

∴ (𝒂𝐛)𝐤 + (𝐛𝐜)𝐤 + (𝐜𝒂)𝐤 ≤ 𝟏 

𝐂𝒂𝐬𝐞 𝟐  𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐛𝐜 =
𝐯𝐢𝒂 (⦁)

𝟏 − 𝒂𝐛 − (𝟏 − 𝐛)𝟐 < 𝟏− (𝟏 − 𝐛)𝟐 ≤ 𝟏 

⇒ 𝐥𝐧(𝐛𝐜) < 𝟎 ⇒ (𝐤 − 𝟏). 𝐥𝐧(𝐛𝐜) ≤ 𝟎 ⇒ 𝐤. 𝐥𝐧(𝐛𝐜) ≤ 𝐥𝐧(𝐛𝐜) ⇒ 𝐥𝐧(𝐛𝐜)𝐤 ≤ 𝐥𝐧(𝐛𝐜) 

⇒ (𝐛𝐜)𝐤 ≤ 𝐛𝐜 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒ (𝒂𝐛)𝐤 + (𝐛𝐜)𝐤 + (𝐜𝒂)𝐤 ≤∑𝒂𝐛

𝐜𝐲𝐜

≤
(𝒂 + 𝐛 + 𝐜)𝟐

𝟑
=
𝟒

𝟑
  

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (𝒂𝐛)𝐤 + (𝐛𝐜)𝐤 + (𝐜𝒂)𝐤 ≤
𝟒

𝟑
 ∀ 𝒂,𝐛, 𝐜 ≥ 𝟎│∑𝒂

𝐜𝐲𝐜

= 𝟐, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟐

𝟑
;𝐤 = 𝟏 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐧𝐨𝐰 𝐩𝐫𝐨𝐜𝐞𝐞𝐝 𝐰𝐢𝐭𝐡 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐨𝐟 ∶ ② 𝐈𝐟 𝐤 ≥ 𝟐, 𝐭𝐡𝐞𝐧 ∶ (𝒂𝐛)𝐤 + (𝐛𝐜)𝐤 + (𝐜𝒂)𝐤 ≤ 𝟏  

𝐖𝐞 𝐧𝐨𝐭𝐢𝐜𝐞 𝐭𝐡𝒂𝐭 𝐢𝐟 𝐞𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 = 𝟎, 𝐭𝐡𝐞𝐧 𝐋𝐇𝐒 = 𝟎 < 𝟏 𝒂𝐧𝐝 𝐬𝐨 𝐰𝐞 𝐩𝐫𝐨𝐜𝐞𝐞𝐝  
𝐰𝐢𝐭𝐡 𝐭𝐡𝐞 𝐜𝒂𝐬𝐞𝐬 𝐰𝐡𝐞𝐧 𝐞𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 𝒂𝒍𝒍 𝟑 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 > 0 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 (𝐰𝐢𝐭𝐡 𝐛, 𝐜 > 0) 

𝐛𝐜 =
𝐯𝐢𝒂 (⦁)

𝟏 − 𝒂𝐛− (𝟏 − 𝐛)𝟐 = 𝟏 − (𝟏 − 𝐛)𝟐 ≤ 𝟏 ⇒ 𝐥𝐧(𝐛𝐜) ≤ 𝟎 𝒂𝐧𝐝 ∵ 𝐤 − 𝟏 ≥ 𝟏 > 0 
∴ (𝐤 − 𝟏). 𝐥𝐧(𝐛𝐜) ≤ 𝟎 ⇒ 𝐤. 𝐥𝐧(𝐛𝐜) ≤ 𝐥𝐧(𝐛𝐜) ⇒ 𝐥𝐧(𝐛𝐜)𝐤 ≤ 𝐥𝐧(𝐛𝐜) ⇒ (𝐛𝐜)𝐤 ≤ 𝐛𝐜 ≤ 𝟏 
∴ 𝐟𝐨𝐫 𝒂 = 𝟎 (𝐰𝐢𝐭𝐡 𝐛, 𝐜 > 0), 𝐭𝐡𝐞𝐧 ∶ (𝒂𝐛)𝐤 + (𝐛𝐜)𝐤 + (𝐜𝒂)𝐤 ≤ 𝟏,′′=′′ 𝐛 = 𝐜 = 𝟏 

𝐂𝒂𝐬𝐞 𝟐  𝒂, 𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐛𝐜 =
𝐯𝐢𝒂 (⦁)

𝟏 − 𝒂𝐛 − (𝟏 − 𝐛)𝟐 < 𝟏− (𝟏 − 𝐛)𝟐 ≤ 𝟏  

⇒ 𝐥𝐧(𝐛𝐜) < 𝟎 ⇒ (𝐤 − 𝟐). 𝐥𝐧(𝐛𝐜) ≤ 𝟎 ⇒ 𝐤. 𝐥𝐧(𝐛𝐜) ≤ 𝟐 𝐥𝐧(𝐛𝐜) ⇒ 𝐥𝐧(𝐛𝐜)𝐤 ≤ 𝐥𝐧(𝐛𝟐𝐜𝟐) 

⇒ (𝐛𝐜)𝐤 ≤ 𝐛𝟐𝐜𝟐 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒ (𝒂𝐛)𝐤 + (𝐛𝐜)𝐤 + (𝐜𝒂)𝐤 ≤∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

<
?
𝟏 
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=
𝒂+𝐛+𝐜 = 𝟐 (𝒂 + 𝐛 + 𝐜)𝟒

𝟏𝟔
⇔ (𝒂 + 𝐛 + 𝐜)𝟒 >

?
⏟
(∗)

𝟏𝟔∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥 = 𝟐𝒂 
> 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬  
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)  

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳  

𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬− 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟐)  

𝒂𝐧𝐝∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 

⇒∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟑) ∴ (𝟏) 𝒂𝐧𝐝 (𝟑) ⇒ (∗) ⇔ 

𝐬𝟒 > 𝟏𝟔𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) ⇔ 𝐬𝟒 + 𝟑𝟐𝐫𝟐𝐬𝟐 >
(∗∗)

𝟏𝟔𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝐫 + 𝟐𝟕𝐫𝟐)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝐫 + 𝟐𝟕𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

>
?
𝟏𝟔𝐫𝟐(𝟒𝐑+ 𝐫)𝟐⇔ 𝟐𝟐𝟒𝐑 >

?
𝟏𝟓𝟏𝐫 → 𝐭𝐫𝐮𝐞 ∵ 𝟐𝟐𝟒𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟒𝟒𝟖𝐫 > 𝟏𝟓𝟏𝐫 

⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (𝒂𝐛)𝐤 + (𝐛𝐜)𝐤 + (𝐜𝒂)𝐤 < 1 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, 

(𝒂𝐛)𝐤 + (𝐛𝐜)𝐤 + (𝐜𝒂)𝐤 ≤ 𝟏 ∀ 𝒂,𝐛, 𝐜 ≥ 𝟎│∑𝒂

𝐜𝐲𝐜

= 𝟐,′′=′′  𝐢𝐟𝐟  

(𝒂 = 𝟎, 𝐛 = 𝐜 = 𝟏) 𝐨𝐫 (𝐛 = 𝟎, 𝐜 = 𝒂 = 𝟏) 𝐨𝐫 (𝐜 = 𝟎, 𝒂 = 𝐛 = 𝟏) (𝐐𝐄𝐃) 
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝟏) 𝐖𝐞 𝐡𝐚𝐯𝐞 𝒂𝒃 ≤ (
𝒂+ 𝒃

𝟐
)
𝟐

≤ (
𝒂+ 𝒃 + 𝒄

𝟐
)
𝟐

= 𝟏 𝐭𝐡𝐞𝐧 (𝒂𝒃)𝒌 ≤ 𝒂𝒃  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

(𝒂𝒃)𝒌 + (𝒃𝒄)𝒌 + (𝒄𝒂)𝒌 ≤ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤
(𝒂 + 𝒃 + 𝒄)𝟐

𝟑
=
𝟒

𝟑
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒌 = 𝟏 𝐚𝐧𝐝 𝒂 = 𝒃 = 𝒄 =
𝟐

𝟑
. 

𝟐) 𝐖𝐋𝐎𝐆,𝐰𝐞 𝐦𝐚𝐲 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒂 ≥ 𝒃 ≥ 𝒄. 
𝐈𝐟 𝒃 = 𝟎 𝐰𝐞 𝐡𝐚𝐯𝐞 𝒄 = 𝟎 𝐚𝐧𝐝 (𝒂𝒃)𝒌 + (𝒃𝒄)𝒌 + (𝒄𝒂)𝒌 = 𝟎 ≤ 𝟏. 
𝐀𝐬𝐬𝐮𝐦𝐞 𝐧𝐨𝐰 𝐭𝐡𝐚𝐭 𝒃 > 0.  𝐁𝐲 𝐁𝐞𝐫𝐧𝐨𝐮𝐥𝐥𝐢′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

(𝒃 + 𝒄)𝒌 = 𝒃𝒌 (𝟏 +
𝒄

𝒃
)
𝒌

≥ 𝒃𝒌 (𝟏 + 𝒌.
𝒄

𝒃
) ≥ 𝒃𝒌 (𝟏 + 𝟐. (

𝒄

𝒃
)
𝒌

) = 𝒃𝒌 + 𝟐𝒄𝒌. 

𝐓𝐡𝐞𝐧 

(𝒂𝒃)𝒌 + (𝒃𝒄)𝒌 + (𝒄𝒂)𝒌 ≤ 𝒂𝒌(𝒃𝒌 + 𝒄𝒌 + 𝒄𝒌) ≤ 𝒂𝒌(𝒃 + 𝒄)𝒌 ≤ (
𝒂 + (𝒃 + 𝒄)

𝟐
)

𝟐𝒌

= 𝟏. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝟏, 𝒄 = 𝟎 𝐚𝐧𝐝 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬. 
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1310.  𝐅𝐢𝐧𝐝 𝐚𝐥𝐥 𝐯𝐚𝐥𝐮𝐞𝐬 𝐨𝐟 𝟎 < 𝒌 < 𝟏 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 

 𝒂𝒌𝒃𝒌 + 𝒃𝒌𝒄𝒌 + 𝒄𝒌𝒂𝒌 ≤ 𝟏 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝐚𝐥𝐥  
𝒂, 𝒃, 𝒄 > 𝟎 𝐚𝐧𝐝 𝒂 + 𝒃 + 𝒄 = 𝟐. 

 
Proposed by Nguyen Van Canh-BenTre-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐓𝐡𝐞𝐫𝐞 𝐢𝐬 𝐧𝐨 𝐫𝐞𝐚𝐥 𝟎 < 𝒌 < 𝟏 𝐬𝐚𝐭𝐢𝐬𝐟𝐢𝐞𝐬 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧, 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝐟𝐨𝐫 

𝒂 = 𝒃 = 𝒄 =
𝟐

𝟑
,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒂𝒌𝒃𝒌 + 𝒃𝒌𝒄𝒌 + 𝒄𝒌𝒂𝒌 = 𝟑. (
𝟒

𝟗
)
𝒌

> 𝟑.
𝟒

𝟗
> 𝟏,   ∀𝒌 ∈ (𝟎, 𝟏). 

 
1311. 𝐈𝐟 𝒂, 𝒃, 𝒄 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂 + 𝒃 + 𝒄 = 𝟐 𝐭𝐡𝐞𝐧 ∶ 

𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 ≤ 𝟏 
 

Proposed by Tran Quoc Thinh-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝐚𝐲 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒂 = 𝒎𝒂𝒙{𝒂, 𝒃, 𝒄}.  𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐 = 𝒂𝟐(𝒃 + 𝒄)𝟐 − 𝒃𝒄(𝟐𝒂𝟐 − 𝒃𝒄) ≤ 𝒂𝟐(𝒃 + 𝒄)𝟐 ≤ (
𝒂 + (𝒃 + 𝒄)

𝟐
)

𝟒

= 𝟏. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝟏, 𝒄 = 𝟎 𝐚𝐧𝐝 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬. 

 
1312. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂 + 𝐛 + 𝐜 = 𝟑, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

∑
(𝐛𝟓 + 𝟐𝐛𝟐𝐜𝟐(𝐛 + 𝐜) + 𝐜𝟓)

𝟓

(𝐛𝟒 + 𝟐𝐛𝐜(𝐛𝟐 + 𝐜𝟐) + 𝐜𝟒)𝟑
𝐜𝐲𝐜

≥ 𝟏𝟎𝟖 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐛𝟒 + 𝐜𝟒 ≤
?
𝟐(𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐)

𝟐
 

⇔ (𝐛𝟐 + 𝐜𝟐)
𝟐
− 𝟐𝐛𝟐𝐜𝟐 ≤

?
𝟐(𝐛𝟐 + 𝐜𝟐)

𝟐
− 𝟒𝐛𝐜(𝐛𝟐 + 𝐜𝟐) + 𝟐𝐛𝟐𝐜𝟐 

⇔ (𝐛𝟐 + 𝐜𝟐)
𝟐
− 𝟒𝐛𝐜(𝐛𝟐 + 𝐜𝟐) + 𝟒𝐛𝟐𝐜𝟐 ≥

?
𝟎 ⇔ (𝐛𝟐 + 𝐜𝟐 − 𝟐𝐛𝐜)

𝟐
≥
?
𝟎 

⇔ (𝐛 − 𝐜)𝟒 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ⇒ 𝐛𝟒 + 𝟐𝐛𝐜(𝐛𝟐 + 𝐜𝟐) + 𝐜𝟒 

≤ 𝟐((𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐)
𝟐
+ 𝐛𝐜(𝐛𝟐 + 𝐜𝟐)) = 𝟐((𝐛𝟐 + 𝐜𝟐)

𝟐
− 𝐛𝐜(𝐛𝟐 + 𝐜𝟐) + 𝐛𝟐𝐜𝟐) 
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⇒
(𝐛𝟓 + 𝟐𝐛𝟐𝐜𝟐(𝐛 + 𝐜) + 𝐜𝟓)

𝟓

(𝐛𝟒 + 𝟐𝐛𝐜(𝐛𝟐 + 𝐜𝟐) + 𝐜𝟒)𝟑
≥
(𝐛+ 𝐜)𝟓(𝐛𝟒 − 𝐛𝟑𝐜 + 𝐛𝟐𝐜𝟐 − 𝐛𝐜𝟑 + 𝐜𝟒 + 𝟐𝐛𝟐𝐜𝟐)

𝟓

𝟖((𝐛𝟐 + 𝐜𝟐)𝟐 − 𝐛𝐜(𝐛𝟐 + 𝐜𝟐) + 𝐛𝟐𝐜𝟐)𝟑
 

=
(𝐛 + 𝐜)𝟓 ((𝐛𝟐 + 𝐜𝟐)

𝟐
− 𝐛𝐜(𝐛𝟐 + 𝐜𝟐) + 𝐛𝟐𝐜𝟐)

𝟓

𝟖((𝐛𝟐 + 𝐜𝟐)𝟐 − 𝐛𝐜(𝐛𝟐 + 𝐜𝟐) + 𝐛𝟐𝐜𝟐)𝟑
 

=
(𝐛 + 𝐜)𝟓

𝟖
. ((𝐛𝟐 + 𝐜𝟐)

𝟐
− 𝐛𝐜(𝐛𝟐 + 𝐜𝟐) + 𝐛𝟐𝐜𝟐)

𝟐

 

=
(𝐛 + 𝐜)𝟓

𝟖
. (𝒙𝟐 −

𝒙𝐲

𝟐
+
𝐲𝟐

𝟒
)

𝟐

 (𝒙 = 𝐛𝟐 + 𝐜𝟐, 𝐲 = 𝟐𝐛𝐜) =
(𝐛 + 𝐜)𝟓

𝟖. 𝟏𝟔
. (𝟑𝒙𝟐 + (𝒙 − 𝐲)𝟐)

𝟐
 

≥
𝟗(𝐛 + 𝐜)𝟓(𝐛𝟐 + 𝐜𝟐)

𝟒

𝟐𝟕
≥
𝐂𝐁𝐒 𝟗(𝐛 + 𝐜)

𝟓 (
(𝐛 + 𝐜)𝟐

𝟐
)
𝟒

𝟐𝟕
 

∴
(𝐛𝟓 + 𝟐𝐛𝟐𝐜𝟐(𝐛 + 𝐜) + 𝐜𝟓)

𝟓

(𝐛𝟒 + 𝟐𝐛𝐜(𝐛𝟐 + 𝐜𝟐) + 𝐜𝟒)𝟑
≥
𝟑𝟐

𝟐𝟏𝟏
. (𝐛 + 𝐜)𝟏𝟑 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑
(𝐛𝟓 + 𝟐𝐛𝟐𝐜𝟐(𝐛 + 𝐜) + 𝐜𝟓)

𝟓

(𝐛𝟒 + 𝟐𝐛𝐜(𝐛𝟐 + 𝐜𝟐) + 𝐜𝟒)𝟑
𝐜𝐲𝐜

≥
𝟑𝟐

𝟐𝟏𝟏
.∑(𝐛 + 𝐜)𝟏𝟑

𝐜𝐲𝐜

≥
𝐇𝐨𝒍𝐝𝐞𝐫 𝟑𝟐

𝟐𝟏𝟏. 𝟑𝟏𝟐
. (𝟐∑𝒂

𝐜𝐲𝐜

)

𝟏𝟑

 

=
𝒂+𝐛+𝐜 = 𝟑 𝟑𝟐. 𝟐𝟏𝟑. 𝟑𝟏𝟑

𝟐𝟏𝟏. 𝟑𝟏𝟐
= 𝟏𝟎𝟖 ∴∑

(𝐛𝟓 + 𝟐𝐛𝟐𝐜𝟐(𝐛 + 𝐜) + 𝐜𝟓)
𝟓

(𝐛𝟒 + 𝟐𝐛𝐜(𝐛𝟐 + 𝐜𝟐) + 𝐜𝟒)𝟑
𝐜𝐲𝐜

≥ 𝟏𝟎𝟖 

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂 + 𝐛 + 𝐜 = 𝟑,′′=′′ 𝐨𝐜𝐜𝐮𝐫𝐬 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐁𝐲 𝐇ӧ𝐥𝐝𝐞𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
(𝒃𝟓 + 𝟐𝒃𝟐𝒄𝟐(𝒃 + 𝒄) + 𝒄𝟓)

𝟓

(𝒃𝟒 + 𝟐𝒃𝒄(𝒃𝟐 + 𝒄𝟐) + 𝒄𝟒)𝟑
𝒄𝒚𝒄

≥
[∑ (𝒃𝟓 + 𝟐𝒃𝟐𝒄𝟐(𝒃 + 𝒄) + 𝒄𝟓)𝒄𝒚𝒄 ]

𝟓

𝟑[∑ (𝒃𝟒 + 𝟐𝒃𝒄(𝒃𝟐 + 𝒄𝟐) + 𝒄𝟒)𝒄𝒚𝒄 ]
𝟑

=
[𝟐(∑ 𝒂𝟑𝒄𝒚𝒄 )(∑ 𝒂𝟐𝒄𝒚𝒄 )]

𝟓

𝟑[𝟐(∑ 𝒂𝟑𝒄𝒚𝒄 )(∑ 𝒂𝒄𝒚𝒄 )]
𝟑 

               =
𝟒(∑ 𝒂𝟑𝒄𝒚𝒄 )

𝟐
(∑ 𝒂𝟐𝒄𝒚𝒄 )

𝟓

𝟑. 𝟑𝟑
≥
𝟒. 𝟑𝟐. 𝟑𝟓

𝟖𝟏
= 𝟏𝟎𝟖, 

𝐭𝐡𝐞 𝐥𝐚𝐬𝐭 𝐥𝐢𝐧𝐞 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 

 ∑𝒂𝟑

𝒄𝒚𝒄

≥
(𝒂 + 𝒃 + 𝒄)𝟑

𝟑𝟐
= 𝟑 𝐚𝐧𝐝 ∑𝒂𝟐

𝒄𝒚𝒄

≥
(𝒂 + 𝒃 + 𝒄)𝟐

𝟑
= 𝟑. 

𝐓𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
 

Solution 3 by Nguyen Van Canh-BenTre-Vietnam 
 

Firstly, we prove that 
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𝒂𝟓 + 𝟐𝒂𝟐𝒃𝟐(𝒂 + 𝒃) + 𝒃𝟓 ≥
(𝒂 + 𝒃)

𝟐
(𝒂𝟒 + 𝟐𝒂𝒃(𝒂𝟐 + 𝒃𝟐) + 𝒃𝟒); 

⇔ 𝒕𝟓 + 𝟐𝒕𝟐(𝒕 + 𝟏) + 𝟏 ≥
(𝒕 + 𝟏)

𝟐
(𝒕𝟒 + 𝟐𝒕(𝒕𝟐 + 𝟏) + 𝟏); (∴ 𝒕 =

𝒂

𝒃
> 0) 

⇔ 𝟐(𝒕𝟓 + 𝟐𝒕𝟐(𝒕 + 𝟏) + 𝟏) − (𝒕 + 𝟏)(𝒕𝟒 + 𝟐𝒕(𝒕𝟐 + 𝟏) + 𝟏) ≥ 𝟎; 

⇔ 𝒕𝟓 −  𝟑 𝒕𝟒 +  𝟐 𝒕𝟑 +  𝟐 𝒕𝟐 −  𝟑 𝒕 +  𝟏 ≥ 𝟎; 
⇔ (𝒕 +  𝟏)(𝒕 −  𝟏)𝟒 ≥ 𝟎 (𝐭𝐫𝐮𝐞). 

Secondly, we prove that 

𝒂𝟓 + 𝟐𝒂𝟐𝒃𝟐(𝒂 + 𝒃) + 𝒃𝟓 ≥
𝟔

𝟐𝟓
(𝒂 + 𝒃)𝟓; 

⇔ 𝟏𝟔(𝒕𝟓 + 𝟐𝒕𝟐(𝒕 + 𝟏) + 𝟏) ≥ 𝟑(𝒕 + 𝟏)𝟓;  (∴ 𝒕 =
𝒂

𝒃
> 0) 

⇔ 𝟏𝟑 𝒕𝟓 −  𝟏𝟓 𝒕𝟒 +  𝟐 𝒕𝟑 +  𝟐 𝒕𝟐 −  𝟏𝟓 𝒕 +  𝟏𝟑 ≥ 𝟎; 
⇔ (𝒕 +  𝟏)(𝒕 −  𝟏)𝟐(𝟏𝟑 𝒕𝟐 −  𝟐 𝒕 +  𝟏𝟑) ≥ 𝟎 (𝐭𝐫𝐮𝐞). 

⇒
(𝒂𝟓 + 𝟐𝒂𝟐𝒃𝟐(𝒂 + 𝒃) + 𝒃𝟓)

𝟓

(𝒂𝟒 + 𝟐𝒂𝒃(𝒂𝟐 + 𝒃𝟐) + 𝒃𝟒)𝟑

= (
𝒂𝟓 + 𝟐𝒂𝟐𝒃𝟐(𝒂 + 𝒃) + 𝒃𝟓

𝒂𝟒 + 𝟐𝒂𝒃(𝒂𝟐 + 𝒃𝟐) + 𝒃𝟒
)

𝟑

. (𝒂𝟓 + 𝟐𝒂𝟐𝒃𝟐(𝒂 + 𝒃) + 𝒃𝟓)
𝟐

≥
𝟑𝟔

𝟐𝟏𝟑
(𝒂 + 𝒃)𝟏𝟑;  ∀𝒂, 𝒃 > 0 

Similary, we have 

(𝒃𝟓 + 𝟐𝒃𝟐𝒄𝟐(𝒃 + 𝒄) + 𝒄𝟓)
𝟓

(𝒃𝟒 + 𝟐𝒃𝒄(𝒃𝟐 + 𝒄𝟐) + 𝒄𝟒)𝟑
≥
𝟑𝟔

𝟐𝟏𝟑
(𝒃 + 𝒄)𝟏𝟑; 

(𝒄𝟓 + 𝟐𝒄𝟐𝒂𝟐(𝒄 + 𝒂) + 𝒂𝟓)
𝟓

(𝒄𝟒 + 𝟐𝒄𝒂(𝒄𝟐 + 𝒂𝟐) + 𝒂𝟒)𝟑
≥
𝟑𝟔

𝟐𝟏𝟑
(𝒄 + 𝒂)𝟏𝟑; 

⇒
(𝒂𝟓 + 𝟐𝒂𝟐𝒃𝟐(𝒂 + 𝒃) + 𝒃𝟓)

𝟓

(𝒂𝟒 + 𝟐𝒂𝒃(𝒂𝟐 + 𝒃𝟐) + 𝒃𝟒)𝟑
+
(𝒃𝟓 + 𝟐𝒃𝟐𝒄𝟐(𝒃 + 𝒄) + 𝒄𝟓)

𝟓

(𝒃𝟒 + 𝟐𝒃𝒄(𝒃𝟐 + 𝒄𝟐) + 𝒄𝟒)𝟑

+
(𝒄𝟓 + 𝟐𝒄𝟐𝒂𝟐(𝒄 + 𝒂) + 𝒂𝟓)

𝟓

(𝒄𝟒 + 𝟐𝒄𝒂(𝒄𝟐 + 𝒂𝟐) + 𝒂𝟒)𝟑

≥
𝟑𝟔

𝟐𝟏𝟑
[(𝒂 + 𝒃)𝟏𝟑 + (𝒃 + 𝒄)𝟏𝟑 + (𝒄 + 𝒂)𝟏𝟑] ≥⏞

𝐇𝐨𝐥𝐝𝐞𝐫 𝟑𝟔

𝟐𝟏𝟑
.
(𝟐𝒂 + 𝟐𝒃 + 𝟐𝒄)𝟏𝟑

𝟑𝟏𝟑−𝟏

=
𝟑𝟔

𝟐𝟏𝟑
.
𝟐𝟏𝟑𝟑𝟏𝟑

𝟑𝟏𝟐
= 𝟏𝟎𝟖. 

Proved. Equality if and only if  𝒂 = 𝒃 = 𝒄 = 𝟏. 

1313. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝐭 ∶ 𝒂 + 𝐛 + 𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 ∶ 

∑
𝒂(𝐛 + 𝐜)𝟐

𝒂 + 𝟏
𝐜𝐲𝐜

≤
𝟏

𝟑
 

  Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 
 

𝒂(𝐛 + 𝐜)𝟐

𝒂 + 𝟏
≤
? 𝟓 − 𝟑𝒂

𝟑𝟔
⇔

𝐛+𝐜 = 𝟏−𝒂 𝒂(𝟏 − 𝒂)𝟐

𝒂 + 𝟏
−
𝟓− 𝟑𝒂

𝟑𝟔
≤
?
𝟎 

⇔
𝟑𝟔𝒂(𝟏 − 𝒂)𝟐 − (𝟓 − 𝟑𝒂)(𝒂 + 𝟏)

𝟑𝟔(𝒂+ 𝟏)
≤
?
𝟎 ⇔ 𝟑𝟔𝒂𝟑 − 𝟔𝟗𝒂𝟐 + 𝟑𝟒𝒂− 𝟓 ≤

?
𝟎 

⇔ (𝟑𝒂− 𝟏)𝟐(𝟒𝒂 − 𝟓) ≤
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝒂 + 𝐛 + 𝐜 = 𝟏 ⇒ 𝒂 < 1 ⇒ 𝟒𝒂 < 4 

⇒ 𝟒𝒂− 𝟓 < −1 < 0 ∴
𝒂(𝐛 + 𝐜)𝟐

𝒂 + 𝟏
≤
𝟓 − 𝟑𝒂

𝟑𝟔
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑
𝒂(𝐛+ 𝐜)𝟐

𝒂 + 𝟏
𝐜𝐲𝐜

≤
𝟑. 𝟓

𝟑𝟔
−
𝒂 + 𝐛 + 𝐜

𝟏𝟐
=

𝒂+𝐛+𝐜 = 𝟏 𝟓

𝟏𝟐
−
𝟏

𝟏𝟐
=
𝟏

𝟑
 

∴∑
𝒂(𝐛 + 𝐜)𝟐

𝒂 + 𝟏
𝐜𝐲𝐜

≤
𝟏

𝟑
 ∀ 𝒂, 𝐛, 𝐜 > 0│𝑎 + 𝐛 + 𝐜 = 𝟏,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =

𝟏

𝟑
 (𝐐𝐄𝐃) 

 

1314.  𝐈𝐟 𝒙, 𝒚, 𝒛 > 𝟎 𝐚𝐧𝐝 𝟎 ≤ 𝝀 ≤ 𝟑 𝐭𝐡𝐞𝐧 

∑
𝒙𝟑 + 𝟐

𝟐 + 𝝀𝒙 + 𝝀𝒚 + 𝒛𝟑
𝒄𝒚𝒄

≥
𝟗

𝟐𝝀 + 𝟑
 

Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐋𝐞𝐭 𝒂 ≔
𝒙𝟑 + 𝟐

𝟑
, 𝒃 ≔

𝒚𝟑 + 𝟐

𝟑
, 𝒄 ≔

𝒛𝟑 + 𝟐

𝟑
.   

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 𝒂 ≥ 𝒙,   𝒃 ≥ 𝒚,   𝒄 ≥ 𝒛. 
𝐓𝐡𝐞𝐧 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒙𝟑 + 𝟐

𝟐 + 𝝀𝒙 + 𝝀𝒚 + 𝒛𝟑
𝒄𝒚𝒄

≥∑
𝟑𝒂

𝝀𝒂 + 𝝀𝒃 + 𝟑𝒄
𝒄𝒚𝒄

≥
𝟑(𝒂 + 𝒃 + 𝒄)𝟐

∑ 𝒂(𝝀𝒂 + 𝝀𝒃 + 𝟑𝒄)𝒄𝒚𝒄
 

=
𝟗(𝒂 + 𝒃 + 𝒄)𝟐

𝟑𝝀(𝒂 + 𝒃 + 𝒄)𝟐 + (𝟑 − 𝝀). 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
≥ 

≥
𝟗(𝒂+ 𝒃 + 𝒄)𝟐

𝟑𝝀(𝒂 + 𝒃 + 𝒄)𝟐 + (𝟑 − 𝝀)(𝒂 + 𝒃 + 𝒄)𝟐
=

𝟗

𝟐𝝀 + 𝟑
, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝒂 = 𝒃 = 𝒄 = 𝐱 = 𝐲 = 𝐳 𝐨𝐫 𝐱 = 𝐲 = 𝐳 = 𝟏. 

1315. If 𝒂, 𝒃, 𝒄 > 0, 𝑎 + 𝑏 + 𝑐 = 6 then: 

𝟐√𝟑∑𝒂𝟑

𝒄𝒚𝒄

+ 𝟏𝟐√∑𝒂𝟐

𝒄𝒚𝒄

≥ 𝟗√𝟑𝒂𝒃𝒄 

Proposed by Lazaros Zachariadis-Greece 
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Solution 1 by Dimitris Kastriotis-Greece 

∑𝒂𝟐 ≥
𝑪−𝑺 𝟏

𝟑
(∑𝒂)𝟐 = 𝟏𝟐, Equality 𝒂 = 𝒃 = 𝒄 = 𝟐 

∑𝒂𝟑 ≥
𝑱𝒆𝒏𝒔𝒆𝒏

𝟑 (
𝒂+𝒃+𝒄

𝟑
)
𝟑

= 𝟐𝟒, Equality 𝒂 = 𝒃 = 𝒄 = 𝟐 

𝒇(𝒂, 𝒃, 𝒄) = 𝟐√𝟑∑𝒂𝟑 + 𝟏𝟐√∑𝒂𝟐 ≥ 𝟐√𝟑 ⋅ 𝟐𝟒 + 𝟏𝟐√𝟏𝟐 = 𝟕𝟐√𝟑      (1) 

𝒂𝒃𝒄 ≤
𝑨𝑴−𝑮𝑴

(
𝒂+𝒃+𝒄

𝟑
)
𝟑

= 𝟖, Equality 𝒂 = 𝒃 = 𝒄 = 𝟐 

𝒈(𝒂, 𝒃, 𝒄) = 𝟗√𝟑𝒂𝒃𝒄 ≤ 𝟕𝟐√𝟑    (2) 

{
(𝟏)
(𝟐)
} → 𝒇(𝒂, 𝒃, 𝒄) ≥ 𝒈(𝒂, 𝒃, 𝒄) → 𝟐√𝟑∑𝒂𝟑 + 𝟏𝟐√∑𝒂𝟐 ≥ 𝟗√𝟑𝒂𝒃𝒄 

Equality 𝒂 = 𝒃 = 𝒄 = 𝟐 

Solution 2 by Khanh Hai-Vietnam 

𝟐√𝟑∑𝒂𝟑 ≥ 𝟔√𝟑𝒂𝒃𝒄 

𝟏𝟐√∑𝒂𝟐 ≥ 𝟏𝟐√
(∑𝒂)𝟐

𝟑
= 𝟐𝟒√𝟑 

⇒ 𝑳𝑯𝑺 ≥ 𝟔√𝟑𝒂𝒃𝒄 + 𝟐𝟒√𝟑    (*) 

𝑹𝑯𝑺 = 𝟔√𝟑𝒂𝒃𝒄 + 𝟑√𝟑𝒂𝒃𝒄 ≤ 𝟔√𝟑𝒂𝒃𝒄 + 𝟑√𝟑 ⋅
(∑𝒂)𝟑

𝟐𝟕
 

= 𝟔√𝟑𝒂𝒃𝒄 + 𝟐𝟒√𝟑    (**) 

From (*) and (**) 𝑳𝑯𝑺 ≥ 𝟔√𝟑𝒂𝒃𝒄 + 𝟐𝟒√𝟑 ≥ 𝑹𝑯𝑺 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

𝟐√𝟑(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) + 𝟏𝟐√𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟗√𝟑𝒂𝒃𝒄 

Iff 𝟐√𝟑 ⋅ 𝟐𝟒√
𝒂𝟐+𝒃𝟐+𝒄𝟐

𝟏𝟐
+ 𝟏𝟐√𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟗√𝟑𝒂𝒃𝒄 

Iff 𝟐𝟒√𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟏𝟐√𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟗√𝟑𝒂𝒃𝒄 

Iff 𝟑𝟔√𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟗√𝟑𝒂𝒃𝒄 

Iff 𝟒√𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟑√𝟑𝒂𝒃𝒄 

Iff 𝟏𝟔(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≥ 𝟑(𝒂𝒃𝒄)𝟐 
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Iff 𝟏𝟔(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≥ 𝟑 × 𝟔𝟒 

Iff 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟏𝟐 

Because 𝟔 = 𝒂 + 𝒃 + 𝒄 ≥ 𝟑√𝒂𝒃𝒄
𝟑

⇔ 𝟔𝟑 ≥ 𝟑𝟑𝒂𝒃𝒄 ⇔ 𝟖 ≥ 𝒂𝒃𝒄 

and 𝟔 = 𝒂 + 𝒃 = 𝒄 ⇔ (𝒂+ 𝒃 + 𝒄)𝟐 = 𝟑𝟔 ⇔ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥
𝟑𝟔

𝟑
= 𝟏𝟐 

Therefore it is to be true 

1316. Let 𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 be positive real numbers such that 

 𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏 = 𝒏; (𝝀 ≥ 𝟎, 𝒏 ∈ ℕ). Prove that: 

𝒂𝟏
(𝒂𝟐)

𝟐 ⋅ (𝒂𝟏 + 𝝀)
+

𝒂𝟐
(𝒂𝟑)

𝟐 ⋅ (𝒂𝟐 + 𝝀)
+⋯+

𝒂𝒏
(𝒂𝟏)

𝟐 ⋅ (𝒂𝒏 + 𝝀)
≥

𝒏

𝟏 + 𝝀
 

Proposed by Sidi Abdellah Lemrabott-Mauritania 
Solution 1 by Tapas Das-India 

𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏 = 𝒏 

𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏
𝒏

= 𝟏 

𝑨𝑴 ≥ 𝑮𝑴  (𝒂𝟏𝒂𝟐𝒂𝟑…𝒂𝒏)
𝟏
𝒏 ≤ 𝟏 

∴ 𝒂𝟏𝒂𝟐…𝒂𝒏 ≤ 𝟏   (1) 

𝒂𝟏
(𝒂𝟐)𝟐(𝒂𝟏 + 𝝀)

+
𝒂𝟐

(𝒂𝟑)𝟐(𝒂𝟐 + 𝝀)
+ ⋯+

𝒂𝒏
(𝒂𝟏)𝟐(𝒂𝒏 + 𝝀)

 

≥
𝑨𝑴−𝑮𝑴

𝒏 [
(𝒂𝟏𝒂𝟐…𝒂𝒏)

(𝒂𝟏𝒂𝟐…𝒂𝒏)
𝟐∏(𝒂𝟏+𝝀)

]

𝟏

𝒏
≥ 𝒏[

𝟏

∏(𝒂𝟏+𝝀)
]

𝟏

𝒏
   (using (1)) 

≥
𝑨𝑴−𝑮𝑴

𝒏 [
𝟏

[
∑(𝒂𝟏 + 𝝀)

𝒏 ]
𝒏]

𝟏
𝒏

= 𝒏 ⋅
𝒏

∑(𝒂𝟏 + 𝝀)
=

𝒏𝟐

∑𝒂𝟏 + 𝒏𝝀
=

𝒏𝟐

𝒏 + 𝒏𝝀
=

𝒏

𝝀 + 𝟏
 

(∵∑𝒂𝟏 = 𝒏) 

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

∑𝒂𝒊

𝒏

𝒊=𝟏

= 𝒏 
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𝒂𝟏

𝒂𝟐
𝟐(𝒂𝟏 + 𝝀)

+
𝒂𝟐

𝒂𝟑
𝟐(𝒂𝟐 + 𝝀)

+ ⋯+
𝒂𝒏

𝒂𝟏
𝟐(𝒂𝒏 + 𝝀)

≥
𝒏

𝟏 + 𝝀
 

∑
𝟏

𝒂𝒌

𝒏

𝒌=𝟏

≥
𝑨𝑴−𝑮𝑴

𝒏 ⋅
𝟏

√∏𝒂𝒌
𝒏

≥
𝑨𝑴−𝑮𝑴 𝒏𝟐

∑𝒂𝒌
= 𝒏 

∑
𝟏

𝒂𝒌
≥ 𝒏      (*) 

𝑰𝒏 =
(
𝟏
𝒂𝟐
)
𝟐

𝒂𝟏 + 𝝀
𝒂𝟏

+
(
𝟏
𝒂𝟑
)
𝟐

𝒂𝟐 + 𝝀
𝒂𝟐

+⋯+
(
𝟏
𝒂𝟏
)
𝟐

𝒂𝒏 + 𝝀
𝒂𝒏

≥
𝑪𝑩𝑺 (∑

𝟏
𝒂𝒌
)
𝟐

𝒏 + 𝝀 ⋅ ∑
𝟏
𝒂𝒌

≥
(∗) (∑

𝟏
𝒂𝒌
)
𝟐

∑
𝟏
𝒂𝒌
⋅ (𝟏 + 𝝀)

= 

=
∑
𝟏
𝒂𝒌

𝟏 + 𝝀
≥
(∗) 𝒏

𝟏 + 𝝀
 

𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝒏 = 𝟏 

Solution 3 by Remus Florin Stanca-Romania 

Let 𝒂𝒏+𝟏 = 𝒂𝟏 

∑
𝒂𝒌

𝒂𝒌+𝟏
𝟐 (𝒂𝒌+𝝀)

𝒏
𝒌=𝟏 = ∑

(
𝟏

𝒂𝒌+𝟏
)
𝟐

𝟏+
𝝀

𝒂𝒌

𝒏
𝒌=𝟏 ≥

(∑
𝟏

𝒂𝒌+𝟏

𝒏
𝒌=𝟏 )

𝟐

𝒏+𝝀∑
𝟏

𝒂𝒌

𝒏
𝒌=𝟏

=
(∑

𝟏

𝒂𝒌

𝒏
𝒌=𝟏 )

𝟐

𝒏+𝝀∑
𝟏

𝒂𝒌

𝒏
𝒌=𝟏

   (1) 

Let 𝒇: ℝ+ → ℝ,𝒇(𝒙) =
𝒙𝟐

𝒏+𝝀𝒙
⇒

𝝏𝒇

𝝏𝒙
=
𝟐𝒙𝒏+𝒙𝟐𝝀

(𝒏+𝝀𝒙)𝟐
≥ 𝟎 ⇒ 𝒇 is increasing 

∑
𝟏

𝒂𝒌

𝒏
𝒌=𝟏 ≥

𝒏𝟐

∑ 𝒂𝒌
𝒏
𝒌=𝟏

= 𝒏 ⇒ 𝒇(∑
𝟏

𝒂𝒌

𝒏
𝒌=𝟏 ) ≥ 𝒇(𝒏) ⇒

(∑
𝟏

𝒂𝒌

𝒏
𝒌=𝟏 )

𝟐

𝒏+𝝀∑
𝟏

𝒂𝒌

𝒏
𝒌=𝟏

≥
𝒏𝟐

𝒏+𝝀𝒏
=

𝒏

𝝀+𝟏
    (2) 

⟹
(𝟏);(𝟐)

∑
𝒂𝒌

𝒂𝒌+𝟏
𝟐 (𝒂𝒌 + 𝝀)

𝒏

𝒌=𝟏

≥
𝒏

𝝀 + 𝟏
 

1317. 𝐈𝐟 𝒂, 𝒃, 𝒄 > 0 𝐭𝐡𝐞𝐧 

𝒂𝟒(𝒂𝟐 + 𝒃𝒄)

𝒃𝟓 + 𝒄𝟓
+
𝒃𝟒(𝒃𝟐 + 𝒄𝒂)

𝒄𝟓 + 𝒂𝟓
+
𝒄𝟒(𝒄𝟐 + 𝒂𝒃)

𝒂𝟓 + 𝒃𝟓
≥ 𝒂 + 𝒃 + 𝒄 

Proposed by Zaza Mzhavanaze-Georgia 
Solutions 1,2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝟏 ∶ 
𝐓𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐜𝐚𝐧 𝐛𝐞 𝐫𝐞𝐰𝐫𝐢𝐭𝐭𝐞𝐧 𝐚𝐬 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 
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∑(
𝒂𝟒(𝒂 − 𝒃)(𝒂 − 𝒄)

𝒃𝟓 + 𝒄𝟓
+
𝒂𝟓(𝒃 + 𝒄)

𝒃𝟓 + 𝒄𝟓
)

𝒄𝒚𝒄

≥ 𝒂 + 𝒃 + 𝒄. 

𝐍𝐨𝐭𝐢𝐜𝐞 𝐭𝐡𝐚𝐭 𝐢𝐟 𝒂 ≥ 𝒃 ≥ 𝒄 𝐭𝐡𝐞𝐧 
𝒂𝟒

𝒃𝟓 + 𝒄𝟓
≥

𝒃𝟒

𝒄𝟓 + 𝒂𝟓
≥

𝒄𝟒

𝒂𝟓 + 𝒃𝟓
, 

𝐬𝐨 𝐛𝐲 𝐆𝐞𝐧𝐞𝐫𝐚𝐥𝐢𝐳𝐞𝐝 𝐒𝐜𝐡𝐮𝐫 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐝𝐞𝐝𝐮𝐜𝐞 𝐭𝐡𝐚𝐭 

∑
𝒂𝟒(𝒂 − 𝒃)(𝒂 − 𝒄)

𝒃𝟓 + 𝒄𝟓
𝒄𝒚𝒄

≥ 𝟎. 

𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

∑
𝒂𝟓(𝒃 + 𝒄)

𝒃𝟓 + 𝒄𝟓
𝒄𝒚𝒄

≥ 𝒂 + 𝒃 + 𝒄  ⇔   ∑(
𝒂𝟓(𝒃 + 𝒄)

𝒃𝟓 + 𝒄𝟓
− 𝒂)

𝒄𝒚𝒄

≥ 𝟎 

⇔ ∑(
𝒂𝒃(𝒂𝟒 − 𝒃𝟒)

𝒃𝟓 + 𝒄𝟓
−
𝒄𝒂(𝒄𝟒 − 𝒂𝟒)

𝒃𝟓 + 𝒄𝟓
)

𝒄𝒚𝒄

≥ 𝟎 ⇔ ∑(
𝒂𝒃(𝒂𝟒 − 𝒃𝟒)

𝒃𝟓 + 𝒄𝟓
−
𝒂𝒃(𝒂𝟒 − 𝒃𝟒)

𝒄𝟓 + 𝒂𝟓
)

𝒄𝒚𝒄

≥ 𝟎 

⇔ ∑
𝒂𝒃(𝒂𝟒 − 𝒃𝟒)(𝒂𝟓 − 𝒃𝟓)

(𝒃𝟓 + 𝒄𝟓)(𝒄𝟓 + 𝒂𝟓)
𝒄𝒚𝒄

≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝒂𝟒 − 𝒃𝟒 𝐚𝐧𝐝 𝒂𝟓 − 𝒃𝟓 𝐡𝐚𝐯𝐞 𝐭𝐡𝐞 𝐬𝐚𝐦𝐞 𝐬𝐢𝐠𝐧. 
𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝒂 = 𝒃 = 𝒄. 

 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝟐 ∶ 
𝐓𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

∑(𝒂𝟔 + 𝒂𝟒𝒃𝒄)(𝒂𝟓 + 𝒃𝟓)(𝒄𝟓 + 𝒂𝟓)

𝒄𝒚𝒄

≥ (𝒂 + 𝒃 + 𝒄)(𝒂𝟓 + 𝒃𝟓)(𝒃𝟓 + 𝒄𝟓)(𝒄𝟓 + 𝒂𝟓), 

𝐰𝐡𝐢𝐜𝐡, 𝐚𝐟𝐭𝐞𝐫 𝐞𝐱𝐩𝐚𝐧𝐝𝐢𝐧𝐠 𝐚𝐧𝐝 𝐬𝐢𝐦𝐩𝐥𝐢𝐟𝐲𝐢𝐧𝐠 𝐛𝐞𝐜𝐨𝐦𝐞𝐬, 

∑𝒂𝟏𝟔

𝒄𝒚𝒄

+ 𝒂𝒃𝒄∑𝒂𝟏𝟑

𝒄𝒚𝒄

+ 𝒂𝒃𝒄∑𝒂𝟓(𝒃𝟖 + 𝒄𝟖)

𝒄𝒚𝒄

+∑𝒂𝟒𝒃𝟔𝒄𝟔

𝒄𝒚𝒄

≥∑𝒂𝟏𝟎(𝒃𝟔 + 𝒄𝟔)

𝒄𝒚𝒄

+ 𝒂𝒃𝒄∑𝒂𝟗(𝒃𝟒 + 𝒄𝟒)

𝒄𝒚𝒄

+∑𝒂𝟔𝒃𝟓𝒄𝟓

𝒄𝒚𝒄

. 

⇔ ∑[𝒂𝟏𝟔 + 𝒂𝟒𝒃𝟔𝒄𝟔 − 𝒂𝟏𝟎(𝒃𝟔 + 𝒄𝟔)]

𝒄𝒚𝒄

+ 𝒂𝒃𝒄∑[𝒂𝟏𝟑 + 𝒂𝟓𝒃𝟒𝒄𝟒 − 𝒂𝟗(𝒃𝟒 + 𝒄𝟒)]

𝒄𝒚𝒄

+ 𝒂𝒃𝒄∑[𝒂𝟓(𝒃𝟖 + 𝒄𝟖) − 𝟐𝒂𝟓𝒃𝟒𝒄𝟒]

𝒄𝒚𝒄

≥ 𝟎 

⇔ ∑𝒂𝟒(𝒂𝟔 − 𝒃𝟔)(𝒂𝟔 − 𝒄𝟔)

𝒄𝒚𝒄

+ 𝒂𝒃𝒄∑𝒂𝟓(𝒂𝟒 − 𝒃𝟒)(𝒂𝟒 − 𝒄𝟒)

𝒄𝒚𝒄

+ 𝒂𝒃𝒄∑𝒂𝟓(𝒃𝟒 − 𝒄𝟒)
𝟐

𝒄𝒚𝒄

≥ 𝟎 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐛𝐲 𝐆𝐞𝐧𝐞𝐫𝐚𝐥𝐢𝐳𝐞𝐝 𝐒𝐜𝐡𝐮𝐫 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲. 
𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝒂 = 𝒃 = 𝒄. 

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

For 𝒂, 𝒃, 𝒄 > 0 
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𝒂𝟒(𝒂𝟐 + 𝒃𝒄 )

𝒃𝟓 + 𝒄𝟓
+
𝒃𝟒(𝒃𝟐 + 𝒄𝒂)

𝒄𝟓 + 𝒂𝟓
+
𝒄𝟒(𝒄𝟐 + 𝒂𝒃)

𝒂𝟓 + 𝒃𝟓
 

=
𝒂𝟓

𝒃𝟓 + 𝒄𝟓
(𝒂 +

𝒃𝒄

𝒂
) +

𝒃𝟓

𝒄𝟓 + 𝒂𝟓
(𝒃 +

𝒄𝒂

𝒃
) +

𝒄𝟓

𝒂𝟓 + 𝒃𝟓
(𝒄 +

𝒂𝒃

𝒄
) 

≥
𝟏

𝟑
(

𝒂𝟓

𝒃𝟓 + 𝒄𝟓
+

𝒃𝟓

𝒄𝟓 + 𝒂𝟓
+

𝒄𝟓

𝒂𝟓 + 𝒃𝟓
) (𝒂 + 𝒃 + 𝒄 +

𝒂𝒃

𝒄
+
𝒃𝒄

𝒂
+
𝒄𝒂

𝒃
) ≥ (𝒂 + 𝒃 + 𝒄) 

Iff 
𝟏

𝟑
(
𝟑

𝟐
) (𝒂 + 𝒃 + 𝒄 +

𝒂𝒃

𝒄
+
𝒃𝒄

𝒂
+
𝒄𝒂

𝒃
) ≥ (𝒂 + 𝒃 + 𝒄) 

Iff 𝒂 + 𝒃 + 𝒄 +
𝒂𝒃

𝒄
+
𝒃𝒄

𝒂
+
𝒄𝒂

𝒃
≥ 𝟐(𝒂 + 𝒃 + 𝒄) 

Iff 
𝒂𝒃

𝒄
+
𝒃𝒄

𝒂
+
𝒄𝒂

𝒃
≥ (𝒂 + 𝒃 + 𝒄) 

Iff 
𝟏

𝒂𝟐
+

𝟏

𝒃𝟐
+

𝟏

𝒄𝟐
≥

𝟏

𝒂𝒃
+

𝟏

𝒃𝒄
+

𝟏

𝒄𝒂
 ok 

Therefore it is to be true. 

1318. 𝐈𝐟 𝒂, 𝒃, 𝒄 > 0, 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟑 𝐭𝐡𝐞𝐧 
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≥

𝟏

𝟐 − 𝒂
+

𝟏

𝟐 − 𝒃
+

𝟏

𝟐 − 𝒄
 

Proposed by Marin Chirciu-Romania 
Solution 1 by Elsen Kerimov-Azerbaijan 

𝒂 = 𝒃 = 𝒄 = 𝟏; 𝟑 = 𝟑 

𝒂𝟐 + 𝟏 ≥ 𝟐𝒂 →
𝒂𝟐 + 𝟏

𝟐
≥ 𝒂 → −𝒂 ≥

−(𝒂𝟐 + 𝟏)

𝟐
− 𝟐 − 𝒂 ≥

𝟑 − 𝒂𝟐

𝟐
→

𝟏

𝟐 − 𝒂
≤

𝟐

𝟑 − 𝒂𝟐
= 

=
𝟐

𝒃𝟐 + 𝒄𝟐
≤

𝟐

𝟐𝒃𝒄
=
𝟏

𝒃𝒄
 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≥

𝟏

𝒂𝒃
+

𝟏

𝒃𝒄
+

𝟏

𝒂𝒄
 prove 1 

𝒂𝒃𝒄 ≤ 𝟏  (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟑     𝑨𝑴 ≥ 𝑮𝑴) 

𝟏 ≥ 𝒂𝒃𝒄 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≥
𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒂𝒄
 

𝟏 ≥ 𝒂𝒃𝒄 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≥ 𝒂 + 𝒃 + 𝒄 prove 2 → (

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) (𝒂 + 𝒃 + 𝒄) ≥ 𝟗 → 

→
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≥

𝟗

𝒂+𝒃+𝒄
≥ 𝒂 + 𝒃 + 𝒄    prove 3 → 𝟑 ≥ 𝒂 + 𝒃 + 𝒄    prove 4 
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𝒂𝟐 + 𝟏 ≥ 𝟐𝒂, 𝒃𝟐 + 𝟏 ≥ 𝟐𝒃, 𝒄𝟐 + 𝟏 ≥ 𝟐𝒄 

𝟑 ≥ 𝒂 + 𝒃 + 𝒄 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐋𝐞𝐭 𝒑 ≔ 𝒂 + 𝒃 + 𝒄,   𝒒 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂,   𝒓 ≔ 𝒂𝒃𝒄. 

𝐅𝐫𝐨𝐦 𝐭𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧,𝐰𝐞 𝐡𝐚𝐯𝐞  𝒒 =
𝒑𝟐 − 𝟑

𝟐
. 

𝐒𝐢𝐧𝐜𝐞  𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 < (𝒂 + 𝒃 + 𝒄)𝟐 ≤ 𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐),   𝐭𝐡𝐞𝐧 √𝟑 ≤ 𝐩 ≤ 𝟑, 

𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 ≥ 𝟑𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄),   𝐭𝐡𝐞𝐧,   𝒓 ≤
𝒒𝟐

𝟑𝒑
=
(𝒑𝟐 − 𝟑)𝟐

𝟏𝟐𝒑
. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬,𝐰𝐞 𝐡𝐚𝐯𝐞 
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
=
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝒃𝒄
=
𝒒

𝒓
=
𝒑𝟐 − 𝟑

𝟐𝒓
≥

𝟔𝒑

𝒑𝟐 − 𝟑
, 

𝐚𝐧𝐝, 
𝟏

𝟐 − 𝒂
+

𝟏

𝟐 − 𝒃
+

𝟏

𝟐 − 𝒄
=

𝟏𝟐 − 𝟒(𝒂 + 𝒃 + 𝒄) + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝟖 − 𝟒(𝒂 + 𝒃 + 𝒄) + 𝟐(𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂) − 𝒂𝒃𝒄
=

𝟏𝟐 − 𝟒𝒑+ 𝒒

𝟖 − 𝟒𝒑+ 𝟐𝒒− 𝒓
 

≤
𝟏𝟐 − 𝟒𝒑 +

𝒑𝟐 − 𝟑
𝟐

𝟖 − 𝟒𝒑 + 𝒑𝟐 − 𝟑 −
(𝒑𝟐 − 𝟑)𝟐

𝟏𝟐𝒑

=
𝟔𝒑(𝟐𝟏 − 𝟖𝒑 + 𝒑𝟐)

−𝟗 + 𝟔𝟎𝒑 − 𝟒𝟐𝒑𝟐 + 𝟏𝟐𝒑𝟑 − 𝒑𝟒
. 

𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 
𝟔𝒑

𝒑𝟐 − 𝟑
≥

𝟔𝒑(𝟐𝟏 − 𝟖𝒑 + 𝒑𝟐)

−𝟗 + 𝟔𝟎𝒑 − 𝟒𝟐𝒑𝟐 + 𝟏𝟐𝒑𝟑 − 𝒑𝟒
 

⇔ −𝟗 + 𝟔𝟎𝒑 − 𝟒𝟐𝒑𝟐 + 𝟏𝟐𝒑𝟑 − 𝒑𝟒 − (𝒑𝟐 − 𝟑)(𝟐𝟏 − 𝟖𝒑 + 𝒑𝟐) ≥ 𝟎 
⇔ 𝟓𝟒 + 𝟑𝟔𝒑 − 𝟔𝟎𝒑𝟐 + 𝟐𝟎𝒑𝟑 − 𝟐𝒑𝟒 ≥ 𝟎 

⇔ 𝟐(𝟑 − 𝒑)𝟐[𝟑 + 𝒑 + 𝒑(𝟑 − 𝒑)] ≥ 𝟎,   𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒕𝒓𝒖𝒆. 
𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

 

1319.  𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

𝟒(
√𝒂

𝐛 + 𝐜
+

√𝐛

𝐜 + 𝒂
+

√𝐜

𝒂 + 𝐛
)

𝟔

(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) + 𝟓𝟐(
𝒂

𝐛+ 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
)
𝟑

≥ 𝟏𝟐𝟏𝟓 

  Proposed by Pavlos Trifon-Greece 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 
𝐲 + 𝐳 − 𝒙 = 𝟐𝒂 > 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙+ 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 

⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬,𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 

⇒ 𝒂 = 𝐬− 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 
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∴
√𝒂

𝐛 + 𝐜
+

√𝐛

𝐜 + 𝒂
+

√𝐜

𝒂 + 𝐛
=∑

√𝐬 − 𝒙

𝒙
𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑√
√(𝐬 − 𝒙)(𝐬 − 𝐲)(𝐬 − 𝐳)

𝒙𝐲𝐳

𝟑

= 𝟑√
𝐫√𝐬

𝟒𝐑𝐫𝐬

𝟑

 

= 𝟑√
𝟏

𝟒𝐑√𝐬

𝟑

⇒ 𝟒(
√𝒂

𝐛 + 𝐜
+

√𝐛

𝐜 + 𝒂
+

√𝐜

𝒂 + 𝐛
)

𝟔

(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) ≥
𝟒. 𝟕𝟐𝟗.𝟒𝐑𝐫𝐬

𝟏𝟔𝐑𝟐𝐬
 

∴ 𝟒(
√𝒂

𝐛 + 𝐜
+

√𝐛

𝐜 + 𝒂
+

√𝐜

𝒂 + 𝐛
)

𝟔

(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) ≥
(⦁) 𝟕𝟐𝟗𝐫

𝐑
 

𝐀𝐠𝒂𝐢𝐧, 𝟐𝟓𝟐(
𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
)
𝟑

= 𝟐𝟓𝟐(∑
𝐬− 𝒙

𝒙
𝐜𝐲𝐜

)

𝟑

= 𝟐𝟓𝟐(
𝐬∑ 𝐲𝐳𝐜𝐲𝐜

𝒙𝐲𝐳
− 𝟑)

𝟑

 

= 𝟐𝟓𝟐(
𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟒𝐑𝐫𝐬
− 𝟑)

𝟑

= 𝟐𝟓𝟐(
𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐

𝟒𝐑𝐫
)

𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

𝟐𝟓𝟐(
𝟖𝐑𝐫 − 𝟒𝐫𝟐

𝟒𝐑𝐫
)

𝟑

∴ 𝟐𝟓𝟐(
𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
)
𝟑

≥
(⦁⦁) 𝟐𝟓𝟐(𝟐𝐑− 𝐫)𝟑

𝐑𝟑
 

∴ (⦁) + (⦁⦁) ⇒ 𝐋𝐇𝐒 ≥
𝟐𝟓𝟐(𝟐𝐑− 𝐫)𝟑 + 𝟕𝟐𝟗𝐑𝟐𝐫

𝐑𝟑
≥
?
𝟏𝟐𝟏𝟓 

⇔ 𝟖𝟗𝐭𝟑 − 𝟐𝟓𝟓𝐭𝟐 + 𝟏𝟔𝟖𝐭 − 𝟐𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟓𝟎𝐭𝟐 + 𝟑𝟗𝐭(𝐭 − 𝟐) + 𝐭 + 𝟏𝟒) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ 𝟒(
√𝒂

𝐛 + 𝐜
+

√𝐛

𝐜 + 𝒂
+

√𝐜

𝒂 + 𝐛
)

𝟔

(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) 

+𝟐𝟓𝟐(
𝒂

𝐛+ 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
)
𝟑

≥ 𝟏𝟐𝟏𝟓,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝟒(
√𝒂

𝒃 + 𝒄
+

√𝒃

𝒄 + 𝒂
+

√𝒄

𝒂 + 𝒃
)

𝟔

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) + 𝟐𝟓𝟐(
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
)
𝟑

≥ 𝟏𝟐𝟏𝟓   (∗) 

𝐋𝐞𝐭 𝒙 ≔
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
.   

𝐁𝐲 𝐍𝐞𝐬𝐛𝐢𝐭𝐭′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 𝒙 ≥
𝟑

𝟐
. 

𝐀𝐥𝐬𝐨, 𝐛𝐲 𝐒𝐜𝐡𝐮𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒙 =
(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝟑𝒂𝒃𝒄) + 𝒂𝒃(𝒂 + 𝒃) + 𝒃𝒄(𝒃 + 𝒄) + 𝒄𝒂(𝒄 + 𝒂)

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
 

≥
𝟐[𝒂𝒃(𝒂 + 𝒃) + 𝒃𝒄(𝒃 + 𝒄) + 𝒄𝒂(𝒄 + 𝒂)]

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
= 𝟐 −

𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
, 

𝐭𝐡𝐞𝐧  
𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
≥ 𝟐 − 𝒙. 

𝐍𝐨𝐰, 𝐛𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 
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(
√𝒂

𝒃 + 𝒄
+

√𝒃

𝒄 + 𝒂
+

√𝒄

𝒂 + 𝒃
)

𝟔

≥ (𝟑√
√𝒂

𝒃 + 𝒄
.
√𝒃

𝒄 + 𝒂
.
√𝒄

𝒂 + 𝒃

𝟑

)

𝟔

=
𝟑𝟔. 𝒂𝒃𝒄

[(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)]𝟐
 

≥
𝟑𝟔(𝟐 − 𝒙)

𝟒(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐫𝐞𝐬𝐮𝐥𝐭𝐬,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 
𝑳𝑯𝑺(∗) ≥ 𝟑

𝟔(𝟐 − 𝒙) + 𝟐𝟓𝟐𝒙𝟑 = 𝟏𝟐𝟏𝟓 + 𝟗(𝟐𝒙 − 𝟑)(𝟏𝟒𝒙𝟐 + 𝟐𝟏𝒙 − 𝟗) ≥ 𝟏𝟐𝟏𝟓, 

𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝒙 ≥
𝟑

𝟐
.  𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄. 

1320. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝒂 + 𝐛 + 𝐜 = 𝟑, 𝐭𝐡𝐞𝐧 ∶ 

∑
𝟏

𝒂𝟑 + 𝐛𝟑
𝐜𝐲𝐜

+ 𝟑∑
𝟏

𝒂𝐛(𝒂 + 𝐛)
𝐜𝐲𝐜

≥ 𝟔 

  Proposed by Daniel Sitaru-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 
𝐲 + 𝐳 − 𝒙 = 𝟐𝒂 > 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙+ 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 

⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) 

⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 𝒂𝐧𝐝 ∑𝒂𝟑

𝐜𝐲𝐜

=  

(∑𝒂

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) =
𝐯𝐢𝒂 (𝟏)

𝐬𝟑 − 𝟑𝒙𝐲𝐳 ⇒∑𝒂𝟑

𝐜𝐲𝐜

= 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 → (𝟐) 

𝟑∑
𝟏

𝒂𝐛(𝒂 + 𝐛)
𝐜𝐲𝐜

=
𝟑 = 𝒂+𝐛+𝐜

∑
𝒂+𝐛+ 𝐜

𝒂𝐛(𝒂 + 𝐛)
𝐜𝐲𝐜

=∑
𝟏

𝒂𝐛
𝐜𝐲𝐜

+
𝟏

𝒂𝐛𝐜
∑

𝒂𝟐

𝐛 + 𝐜
𝐜𝐲𝐜

 

=
∑ 𝒂𝐜𝐲𝐜

𝒂𝐛𝐜
+
𝟏

𝐫𝟐𝐬
∑

(𝐬 − 𝒙)𝟐

𝒙
𝐜𝐲𝐜

=
𝒂+𝐛+𝐜 = 𝟑 𝟑

𝐫𝟐𝐬
+
𝟏

𝐫𝟐𝐬
∑

𝐬𝟐 − 𝟐𝐬𝒙 + 𝒙𝟐

𝒙
𝐜𝐲𝐜

 

=
𝟑

𝐫𝟐𝐬
+
𝟏

𝐫𝟐𝐬
(
𝐬𝟐

𝒙𝐲𝐳
∑𝒙𝐲

𝐜𝐲𝐜

− 𝟐𝐬∑𝟏

𝐜𝐲𝐜

+∑𝒙

𝐜𝐲𝐜

) 

=
𝟑

𝐫𝟐𝐬
+
𝟏

𝐫𝟐𝐬
(
𝐬

𝟒𝐑𝐫
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟔𝐬 + 𝟐𝐬) =

𝟑

𝐫𝟐𝐬
+
𝟏

𝐫𝟐
.
𝐬𝟐 − 𝟏𝟐𝐑𝐫 + 𝐫𝟐

𝟒𝐑𝐫
 

=
𝒂+𝐛+𝐜 = 𝟑 𝟑

𝐫𝟐𝐬
+
𝟑

𝐫𝟐
.
𝐬𝟐 − 𝟏𝟐𝐑𝐫 + 𝐫𝟐

𝟒𝐑𝐫(∑ 𝒂𝐜𝐲𝐜 )
=

𝐯𝐢𝒂 (𝟏) 𝟑

𝐫𝟐𝐬
+
𝟑(𝐬𝟐 − 𝟏𝟐𝐑𝐫 + 𝐫𝟐)

𝟒𝐑𝐫𝟑𝐬
 

⇒∑
𝟏

𝒂𝟑 + 𝐛𝟑
𝐜𝐲𝐜

+ 𝟑∑
𝟏

𝒂𝐛(𝒂 + 𝐛)
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟗

𝟐∑ 𝒂𝟑𝐜𝐲𝐜
+
𝟑

𝐫𝟐𝐬
+
𝟑(𝐬𝟐 − 𝟏𝟐𝐑𝐫 + 𝐫𝟐)

𝟒𝐑𝐫𝟑𝐬
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=
𝐯𝐢𝒂 (𝟐) 𝟗

𝟐𝐬(𝐬𝟐 − 𝟏𝟐𝐑𝐫)
+
𝟑

𝐫𝟐𝐬
+
𝟑(𝐬𝟐 − 𝟏𝟐𝐑𝐫 + 𝐫𝟐)

𝟒𝐑𝐫𝟑𝐬
≥
?
𝟔 =
𝟑 = 𝒂+𝐛+𝐜 𝟔. 𝟐𝟕

(∑ 𝒂𝐜𝐲𝐜 )
𝟑 =
𝐯𝐢𝒂 (𝟏) 𝟏𝟔𝟐

𝐬𝟑
 

⇔
𝟔𝐑𝐫𝟑 + 𝟒𝐑𝐫(𝐬𝟐 − 𝟏𝟐𝐑𝐫)+ (𝐬𝟐 − 𝟏𝟐𝐑𝐫)(𝐬𝟐 − 𝟏𝟐𝐑𝐫 + 𝐫𝟐)

𝟒𝐑𝐫𝟑𝐬(𝐬𝟐 − 𝟏𝟐𝐑𝐫)
≥
? 𝟓𝟒

𝐬𝟑
⇔

𝐞𝒙𝐩𝒂𝐧𝐝𝐢𝐧𝐠 𝒂𝐧𝐝 𝐫𝐞−𝒂𝐫𝐫𝒂𝐧𝐠𝐢𝐧𝐠

  

𝐬𝟔 − (𝟐𝟎𝐑𝐫 − 𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟗𝟔𝐑𝟐 − 𝟐𝟐𝟐𝐑𝐫)+ 𝟐𝟓𝟗𝟐𝐑𝟐𝐫𝟒 ≥
?
⏟
(∗)

𝟎  𝒂𝐧𝐝 

∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

⇔
𝐞𝒙𝐩𝒂𝐧𝐝𝐢𝐧𝐠 𝒂𝐧𝐝 𝐫𝐞−𝒂𝐫𝐫𝒂𝐧𝐠𝐢𝐧𝐠

 

(𝟐𝟖𝐑𝐫 − 𝟏𝟒𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟔𝟕𝟐𝐑𝟐 − 𝟐𝟓𝟖𝐑𝐫 + 𝟕𝟓𝐫𝟐) +

𝐫𝟑(𝟒𝟎𝟗𝟔𝐑𝟑 − 𝟏𝟐𝟒𝟖𝐑𝟐𝐫 + 𝟏𝟐𝟎𝟎𝐑𝐫𝟐 − 𝟏𝟐𝟓𝐫𝟑) ≥
?
⏟
(∗∗)

𝟎
 𝒂𝐧𝐝  

∵ (𝟐𝟖𝐑𝐫 − 𝟏𝟒𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝟐𝟖𝐑𝐫 − 𝟏𝟒𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐
 

⇔
𝐞𝒙𝐩𝒂𝐧𝐝𝐢𝐧𝐠 𝒂𝐧𝐝 𝐫𝐞−𝒂𝐫𝐫𝒂𝐧𝐠𝐢𝐧𝐠

 

(𝟐𝟐𝟒𝐑𝟐 − 𝟒𝟕𝟎𝐑𝐫 + 𝟔𝟓𝐫𝟐)𝐬𝟐 ≥
(∗∗∗)

𝐫(𝟑𝟎𝟕𝟐𝐑𝟑 − 𝟔𝟖𝟏𝟔𝐑𝟐𝐫 + 𝟏𝟕𝟒𝟎𝐑𝐫𝟐 − 𝟐𝟐𝟓𝐫𝟑)  𝒂𝐧𝐝  

𝟐𝟐𝟒𝐑𝟐 − 𝟒𝟕𝟎𝐑𝐫 + 𝟔𝟓𝐫𝟐 = (𝐑 − 𝟐𝐫)(𝟐𝟐𝟒𝐑 − 𝟐𝟐𝐫) + 𝟐𝟏𝐫𝟐 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟏𝐫𝟐 > 0 

∴ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝟐𝟒𝐑𝟐 − 𝟒𝟕𝟎𝐑𝐫 + 𝟔𝟓𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?

 

𝐫(𝟑𝟎𝟕𝟐𝐑𝟑 − 𝟔𝟖𝟏𝟔𝐑𝟐𝐫 + 𝟏𝟕𝟒𝟎𝐑𝐫𝟐 − 𝟐𝟐𝟓𝐫𝟑) ⇔
𝐞𝒙𝐩𝒂𝐧𝐝𝐢𝐧𝐠 𝒂𝐧𝐝 𝐬𝐢𝐦𝐩𝐥𝐢𝐟𝐲𝐢𝐧𝐠

 

𝟐𝟓𝟔𝐭𝟑 − 𝟗𝟏𝟐𝐭𝟐 + 𝟖𝟐𝟓𝐭 − 𝟓𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟓𝟔𝐭𝟐 + 𝟐𝟎𝟎𝐭(𝐭 − 𝟐) + 𝟐𝟓) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ⇒∑
𝟏

𝒂𝟑 + 𝐛𝟑
𝐜𝐲𝐜

+ 𝟑∑
𝟏

𝒂𝐛(𝒂 + 𝐛)
𝐜𝐲𝐜

 

≥ 𝟔 ∀ 𝒂,𝐛, 𝐜 > 0│∑𝒂

𝐜𝐲𝐜

= 𝟑,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

1321. 

𝒂, 𝒃, 𝒄 > 0 ⇒ 352 (
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
)

𝟓

+ 𝟒𝟎𝟓√
𝟐𝟕𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)𝟑
𝟒

≥ 𝟑𝟎𝟕𝟖 

Proposed by Pavlos Trifon-Greece 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭 𝒙 ≔
(𝒂 + 𝒃 + 𝒄)𝟐

𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
≥ 𝟏.  𝐁𝐲 𝐭𝐡𝐞 𝑨𝑴− 𝑮𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚,𝐰𝐞 𝐡𝐚𝐯𝐞 ∶ 

𝟐𝟕𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)𝟑
≤ 𝟏,   𝐭𝐡𝐞𝐧,   √

𝟐𝟕𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)𝟑
𝟒

≥
𝟐𝟕𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)𝟑
. 
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𝐀𝐥𝐬𝐨, 𝐛𝐲 𝐒𝐜𝐡𝐮𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 ∶ 

𝟗𝒂𝒃𝒄 ≥ 𝟒(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − (𝒂 + 𝒃 + 𝒄)𝟑,   𝒕𝒉𝒆𝒏,   
𝟐𝟕𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)𝟑
≥
𝟒

𝒙
− 𝟑. 

𝐍𝐨𝐰,𝐛𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 ∶ 

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
≥

(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
=
𝟑𝒙

𝟐
. 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞, 

𝟑𝟓𝟐(
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
)
𝟓

+ 𝟒𝟎𝟓. √
𝟐𝟕𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)𝟑
𝟒

≥ 𝟑𝟓𝟐(
𝟑𝒙

𝟐
)
𝟓

+ 𝟒𝟎𝟓(
𝟒

𝒙
− 𝟑) 

                                     = 𝟐𝟑𝟒𝟗𝒙𝟓 + 𝟑𝟐𝟒(𝒙𝟓 +
𝟓

𝒙
) − 𝟏𝟐𝟏𝟓 

≥⏞
𝒙 ≥ 𝟏 𝒂𝒏𝒅 𝑨𝑴−𝑮𝑴

 𝟐𝟑𝟒𝟗 + 𝟑𝟐𝟒 × 𝟔√𝒙𝟓. (
𝟏

𝒙
)
𝟓𝟔

− 𝟏𝟐𝟏𝟓 = 𝟑𝟎𝟕𝟖. 

𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄. 

Solution 2 by Christos Tsifakis-Greece 
Lemma:  

∀𝒙, 𝒚, 𝒛 > 0 ⇒ (𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) ≥ √𝟒𝟎𝟗𝟔(𝒙𝒚𝒛(𝒙+𝒚+𝒛))
𝟑

𝟐𝟕

𝟒

 . 

By Popoviciu for 𝒇(𝒙) = 𝐥𝐧𝒙 in (𝟎,+∞) ⇒ 

𝒇(𝒙) + 𝒇(𝒚) + 𝒇(𝒛) + 𝟑 − 𝒇(
𝒙+𝒚+𝒛

𝟑
) ≤ 𝟐(𝒇(

𝒙+𝒚

𝟐
) + 𝒇 (

𝒚+𝒛

𝟐
) + 𝒇(

𝒛+𝒙

𝟐
))   (1) 

By Jensen ⇒ 

{𝒇(𝒙) + 𝒇(𝒚) ≤ 𝟐𝒇(
𝒙+𝒚

𝟐
) , 𝒇(𝒚) + 𝒇(𝒛) ≤ 𝟐𝒇(

𝒚+𝒛

𝟐
) , 𝒇(𝒛) + 𝒇(𝒙) ≤ 𝟐𝒇(

𝒛+𝒙

𝟐
)}     (2) 

(1) + (2) ⇒ 𝟑(𝒇(𝒙) + 𝒇(𝒚) + 𝒇(𝒛)) + 𝟑𝒇(
𝒙+𝒚+𝒛

𝟑
) ≤ 𝟒(𝒇(

𝒙+𝒚

𝟐
) + 𝒇 (

𝒚+𝒛

𝟐
) + 𝒇 (

𝒛+𝒙

𝟐
)) ⇒ 

𝟑(𝐥𝐧𝒙 + 𝐥𝐧 𝒚 + 𝐥𝐧 𝒛) + 𝟑 𝐥𝐧 (
𝒙 + 𝒚 + 𝒛

𝟑
) ≤ 𝟒(𝐥𝐧 (

𝒙 + 𝒚

𝟐
) + 𝐥𝐧 (

𝒚 + 𝒛

𝟐
) + 𝐥𝐧 (

𝒛 + 𝒙

𝟐
)) ⇒ 

𝐥𝐧 ((𝒙𝒚𝒛)𝟑 (
𝒙 + 𝒚 + 𝒛

𝟑
)
𝟑

) ≤ 𝐥𝐧(
(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)

𝟖
)

𝟒

⇒ 
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(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) ≥ √𝟒𝟎𝟗𝟔(𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛))
𝟑

𝟐𝟕

𝟒

 

the equality for 𝒙 = 𝒚 = 𝒛. 

𝑳𝒆𝒕 𝒙 =
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
≥

𝑵𝒆𝒔𝒃𝒊𝒕𝒕 𝟑

𝟐
⇒ 𝟏𝟎𝒙 ≥ 𝟏𝟓

𝑩𝒚 𝑺𝒄𝒉𝒖𝒓 ⇒ 𝒙 +
𝟒𝒂𝒃𝒄

∏ (𝒂 + 𝒃)𝒄𝒚𝒄
≥ 𝟐

}
 

 

⇒
(+)

 

⇒ 𝟏𝟏𝒙+
𝟒𝒂𝒃𝒄

∏ (𝒂 + 𝒃)𝒄𝒚𝒄
≥ 𝟏𝟕 ⇒

𝟒𝒂𝒃𝒄

∏ (𝒂 + 𝒃)𝒄𝒚𝒄
≥ 𝟏𝟕 − 𝟏𝟏𝒙 ⇒ 

𝟒𝒂𝒃𝒄

∏ (𝒂 + 𝒃)𝒄𝒚𝒄
≥ 𝟏𝟕 − 𝟏𝟏𝒙 ⇒

𝟏𝟕𝟔𝒙𝟓

𝟒𝟎𝟓
+

𝟒𝒂𝒃𝒄

∏ (𝒂 + 𝒃)𝒄𝒚𝒄
≥ 

≥ 𝟏𝟕 − 𝟏𝟏𝒙 +
𝟏𝟕𝟔𝒙𝟓

𝟒𝟎𝟓
⇒

(𝟏𝟕−𝟏𝟏𝒙+
𝟏𝟕𝟔𝒙𝟓

𝟒𝟎𝟓
≥𝟑,𝟖)

 

𝟏𝟕𝟔𝒙𝟓

𝟒𝟎𝟓
+

𝟒𝒂𝒃𝒄

∏ (𝒂 + 𝒃)𝒄𝒚𝒄
≥ 𝟑, 𝟖 ⇒

𝑳𝒆𝒎𝒎𝒂 𝟏𝟕𝟔𝒙𝟓

𝟒𝟎𝟓
+

𝟒𝒂𝒃𝒄

√𝟐
𝟏𝟐(𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄))

𝟑

𝟑𝟑

𝟒

≥ 𝟑,𝟖 ⇒ 

𝟏𝟕𝟔𝒙𝟓

𝟒𝟎𝟓
+

𝒂𝒃𝒄

𝟐(𝒂𝒃𝒄)
𝟑
𝟒√(

𝒂+ 𝒃 + 𝒄
𝟑 )

𝟑𝟒
≥ 𝟑, 𝟖 ⇒ 

⇒
𝟏𝟕𝟔𝒙𝟓

𝟒𝟎𝟓
+
𝟏

𝟐
√

𝟐𝟕𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)𝟑
𝟒

≥ 𝟑,𝟖 ⇒ 

𝟑𝟓𝟐 (
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
)
𝟓

+ 𝟒𝟎𝟓 − √
𝟐𝟕𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)𝟑
𝟒

≥ 𝟑𝟎𝟕𝟖, 

the equality for (𝒙 =
𝟑

𝟐
) ∧ (𝒂 = 𝒃 = 𝒄) ⇔ 𝒂 = 𝒃 = 𝒄. 

1322. If 𝒂, 𝒃, 𝒄 > 0, 𝑛 ∈ ℕ, 𝒂𝒏 + 𝒃𝒏 + 𝒄𝒏 = 𝟑 then: 

𝒂𝒏(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)𝟐
+
𝒃𝒏(𝒃𝟐 + 𝒄𝒂)

(𝒄 + 𝒂)𝟐
+
𝒄𝒏(𝒄𝟐 + 𝒂𝒃)

(𝒂 + 𝒃)𝟐
≥
𝟑

𝟐
 

Proposed by Zaza Mzhavanadze-Georgia 
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Solution 1 by Sidi Abdellah Lemrabott-Mauritania 

WLOG, we assume that: (𝒂 ≥ 𝒃 ≥ 𝒄) 

∑(
𝒂𝒏(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)𝟐
−
𝒂𝒏

𝟐
)

𝒄𝒚𝒄

=∑[(
𝒂𝒏

𝟐(𝒃+ 𝒄)𝟐
) ((𝒂 − 𝒃)(𝒂 + 𝒃) + (𝒂 − 𝒄)(𝒂 + 𝒄))]

𝒄𝒚𝒄

 

pose: 𝒙 =
𝒂𝒏

𝟐(𝒃+𝒄)𝟐
, 𝒚 =

𝒃𝒏

𝟐(𝒄+𝒂)𝟐
, 𝒛 =

𝒄𝒏

𝟐(𝒂+𝒃)𝟐
 

then clearly: (𝒙 ≥ 𝒚 ≥ 𝒛 because: 𝒂 ≥ 𝒃 ≥ 𝒄): 

𝒙(𝒂 − 𝒃)(𝒂 + 𝒃) + 𝒙(𝒂 − 𝒄)(𝒂 + 𝒄) + 𝒚(𝒃 − 𝒂)(𝒃 + 𝒂) + 𝒚(𝒃 − 𝒄)(𝒃 + 𝒄) + 

+𝒛(𝒄 − 𝒂)(𝒄 + 𝒂) + 𝒛(𝒄 − 𝒃)(𝒄 + 𝒃) = 

= (𝒂 + 𝒃)(𝒂 − 𝒃)(𝒙 − 𝒚) + (𝒃 + 𝒄)(𝒃 − 𝒄)(𝒚 − 𝒛) + (𝒄 + 𝒂)(𝒂 − 𝒄)(𝒙 − 𝒛) ≥ 𝟎 

⇔∑
𝒂𝒏(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)𝟐
𝒄𝒚𝒄

≥
𝒂𝒏 + 𝒃𝒏 + 𝒄𝒏

𝟐
=
𝟑

𝟐
 

Equality holds if: 𝒂 = 𝒃 = 𝒄. (Q.E.D) 

Solution 2 by Sidi Abdellah Lemrabott-Mauritania 

WLOG, we assume that: (𝒂 ≥ 𝒃 ≥ 𝒄), 𝒏 ≥ 𝟏: 

if:𝒏 = 𝟏, 𝒂 + 𝒃 + 𝒄 = 𝟑 we have: 

𝟏

𝒃+𝒄
≥

𝟏

𝒄+𝒂
≥

𝟏

𝒂+𝒃
 and 

𝒂(𝒂𝟐+𝒃𝒄)

𝒃+𝒄
≥

𝒃(𝒃𝟐+𝒄𝒂)

𝒄+𝒂
≥
𝒄(𝒄𝟐+𝒂𝒃)

𝒂+𝒃
: 

∑(
𝒂(𝒂𝟐 + 𝒃𝒄)

𝒃 + 𝒄
− 𝒂𝟐)

𝒄𝒚𝒄

=∑
𝒂(𝒂 − 𝒃)(𝒂 − 𝒄)

𝒃 + 𝒄
𝒄𝒚𝒄

≥ 𝟎 

⇔∑
𝒂(𝒂𝟐 + 𝒃𝒄)

𝒃 + 𝒄
𝒄𝒚𝒄

≥∑𝒂𝟐

𝒄𝒚𝒄

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 
(𝒂 + 𝒃 + 𝒄)𝟐

𝟑
=

𝒂+𝒃+𝒄=𝟑
𝟑 ⇔∑

𝒂(𝒂𝟐 + 𝒃𝒄)

𝒃 + 𝒄
𝒄𝒚𝒄

≥ 𝟑 

𝑳𝑯𝑺 =∑
𝒂(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)𝟐
𝒄𝒚𝒄

=∑(
𝟏

𝒃 + 𝒄
)

𝒄𝒚𝒄

(
𝒂(𝒂𝟐 + 𝒃𝒄)

𝒃 + 𝒄
) ≥
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 & 𝐵𝑒𝑟𝑔𝑠𝑡𝑟𝑜𝑚

  

≥
𝟏

𝟑
(

𝟗

𝟐(𝒂 + 𝒃 + 𝒄)
) ⋅ (𝟑) =

𝒂+𝒃+𝒄=𝟑 𝟑

𝟐
 

pose: 𝒏 = 𝒌 is true, know we need to prove: 𝒏 = 𝒌 + 𝟏 is true, 

𝒂𝒏+𝟏 + 𝒃𝒏+𝟏 + 𝒄𝒏+𝟏 = 𝟑 



 
www.ssmrmh.ro 

35 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400 

 

∑(
𝒂𝒏(𝒂𝟐 + 𝒃𝒄)

𝒃 + 𝒄
− 𝒂𝒏+𝟏)

𝒄𝒚𝒄

=∑
𝒂𝒏(𝒂 − 𝒃)(𝒂 − 𝒄)

𝒃 + 𝒄
𝒄𝒚𝒄

≥ 𝟎 

⇔ ∑
𝒂𝒏(𝒂𝟐+𝒃𝒄)

𝒃+𝒄𝒄𝒚𝒄 ≥
𝒂𝒏+𝟏+𝒃𝒏+𝟏+𝒄𝒏+𝟏=𝟑

𝟑     (1) 

𝒂 ≥ 𝒃 ≥ 𝒄 then: 

𝒂

𝒃+𝒄
≥

𝒃

𝒄+𝒂
≥

𝒄

𝒂+𝒃
 and 

𝒂𝒏(𝒂𝟐+𝒃𝒄)

𝒃+𝒄
≥
𝒃𝒏(𝒃𝟐+𝒄𝒂)

𝒄+𝒂
≥

𝒄𝒏(𝒄𝟐+𝒂𝒃)

𝒂+𝒃
: 

𝑳𝑯𝑺 =∑(
𝒂

𝒃 + 𝒄
⋅
𝒂𝒏(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)
)

𝒄𝒚𝒄

≥
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

  

≥
𝟏

𝟑
(∑

𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

)(∑
𝒂𝒏(𝒂𝟐 + 𝒃𝒄)

𝒃 + 𝒄
𝒄𝒚𝒄

) ≥
𝑵𝒆𝒔𝒃𝒊𝒕𝒕 & (𝟏) 𝟏

𝟑
⋅
𝟑

𝟐
⋅ 𝟑 =

𝟑

𝟐
 

Equality holds if (𝒂 = 𝒃 = 𝒄). (Q.E.D.)  

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand 

(
𝒂𝒏(𝒂𝟐 + 𝒃𝒄)

𝒃 + 𝒄 )
𝟐

𝒂𝒏(𝒂𝟐 + 𝒃𝒄)
+
(
𝒃𝒏(𝒃𝟐 + 𝒄𝒂)

𝒄 + 𝒂 )
𝟐

𝒃𝒏(𝒃𝟐 + 𝒄𝒂)
+
(
𝒄𝒏(𝒄𝟐 + 𝒂𝒃)
𝒂 + 𝒃 )

𝟐

𝒄𝒏(𝒄𝟐 + 𝒂𝒃)
≥
𝟑

𝟐
 

Iff 

𝒂𝒏(𝒂𝟐+𝒃𝒄)

(𝒃+𝒄)
+
𝒃𝒏(𝒃𝟐+𝒄𝒂)

(𝒄+𝒂)
+
𝒄𝒏(𝒄𝟐+𝒂𝒃)

𝟐

(𝒂+𝒃)

𝒂𝒏(𝒂𝟐+𝒃𝒄)+𝒃𝒏(𝒃𝟐+𝒄𝒂)+𝒄𝒏(𝒄𝟐+𝒂𝒃)
≥
𝟑

𝟐
 

Iff 

(
(𝒂𝒏(𝒂𝟐+𝒃𝒄)+𝒃𝒏(𝒃𝟐+𝒄𝒂)+𝒄𝒏(𝒄𝟐+𝒂𝒃))

𝟐

𝒂𝒏(𝒂𝟐+𝒃𝒄)(𝒃+𝒄)+𝒃𝒏(𝒃𝟐+𝒄𝒂)(𝒄+𝒂)+𝒄𝒏(𝒄𝟐+𝒂𝒃)(𝒂+𝒃)
)

𝟐

𝒂𝒏(𝒂𝟐+𝒃𝒄)+𝒃𝒏(𝒃𝟐+𝒄𝒂)+𝒄𝒏(𝒄𝟐+𝒂𝒃)
≥
𝟑

𝟐
 

Iff (𝒂𝒏(𝒂𝟐 + 𝒃𝒄) + 𝒃𝒏(𝒃𝟐 + 𝒄𝒂) + 𝒄𝒏(𝒄𝟐 + 𝒂𝒃))
𝟑

≥ 

≥
𝟑

𝟐
(𝒂𝒏(𝒂𝟐 + 𝒃𝒄)(𝒃 + 𝒄) + 𝒃𝒏(𝒃𝟐 + 𝒄𝒂)(𝒄 + 𝒂) + 𝒄𝒏(𝒄𝟐 + 𝒂𝒃)(𝒂 + 𝒃))

𝟐

 

Iff (𝒂𝒏(𝒂𝟐 + 𝒃𝒄) + 𝒃𝒏(𝒃𝟐 + 𝒄𝒂) + 𝒄𝒏(𝒄𝟐 + 𝒂𝒃))
𝟑

≥ 

≥
𝟑

𝟐
[
(𝒂𝒏(𝒂𝟐 + 𝒃𝒂) + 𝒃𝒏(𝒃𝟐 + 𝒄𝒂) + 𝒄𝒏(𝒄𝟐 + 𝒂𝒃)(𝟐(𝒂 + 𝒃 + 𝒄))

𝟑
]

𝟐

 

Iff 𝒂𝒏(𝒂𝟐 + 𝒃𝒄) + 𝒃𝒏(𝒃𝟐 + 𝒄𝒂) + 𝒄𝒏(𝒄𝟐 + 𝒂𝒃) ≥
𝟐

𝟑
(𝒂 + 𝒃 + 𝒄)𝟐 
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Iff 
(𝒂𝒏+𝒃𝒏+𝒄𝒏)

𝟑
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥

𝟐

𝟑
(𝒂 + 𝒃 + 𝒄)𝟐 

𝒂𝒏 + 𝒃𝒏 + 𝒄𝒏 = 𝟑 

Iff 𝟑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 

Iff 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 

Therefore it is to be true 

Solution 4 by Soumitra Mandal-Chandar Nagore-India 

∑
𝒂𝒏(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)𝟐
𝒄𝒚𝒄

=∑
𝒂𝒏{(𝒂 − 𝒃)(𝒂 − 𝒄) + 𝒂(𝒃 + 𝒄)}

(𝒃 + 𝒄)𝟐
𝒄𝒚𝒄

 

=∑
𝒂𝒏(𝒂 − 𝒃)(𝒂 − 𝒄)

(𝒃 + 𝒄)𝟐
𝒄𝒚𝒄

+∑
𝒂𝒏+𝟏

𝒃 + 𝒄
𝒄𝒚𝒄

≥∑
𝒂𝒏+𝟏

𝒃 + 𝒄
𝒄𝒚𝒄

 

Applying Schur’s Inequality 

𝒙(𝒂 − 𝒃)(𝒂 − 𝒄) + 𝒚(𝒃 − 𝒂)(𝒃 − 𝒄) + 𝒛(𝒄 − 𝒂)(𝒄 − 𝒃) ≥ 𝟎 

we have 

∑
𝒂𝒏(𝒂 − 𝒃)(𝒂 − 𝒄)

(𝒃 + 𝒄)𝟐
𝒄𝒚𝒄

≥ 𝟎 

where 

𝒙 =
𝒂𝒏

(𝒃+𝒄)𝟐
, 𝒚 =

𝒃𝒏

(𝒄+𝒂)𝟐
 and 𝒛 =

𝒄𝒏

(𝒂+𝒃)𝟐
 

Let 
𝒂𝒏

(𝒃+𝒄)𝟐
≥

𝒃𝒏

(𝒄+𝒂)𝟐
≥

𝒄𝒏

(𝒂+𝒃)𝟐
 then 𝒂 ≥ 𝒃 ≥ 𝒄 

≥

𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗′𝒔

𝑰𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚
𝟏

𝟑
(∑

𝒂

𝒃+𝒄𝒄𝒚𝒄 ) (∑ 𝒂𝒏𝒄𝒚𝒄 ) ≥
𝟏

𝟑
⋅
𝟑

𝟐
⋅ 𝟑 =

𝟑

𝟐
 (proved) 

Equality at 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 5 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

∑𝒂𝒏 = 𝟑:
∑𝒂𝒏(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)𝟐
≥
𝟑

𝟐
 

𝒂 ≥ 𝒃 ≥ 𝒄:
𝒂

𝒃 + 𝒄
≥

𝒃

𝒄 + 𝒂
≥

𝒄

𝒂 + 𝒃
 

𝑹𝑯𝑺 =
𝟑

𝟐
=
𝟑

𝟐
⋅
∑𝒂𝟒

𝟑
≤∑

𝒂

𝒃 + 𝒄
⋅
∑𝒂𝟒

𝟑
≤

𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗
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≤ 𝟑 ⋅
𝟏

𝟑
⋅∑𝒂𝒏 (

𝒂

𝒃 + 𝒄
) =∑

𝒂𝒏(𝒂(𝒃 + 𝒄))

(𝒃 + 𝒄)𝟐
= 𝑹𝑯𝑺 

∑
𝒂𝒏(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)𝟐
≥
?
 ∑

𝒂𝒏(𝒂(𝒃 + 𝒄))

(𝒃 + 𝒄)𝟐
 

∑
𝒂𝒏

(𝒃 + 𝒄)𝟐
⋅ (𝒂𝟐 + 𝒃𝒄 − 𝒂𝒃 − 𝒂𝒄) ≥ 𝟎 

∑
𝒂𝒏

(𝒃 + 𝒄)𝟐
(𝒂 − 𝒃)(𝒂 − 𝒄) ≥ 𝟎 

𝒂𝟒

(𝒃+𝒄)𝟐
≥

𝒃𝒏

(𝒄+𝒂)𝟐
≥

𝒄𝒏

(𝒂+𝒃)𝟐
      (*) 

𝒂𝒏

(𝒃 + 𝒄)𝟐
(𝒂 − 𝒃)(𝒂 − 𝒄) +

𝒃𝒏

(𝒂 + 𝒄)𝟐
(𝒃 − 𝒂)(𝒃 − 𝒄) +

𝒄𝒏(𝒄 − 𝒂)(𝒄 − 𝒃)

(𝒂 + 𝒃)𝟐
≥ 

≥
(∗) 𝒂𝒏

(𝒃 + 𝒄)𝟐
(𝒂 − 𝒃)(𝒂 − 𝒄) +

𝒂𝒏

(𝒃 + 𝒄)𝟐
(𝒃 − 𝒂)(𝒃 − 𝒄) +

𝒄𝒏

(𝒂 + 𝒃)𝟐
(𝒄 − 𝒂)(𝒄 − 𝒃) = 

=
𝒂𝒏

(𝒃 + 𝒄)𝟐
⋅ (𝒂 − 𝒃)𝟐

⏟            
≥𝟎

+
𝒄𝒏

(𝒂 + 𝒃)𝟐
(𝒄 − 𝒂)(𝒄 − 𝒃)

⏟                
≥𝟎

≥ 𝟎 

=
𝒂𝒏

(𝒃 + 𝒄)𝟐
⋅ (𝒂 − 𝒃)𝟐 +

𝒄𝒏

(𝒂 + 𝒃)𝟐
⋅ (𝒄 − 𝒂)(𝒄 − 𝒃) ≥ 𝟎 

(𝒂 = 𝒃 = 𝒄) 

1323. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎, 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝐭 ∶ 

𝒂𝟖(𝒂𝟐 + 𝐛𝐜)

(𝐛 + 𝐜)𝟏𝟎
+
𝐛𝟖(𝐛𝟐 + 𝐜𝒂)

(𝐜 + 𝒂)𝟏𝟎
+
𝐜𝟖(𝐜𝟐 + 𝒂𝐛)

(𝒂 + 𝐛)𝟏𝟎
≥

𝟑

𝟓𝟏𝟐
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐕𝐢𝒂 𝐏𝐨𝐰𝐞𝐫 −𝐌𝐞𝒂𝐧 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲, (
𝟏

𝟑
.∑𝒂

𝟐𝟎
𝟏𝟏

𝐜𝐲𝐜

)

𝟏𝟏
𝟐𝟎

≥
𝟏

𝟑
.∑𝒂

𝐜𝐲𝐜

 

⇒ (∑𝒂
𝟐𝟎
𝟏𝟏

𝐜𝐲𝐜

)

𝟏𝟏

≥
(𝐢) 𝟏

𝟑𝟗
(∑𝒂

𝐜𝐲𝐜

)

𝟐𝟎

𝒂𝐧𝐝 𝒂𝒍𝐬𝐨, 

(
𝟏

𝟑
.∑𝒂

𝟏𝟕
𝟏𝟏

𝐜𝐲𝐜

)

𝟏𝟏
𝟏𝟕

≥
𝟏

𝟑
.∑𝒂

𝐜𝐲𝐜

⇒ (∑𝒂
𝟏𝟕
𝟏𝟏

𝐜𝐲𝐜

)

𝟏𝟏

≥
(𝐢𝐢) 𝟏

𝟑𝟔
(∑𝒂

𝐜𝐲𝐜

)

𝟏𝟕
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𝒂𝟖(𝒂𝟐 + 𝐛𝐜)

(𝐛 + 𝐜)𝟏𝟎
+
𝐛𝟖(𝐛𝟐 + 𝐜𝒂)

(𝐜 + 𝒂)𝟏𝟎
+
𝐜𝟖(𝐜𝟐 + 𝒂𝐛)

(𝒂 + 𝐛)𝟏𝟎
=∑

𝒂𝟏𝟎

(𝐛 + 𝐜)𝟏𝟎
𝐜𝐲𝐜

+ 𝒂𝐛𝐜∑
𝒂𝟕

(𝐛 + 𝐜)𝟏𝟎
𝐜𝐲𝐜

 

=∑
(𝒂

𝟐𝟎
𝟏𝟏)

𝟏𝟏

(𝒂𝐛 + 𝒂𝐜)𝟏𝟎
𝐜𝐲𝐜

+ 𝒂𝐛𝐜∑
(𝒂

𝟏𝟕
𝟏𝟏)

𝟏𝟏

(𝒂𝐛 + 𝒂𝐜)𝟏𝟎
𝐜𝐲𝐜

≥
𝐑𝒂𝐝𝐨𝐧 (∑ 𝒂

𝟐𝟎
𝟏𝟏𝐜𝐲𝐜 )

𝟏𝟏

𝟐𝟏𝟎(∑ 𝒂𝐛𝐜𝐲𝐜 )
𝟏𝟎 + 𝒂𝐛𝐜

(∑ 𝒂
𝟏𝟕
𝟏𝟏𝐜𝐲𝐜 )

𝟏𝟏

𝟐𝟏𝟎(∑ 𝒂𝐛𝐜𝐲𝐜 )
𝟏𝟎 

≥
𝐯𝐢𝒂 (𝐢),(𝐢𝐢)

𝟏
𝟑𝟗
(∑ 𝒂𝐜𝐲𝐜 )

𝟐𝟎

𝟐𝟏𝟎(∑ 𝒂𝐛𝐜𝐲𝐜 )
𝟏𝟎 + 𝒂𝐛𝐜.

𝟏
𝟑𝟔
(∑ 𝒂𝐜𝐲𝐜 )

𝟏𝟕

𝟐𝟏𝟎(∑ 𝒂𝐛𝐜𝐲𝐜 )
𝟏𝟎 ≥

? 𝟑

𝟓𝟏𝟐
 

⇔

𝟏
𝟑𝟗
(∑ 𝒂𝐜𝐲𝐜 )

𝟐𝟎

(∑ 𝒂𝐛𝐜𝐲𝐜 )
𝟏𝟎 + 𝒂𝐛𝐜.

𝟏
𝟑𝟔
(∑ 𝒂𝐜𝐲𝐜 )

𝟏𝟕

(∑ 𝒂𝐛𝐜𝐲𝐜 )
𝟏𝟎 ≥

?
⏟
(∗)

𝟔  

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 = 𝟐𝒂  
> 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 
𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)   

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 

𝐜 = 𝐬 − 𝐳 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟐) ∴ (𝟏), (𝟐) 𝒂𝐧𝐝 𝒂𝐛𝐜 =∏(𝐬 − 𝒙)

𝐜𝐲𝐜

= 𝐫𝟐𝐬 

⇒ (∗) ⇔
𝐬𝟐𝟎

𝟑𝟗(𝟒𝐑𝐫 + 𝐫𝟐)𝟏𝟎
+

𝐫𝟐𝐬𝟏𝟖

𝟑𝟔(𝟒𝐑𝐫 + 𝐫𝟐)𝟏𝟎
≥
(∗∗)

𝟔  

𝐍𝐨𝐰, 𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟑(𝟒𝐑𝐫 + 𝐫𝟐) + 𝟒𝐫(𝐑− 𝟐𝐫) ≥
𝐄𝐮𝐥𝐞𝐫

𝟑(𝟒𝐑𝐫 + 𝐫𝟐) 

∴ 𝐬𝟏𝟒 ≥ 𝟑𝟕(𝟒𝐑𝐫 + 𝐫𝟐)
𝟕
 𝒂𝐧𝐝 𝐬𝟏𝟐 ≥ 𝟑𝟔(𝟒𝐑𝐫 + 𝐫𝟐)

𝟔
 

⇒ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐬𝟔. 𝟑𝟕(𝟒𝐑𝐫 + 𝐫𝟐)

𝟕

𝟑𝟗(𝟒𝐑𝐫 + 𝐫𝟐)𝟏𝟎
+
𝐫𝟐𝐬𝟔. 𝟑𝟔(𝟒𝐑𝐫 + 𝐫𝟐)

𝟔

𝟑𝟔(𝟒𝐑𝐫 + 𝐫𝟐)𝟏𝟎
 

=
𝐬𝟔

𝟗𝐫𝟑(𝟒𝐑+ 𝐫)𝟑
+

𝐬𝟔

𝐫𝟐(𝟒𝐑+ 𝐫)𝟒
≥
?
𝟔 ⇔

(𝟒𝐑 + 𝐫)𝐬𝟔 + 𝟗𝐫𝐬𝟔

𝟗𝐫𝟑(𝟒𝐑+ 𝐫)𝟒
≥
?
𝟔 

⇔ (𝟐𝐑+ 𝟓𝐫)𝐬𝟔 ≥
?
⏟
(∗∗∗)

𝟐𝟕𝐫𝟑(𝟒𝐑+ 𝐫)𝟒  

𝐀𝐠𝒂𝐢𝐧, (𝟐𝐑+ 𝟓𝐫)𝐬𝟔 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝐑 + 𝟓𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)
𝟑
≥
?
𝟐𝟕𝐫𝟑(𝟒𝐑 + 𝐫)𝟒 

⇔ 𝟔𝟒𝟎𝐭𝟒 + 𝟐𝟗𝟒𝟒𝐭𝟑 − 𝟗𝟔𝟗𝟔𝐭𝟐 + 𝟐𝟔𝟓𝟗𝐭 − 𝟑𝟐𝟔 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟔𝟒𝟎𝐭𝟑 + 𝟑𝟔𝟎𝟎𝐭𝟐 + 𝟔𝟐𝟒𝐭(𝐭 − 𝟐) + 𝟏𝟔𝟑) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝒂𝟖(𝒂𝟐 + 𝐛𝐜)

(𝐛 + 𝐜)𝟏𝟎
+
𝐛𝟖(𝐛𝟐 + 𝐜𝒂)

(𝐜 + 𝒂)𝟏𝟎
+
𝐜𝟖(𝐜𝟐 + 𝒂𝐛)

(𝒂 + 𝐛)𝟏𝟎
≥

𝟑

𝟓𝟏𝟐
, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐖𝐞 𝐡𝐚𝐯𝐞  
𝒂𝟖(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)𝟏𝟎
=

𝒂𝟖

(𝒃 + 𝒄)𝟏𝟎
(𝒂 − 𝒃)(𝒂 − 𝒄) + (

𝒂

𝒃 + 𝒄
)
𝟗

 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐖𝐋𝐎𝐆,𝐰𝐞 𝐦𝐚𝐲 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝒂 ≥ 𝒃 ≥ 𝒄.  𝐖𝐞 𝐡𝐚𝐯𝐞  
𝒂𝟖

(𝒃 + 𝒄)𝟏𝟎
≥

𝒃𝟖

(𝒄 + 𝒂)𝟏𝟎
≥

𝒄𝟖

(𝒂 + 𝒃)𝟏𝟎
, 

𝐭𝐡𝐞𝐧 𝐛𝐲 𝐭𝐡𝐞 𝐆𝐞𝐧𝐞𝐫𝐚𝐥𝐢𝐳𝐞𝐝 𝐒𝐜𝐡𝐮𝐫 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒂𝟖

(𝒃 + 𝒄)𝟏𝟎
(𝒂 − 𝒃)(𝒂 − 𝒄)

𝒄𝒚𝒄

≥ 𝟎. 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

∑
𝒂𝟖(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)𝟏𝟎
𝒄𝒚𝒄

≥∑(
𝒂

𝒃+ 𝒄
)
𝟗

𝒄𝒚𝒄

 ≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓

 
𝟏

𝟑𝟖
. (∑

𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

)

𝟗

 ≥⏞
𝑵𝒆𝒔𝒃𝒊𝒕𝒕

 
𝟏

𝟑𝟖
. (
𝟑

𝟐
)
𝟗

=
𝟑

𝟓𝟏𝟐
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝒂 = 𝒃 = 𝒄. 
 

1324. 𝐈𝐟 𝒂, 𝒃, 𝒄 > 0, 𝑛 ∈ ℕ 𝐭𝐡𝐞𝐧 

𝒂𝒏(𝒂𝟐 + 𝒃𝒄)

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
+
𝒃𝒏(𝒃𝟐 + 𝒄𝒂)

𝒄𝒏+𝟏 + 𝒂𝒏+𝟏
+
𝒄𝒏(𝒄𝟐 + 𝒂𝒃)

𝒂𝒏+𝟏 + 𝒃𝒏+𝟏
≥ 𝒂 + 𝒃 + 𝒄 

Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Bui Hong Suc-Vietnam 

By Rearrangement inequality: 

𝑳𝑯𝑺 =
𝒂𝒏(𝒂𝟐 + 𝒃𝒄)

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
+
𝒃𝒏(𝒃𝟐 + 𝒂𝒄)

𝒄𝒏+𝟏 + 𝒂𝒏+𝟏
+
𝒄𝒏(𝒄𝟐 + 𝒂𝒃)

𝒂𝒏+𝟏 + 𝒃𝒏+𝟏
 

=
𝒂𝒏+𝟏 ⋅ 𝒂

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
+

𝒂𝒏 ⋅ 𝒃 ⋅ 𝒄

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
+

𝒃𝒏+𝟏 ⋅ 𝒃

𝒄𝒏+𝟏 + 𝒂𝒏+𝟏
+

𝒃𝒏 ⋅ 𝒂 ⋅ 𝒄

𝒄𝒏+𝟏 + 𝒂𝒏+𝟏
+

𝒄𝒏+𝟏 ⋅ 𝒄

𝒂𝒏+𝟏 + 𝒃𝒏+𝟏
+ 

+
𝒄𝒏 ⋅ 𝒂 ⋅ 𝒃

𝒂𝒏+𝟏 + 𝒃𝒏+𝟏
 

≥
𝒄𝒏+𝟏 ⋅ 𝒂

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
+

𝒂𝒏+𝟏 ⋅ 𝒄

𝒂𝒏+𝟏 + 𝒃𝒏+𝟏
+

𝒃𝒏+𝟏 ⋅ 𝒂

𝒂𝒏+𝟏 + 𝒃𝒏+𝟏
+

𝒄𝒏 ⋅ 𝒃 ⋅ 𝒃

𝒄𝒏+𝟏 + 𝒂𝒏+𝟏
+ 

+
𝒃𝒏+𝟏 ⋅ 𝒄

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
+

𝒂𝒏+𝟏 ⋅ 𝒄

𝒄𝒏+𝟏 + 𝒂𝒏+𝟏
 

≥ (
𝒄𝒏+𝟏 ⋅ 𝒂

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
+

𝒃𝒏+𝟏 ⋅ 𝒂

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
) + (

𝒂𝒏+𝟏 ⋅ 𝒄

𝒂𝒏+𝟏 + 𝒃𝒏+𝟏
+

𝒃𝒏+𝟏 ⋅ 𝒄

𝒂𝒏+𝟏 + 𝒃𝒏+𝟏
) + 

+(
𝒄𝒏+𝟏 ⋅ 𝒃

𝒄𝒏+𝟏 + 𝒂𝒏+𝟏
+

𝒂𝒏+𝟏 ⋅ 𝒃

𝒄𝒏+𝟏 + 𝒂𝒏+𝟏
) 
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= 𝒂(
𝒄𝒏+𝟏 + 𝒃𝒏+𝟏

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
) + 𝒄(

𝒂𝒏+𝟏 + 𝒃𝒏+𝟏

𝒂𝒏+𝟏 + 𝒃𝒏+𝟏
) + 𝒃(

𝒄𝒏+𝟏 + 𝒂𝒏+𝟏

𝒄𝒏+𝟏 + 𝒂𝒏+𝟏
) = 𝒂 + 𝒄 + 𝒃 = 𝑹𝑯𝑺 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco  
𝐓𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐜𝐚𝐧 𝐛𝐞 𝐫𝐞𝐰𝐫𝐢𝐭𝐭𝐞𝐧 𝐚𝐬 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 

∑(
𝒂𝒏(𝒂 − 𝒃)(𝒂 − 𝒄)

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
+
𝒂𝒏+𝟏(𝒃 + 𝒄)

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
)

𝒄𝒚𝒄

≥ 𝒂 + 𝒃 + 𝒄. 

𝐍𝐨𝐭𝐢𝐜𝐞 𝐭𝐡𝐚𝐭 𝐢𝐟 𝒂 ≥ 𝒃 ≥ 𝒄 𝐭𝐡𝐞𝐧 
𝒂𝒏

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
≥

𝒃𝒏

𝒄𝒏+𝟏 + 𝒂𝒏+𝟏
≥

𝒄𝒏

𝒂𝒏+𝟏 + 𝒃𝒏+𝟏
, 

𝐬𝐨 𝐛𝐲 𝐭𝐡𝐞 𝐆𝐞𝐧𝐞𝐫𝐚𝐥𝐢𝐳𝐞𝐝 𝐒𝐜𝐡𝐮𝐫 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐝𝐞𝐝𝐮𝐜𝐞 𝐭𝐡𝐚𝐭 

∑
𝒂𝒏(𝒂 − 𝒃)(𝒂 − 𝒄)

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
𝒄𝒚𝒄

≥ 𝟎. 

𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

∑
𝒂𝒏+𝟏(𝒃 + 𝒄)

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
𝒄𝒚𝒄

≥ 𝒂 + 𝒃 + 𝒄  ⇔   ∑(
𝒂𝒏+𝟏(𝒃 + 𝒄)

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
− 𝒂)

𝒄𝒚𝒄

≥ 𝟎 

⇔ ∑(
𝒂𝒃(𝒂𝒏 − 𝒃𝒏)

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
−
𝒄𝒂(𝒄𝒏 − 𝒂𝒏)

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
)

𝒄𝒚𝒄

≥ 𝟎 ⇔ ∑(
𝒂𝒃(𝒂𝒏 − 𝒃𝒏)

𝒃𝒏+𝟏 + 𝒄𝒏+𝟏
−
𝒂𝒃(𝒂𝒏 − 𝒃𝒏)

𝒄𝒏+𝟏 + 𝒂𝒏+𝟏
)

𝒄𝒚𝒄

≥ 𝟎 

⇔ ∑
𝒂𝒃(𝒂𝒏 − 𝒃𝒏)(𝒂𝒏+𝟏 − 𝒃𝒏+𝟏)

(𝒃𝒏+𝟏 + 𝒄𝒏+𝟏)(𝒄𝒏+𝟏 + 𝒂𝒏+𝟏)
𝒄𝒚𝒄

≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝒂𝒏 − 𝒃𝒏 𝐚𝐧𝐝 𝒂𝒏+𝟏 − 𝒃𝒏+𝟏 𝐡𝐚𝐯𝐞 𝐭𝐡𝐞 𝐬𝐚𝐦𝐞 𝐬𝐢𝐠𝐧. 
𝐓𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝒂 = 𝒃 = 𝒄. 

 

1325. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝒂𝐭 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑, 𝐭𝐡𝐞𝐧 ∶ 

𝒂𝟐(𝒂𝟐 + 𝐛𝐜)

(𝐛 + 𝐜)𝟐
+
𝐛𝟐(𝐛𝟐 + 𝐜𝒂)

(𝐜 + 𝒂)𝟐
+
𝐜𝟐(𝐜𝟐 + 𝒂𝐛)

(𝒂 + 𝐛)𝟐
≥
𝟑

𝟐
 

  Proposed by Zaza Mzhavanadze-Georgia 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝒂𝟐(𝒂𝟐 + 𝐛𝐜)

(𝐛 + 𝐜)𝟐
+
𝐛𝟐(𝐛𝟐 + 𝐜𝒂)

(𝐜 + 𝒂)𝟐
+
𝐜𝟐(𝐜𝟐 + 𝒂𝐛)

(𝒂 + 𝐛)𝟐
=∑

𝒂𝟒

(𝐛 + 𝐜)𝟐
𝐜𝐲𝐜

+∑
𝒂𝟐𝐛𝐜

(𝐛 + 𝐜)𝟐
𝐜𝐲𝐜

 

=∑
(𝒂𝟐)

𝟑

(𝒂𝐛 + 𝒂𝐜)𝟐
𝐜𝐲𝐜

+ 𝒂𝐛𝐜∑
𝒂𝟑

(𝒂𝐛 + 𝒂𝐜)𝟐
𝐜𝐲𝐜

≥
𝐑𝒂𝐝𝐨𝐧 (∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟑

𝟒(∑ 𝒂𝐛𝐜𝐲𝐜 )
𝟐 +

𝒂𝐛𝐜(∑ 𝒂𝐜𝐲𝐜 )
𝟑

𝟒(∑ 𝒂𝐛𝐜𝐲𝐜 )
𝟐 ≥

? 𝟑

𝟐
 

⇔
𝒂𝟐+𝐛𝟐+𝐜𝟐 = 𝟑 (∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟑
+ 𝒂𝐛𝐜(∑ 𝒂𝐜𝐲𝐜 )

𝟑

𝟒(∑ 𝒂𝐛𝐜𝐲𝐜 )
𝟐 ≥

? 𝟏

𝟐
∑𝒂𝟐

𝐜𝐲𝐜

⇔
𝒂𝟐+𝐛𝟐+𝐜𝟐 = 𝟑
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(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

)

𝟑

≥
?
⏟
(∗)

𝟐(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 
𝐲 + 𝐳 − 𝒙 = 𝟐𝒂 > 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙+ 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 

⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) 

⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 ⇒ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒  

∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫+ 𝐫𝟐 → (𝟐) 

⇒∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 

⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟑) ∴ (𝟏), (𝟐), (𝟑) ⇒ (∗) 

⇔ (𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟑
+ 𝐫𝟐𝐬. 𝐬𝟑 ≥ 𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
 

⇔ 𝐬𝟔 − (𝟐𝟒𝐑𝐫 + 𝟓𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟏𝟔𝟎𝐑𝟐 + 𝟖𝟎𝐑𝐫 + 𝟏𝟎𝐫𝟐) − 𝟒(𝟒𝐑𝐫 + 𝐫𝟐)
𝟑
≥
(∗∗)

𝟎  

𝒂𝐧𝐝 ∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑
⇔  

(𝟐𝟒𝐑𝐫 − 𝟐𝟎𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟔𝟎𝟖𝐑𝟐 − 𝟓𝟔𝟎𝐑𝐫 + 𝟔𝟓𝐫𝟐) 

+𝐫𝟑(𝟑𝟖𝟒𝟎𝐑𝟑 − 𝟒𝟎𝟑𝟐𝐑𝟐𝐫 + 𝟏𝟏𝟓𝟐𝐑𝐫𝟐 − 𝟏𝟐𝟗𝐫𝟑) ≥
(∗∗∗)

𝟎 

𝒂𝐧𝐝 ∵ (𝟐𝟒𝐑𝐫 − 𝟐𝟎𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥ (𝟐𝟒𝐑𝐫 − 𝟐𝟎𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟏𝟔𝟎𝐑𝟐 − 𝟑𝟐𝟎𝐑𝐫 + 𝟏𝟑𝟓𝐫𝟐)𝐬𝟐 ≥
(∗∗∗∗)

𝐫(𝟐𝟑𝟎𝟒𝐑𝟑 − 𝟒𝟗𝟐𝟖𝐑𝟐𝐫 + 𝟐𝟔𝟒𝟖𝐑𝐫𝟐 − 𝟑𝟕𝟏𝐫𝟑)  𝒂𝐧𝐝 

∵ 𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐 𝒂𝐧𝐝 𝟏𝟔𝟎𝐑𝟐 − 𝟑𝟐𝟎𝐑𝐫 + 𝟏𝟑𝟓𝐫𝟐 ≥
𝐄𝐮𝐥𝐞𝐫

𝟏𝟑𝟓𝐫𝟐 > 𝟎 
∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝟏𝟔𝟎𝐑𝟐 − 𝟑𝟐𝟎𝐑𝐫 + 𝟏𝟑𝟓𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥ 𝐫(𝟐𝟑𝟎𝟒𝐑𝟑 − 𝟒𝟗𝟐𝟖𝐑𝟐𝐫 + 𝟐𝟔𝟒𝟖𝐑𝐫𝟐 − 𝟑𝟕𝟏𝐫𝟑) ⇔ 𝟑𝟐𝐭𝟑 − 𝟏𝟐𝟒𝐭𝟐 + 𝟏𝟑𝟗𝐭− 𝟑𝟖 ≥ 𝟎 

(𝐭 =
𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟑𝟐𝐭(𝐭 − 𝟐) + 𝟒𝐭 + 𝟏𝟗) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗)  

⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝒂𝟐(𝒂𝟐 + 𝐛𝐜)

(𝐛 + 𝐜)𝟐
+
𝐛𝟐(𝐛𝟐 + 𝐜𝒂)

(𝐜 + 𝒂)𝟐
+
𝐜𝟐(𝐜𝟐 + 𝒂𝐛)

(𝒂 + 𝐛)𝟐
≥
𝟑

𝟐
 

∀ 𝒂,𝐛, 𝐜 > 0│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝟐(
𝒂𝟐(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)𝟐
+
𝒃𝟐(𝒃𝟐 + 𝒄𝒂)

(𝒄 + 𝒂)𝟐
+
𝒄𝟐(𝒄𝟐 + 𝒂𝒃)

(𝒂 + 𝒃)𝟐
) − (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 



 
www.ssmrmh.ro 

42 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400 

 

                      = ∑(
𝟐𝒂𝟐(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)𝟐
− 𝒂𝟐)

𝒄𝒚𝒄

=∑(
𝒂𝟐(𝒂𝟐 − 𝒃𝟐)

(𝒃 + 𝒄)𝟐
−
𝒂𝟐(𝒄𝟐 − 𝒂𝟐)

(𝒃 + 𝒄)𝟐
)

𝒄𝒚𝒄

 

 = ∑(
𝒂𝟐(𝒂𝟐 − 𝒃𝟐)

(𝒃 + 𝒄)𝟐
−
𝒃𝟐(𝒂𝟐 − 𝒃𝟐)

(𝒄 + 𝒂)𝟐
)

𝒄𝒚𝒄

=∑
(𝒂𝟐 − 𝒃𝟐)[(𝒄𝒂 + 𝒂𝟐)𝟐 − (𝒃𝟐 + 𝒃𝒄)𝟐]

(𝒃 + 𝒄)𝟐(𝒄 + 𝒂)𝟐
𝒄𝒚𝒄

 

                      = ∑
(𝒂 + 𝒃)(𝒂 + 𝒃 + 𝒄)(𝒄𝒂 + 𝒂𝟐 + 𝒃𝟐 + 𝒃𝒄)(𝒂 − 𝒃)𝟐

(𝒃 + 𝒄)𝟐(𝒄 + 𝒂)𝟐
𝒄𝒚𝒄

≥ 𝟎. 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞, 

𝒂𝟐(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)𝟐
+
𝒃𝟐(𝒃𝟐 + 𝒄𝒂)

(𝒄 + 𝒂)𝟐
+
𝒄𝟐(𝒄𝟐 + 𝒂𝒃)

(𝒂 + 𝒃)𝟐
≥
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟐
=
𝟑

𝟐
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia 

∑
𝒂𝟒

(𝒃 + 𝒄)𝟐
≥∑

𝒂𝟐(𝟑 − 𝒂𝟐)

𝟐(𝒃 + 𝒄)𝟐
=

∑𝒂𝟐=𝟑⇔𝟑−𝒂𝟐=𝒃𝟐+𝒄𝟐

∑
𝒂𝟐(𝒃𝟐 + 𝒄𝟐)

𝟐(𝒃 + 𝒄)𝟐
 

𝟏

𝟐
⋅∑(

𝟐𝒂𝟒 − 𝒂𝟐 ⋅ (𝒃𝟐 + 𝒄𝟐)

(𝒃 + 𝒄)𝟐
) ≥

?
𝟎 

𝟏

𝟐
∑

𝒂𝟐

(𝒃 + 𝒄)𝟐
[𝟐𝒂𝟐 − (𝒃 + 𝒄)𝟐 + 𝟐𝒃𝒄] ≥ 𝟎 

𝟏

𝟐
∑

𝟐(𝒂𝟐 + 𝒃𝒄)𝒂𝟐

(𝒃 + 𝒄)𝟐
−
𝟏

𝟐
∑

𝒂𝟐

(𝒃 + 𝒄)𝟐
⋅ (𝒃 + 𝒄)𝟐 ≥ 𝟎 

∑
𝒂𝟐(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)𝟐
≥∑

𝒂𝟐

𝟐
=
𝟑

𝟐
 

𝒂 = 𝒃 = 𝒄 = 𝟏 

Solution 4 by Sidi Abdellah Lemrabott-Mauritania  

This inequality is symmetric assume that (𝒂 ≥ 𝒃 ≥ 𝒄) then: 

𝒂(𝒂𝟐+𝒃𝒄)

𝒃+𝒄
≥
𝒃(𝒃𝟐+𝒄𝒂)

𝒄+𝒂
≥

𝒄(𝒄𝟐+𝒂𝒃)

𝒂+𝒃
 and 

𝒂

𝒃+𝒄
≥

𝒃

𝒄+𝒂
≥

𝒄

𝒂+𝒃
: 

∑
𝒂𝟐(𝒂𝟐 + 𝒃𝒄)

(𝒃 + 𝒄)𝟐
𝒄𝒚𝒄

≥
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
(∑

𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

)(∑
𝒂(𝒂𝟐 + 𝒃𝒄)

𝒃 + 𝒄
𝒄𝒚𝒄

) ≥
𝑵𝒆𝒔𝒃𝒊𝒕𝒕
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≥
𝟏

𝟐
(∑

𝒂(𝒂𝟐 + 𝒃𝒄)

𝒃 + 𝒄
𝒄𝒚𝒄

) ≥
? 𝟑

𝟐
 

∑
𝒂(𝒂𝟐 + 𝒃𝒄)

𝒃 + 𝒄
𝒄𝒚𝒄

=∑(
𝒂(𝒂𝟐 + 𝒃𝒄)

𝒃 + 𝒄
− 𝒂𝟐)

𝒄𝒚𝒄

+∑𝒂𝟐

𝒄𝒚𝒄

= 

=∑
𝒂(𝒂 − 𝒃)(𝒂 − 𝒄)

𝒃 + 𝒄
𝒄𝒚𝒄

+∑𝒂𝟐

𝒄𝒚𝒄

≥
𝑺𝒄𝒉𝒖𝒓

∑𝒂𝟐

𝒄𝒚𝒄

 

⇔
𝟏

𝟐
⋅ (∑

𝒂(𝒂𝟐 + 𝒃𝒄)

𝒃 + 𝒄
𝒄𝒚𝒄

) ≥
𝟏

𝟐
⋅ (∑𝒂𝟐

𝒄𝒚𝒄

) =
𝟑

𝟐
 

Equality holds if: (𝒂 = 𝒃 = 𝒄 = 𝟏) (Q.E.D.) 

1326. Let 𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 be positive real numbers such that 

 𝒂𝟏
𝟐 + 𝒂𝟐

𝟐 +⋯+ 𝒂𝒏
𝟐 = 𝒏;𝒏 ∈ ℕ.Prove that: 

√𝒂𝟏
𝟐 + 𝒂𝟐𝒂𝟑

𝒏
+ √𝒂𝟐

𝟐 + 𝒂𝟑𝒂𝟒
𝒏

+⋯+ √𝒂𝒏
𝟐 + 𝒂𝟏𝒂𝟐

𝒏
≤ 𝒏√𝟐

𝒏
 

Proposed by Sidi Abdellah Lemrabott-Mauritania 
Solution 1 by Elsen Kerimov-Azerbaijan 

√𝒂𝟏
𝟐 + 𝒂𝟐𝒂𝟑

𝒏
= 𝒙𝟏 → 𝒙𝟏

𝒏 = 𝒂𝟏
𝟐 + 𝒂𝟐𝒂𝟑 

… 

√𝒂𝒏𝟐 + 𝒂𝟏𝒂𝟐
𝒏

= 𝒙𝒏 → 𝒙𝒏
𝒏 = 𝒂𝒏

𝟐 + 𝒂𝟏𝒂𝟐 

𝑴 = 𝒙𝟏
𝒏 + 𝒙𝟐

𝒏 +⋯+ 𝒙𝒏
𝒏 = 𝒏 + (𝒂𝟐𝒂𝟑 + 𝒂𝟑𝒂𝟒 +⋯+ 𝒂𝟏𝒂𝟐) 

(
𝟏

𝒏
∑𝒙𝒌

𝒏

𝒏

𝒌=𝟏

)

𝟏
𝒏

≥
𝟏

𝒏
(∑𝒙𝒌

𝒏

𝒌=𝟏

) ⇒ 𝑳𝒆𝒎𝒎𝒂 

𝑴 ≥
(𝒙𝟏 + 𝒙𝟐 +⋯+ 𝒙𝒏)

𝒏

𝒏𝒏−𝟏
 

𝑴 ≤ 𝒏+ (
𝒂𝟐
𝟐 + 𝒂𝟑

𝟐 + 𝒂𝟑
𝟐 + 𝒂𝟒

𝟐 +⋯+ 𝒂𝟏
𝟐 + 𝒂𝟐

𝟐

𝟐
) = 𝟐𝒏 
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∑𝒙𝒊

𝒏

𝒊=𝟏

= 𝑷 

𝟐𝒏 ≥
𝑷𝒏

𝒏𝒏−𝟏
⇒ 𝟐𝒏𝒏 ≥ 𝑷𝒏 ⇒ 𝑷 ≤ √𝟐

𝒏
× 𝒏 

Solution 2 by Tapas Das-India 

𝒂𝟏
𝟐 + 𝒂𝟐

𝟐 +⋯+ 𝒂𝒏
𝟐 = 𝒏 

√𝒂𝟏
𝟐 + 𝒂𝟐𝒂𝟑

𝒏
+ √𝒂𝟐

𝟐 + 𝒂𝟑𝒂𝟒
𝒏

+⋯+ √𝒂𝒏𝟐 + 𝒂𝟏𝒂𝟐
𝒏

 

≤
𝑪𝑩𝑺

𝒏 [
(𝒂𝟏

𝟐 + 𝒂𝟐
𝟐 +⋯+ 𝒂𝒏

𝟐) + (𝒂𝟐𝒂𝟑 + 𝒂𝟑𝒂𝟒 +⋯+ 𝒂𝟏𝒂𝟐)

𝒏
]

𝟏
𝒏

 

≤
𝑨𝑴−𝑮𝑴

𝒏

[
 
 
 
 (∑𝒂𝟏

𝟐) + (
𝒂𝟐
𝟐 + 𝒂𝟑

𝟐

𝟐 +
𝒂𝟑
𝟐 + 𝒂𝟒

𝟐

𝟐 +⋯+
𝒂𝟏
𝟐 + 𝒂𝟐

𝟐

𝟐 )

𝒏

]
 
 
 
 

𝟏
𝒏

 

= 𝒏[
(∑𝒂𝟏

𝟐) + (∑𝒂𝟏
𝟐)

𝒏
]

𝟏
𝒏

= 𝒏[
𝟐(∑𝒂𝟏

𝟐)

𝒏
]

𝟏
𝒏

= 𝒏[
𝟐 ⋅ 𝒏

𝒏
]

𝟏
𝒏
= 𝒏 ⋅ 𝟐

𝟏
𝒏 = 𝒏√𝟐

𝒏
 

[∵∑𝒂𝟏
𝟐 = 𝒏] 

1327. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 > 0 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂𝒃𝒄 = 𝟏.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟏

𝒂(𝒂 + 𝒃)
+

𝟏

𝒃(𝒃 + 𝒄)
+

𝟏

𝒄(𝒄 + 𝒂)
≥

𝒂 + 𝒃 + 𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 − 𝟏
. 

Proposed by Phan Ngoc Chau-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝟏

𝒃(𝒃 + 𝒄)
𝒄𝒚𝒄

≥⏞
𝑪𝑩𝑺

 

(∑ √
𝒂
𝒃𝒄𝒚𝒄 )

𝟐

∑ 𝒂(𝒃 + 𝒄)𝒄𝒚𝒄
=

∑ (
𝒂
𝒃 + 𝟐

√
𝒂
𝒄)𝒄𝒚𝒄

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
 ≥⏞
𝑨𝑴−𝑮𝑴

 

≥  

∑ 𝟑√
𝒂
𝒃 .
√
𝒂
𝒄

𝟐𝟑

𝒄𝒚𝒄

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
=

𝟑(𝒂 + 𝒃 + 𝒄)

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
= 
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=
𝒂 + 𝒃 + 𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 −
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟑

≥⏞
𝑨𝑴−𝑮𝑴 𝒂 + 𝒃 + 𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 − √(𝒂𝒃𝒄)𝟐
𝟑

=
𝒂 + 𝒃 + 𝒄

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 − 𝟏
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1328. 𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 𝒂 + 𝐛 + 𝐜 = 𝟑. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟐𝟖 (𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒) − 𝟑 ≥ 𝟐𝟕(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐛 = 𝐜 = 𝟎  

(𝒂 = 𝟑) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝟐𝟖 ∗ 𝟑
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 − 𝟑 > 𝟑𝟑 ∗ 𝟑

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 − 𝟑 > 0 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 (𝐛 + 𝐜 = 𝟑) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝟐𝟖.( √𝐛 ∗ 𝐛 ∗ 𝐛 ∗ …𝐛⏟        
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟒 + √𝐜 ∗ 𝐜 ∗ 𝐜 ∗ …𝐜⏟        
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟒 ) 

−𝟑 −
𝟐𝟕. 𝟗𝐛𝐜

(𝐛 + 𝐜)𝟐
≥
𝐆−𝐇

𝟐𝟖(
𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐛 + 𝟏

+
𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐜 + 𝟏

)− 𝟑 −
𝟐𝟒𝟑𝐛𝐜

(𝐛 + 𝐜)𝟐
 

= 𝟐𝟖.𝟐𝟎𝟐𝟒(
𝐛𝟐

𝟐𝟎𝟐𝟑𝐛+ 𝐛𝟐
+

𝐜𝟐

𝟐𝟎𝟐𝟑𝐜 + 𝐜𝟐
) − 𝟑 −

𝟐𝟒𝟑𝐛𝐜

(𝐛 + 𝐜)𝟐
 

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
∵ 𝐛 + 𝐜 = 𝟑 𝟐𝟖.𝟐𝟎𝟐𝟒(𝐛 + 𝐜)𝟐

𝟐𝟎𝟐𝟑
𝟑

(𝐛 + 𝐜)𝟐 + 𝐛𝟐 + 𝐜𝟐
− 𝟑 −

𝟐𝟒𝟑𝐛𝐜

(𝐛 + 𝐜)𝟐
 

=
(𝟖𝟒.𝟐𝟎𝟐𝟒− 𝟔𝟎𝟔𝟗)(𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜) − 𝟗(𝐛𝟐 + 𝐜𝟐)

𝟐𝟎𝟐𝟔(𝐛𝟐 + 𝐜𝟐) + 𝟐𝟎𝟐𝟑.𝟐𝐛𝐜
−

𝟐𝟒𝟑𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
 

=
𝟏𝟔𝟑𝟗𝟑𝟖𝒙+ 𝟏𝟔𝟑𝟗𝟒𝟕𝐲

𝟐𝟎𝟐𝟔𝒙+ 𝟐𝟎𝟐𝟑𝐲
−

𝟐𝟒𝟑𝐲

𝟐(𝒙 + 𝐲)
 (𝒙 = 𝐛𝟐 + 𝐜𝟐; 𝐲 = 𝟐𝐛𝐜) 

=
𝟑𝟐𝟕𝟖𝟕𝟔𝒙𝟐 + 𝟏𝟔𝟑𝟒𝟓𝟐𝒙𝐲 − 𝟏𝟔𝟑𝟔𝟗𝟓𝐲𝟐

𝟐(𝒙 + 𝐲)(𝟐𝟎𝟐𝟔𝒙+ 𝟐𝟎𝟐𝟑𝐲)
 

=
(𝟑𝟐𝟕𝟖𝟕𝟔𝒙 + 𝟒𝟗𝟏𝟑𝟐𝟖𝐲)(𝒙− 𝐲) + 𝟑𝟐𝟕𝟔𝟑𝟑𝐲𝟐

𝟐(𝒙 + 𝐲)(𝟐𝟎𝟐𝟔𝒙+ 𝟐𝟎𝟐𝟑𝐲)
> 0 ∵ 𝑥 = 𝐛𝟐 + 𝐜𝟐 ≥ 𝟐𝐛𝐜 = 𝐲 

𝒂𝐧𝐝 𝐛, 𝐜 > 0 ⇒ 𝒙,𝐲 > 0 ∴ 28 (𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒) − 𝟑 > 𝟐𝟕(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 

𝐂𝒂𝐬𝐞 𝟑  𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 =
∵ 𝒂 + 𝐛 + 𝐜 = 𝟑

 

𝟐𝟖.( √𝒂 ∗ 𝒂 ∗ 𝒂 ∗ …𝒂⏟        
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟒 + √𝐛 ∗ 𝐛 ∗ 𝐛 ∗ …𝐛⏟        
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟒 + √𝐜 ∗ 𝐜 ∗ 𝐜 ∗ …𝐜⏟        
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟒 ) − 𝟑 
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−
𝟐𝟕.𝟗(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
≥
𝐆−𝐇

𝟐𝟖(
𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝒂 + 𝟏

+
𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐛 + 𝟏

+
𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐜 + 𝟏

) 

−𝟑 −
𝟐𝟒𝟑(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

= 𝟐𝟖.𝟐𝟎𝟐𝟒(
𝒂𝟐

𝟐𝟎𝟐𝟑𝒂+ 𝒂𝟐
+

𝐛𝟐

𝟐𝟎𝟐𝟑𝐛+ 𝐛𝟐
+

𝐜𝟐

𝟐𝟎𝟐𝟑𝐜 + 𝐜𝟐
) − 𝟑−

𝟐𝟒𝟑(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
∵ 𝒂 + 𝐛 + 𝐜 = 𝟑 𝟐𝟖. 𝟐𝟎𝟐𝟒(𝒂 + 𝐛 + 𝐜)𝟐

𝟐𝟎𝟐𝟑
𝟑

(𝒂 + 𝐛 + 𝐜)𝟐 + 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
− 𝟑 −

𝟐𝟒𝟑(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

=
𝟖𝟒.𝟐𝟎𝟐𝟒(𝐮+ 𝟐𝐯)

𝟐𝟎𝟐𝟑(𝐮+ 𝟐𝐯) + 𝟑𝐮
− 𝟑 −

𝟐𝟒𝟑𝐯

𝐮 + 𝟐𝐯
 (𝐮 = 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐, 𝐯 = 𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 

=
𝟔(𝟐𝟕𝟑𝟐𝟑𝐮𝟐 + 𝟐𝟕𝟐𝟒𝟐𝐮𝐯− 𝟓𝟒𝟓𝟔𝟓𝐯𝟐)

𝟐𝟎𝟐𝟔𝐮 + 𝟒𝟎𝟒𝟔𝐯
=
𝟔(𝐮 − 𝐯)(𝟐𝟕𝟑𝟐𝟑𝐮+ 𝟓𝟒𝟓𝟔𝟓𝐯)

𝟐𝟎𝟐𝟔𝐮 + 𝟒𝟎𝟒𝟔𝐯
≥ 𝟎  

(∵ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 ⇒ 𝐮 ≥ 𝐯 𝒂𝐧𝐝 𝒂, 𝐛, 𝐜 > 0 ⇒ 𝑢, 𝑣 > 0) 

∴ 𝟐𝟖(∑𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒

𝐜𝐲𝐜

)− 𝟑 ≥ 𝟐𝟕(∑𝒂𝐛

𝐜𝐲𝐜

)  𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 

𝟐𝟖(𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒) − 𝟑 ≥ 𝟐𝟕(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)  

∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎│𝒂+ 𝐛 + 𝐜 = 𝟑,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1329. 𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 𝒂 + 𝐛 + 𝐜 = 𝟑. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝟏 ≥ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 + 𝒂

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐛 = 𝐜 = 𝟎  

(𝒂 = 𝟑) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝟑
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝟏 > 0 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎  

(𝐛 + 𝐜 = 𝟑) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 =
∵ 𝐛 + 𝐜 = 𝟑

 

√𝐛 ∗ 𝐛 ∗ 𝐛 ∗ …𝐛⏟        
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟓 + √𝐜 ∗ 𝐜 ∗ 𝐜 ∗ …𝐜⏟        
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟓 + 𝟏 −
𝟗𝐛𝐜

(𝐛 + 𝐜)𝟐
 

≥
𝐆−𝐇 𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝐛 + 𝟏

+
𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝐜 + 𝟏

+ 𝟏 −
𝟗𝐛𝐜

(𝐛 + 𝐜)𝟐
 

= 𝟐𝟎𝟐𝟓(
𝐛𝟐

𝟐𝟎𝟐𝟒𝐛+ 𝐛𝟐
+

𝐜𝟐

𝟐𝟎𝟐𝟒𝐜+ 𝐜𝟐
) + 𝟏−

𝟗𝐛𝐜

(𝐛 + 𝐜)𝟐
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
∵ 𝐛 + 𝐜 = 𝟑
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𝟐𝟎𝟐𝟓(𝐛 + 𝐜)𝟐

𝟐𝟎𝟐𝟒
𝟑

(𝐛 + 𝐜)𝟐 + 𝐛𝟐 + 𝐜𝟐
+ 𝟏−

𝟗𝐛𝐜

(𝐛 + 𝐜)𝟐
 

=
𝟔𝟎𝟕𝟓(𝐮+ 𝐯)

𝟐𝟎𝟐𝟕𝐮+ 𝟐𝟎𝟐𝟒𝐯
−

𝟗𝐯

𝟐(𝐮+ 𝐯)
+ 𝟏 (𝐮 = 𝐛𝟐 + 𝐜𝟐; 𝐯 = 𝟐𝐛𝐜) 

= 𝟗 ∗
𝟏𝟑𝟓𝟎(𝐮+ 𝐯)𝟐 − 𝐯(𝟐𝟎𝟐𝟕𝐮+ 𝟐𝟎𝟐𝟒𝐯)

𝟐(𝐮 + 𝐯)(𝟐𝟎𝟐𝟕𝐮+ 𝟐𝟎𝟐𝟒𝐯)
+ 𝟏 = 𝟗 ∗

𝟏𝟑𝟓𝟎𝐮𝟐 + 𝟔𝟕𝟑𝐮𝐯− 𝟔𝟕𝟒𝐯𝟐

𝟐(𝐮 + 𝐯)(𝟐𝟎𝟐𝟕𝐮+ 𝟐𝟎𝟐𝟒𝐯)
+ 𝟏 

= 𝟗 ∗
(𝐮 − 𝐯)(𝟏𝟑𝟓𝟎𝐮+ 𝟐𝟎𝟐𝟑𝐯) + 𝟏𝟑𝟒𝟗𝐯𝟐

𝟐(𝐮 + 𝐯)(𝟐𝟎𝟐𝟕𝐮+ 𝟐𝟎𝟐𝟒𝐯)
+ 𝟏 ≥ 𝟏 > 0  

(∵ 𝐛𝟐 + 𝐜𝟐 ≥ 𝟐𝐛𝐜 ⇒ 𝐮 ≥ 𝐯 𝒂𝐧𝐝 𝐛, 𝐜 > 0 ⇒ 𝑢, 𝑣 > 0) 

∴ 𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝟏 > 𝑎𝐛+ 𝐛𝐜 + 𝐜𝒂 + 𝒂

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 

𝐂𝒂𝐬𝐞 𝟑  𝒂,𝐛, 𝐜 > 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 =
∵ 𝒂 + 𝐛 + 𝐜 = 𝟑

 

√𝒂 ∗ 𝒂 ∗ 𝒂 ∗ …𝒂⏟        
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟓 + √𝐛 ∗ 𝐛 ∗ 𝐛 ∗ …𝐛⏟        
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟓 + √𝐜 ∗ 𝐜 ∗ 𝐜 ∗ …𝐜⏟        
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟓  

+𝟏 −
𝟗(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛+ 𝐜)𝟐
− (𝒂𝐛𝐜)

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 

≥ √𝒂 ∗ 𝒂 ∗ 𝒂 ∗ …𝒂⏟        
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟓 + √𝐛 ∗ 𝐛 ∗ 𝐛 ∗ …𝐛⏟        
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟓 + √𝐜 ∗ 𝐜 ∗ 𝐜 ∗ …𝐜⏟        
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟓  

+𝟏−
𝟗(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
− 𝟏  

(∵ 𝟑 = 𝒂 + 𝐛 + 𝐜 ≥
𝐀−𝐆

𝟑√𝒂𝐛𝐜
𝟑

⇒ 𝒂𝐛𝐜 ≤ 𝟏 ∴ (𝒂𝐛𝐜)
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 ≤ 𝟏) 

≥
𝐆−𝐇 𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝒂 + 𝟏

+
𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝐛 + 𝟏

+
𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝐜 + 𝟏

−
𝟗(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

= 𝟐𝟎𝟐𝟓(
𝒂𝟐

𝟐𝟎𝟐𝟒𝒂 + 𝒂𝟐
+

𝐛𝟐

𝟐𝟎𝟐𝟒𝐛+ 𝐛𝟐
+

𝐜𝟐

𝟐𝟎𝟐𝟒𝐜+ 𝐜𝟐
) −

𝟗(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
∵ 𝒂 + 𝐛 + 𝐜 = 𝟑 𝟐𝟎𝟐𝟓(𝒂 + 𝐛 + 𝐜)𝟐

𝟐𝟎𝟐𝟒
𝟑

(𝒂 + 𝐛 + 𝐜)𝟐 + 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
−
𝟗(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

=
𝟔𝟎𝟕𝟓(𝒙 + 𝟐𝐲)

𝟐𝟎𝟐𝟒(𝒙 + 𝟐𝐲) + 𝟑𝒙
−

𝟗𝐲

𝒙 + 𝟐𝐲
 (𝒙 = 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐, 𝐲 = 𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 

=
𝟔𝟎𝟕𝟓(𝒙 + 𝟐𝐲)𝟐 − 𝟗𝐲(𝟐𝟎𝟐𝟕𝒙 + 𝟒𝟎𝟒𝟖𝐲)

(𝒙 + 𝟐𝐲)(𝟐𝟎𝟐𝟕𝒙+ 𝟒𝟎𝟒𝟖𝐲)
=
𝟗(𝟔𝟕𝟓𝒙𝟐 + 𝟔𝟕𝟑𝒙𝐲 − 𝟏𝟑𝟒𝟖𝐲𝟐)

(𝒙 + 𝟐𝐲)(𝟐𝟎𝟐𝟕𝒙+ 𝟒𝟎𝟒𝟖𝐲)
 

=
𝟗(𝒙 − 𝐲)(𝟔𝟕𝟓𝒙 + 𝟏𝟑𝟒𝟖𝐲)

(𝒙 + 𝟐𝐲)(𝟐𝟎𝟐𝟕𝒙 + 𝟒𝟎𝟒𝟖𝐲)
≥ 𝟎  

(∵∑𝒂𝟐

𝐜𝐲𝐜

≥∑𝒂𝐛

𝐜𝐲𝐜

⇒ 𝒙 ≥ 𝐲 𝒂𝐧𝐝 𝒂, 𝐛, 𝐜 > 0 ⇒ 𝑥, 𝐲 > 0) 

∴∑𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓

𝐜𝐲𝐜

+ 𝟏 ≥∑𝒂𝐛

𝐜𝐲𝐜

+ 𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬,∑𝒂

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓

𝐜𝐲𝐜

+ 𝟏 

≥∑𝒂𝐛

𝐜𝐲𝐜

+ 𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 ∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎│∑𝒂

𝐜𝐲𝐜

= 𝟑,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
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1330. 𝐈𝐟 𝒙, 𝒚, 𝒛 > 0 𝐭𝐡𝐞𝐧 

∑
𝒙𝟐

(𝒙 + √(𝒙 + 𝒚)(𝒙 + 𝒛))
𝟐

𝒄𝒚𝒄

≤
𝒙𝟐𝒚𝟐 + 𝒚𝟐𝒛𝟐 + 𝒛𝟐𝒙𝟐

(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐
 

  Proposed by Marin Chirciu-Romania 
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝒙𝟐

(𝒙 + √(𝒙 + 𝒚)(𝒙 + 𝒛))
𝟐

𝒄𝒚𝒄

=∑
𝒙𝟐(√(𝒙 + 𝒚)(𝒙 + 𝒛) − 𝒙)

𝟐

(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐
𝒄𝒚𝒄

 

                          ≤⏞
𝑨𝑴−𝑮𝑴

 
∑ 𝒙𝟐 (

(𝒙 + 𝒚) + (𝒙 + 𝒛)
𝟐 − 𝒙)

𝟐

𝒄𝒚𝒄

(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐
=
∑ 𝒙𝟐 (

𝒚 + 𝒛
𝟐 )

𝟐

𝒄𝒚𝒄

(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐
 

  ≤⏞
𝑨𝑴−𝑸𝑴

 
∑ 𝒙𝟐.

𝒚𝟐 + 𝒛𝟐

𝟐𝒄𝒚𝒄

(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐
=
𝒙𝟐𝒚𝟐 + 𝒚𝟐𝒛𝟐 + 𝒛𝟐𝒙𝟐

(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒙 = 𝒚 = 𝒛. 

Solution 2 by Soumava Chakraborty-Kolkata-India 

𝒙 +√(𝒙 + 𝐲)(𝒙 + 𝐳) = 𝒙 +
√(𝒙 + 𝐲)(𝒙 + 𝐳)

𝟐
+
√(𝒙 + 𝐲)(𝒙 + 𝐳)

𝟐
≥
𝐀−𝐆

 

𝟑√
𝟐𝒙(𝒙 + 𝐲)(𝒙 + 𝐳)

𝟖

𝟑

≥
𝐆−𝐇 𝟑

𝟐
∗

𝟑 ∗ 𝟐𝒙(𝒙 + 𝐲)(𝒙 + 𝐳)

𝟐𝒙(𝒙+ 𝐲) + 𝟐𝒙(𝒙 + 𝐳) + (𝒙 + 𝐲)(𝒙 + 𝐳)
 

⇒
𝒙𝟐

(𝒙 + √(𝒙 + 𝐲)(𝒙 + 𝐳))
𝟐

 

≤
(𝟐𝒙(𝒙+ 𝐲)(𝐲 + 𝐳) + 𝟐𝒙(𝒙 + 𝐳)(𝐲 + 𝐳) + (𝒙 + 𝐲)(𝒙 + 𝐳)(𝐲 + 𝐳))

𝟐

𝟖𝟏(𝒙 + 𝐲)𝟐(𝒙 + 𝐳)𝟐(𝐲 + 𝐳)𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬 

⇒∑
𝒙𝟐

(𝒙 + √(𝒙 + 𝐲)(𝒙 + 𝐳))
𝟐

𝐜𝐲𝐜

≤
(∗)

 

∑
(𝟐𝒙(𝒙 + 𝐲)(𝐲 + 𝐳) + 𝟐𝒙(𝒙+ 𝐳)(𝐲 + 𝐳) + (𝒙 + 𝐲)(𝒙 + 𝐳)(𝐲 + 𝐳))

𝟐

𝟖𝟏(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝟐(𝐳 + 𝒙)𝟐
𝐜𝐲𝐜

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝒂, 𝐳 + 𝒙 = 𝐛,𝒙 + 𝐲 = 𝐜 ⇒ 𝒂 + 𝐛 − 𝐜 = 𝟐𝐳 > 0, 𝑏 + 𝑐 − 𝑎 = 𝟐𝒙 
> 𝟎 𝒂𝐧𝐝 𝐜 + 𝒂 − 𝐛 = 𝟐𝐲 > 0 ⇒ 𝑎 + 𝐛 > 𝑐, 𝐛 + 𝐜 > 𝒂, 𝐜 + 𝒂 > 𝒃 ⇒ 𝒂, 𝐛, 𝐜 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 
 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)  

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝒂

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

=
(⦁)
𝐬 ⇒ 𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 

𝐕𝐢𝒂 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬,∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝒂)(𝐬 − 𝐛)

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 
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⇒∑𝒙𝐲

𝐜𝐲𝐜

=
(⦁⦁)

𝟒𝐑𝐫 + 𝐫𝟐 ⇒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (⦁),(⦁⦁)

 

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 ⇒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

=
(⦁⦁⦁)

𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) 

 

∴∑(𝟐𝒙(𝒙 + 𝐲)(𝐲 + 𝐳) + 𝟐𝒙(𝒙+ 𝐳)(𝐲 + 𝐳) + (𝒙 + 𝐲)(𝒙 + 𝐳)(𝐲 + 𝐳))
𝟐

𝐜𝐲𝐜

 

=∑(𝟐(𝐬 − 𝒂)(𝒂𝐜 + 𝒂𝐛) + 𝒂𝐛𝐜)𝟐

𝐜𝐲𝐜

=∑(𝟐(𝐬 − 𝒂)(∑𝒂𝐛

𝐜𝐲𝐜

− 𝐛𝐜) + 𝟒𝐑𝐫𝐬)

𝟐

𝐜𝐲𝐜

 

= 𝟒∑((𝐬 − 𝒂) ∗∑𝒂𝐛

𝐜𝐲𝐜

− 𝐬𝐛𝐜 + 𝟔𝐑𝐫𝐬)

𝟐

𝐜𝐲𝐜

 

= 𝟒

(

 
 
 
 (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

∗∑(𝐬 − 𝒂)𝟐

𝐜𝐲𝐜

+ 𝐬𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝟏𝟎𝟖𝐑𝟐𝐫𝟐𝐬𝟐 −

𝟐𝐬(∑𝒂𝐛

𝐜𝐲𝐜

) ∗∑𝐛𝐜(𝐬 − 𝒂)

𝐜𝐲𝐜

− 𝟏𝟐𝐑𝐫𝐬𝟐∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟏𝟐𝐑𝐫𝐬(∑𝒂𝐛

𝐜𝐲𝐜

) ∗∑(𝐬 − 𝒂)

𝐜𝐲𝐜 )

 
 
 
 

 

= 𝟒

(

 
 
 
 
 (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

∗ (𝟑𝐬𝟐 − 𝟐𝐬(𝟐𝐬) + 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)) + 𝐬𝟐 ((∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟏𝟔𝐑𝐫𝐬𝟐)

+𝟏𝟎𝟖𝐑𝟐𝐫𝟐𝐬𝟐 − 𝟐𝐬(∑𝒂𝐛

𝐜𝐲𝐜

) ∗ (𝐬(∑𝒂𝐛

𝐜𝐲𝐜

)− 𝟏𝟐𝐑𝐫𝐬)− 𝟏𝟐𝐑𝐫𝐬𝟐∑𝒂𝐛

𝐜𝐲𝐜

+ 𝟏𝟐𝐑𝐫𝐬𝟐∑𝒂𝐛

𝐜𝐲𝐜 )

 
 
 
 
 

 

=
∑ 𝒂𝐛𝐜𝐲𝐜  = 𝐬𝟐+𝟒𝐑𝐫+𝐫𝟐

𝟖𝐫𝟐 ((𝟕𝟎𝐑𝟐 − 𝟒𝐑𝐫− 𝟐𝐫𝟐)𝐬𝟐 − 𝐬𝟒 − 𝐫(𝟒𝐑+ 𝐫)𝟑) 

∴∑
(𝟐𝒙(𝒙+ 𝐲)(𝐲 + 𝐳) + 𝟐𝒙(𝒙 + 𝐳)(𝐲 + 𝐳) + (𝒙 + 𝐲)(𝒙 + 𝐳)(𝐲 + 𝐳))

𝟐

𝟖𝟏(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝟐(𝐳 + 𝒙)𝟐
𝐜𝐲𝐜

 

≤
𝟖𝐫𝟐 ((𝟕𝟎𝐑𝟐 − 𝟒𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 − 𝐬𝟒 − 𝐫(𝟒𝐑+ 𝐫)𝟑)

𝟖𝟏 ∗ 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
≤
? ∑ 𝒙𝟐𝐲𝟐𝐜𝐲𝐜

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐 =
𝐯𝐢𝒂 (⦁⦁),(⦁⦁⦁) 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐)

(𝟒𝐑𝐫 + 𝐫𝟐)𝟐
 

⇔ (𝟏𝟒𝟕𝟐𝐑𝟒 + 𝟖𝟎𝟎𝐑𝟑𝐫 + 𝟏𝟓𝟔𝐑𝟐𝐫𝟐 + 𝟐𝟎𝐑𝐫𝟑 + 𝟐𝐫𝟒)𝐬𝟐 

+𝐫(𝟒𝐑 + 𝐫)𝟓 ≥
?
⏟
(∗∗)

(𝟑𝟎𝟖𝐑𝟐 − 𝟖𝐑𝐫− 𝐫𝟐)𝐬𝟒 

𝐍𝐨𝐰,𝐑𝐇𝐒 𝐨𝐟 (∗∗) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟑𝟎𝟖𝐑𝟐 − 𝟖𝐑𝐫 − 𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐 ≤
?

 

(𝟏𝟒𝟕𝟐𝐑𝟒 + 𝟖𝟎𝟎𝐑𝟑𝐫 + 𝟏𝟓𝟔𝐑𝟐𝐫𝟐 + 𝟐𝟎𝐑𝐫𝟑 + 𝟐𝐫𝟒)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟓 

⇔ (𝟐𝟒𝟎𝐑𝟒 − 𝟒𝟎𝟎𝐑𝟑𝐫 − 𝟕𝟑𝟐𝐑𝟐𝐫𝟐 + 𝟒𝟖𝐑𝐫𝟑 + 𝟓𝐫𝟒)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟓 ≥
?
⏟
(∗∗∗)

𝟎 
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𝐂𝒂𝐬𝐞 𝟏  𝟐𝟒𝟎𝐑𝟒 − 𝟒𝟎𝟎𝐑𝟑𝐫 − 𝟕𝟑𝟐𝐑𝟐𝐫𝟐 + 𝟒𝟖𝐑𝐫𝟑 + 𝟓𝐫𝟒 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥ 𝐫(𝟒𝐑 + 𝐫)𝟓 > 0 ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 
𝐂𝒂𝐬𝐞 𝟐  𝟐𝟒𝟎𝐑𝟒 − 𝟒𝟎𝟎𝐑𝟑𝐫 − 𝟕𝟑𝟐𝐑𝟐𝐫𝟐 + 𝟒𝟖𝐑𝐫𝟑 + 𝟓𝐫𝟒 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) 

= −(−(𝟐𝟒𝟎𝐑𝟒 − 𝟒𝟎𝟎𝐑𝟑𝐫 − 𝟕𝟑𝟐𝐑𝟐𝐫𝟐 + 𝟒𝟖𝐑𝐫𝟑 + 𝟓𝐫𝟒))𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟓 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

−(−(𝟐𝟒𝟎𝐑𝟒 − 𝟒𝟎𝟎𝐑𝟑𝐫 − 𝟕𝟑𝟐𝐑𝟐𝐫𝟐 + 𝟒𝟖𝐑𝐫𝟑 + 𝟓𝐫𝟒)) (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

+𝐫(𝟒𝐑 + 𝐫)𝟓 ≥
?
𝟎 

⇔ 𝟏𝟐𝟎𝐭𝟔 + 𝟒𝟖𝐭𝟓 − 𝟑𝟏𝟔𝐭𝟒 − 𝟒𝟏𝟐𝐭𝟑 − 𝟐𝟐𝟖𝐭𝟐 + 𝟐𝟑𝐭 + 𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟏𝟐𝟎𝐭𝟓 + 𝟐𝟖𝟖𝐭𝟒 + 𝟐𝟔𝟎𝐭𝟑 + 𝟏𝟎𝟐𝐭𝟐 + 𝟔𝐭(𝐭 − 𝟐) − 𝟏) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (∗∗∗) ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 

∴∑
𝒙𝟐

(𝒙 + √(𝒙 + 𝐲)(𝒙 + 𝐳))
𝟐

𝐜𝐲𝐜

≤
𝐯𝐢𝒂 (∗)

 

∑
(𝟐𝒙(𝒙+ 𝐲)(𝐲 + 𝐳) + 𝟐𝒙(𝒙 + 𝐳)(𝐲 + 𝐳) + (𝒙 + 𝐲)(𝒙 + 𝐳)(𝐲 + 𝐳))

𝟐

𝟖𝟏(𝒙 + 𝐲)𝟐(𝐲 + 𝐳)𝟐(𝐳 + 𝒙)𝟐
𝐜𝐲𝐜

 

≤
∑ 𝒙𝟐𝐲𝟐𝐜𝐲𝐜

(∑ 𝒙𝐲𝐜𝐲𝐜 )
𝟐 ,
′′=′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 (𝐐𝐄𝐃) 

 

1331. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

√
𝒃 + 𝒄

𝒃𝒄 + 𝟏
+ √

𝒄 + 𝒂

𝒄𝒂 + 𝟏
+ √

𝒂 + 𝒃

𝒂𝒃 + 𝟏
≥

𝒂 + 𝒃 + 𝒄 + 𝟑

√𝒂 + 𝒃 + 𝒄 + 𝒂𝒃𝒄
 

Proposed by Phan Ngoc Chau-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

(𝒃 + 𝒄)(𝒂 + 𝒃 + 𝒄 + 𝒂𝒃𝒄)

𝒃𝒄 + 𝟏
=
(𝒃 + 𝒄)𝟐

𝒃𝒄 + 𝟏
+
(𝒂𝒃 + 𝒄𝒂)𝟐

𝒂𝒃 + 𝒄𝒂
≥
(𝒃 + 𝒄 + 𝒂𝒃 + 𝒄𝒂)𝟐

𝒃𝒄 + 𝟏 + 𝒂𝒃 + 𝒂𝒄

=
(𝒃 + 𝒄 + 𝒂𝒃 + 𝒄𝒂)𝟐

𝟒
⇒ √

𝒃 + 𝒄

𝒃𝒄 + 𝟏
≥

𝒃 + 𝒄 + 𝒂𝒃 + 𝒄𝒂

𝟐√𝒂 + 𝒃 + 𝒄 + 𝒂𝒃𝒄
. 

𝐒𝐢𝐦𝐢𝐥𝐚𝐫𝐥𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

√
𝒄 + 𝒂

𝒄𝒂 + 𝟏
≥

𝒄 + 𝒂 + 𝒂𝒃 + 𝒃𝒄

𝟐√𝒂 + 𝒃 + 𝒄 + 𝒂𝒃𝒄
  𝐚𝐧𝐝  √

𝒂 + 𝒃

𝒂𝒃 + 𝟏
≥

𝒂 + 𝒃 + 𝒃𝒄 + 𝒄𝒂

𝟐√𝒂 + 𝒃 + 𝒄 + 𝒂𝒃𝒄
. 

𝐀𝐝𝐝𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬, 𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

√
𝒃 + 𝒄

𝒃𝒄 + 𝟏
+ √

𝒄 + 𝒂

𝒄𝒂 + 𝟏
+√

𝒂 + 𝒃

𝒂𝒃 + 𝟏
≥
𝒂 + 𝒃 + 𝒄 + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

√𝒂 + 𝒃 + 𝒄 + 𝒂𝒃𝒄
=

𝒂 + 𝒃 + 𝒄 + 𝟑

√𝒂 + 𝒃 + 𝒄 + 𝒂𝒃𝒄
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
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1332. 𝐋𝐞𝐭 𝛌 ≥ 𝟎 𝐛𝐞 𝐟𝐢𝒙𝐞𝐝. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝐭 ∶ 𝒂𝐛𝐜 = 𝟏, 𝐭𝐡𝐞𝐧 ∶ 

∑
𝒂𝟐

(𝒂𝐛 + 𝛌)(𝛌𝒂𝐛 + 𝟏)
𝐜𝐲𝐜

≥
𝟑

(𝛌 + 𝟏)𝟐
 

  Proposed by Marin Chirciu-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝒙𝐲 ≤
(𝒙 + 𝐲)𝟐

𝟒
∴∑

𝒂𝟐

(𝒂𝐛 + 𝛌)(𝛌𝒂𝐛+ 𝟏)
𝐜𝐲𝐜

≥∑
𝒂𝟐

(𝒂𝐛 + 𝛌 + 𝛌𝒂𝐛+ 𝟏)𝟐

𝟒𝐜𝐲𝐜

 

= 𝟒∑
𝒂𝟐

(𝛌 + 𝟏)𝟐(𝒂𝐛 + 𝟏)𝟐
𝐜𝐲𝐜

≥
𝟒

(𝛌 + 𝟏)𝟐
∑

𝒂𝐛

(𝒂𝐛 + 𝟏)(𝐛𝐜 + 𝟏)
𝐜𝐲𝐜

  

(∵ 𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 ≥ 𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙) 

=
𝟒

(𝛌 + 𝟏)𝟐(𝒂𝐛 + 𝟏)(𝐛𝐜 + 𝟏)(𝐜𝒂 + 𝟏)
∑𝒂𝐛(𝐜𝒂 + 𝟏)

𝐜𝐲𝐜

=
𝒂𝐛𝐜 = 𝟏

 

𝟒(∑ 𝒂𝐜𝐲𝐜 + ∑ 𝒂𝐛𝐜𝐲𝐜 )

(𝛌 + 𝟏)𝟐(𝟐 + ∑ 𝒂𝐜𝐲𝐜 + ∑ 𝒂𝐛𝐜𝐲𝐜 )
≥
? 𝟑

(𝛌 + 𝟏)𝟐
 

⇔ 𝟒∑𝒂

𝐜𝐲𝐜

+ 𝟒∑𝒂𝐛

𝐜𝐲𝐜

≥
?
𝟔 + 𝟑∑𝒂

𝐜𝐲𝐜

+ 𝟑∑𝒂𝐛

𝐜𝐲𝐜

⇔∑𝒂

𝐜𝐲𝐜

+∑𝒂𝐛

𝐜𝐲𝐜

≥
?
𝟔 

→ 𝐭𝐫𝐮𝐞 ∵∑𝒂

𝐜𝐲𝐜

+∑𝒂𝐛

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑 ∗ √𝒂𝐛𝐜
𝟑

+ 𝟑 ∗ √𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

=
𝒂𝐛𝐜 = 𝟏

𝟔 

∴∑
𝒂𝟐

(𝒂𝐛 + 𝛌)(𝛌𝒂𝐛+ 𝟏)
𝐜𝐲𝐜

≥
𝟑

(𝛌 + 𝟏)𝟐
 ∀ 𝒂, 𝐛, 𝐜 > 0│𝑎𝐛𝐜 = 𝟏 𝒂𝐧𝐝 ∀ 𝛌 ≥ 𝟎, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭 𝒂 =
𝒙

𝒚
, 𝒃 =

𝒛

𝒙
, 𝒄 =

𝒚

𝒛
,𝐰𝐡𝐞𝐫𝐞 𝒙, 𝒚, 𝒛 > 0.  𝐖𝐞 𝐡𝐚𝐯𝐞 

∑
𝒂𝟐

(𝒂𝒃 + 𝝀)(𝝀𝒂𝒃 + 𝟏)
𝒄𝒚𝒄

=∑
𝒙𝟐

(𝒛 + 𝝀𝒚)(𝝀𝒛 + 𝒚)
𝒄𝒚𝒄

≥⏞
𝑯ӧ𝒍𝒅𝒆𝒓 (∑ 𝒙𝒄𝒚𝒄 )

𝟑

∑ 𝒙(𝒛 + 𝝀𝒚)𝒄𝒚𝒄 . ∑ (𝝀𝒛 + 𝒚)𝒄𝒚𝒄
 

=
(∑ 𝒙𝒄𝒚𝒄 )

𝟐

(𝝀 + 𝟏)𝟐 ∑ 𝒙𝒚𝒄𝒚𝒄
≥

𝟑

(𝝀 + 𝟏)𝟐
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
 

1333. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 > 0 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝒂 + 𝒃 + 𝒄.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
+ 𝟑 ≥

√𝟓𝒂𝟐 + 𝟒𝒃𝒄 − 𝒂

√𝒃𝒄
+
√𝟓𝒃𝟐 + 𝟒𝒄𝒂 − 𝒃

√𝒄𝒂
+
√𝟓𝒄𝟐 + 𝟒𝒂𝒃 − 𝒄

√𝒂𝒃
 

Proposed by Phan Ngoc Chau-Vietnam 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐁𝐲 𝐭𝐡𝐞 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

√𝟓𝒂𝟐 + 𝟒𝒃𝒄 − 𝒂

√𝒃𝒄
= √

𝟓𝒂𝟐

𝒃𝒄
+ 𝟒 −

𝒂

√𝒃𝒄
≤
𝟏

𝟐
(

𝟓𝒂𝟐

𝒃𝒄 + 𝟒

𝒂

√𝒃𝒄
+ 𝟐

+
𝒂

√𝒃𝒄
+ 𝟐) −

𝒂

√𝒃𝒄
=

𝟐𝒂𝟐

𝒃𝒄 + 𝟒

𝒂

√𝒃𝒄
+ 𝟐

 

≤

𝟐𝒂𝟐

𝒃𝒄 + 𝟒

𝟐𝒂
𝒃 + 𝒄 + 𝟐

=
𝒂𝟐 (

𝟏
𝒃 +

𝟏
𝒄) + 𝟐

(𝒃 + 𝒄)

𝒂 + 𝒃 + 𝒄
=
𝒂𝟐 (

𝟏
𝒂 +

𝟏
𝒃 +

𝟏
𝒄) − 𝒂 + 𝟐𝒃 + 𝟐𝒄

𝒂 + 𝒃 + 𝒄
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

∑
√𝟓𝒂𝟐 + 𝟒𝒃𝒄 − 𝒂

√𝒃𝒄
𝒄𝒚𝒄

≤
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) (

𝟏
𝒂 +

𝟏
𝒃 +

𝟏
𝒄) + 𝟑

(𝒂 + 𝒃 + 𝒄)

𝒂 + 𝒃 + 𝒄
=
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
+ 𝟑. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

 
1334. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 > 0 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂𝒃𝒄 ≥ 𝟏 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 
 

𝒂𝟓(𝒃𝟔 + 𝒄𝟔)

𝒂𝟔 + 𝒃𝟓𝒄
+
𝒃𝟓(𝒄𝟔 + 𝒂𝟔)

𝒃𝟔 + 𝒄𝟓𝒂
+
𝒄𝟓(𝒂𝟔 + 𝒃𝟔)

𝒄𝟔 + 𝒂𝟓𝒃
≥ 𝟑 

Proposed by Zaza Mzhavanadze-Georgia 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐁𝐲 𝐇ӧ𝐥𝐝𝐞𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒂𝟔 + 𝒃𝟓𝒄 ≤ √(𝒂𝟔 + 𝒃𝟔)𝟓(𝒂𝟔 + 𝒄𝟔)
𝟔

  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 
𝐓𝐡𝐞𝐧 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐢𝐬 𝐫𝐞𝐬𝐮𝐥𝐭 𝐚𝐧𝐝 𝐀𝐌− 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐠𝐞𝐭 

∑
𝒂𝟓(𝒃𝟔 + 𝒄𝟔)

𝒂𝟔 + 𝒃𝟓𝒄
𝒄𝒚𝒄

≥∑
𝒂𝟓(𝒃𝟔 + 𝒄𝟔)

√(𝒂𝟔 + 𝒃𝟔)𝟓(𝒂𝟔 + 𝒄𝟔)
𝟔

𝒄𝒚𝒄

≥ 𝟑√∏
𝒂𝟓(𝒃𝟔 + 𝒄𝟔)

√(𝒂𝟔 + 𝒃𝟔)𝟓(𝒂𝟔 + 𝒄𝟔)
𝟔

𝒄𝒚𝒄

𝟑

= 𝟑√(𝒂𝒃𝒄)𝟓
𝟑

≥ 𝟑. 
𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

1335. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 > 0 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂 + 𝒃 + 𝒄 + 𝟐 = 𝒂𝒃𝒄. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

(𝒂 + 𝒃 + 𝒄) (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) ≥ 𝟐(√

𝟏

𝒂𝟐
+
𝒂(𝒃 + 𝒄)

𝒃𝒄
+ √

𝟏

𝒃𝟐
+
𝒃(𝒄 + 𝒂)

𝒄𝒂
+ √

𝟏

𝒄𝟐
+
𝒄(𝒂 + 𝒃)

𝒂𝒃
) 

Proposed by Phan Ngoc Chau-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 
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𝟐√
𝟏

𝒂𝟐
+
𝒂(𝒃 + 𝒄)

𝒃𝒄
≤ (

𝟏

𝒂
+ 𝟏) +

𝟏
𝒂𝟐
+
𝒂(𝒃 + 𝒄)
𝒃𝒄

𝟏
𝒂 + 𝟏

=
𝟐

𝒂
+

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
𝒃𝒄
𝟏
𝒂 + 𝟏

 

=
𝟐

𝒂
+ (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) (𝒂 − 𝟏 +

𝟏

𝒂 + 𝟏
)  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐓𝐡𝐞𝐧 

𝟐∑√
𝟏

𝒂𝟐
+
𝒂(𝒃 + 𝒄)

𝒃𝒄
𝒄𝒚𝒄

≤ (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
)(𝟐 + 𝒂 + 𝒃 + 𝒄 − 𝟑 +∑

𝟏

𝒂 + 𝟏
𝒄𝒚𝒄

)

= (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) (𝒂 + 𝒃 + 𝒄), 

𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝐰𝐞 𝐡𝐚𝐯𝐞 ∑
𝟏

𝒂 + 𝟏
𝒄𝒚𝒄

= 𝟏. 

𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟐. 
 

1336. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 > 0 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂𝒃𝒄 = 𝟏.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝒂𝟑𝒃 + 𝒃𝟑𝒄 + 𝒄𝟑𝒂

𝒂 + 𝒃 + 𝒄
+ 𝟏 ≥ 𝟐√

𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝒂 + 𝒃 + 𝒄
 

Proposed by Phan Ngoc Chau-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐀𝐩𝐩𝐥𝐲𝐢𝐧𝐠 𝐂𝐚𝐮𝐜𝐡𝐲 − 𝐒𝐜𝐡𝐰𝐚𝐫𝐳 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐭𝐰𝐢𝐜𝐞,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

𝒂𝟑𝒃 + 𝒃𝟑𝒄 + 𝒄𝟑𝒂

𝒂 + 𝒃 + 𝒄
+ 𝟏 =

𝒂𝟑𝒃 + 𝒃𝟑𝒄 + 𝒄𝟑𝒂 + 𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)

𝒂 + 𝒃 + 𝒄
 

=
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − (𝒂𝒃𝟑 + 𝒃𝒄𝟑 + 𝒄𝒂𝟑)

𝒂 + 𝒃 + 𝒄
 

=
√[(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒) + 𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)][(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) + 𝟐(𝒂 + 𝒃+ 𝒄)] − (𝒂𝒃𝟑 + 𝒃𝒄𝟑 + 𝒄𝒂𝟑)

𝒂 + 𝒃+ 𝒄
 

≥
√(𝒂𝟒 + 𝒃𝟒 + 𝒄𝟒)(𝒄𝟐𝒂𝟐 + 𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐) + 𝟐√(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)(𝒂 + 𝒃 + 𝒄) − (𝒂𝒃𝟑 + 𝒃𝒄𝟑 + 𝒄𝒂𝟑)

𝒂 + 𝒃+ 𝒄
 

≥
(𝒂𝒃𝟑 + 𝒃𝒄𝟑 + 𝒄𝒂𝟑) + 𝟐√(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)(𝒂 + 𝒃 + 𝒄) − (𝒂𝒃𝟑 + 𝒃𝒄𝟑 + 𝒄𝒂𝟑)

𝒂 + 𝒃 + 𝒄
 

= 𝟐√
𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐

𝒂 + 𝒃 + 𝒄
, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
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1337. 

𝐆𝐢𝐯𝐞𝐧 𝐩𝐨𝐬𝐢𝐭𝐢𝐯𝐞 𝐫𝐞𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐭𝐡𝐚𝐭 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒂𝒃𝒄. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟐√
𝟏

𝒂 + 𝒃𝒄
+

𝟏

𝒃 + 𝒄𝒂
+

𝟏

𝒄 + 𝒂𝒃
≤
𝟏

𝟒
+

𝒂

𝒃 + 𝒄𝒂
+

𝒃

𝒄 + 𝒂𝒃
+

𝒄

𝒂 + 𝒃𝒄
 

Proposed by Phan Ngoc Chau-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐁𝐲 𝐀𝐌− 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟏

𝟒
+

𝒂

𝒃 + 𝒄𝒂
+

𝒃

𝒄 + 𝒂𝒃
+

𝒄

𝒂 + 𝒃𝒄
=
𝟏

𝟒
+

𝒂𝒃

𝒃𝟐 + 𝒂𝒃𝒄
+

𝒃𝒄

𝒄𝟐 + 𝒂𝒃𝒄
+

𝒄𝒂

𝒂𝟐 + 𝒂𝒃𝒄
 

≥ 𝟒√
𝟏

𝟒
.

𝒂𝒃

(𝒃 + 𝒄)(𝒃 + 𝒂)
.

𝒃𝒄

(𝒄 + 𝒂)(𝒄 + 𝒃)
.

𝒄𝒂

(𝒂 + 𝒃)(𝒂 + 𝒄)

𝟒

= 𝟐√
𝟐𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
 

= 𝟐√
𝟐(𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂)

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
= 𝟐√

𝒂

(𝒂 + 𝒃)(𝒂 + 𝒄)
+

𝒃

(𝒃 + 𝒄)(𝒃 + 𝒂)
+

𝒄

(𝒄 + 𝒂)(𝒄 + 𝒃)
 

= 𝟐√
𝒂

𝒂𝟐 + 𝒂𝒃𝒄
+

𝒃

𝒃𝟐 + 𝒂𝒃𝒄
+

𝒄

𝒄𝟐 + 𝒂𝒃𝒄
= 𝟐√

𝟏

𝒂 + 𝒃𝒄
+

𝟏

𝒃 + 𝒄𝒂
+

𝟏

𝒄 + 𝒂𝒃
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟑. 

1338. 𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝐭 ∶ 𝒂𝐛 + 𝐛𝐜 + 𝒄𝒂 = 𝟑.𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟏

(𝒂 + 𝟏)𝟐
+

𝟏

(𝐛 + 𝟏)𝟐
+

𝟏

(𝐜 + 𝟏)𝟐
−

𝟑

𝟐(𝒂 + 𝐛 + 𝐜 + 𝒂𝐛𝐜)
≥
𝟑

𝟖
 

  Proposed by Nguyen Thai An-Vietnam 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝟏

(𝒂 + 𝟏)𝟐
+

𝟏

(𝐛 + 𝟏)𝟐
+

𝟏

(𝐜 + 𝟏)𝟐
−

𝟑

𝟐(𝒂 + 𝐛 + 𝐜 + 𝒂𝐛𝐜)
≥ 

𝟏

(𝒂 + 𝟏)(𝐛 + 𝟏)
+

𝟏

(𝐛 + 𝟏)(𝐜 + 𝟏)
+

𝟏

(𝐜 + 𝟏)(𝒂 + 𝟏)
−

𝟑

𝟐(𝒂 + 𝐛 + 𝐜 + 𝒂𝐛𝐜)
 

=
∑ 𝒂𝐜𝐲𝐜 + 𝟑

∑ 𝒂𝐜𝐲𝐜 + ∑ 𝒂𝐛𝐜𝐲𝐜 + 𝒂𝐛𝐜 + 𝟏
−

𝟑

𝟐(∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜)
=

𝒂𝐛+𝐛𝐜+𝒄𝒂 = 𝟑
 

∑ 𝒂𝐜𝐲𝐜 + 𝟑

∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜+ 𝟒
−

𝟑

𝟐(∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜)
→ (𝟏) 
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𝐂𝒂𝐬𝐞 𝟏  ∑𝒂

𝐜𝐲𝐜

+ 𝒂𝐛𝐜 ≥ 𝟒 𝒂𝐧𝐝 ∵∑𝒂𝐛

𝐜𝐲𝐜

= 𝟑 ∴ 𝟑 ≥
𝐀−𝐆

𝟑√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

⇒ 𝟏 ≥ 𝒂𝐛𝐜 

⇒
∑ 𝒂𝐜𝐲𝐜 + 𝟑

∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜 + 𝟒
−

𝟑

𝟐(∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜)
≥
∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜+ 𝟐

∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜+ 𝟒
−

𝟑

𝟐(∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜)
 

=
𝒙 + 𝟐

𝒙 + 𝟒
−
𝟑

𝟐𝒙
 (𝒙 =∑𝒂

𝐜𝐲𝐜

+ 𝒂𝐛𝐜 > 0) ≥
? 𝟑

𝟖
 

⇔
𝟖𝒙(𝒙 + 𝟐) − 𝟏𝟐(𝒙 + 𝟒) − 𝟑𝒙(𝒙 + 𝟒)

𝟖𝒙(𝒙 + 𝟒)
≥
?
𝟎 ⇔ 𝟓𝒙𝟐 − 𝟖𝒙− 𝟒𝟖 ≥

?
𝟎 

⇔ (𝒙− 𝟒)(𝟓𝒙+ 𝟏𝟐) ≥
?
𝟎 ⇔ 𝒙 =∑𝒂

𝐜𝐲𝐜

+ 𝒂𝐛𝐜 ≥ 𝟒 → 𝐭𝐫𝐮𝐞 

∴
∑ 𝒂𝐜𝐲𝐜 + 𝟑

∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜 + 𝟒
−

𝟑

𝟐(∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜)
≥
𝟑

𝟖
 

𝐂𝒂𝐬𝐞 𝟐  ∑𝒂

𝐜𝐲𝐜

+ 𝒂𝐛𝐜 ≤ 𝟒 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶
∑ 𝒂𝐜𝐲𝐜 + 𝟑

∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜 + 𝟒
−

𝟑

𝟐(∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜)
≥ 

∑ 𝒂𝐜𝐲𝐜 + 𝟑

𝟖
−

𝟑

𝟐(∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜)
≥
? 𝟑

𝟖
⇔
∑ 𝒂𝐜𝐲𝐜

𝟖
≥
? 𝟑

𝟐(∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜)
 

⇔ (∑𝒂

𝐜𝐲𝐜

)

𝟐

+ 𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) ≥
?
𝟏𝟐 

⇔
𝒂𝐛+𝐛𝐜+𝒄𝒂 = 𝟑 (∑ 𝒂𝐛𝐜𝐲𝐜 )(∑ 𝒂𝐜𝐲𝐜 )

𝟐

𝟑
+ 𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) ≥
? 𝟏𝟐

𝟗
(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

 

⇔∑𝒂𝟑𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟑

𝐜𝐲𝐜

≥
?
𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

⇔∑𝒂𝐛(𝒂 − 𝐛)𝟐

𝐜𝐲𝐜

≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

∴
∑ 𝒂𝐜𝐲𝐜 + 𝟑

∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜 + 𝟒
−

𝟑

𝟐(∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜)
≥
𝟑

𝟖
 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬,
∑ 𝒂𝐜𝐲𝐜 + 𝟑

∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜 + 𝟒
−

𝟑

𝟐(∑ 𝒂𝐜𝐲𝐜 + 𝒂𝐛𝐜)
≥
𝟑

𝟖
 

⇒
𝐯𝐢𝒂 (𝟏) 𝟏

(𝒂 + 𝟏)𝟐
+

𝟏

(𝐛 + 𝟏)𝟐
+

𝟏

(𝐜 + 𝟏)𝟐
−

𝟑

𝟐(𝒂 + 𝐛 + 𝐜 + 𝒂𝐛𝐜)
≥
𝟑

𝟖
  

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛+ 𝐛𝐜 + 𝒄𝒂 = 𝟑, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐋𝐞𝐭 𝒙 ≔
𝟏

𝒂 + 𝟏
,   𝒚 ≔

𝟏

𝒃 + 𝟏
,   𝒛 ≔

𝟏

𝒄 + 𝟏
 𝐚𝐧𝐝 

 𝒑 ≔ 𝒙 + 𝒚 + 𝒛,   𝒒 ≔ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙,   𝒓 ≔ 𝒙𝒚𝒛. 

𝐖𝐞 𝐡𝐚𝐯𝐞 𝒂 =
𝟏 − 𝒙

𝒙
,   𝒃 =

𝟏 − 𝒚

𝒚
,   𝒄 =

𝟏 − 𝒛

𝒛
. 

 𝐓𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 𝒑 = 𝟐𝒒. 
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𝐒𝐢𝐧𝐜𝐞 (𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) 𝐭𝐡𝐞𝐧 

 𝒑 ≥
𝟑𝒒

𝒑
=
𝟑

𝟐
, 𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 (𝟏 − 𝒙)(𝟏 − 𝒚)(𝟏 − 𝒛) ≥ 𝟎 

𝐭𝐡𝐞𝐧 𝟏 ≥ 𝒑 − 𝒒 + 𝒓 =
𝒑

𝟐
+ 𝒓 ≥

𝒑

𝟐
,   𝐬𝐨 𝟐 ≥ 𝒑 ≥

𝟑

𝟐
. 

𝐍𝐨𝐰 𝐭𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 ≥
𝟑

𝟖
+

𝟑

𝟐(
𝟏
𝒙𝒚𝒛 − 𝟒)

=
𝟑

𝟖(𝟏 − 𝟒𝒙𝒚𝒛)
  𝐨𝐫  𝟖(𝟏 − 𝟒𝒓)(𝒑𝟐 − 𝒑) ≥ 𝟑  (𝟏) 

𝐒𝐢𝐧𝐜𝐞 (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟐 ≥ 𝟑𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 𝐭𝐡𝐞𝐧  𝒓 ≤
𝒒𝟐

𝟑𝒑
=
𝒑

𝟏𝟐
, 𝐚𝐧𝐝 

𝑳𝑯𝑺(𝟏) ≥ 𝟖(𝟏 −
𝒑

𝟑
) (𝒑𝟐 − 𝒑) = 𝟑 +

(𝟐𝒑 − 𝟑)[𝟒𝒑(𝟐 − 𝒑) + 𝟐𝒑 + 𝟑]

𝟑
≥ 𝟑, 

𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
 

Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐋𝐞𝐭 𝒑 ≔ 𝒂 + 𝒃 + 𝒄 ≥ 𝟑,   𝒒 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑,  
  𝒓 ≔ 𝒂𝒃𝒄 ≤ 𝟏.𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟏

(𝒂 + 𝟏)𝟐
+

𝟏

(𝒃 + 𝟏)𝟐
+

𝟏

(𝒄 + 𝟏)𝟐
≥

𝟏

(𝒂 + 𝟏)(𝒃 + 𝟏)
+

𝟏

(𝒃 + 𝟏)(𝒄 + 𝟏)
+

𝟏

(𝒄 + 𝟏)(𝒂 + 𝟏)

=
𝒑 + 𝟑

𝒑 + 𝒓 + 𝟒
. 

𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 
𝒑 + 𝟑

𝒑 + 𝒓 + 𝟒
−

𝟑

𝟐(𝒑 + 𝒓)
≥
𝟑

𝟖
  𝐨𝐫  𝒇(𝒓) = 𝟓𝒑𝟐 + 𝟐𝒑𝒓 − 𝟒𝟖 − 𝟑𝒓𝟐 ≥ 𝟎. 

𝐖𝐞 𝐡𝐚𝐯𝐞 𝒇′(𝒓) = 𝟐(𝒑 − 𝟑𝒓) ≥ 𝟎, 𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝒑 ≥ 𝟑 ≥ 𝟑𝒓, 𝐬𝐨 𝒇 𝐢𝐬 𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠. 
• 𝐈𝐟 𝒑 ≥ 𝟒 𝐭𝐡𝐞𝐧 𝒇(𝒓) ≥ 𝒇(𝟎) = 𝟓𝒑𝟐 − 𝟒𝟖 ≥ 𝟓. 𝟒𝟐 − 𝟒𝟖 > 0. 

• 𝐈𝐟 𝟑 ≤ 𝒑 ≤ 𝟒 𝐭𝐡𝐞𝐧 𝒇(𝒓) ≥⏞
𝑺𝒄𝒉𝒖𝒓

𝒇(
𝟒𝒑𝒒 − 𝒑𝟑

𝟗
)

= 𝟓𝒑𝟐 +
𝟐𝒑𝟐(𝟏𝟐 − 𝒑𝟐)

𝟗
− 𝟒𝟖 −

𝒑𝟐(𝟏𝟐 − 𝒑𝟐)𝟐

𝟐𝟕
 

=
𝟏𝟖𝒑𝟒 − 𝒑𝟔 + 𝟔𝟑𝒑𝟐 − 𝟏𝟐𝟗𝟔

𝟐𝟕
=
(𝒑𝟐 − 𝟗)[(𝟏𝟔 − 𝒑𝟐)(𝟗 + 𝒑𝟐) + 𝟐𝒑𝟐]

𝟐𝟕
≥ 𝟎. 

𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

 
1339. 

𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) = 𝒂 + 𝒃 + 𝒄.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 
𝒂(𝒃 + 𝒄 − 𝟏)

𝒂 + 𝟏
+
𝒃(𝒄 + 𝒂 − 𝟏)

𝒃 + 𝟏
+
𝒄(𝒂 + 𝒃 − 𝟏)

𝒄 + 𝟏
≥ 𝟎 

Proposed by Phan Ngoc Chau-Vietnam 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

∑
𝒂(𝒃 + 𝒄 − 𝟏)

𝒂 + 𝟏
𝒄𝒚𝒄

=∑(
𝒂(𝒂 + 𝒃 + 𝒄)

𝒂 + 𝟏
− 𝒂)

𝒄𝒚𝒄

= (𝒂 + 𝒃 + 𝒄)(∑
𝒂

𝒂 + 𝟏
𝒄𝒚𝒄

− 𝟏) 

                ≥⏞
𝑪𝑩𝑺

∑𝒂

𝒄𝒚𝒄

. (
(∑ 𝒂𝒄𝒚𝒄 )

𝟐

∑ 𝒂𝟐𝒄𝒚𝒄 +∑ 𝒂𝒄𝒚𝒄
− 𝟏) =∑𝒂

𝒄𝒚𝒄

. (
(∑ 𝒂𝒄𝒚𝒄 )

𝟐

∑ 𝒂𝟐𝒄𝒚𝒄 + 𝟐∑ 𝒃𝒄𝒄𝒚𝒄
− 𝟏) = 𝟎. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 

 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟐
, 𝒂 = 𝒃 = 𝒄 = 𝟎 𝒐𝒓 𝒂 = 𝒃 = 𝟏, 𝒄 = 𝟎 𝐚𝐧𝐝 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬. 

1340. 𝐆𝐢𝐯𝐞𝐧 𝐧𝐨𝐧𝐧𝐞𝐠𝐚𝐭𝐢𝐯𝐞 𝐫𝐞𝐚𝐥 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝐭𝐡𝐚𝐭 

 𝒂 + 𝒃 + 𝒄 = 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝒂√
𝟏 + 𝒃𝟐 + 𝒄𝟐

𝒃𝟐 + 𝒄𝟐
+ 𝒃√

𝟏 + 𝒄𝟐 + 𝒂𝟐

𝒄𝟐 + 𝒂𝟐
+ 𝒄√

𝟏 + 𝒂𝟐 + 𝒃𝟐

𝒂𝟐 + 𝒃𝟐
≥ 𝟐√𝒂 + 𝒃 + 𝒄 

Proposed by Nguyen Thai An, Thai Ha Nhat Minh-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟏 + 𝒃𝟐 + 𝒄𝟐

𝒃𝟐 + 𝒄𝟐
=

𝟏

𝒃𝟐 + 𝒄𝟐
+ 𝟏 ≥

(𝟏 + 𝒂)𝟐

(𝒃𝟐 + 𝒄𝟐) + 𝒂𝟐
=
(𝟏 + 𝒂)𝟐

𝒂 + 𝒃 + 𝒄
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐓𝐡𝐞𝐧 

∑𝒂√
𝟏+ 𝒃𝟐 + 𝒄𝟐

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≥∑
𝒂(𝟏 + 𝒂)

√𝒂 + 𝒃 + 𝒄
𝒄𝒚𝒄

=
𝟐(𝒂 + 𝒃 + 𝒄)

√𝒂 + 𝒃 + 𝒄
= 𝟐√𝒂 + 𝒃 + 𝒄. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝟏, 𝒄 = 𝟎 𝐚𝐧𝐝 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧. 
 

1341. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂 + 𝒃 + 𝒄 = 𝟑.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

√𝒂𝟐 + 𝒂 + √𝒃𝟐 + 𝒃 + √𝒄𝟐 + 𝒄 ≤ √
𝟑√𝒂𝒃𝒄
𝟑

+ 𝟑𝟑

𝟐
 

Proposed by Phan Ngoc Chau-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐋𝐞𝐭 𝒑 ≔ 𝒂 + 𝒃 + 𝒄 = 𝟑,   𝒒 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂, 

𝒓 ≔ 𝒂𝒃𝒄 ≤ (
𝒑

𝟑
)
𝟑

= 𝟏.  𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 
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∑√𝒂𝟐 + 𝒂

𝒄𝒚𝒄

≤ √∑(𝟑𝒂 + 𝟏)

𝒄𝒚𝒄

.∑
𝒂𝟐 + 𝒂

𝟑𝒂 + 𝟏
𝒄𝒚𝒄

= √𝟏𝟐∑(
𝒂

𝟑
+
𝟐

𝟗
−

𝟐

𝟗(𝟑𝒂 + 𝟏)
)

𝒄𝒚𝒄

 

= √𝟏𝟐 (𝟏 +
𝟐

𝟑
−

𝟐(𝟗𝒒 + 𝟔𝒑 + 𝟑)

𝟗(𝟐𝟕𝒓 + 𝟗𝒒 + 𝟑𝒑 + 𝟏)
) = √

𝟏𝟐(𝟏𝟐 + 𝟏𝟑𝒒 + 𝟒𝟓𝒓)

𝟐𝟕𝒓 + 𝟗𝒒 + 𝟏𝟎
. 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 √𝒂𝒃𝒄
𝟑

= √𝒓
𝟑 ≥

𝟑𝒓

𝟐𝒓 + 𝟏
, 𝐬𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟏𝟐(𝟏𝟐 + 𝟏𝟑𝒒 + 𝟒𝟓𝒓)

𝟐𝟕𝒓 + 𝟗𝒒 + 𝟏𝟎
≤

𝟗𝒓

𝟐(𝟐𝒓 + 𝟏)
+
𝟑𝟑

𝟐
 ⇔  𝟏𝟒 + (𝟏𝟕𝒓 − 𝟓)𝒒 − 𝟓𝒓 − 𝟒𝟓𝒓𝟐 ≥ 𝟎 (∗) 

• 𝐈𝐟 𝟏𝟕𝒓 ≥ 𝟓. 𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 𝒑𝒒 ≥ 𝟗𝒓 𝐭𝐡𝐞𝐧 𝒒 ≥ 𝟑𝒓 𝐚𝐧𝐝, 
𝑳𝑯𝑺(∗) ≥ 𝟏𝟒 + (𝟏𝟕𝒓 − 𝟓). 𝟑𝒓 − 𝟓𝒓 − 𝟒𝟓𝒓

𝟐 = 𝟐(𝟏 − 𝒓)(𝟕 − 𝟑𝒓) ≥ 𝟎. 

• 𝐈𝐟 𝟏𝟕𝒓 ≤ 𝟓. 𝐁𝐲 𝐒𝐜𝐡𝐮𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 𝒒 ≤
𝒑𝟑 + 𝟗𝒓

𝟒𝒑
=
𝟗 + 𝟑𝐫

𝟒
 𝐭𝐡𝐞𝐧 

𝑳𝑯𝑺(∗) ≥ 𝟏𝟒 +
(𝟏𝟕𝒓 − 𝟓)(𝟗 + 𝟑𝐫)

𝟒
− 𝟓𝒓 − 𝟒𝟓𝒓𝟐 =

(𝟏 − 𝒓)(𝟏𝟏 + 𝟏𝟐𝟗𝒓)

𝟒
≥ 𝟎. 

𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
 

1342. 𝐈𝐟 𝒙, 𝒚, 𝒛 > 0, 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 = 3 𝐭𝐡𝐞𝐧 

∑√
𝒚𝒛

𝟒(𝒙𝟓 − 𝒙 + 𝟖)

𝟓

𝒄𝒚𝒄

≤
𝟑

𝟐
 

Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐖𝐞 𝐡𝐚𝐯𝐞  𝒙𝟓 − 𝒙 + 𝟖 = 𝟐(𝒙𝟐 + 𝟑) + (𝒙𝟑 + 𝟐𝒙𝟐 + 𝟑𝒙 + 𝟐)(𝒙 − 𝟏)𝟐 ≥ 𝟐(𝒙𝟐 + 𝟑), 
∀𝒙 > 0,   𝐭𝐡𝐞𝐧 

√
𝒚𝒛

𝟒(𝒙𝟓 − 𝒙 + 𝟖)

𝟓

≤ √
𝒚𝒛

𝟖(𝒙𝟐 + 𝟑)

𝟓

= √
𝒚𝒛

𝟖(𝒙 + 𝒚)(𝒙 + 𝒛)

𝟓

 ≤⏞
𝑨𝑴−𝑮𝑴

 
𝟏

𝟓
(
𝒚

𝒙 + 𝒚
+

𝒛

𝒛 + 𝒙
+
𝟏

𝟐
+
𝟏

𝟐
+
𝟏

𝟐
). 

⇒ √
𝒚𝒛

𝟒(𝒙𝟓 − 𝒙 + 𝟖)

𝟓

≤
𝟏

𝟓
(
𝒚

𝒙 + 𝒚
+

𝒛

𝒛 + 𝒙
) +

𝟑

𝟏𝟎
  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 



 
www.ssmrmh.ro 

59 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400 

 

∑√
𝒚𝒛

𝟒(𝒙𝟓 − 𝒙 + 𝟖)

𝟓

𝒄𝒚𝒄

≤
𝟏

𝟓
∑(

𝒚

𝒙 + 𝒚
+

𝒛

𝒛 + 𝒙
)

𝒄𝒚𝒄

+
𝟗

𝟏𝟎
=
𝟏

𝟓
∑(

𝒚

𝒙 + 𝒚
+

𝒙

𝒙 + 𝒚
)

𝒄𝒚𝒄

+
𝟗

𝟏𝟎

=
𝟏

𝟓
. 𝟑 +

𝟗

𝟏𝟎
=
𝟑

𝟐
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒙 = 𝒚 = 𝒛 = 𝟏. 
 

1343. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂 + 𝒃 + 𝒄 = 𝟑. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

√𝒂(𝟖𝒂 + 𝟖 − √𝒂𝒃𝒄
𝟑

) + √𝒃(𝟖𝒃 + 𝟖 − √𝒂𝒃𝒄
𝟑

) + √𝒄(𝟖𝒄 + 𝟖 − √𝒂𝒃𝒄
𝟑

) ≤ 𝟑√𝟏𝟓 

Proposed by Phan Ngoc Chau-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐈𝐟 𝐭𝐰𝐨 𝐨𝐟 𝐭𝐡𝐞 𝐧𝐮𝐦𝐛𝐞𝐫𝐬 𝒂, 𝒃, 𝒄 𝐚𝐫𝐞 𝐳𝐞𝐫𝐨 𝐭𝐡𝐞𝐧 𝐰𝐞 𝐡𝐚𝐯𝐞 𝑳𝑯𝑺 = 𝟒√𝟔 ≤ 𝟑√𝟏𝟓. 
𝐀𝐬𝐬𝐮𝐦𝐞 𝐧𝐨𝐰 𝐭𝐡𝐚𝐭 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0. 𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟐√𝟏𝟓𝒂(𝟖𝒂 + 𝟖 − √𝒂𝒃𝒄
𝟑

) ≤ 𝟓√𝒂𝟐
𝟑

(𝟐√𝒂
𝟑 + √𝒃𝒄

𝟔
) +

𝟑√𝒂
𝟑 . (𝟖𝒂 + 𝟖 − √𝒂𝒃𝒄

𝟑
)

𝟐√𝒂
𝟑 + √𝒃𝒄

𝟔  

= 𝟐𝟎𝒂 +
𝟐√𝒂
𝟑 . (𝟐𝒂 + 𝟏𝟐 + √𝒂𝒃𝒄

𝟑
)

𝟐√𝒂
𝟑 + √𝒃𝒄

𝟔 ≤ 𝟐𝟎𝒂 +
𝟐√𝒂
𝟑 . (𝟐𝒂 + 𝟏𝟐 + √𝒂𝒃𝒄

𝟑
)

𝟐√𝒂
𝟑 +

𝟐√𝒃𝒄
𝟑

√𝒃
𝟑

+ √𝒄
𝟑

 

= 𝟐𝟎𝒂 +
(√𝒂𝒃
𝟑

+ √𝒄𝒂
𝟑 )(𝟐𝒂 + 𝟏𝟐+ √𝒂𝒃𝒄

𝟑
)

√𝒂𝒃
𝟑

+ √𝒃𝒄
𝟑

+ √𝒄𝒂
𝟑

 

= 𝟐𝟐𝒂 +
𝟏𝟐(√𝒂𝒃

𝟑
+ √𝒄𝒂

𝟑 ) − (𝟐√𝒂𝟐
𝟑

− √𝒂𝒃
𝟑

− √𝒄𝒂
𝟑 )√𝒂𝒃𝒄

𝟑

√𝒂𝒃
𝟑

+ √𝒃𝒄
𝟑

+ √𝒄𝒂
𝟑

. 

𝐀𝐝𝐝𝐢𝐧𝐠 𝐭𝐡𝐢𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐰𝐢𝐭𝐡 𝐭𝐡𝐞 𝐬𝐢𝐦𝐢𝐥𝐚𝐫 𝐨𝐧𝐞𝐬, 𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

𝟐√𝟏𝟓.∑√𝒂(𝟖𝒂 + 𝟖 − √𝒂𝒃𝒄
𝟑

)

𝒄𝒚𝒄

≤ 𝟐𝟐(𝒂 + 𝒃 + 𝒄) + 𝟏𝟐. 𝟐 −
𝟐(∑ √𝒂𝟐

𝟑

𝒄𝒚𝒄 − ∑ √𝒃𝒄
𝟑

𝒄𝒚𝒄 ). √𝒂𝒃𝒄
𝟑

√𝒂𝒃
𝟑

+ √𝒃𝒄
𝟑

+ √𝒄𝒂
𝟑

 

≤ 𝟐𝟐. 𝟑 + 𝟐𝟒 − 𝟎 = 𝟗𝟎. 
𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

 

1344. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝒂𝐭 ∶ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟑 𝒂𝐧𝐝 𝛌 ≥ 𝟏, 𝐭𝐡𝐞𝐧 ∶ 

∑
𝟏

𝒂𝟐 + 𝐛𝟐 + 𝛌
𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟐
 

  Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 
 

∑
𝟏

𝒂𝟐 + 𝐛𝟐 + 𝛌
𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟐
⇔∑(

𝟏

𝛌+ 𝟐
−

𝟏

𝒂𝟐 + 𝐛𝟐 + 𝛌
)

𝐜𝐲𝐜

≥ 𝟎 

⇔∑
𝒂𝟐 + 𝐛𝟐 + 𝛌 − 𝛌 − 𝟐

(𝛌 + 𝟐)(𝒂𝟐 + 𝐛𝟐 + 𝛌)
𝐜𝐲𝐜

⇔
𝒙− 𝟐

𝒙 + 𝛌
+
𝐲 − 𝟐

𝐲 + 𝛌
+
𝐳 − 𝟐

𝐳 + 𝛌
≥ 𝟎  

(𝒙 = 𝒂𝟐 + 𝐛𝟐, 𝐲 = 𝐛𝟐 + 𝐜𝟐, 𝐳 = 𝐜𝟐 + 𝒂𝟐) 

⇔∑(𝒙− 𝟐)(𝐲 + 𝛌)(𝐳 + 𝛌)

𝐜𝐲𝐜

≥ 𝟎 

⇔ 𝟑𝒙𝐲𝐳 − 𝟐∑𝒙𝐲

𝐜𝐲𝐜

+ 𝟐𝛌∑𝒙𝐲

𝐜𝐲𝐜

− 𝟒𝛌∑𝒙

𝐜𝐲𝐜

+ 𝛌𝟐∑𝒙

𝐜𝐲𝐜

− 𝟔𝛌𝟐 ≥
(∗)

𝟎  

𝐍𝐨𝐰,𝟐𝛌∑𝒙𝐲

𝐜𝐲𝐜

− 𝟒𝛌∑𝒙

𝐜𝐲𝐜

 

= 𝟐𝛌(∑(𝒂𝟐 + 𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)

𝐜𝐲𝐜

−
𝟐

𝟑
(∑(𝒂𝟐 + 𝐛𝟐)

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)) 

= 𝟐𝛌

(

 
 
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−
𝟒

𝟑
(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)

)

 
 

 

≥ 𝟐𝛌

(

 
 
(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+
(∑ 𝒂𝐛𝐜𝐲𝐜 )

𝟐

𝟑
 −
𝟒

𝟑
(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)

)

 
 

 

= 𝟐𝛌(
𝟑𝐦𝟐 + 𝐧𝟐 − 𝟒𝐦𝐧

𝟑
)(𝐦 =∑𝒂𝟐

𝐜𝐲𝐜

, 𝐧 =∑𝒂𝐛

𝐜𝐲𝐜

) 

=
𝟐𝛌

𝟑
∗ (𝐦 − 𝐧)(𝟑𝐦− 𝐧) ≥

𝛌 ≥ 𝟏 𝒂𝐧𝐝 ∵ 𝐦 ≥ 𝐧 𝟐

𝟑
∗ (𝐦 − 𝐧)(𝟑𝐦− 𝐧) 

∴ 𝟐𝛌∑𝒙𝐲

𝐜𝐲𝐜

− 𝟒𝛌∑𝒙

𝐜𝐲𝐜

≥
(⦁) 𝟐

𝟑
∗ (𝐦 − 𝐧)(𝟑𝐦− 𝐧)  

𝐀𝐠𝒂𝐢𝐧,𝟑𝒙𝐲𝐳 − 𝟐∑𝒙𝐲

𝐜𝐲𝐜

= 𝟑∏(𝒂𝟐 + 𝐛𝟐)

𝐜𝐲𝐜

−
𝟐

𝟑
(∑(𝒂𝟐 + 𝐛𝟐)(𝐛𝟐 + 𝐜𝟐)

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) 

= 𝟑((∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)− 𝒂𝟐𝐛𝟐𝐜𝟐)−
𝟐

𝟑
((∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) 
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= 𝟑((
(∑ 𝒂𝟐𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 )

𝟗
− 𝒂𝟐𝐛𝟐𝐜𝟐) +

𝟖

𝟗
∗ (∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)) 

−
𝟐

𝟑
((∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) 

≥
𝐀−𝐆 𝟖

𝟑
∗ (∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)−
𝟐

𝟑
((∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

+∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) 

=
𝟐

𝟑

(

 
 
(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)(𝟒∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝐛

𝐜𝐲𝐜

)− (∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

)

 
 

 

≥
𝟐

𝟑
(
𝟏

𝟑
(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

(𝟒∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝐛

𝐜𝐲𝐜

)− (∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

) =
𝒂𝐛+𝐛𝐜+𝐜𝒂 = 𝟑

 

𝟐

𝟑
(𝐧(𝟒𝐦− 𝐧) − 𝟑𝐦𝟐) =

−𝟐

𝟑
(𝟑𝐦𝟐 + 𝐧𝟐 − 𝟒𝐦𝐧) 

⇒ 𝟑𝒙𝐲𝐳 − 𝟐∑𝒙𝐲

𝐜𝐲𝐜

≥
(⦁⦁) −𝟐

𝟑
∗ (𝐦− 𝐧)(𝟑𝐦− 𝐧)  

𝐀𝐥𝐬𝐨, 𝛌𝟐∑𝒙

𝐜𝐲𝐜

− 𝟔𝛌𝟐 = 𝟐𝛌𝟐(∑𝒂𝟐

𝐜𝐲𝐜

)− 𝟔𝛌𝟐 ≥ 𝟐𝛌𝟐(∑𝒂𝐛

𝐜𝐲𝐜

)− 𝟔𝛌𝟐 

=
𝒂𝐛+𝐛𝐜+𝐜𝒂 = 𝟑

𝟔𝛌𝟐 − 𝟔𝛌𝟐 ⇒ 𝛌𝟐∑𝒙

𝐜𝐲𝐜

− 𝟔𝛌𝟐 ≥
(⦁⦁⦁)

𝟎 ∴ (⦁) + (⦁⦁) + (⦁⦁⦁) ⇒ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑
𝟏

𝒂𝟐 + 𝐛𝟐 + 𝛌
𝐜𝐲𝐜

≤
𝟑

𝛌 + 𝟐
  

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟑 𝒂𝐧𝐝 𝛌 ≥ 𝟏,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1345. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶  𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃𝒄 = 𝟒. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝒂√𝒂𝟐 + 𝟐 + 𝒃√𝒃𝟐 + 𝟐+ 𝒄√𝒄𝟐 + 𝟐 ≤ √𝟔(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝟗 

Proposed by Phan Ngoc Chau-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐒𝐢𝐧𝐜𝐞 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝒂𝒃𝒄 = 𝟒 𝐭𝐡𝐞𝐧 ∃𝒙, 𝒚, 𝒛 ≥ 𝟎, 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 > 0 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭  

𝒂 =
𝟐𝒙

√(𝒙 + 𝒚)(𝒙 + 𝒛)
, 
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𝒃 =
𝟐𝒚

√(𝒚 + 𝒛)(𝒚 + 𝒙)
, 𝒄 =

𝟐𝒛

√(𝒛 + 𝒙)(𝒛 + 𝒚)
.  𝐓𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

𝟐∑𝒙√
𝟐(𝒚 + 𝒛)(𝟑𝒙𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

(𝒙 + 𝒚)(𝒙 + 𝒛)
𝒄𝒚𝒄

≤ √𝟑𝟑(𝒙 + 𝒚 + 𝒛)(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) − 𝟖𝟏𝒙𝒚𝒛. 

𝐍𝐨𝐰 𝐥𝐞𝐭 𝒑 ≔ 𝒙 + 𝒚 + 𝒛,   𝒒 ≔ 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙,   𝒓 ≔ 𝒙𝒚𝒛.  𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

(𝑳𝑯𝑺(𝟏))
𝟐
≤ 𝟖∑𝒙

𝒄𝒚𝒄

.∑
𝒙(𝒚 + 𝒛)(𝟑𝒙𝟐 + 𝒒)

(𝒙 + 𝒚)(𝒙 + 𝒛)
𝒄𝒚𝒄

=
𝟖𝒑(𝟑∑ 𝒙𝟑(𝒚 + 𝒛)𝟐𝒄𝒚𝒄 + 𝒒∑ 𝒙(𝒚 + 𝒛)𝟐𝒄𝒚𝒄 )

(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)
, 

𝐒𝐢𝐧𝐜𝐞 ∑𝒙𝟑(𝒚 + 𝒛)𝟐

𝒄𝒚𝒄

= 𝒑𝒒𝟐 − 𝟓𝒒𝒓,∑𝒙(𝒚 + 𝒛)𝟐

𝒄𝒚𝒄

= 𝒑𝒒 + 𝟑𝒓, 

 (𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) = 𝒑𝒒 − 𝒓, 𝐭𝐡𝐞𝐧 

(𝑳𝑯𝑺(𝟏))
𝟐
≤
𝟑𝟐𝒑𝒒(𝒑𝒒 − 𝟑𝒓)

𝒑𝒒 − 𝒓
 ≤⏞
?

 𝟑𝟑𝒑𝒒 − 𝟖𝟏𝒓 ⇔ (𝒑𝒒 − 𝟗𝒓)𝟐 ≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞, 𝐬𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
 

1346. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝐭 ∶ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟏 𝒂𝐧𝐝 𝟎 ≤ 𝛌 ≤
𝟐

√𝟑
, 𝐭𝐡𝐞𝐧 ∶ 

∑
𝟏

𝛌 + 𝒂
𝐜𝐲𝐜

≥
𝟑√𝟑

𝟏 + 𝛌√𝟑
 

  Proposed by Marin Chirciu-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

≥ 𝟑𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) ⇒
𝒂𝐛+𝐛𝐜+𝐜𝒂 = 𝟏

𝟑𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) ≤ 𝟏 ⇒ 𝒂𝐛𝐜 ≤
(∗) 𝟏

𝟑𝐭
  

(𝐭 =∑𝒂

𝐜𝐲𝐜

, 𝐬𝒂𝐲) 𝒂𝐧𝐝 (∑𝒂

𝐜𝐲𝐜

)

𝟐

≥ 𝟑(∑𝒂𝐛

𝐜𝐲𝐜

) =
𝒂𝐛+𝐛𝐜+𝐜𝒂 = 𝟏

𝟑 ⇒ 𝐭 − √𝟑 ≥
(∗∗)

𝟎 

𝐍𝐨𝐰,∑
𝟏

𝛌 + 𝒂
𝐜𝐲𝐜

=
∑ (𝛌𝟐 + 𝛌(𝐛 + 𝐜) + 𝐛𝐜)𝐜𝐲𝐜

𝛌𝟑 + 𝛌𝟐(∑ 𝒂𝐜𝐲𝐜 ) + 𝛌(∑ 𝒂𝐛𝐜𝐲𝐜 ) + 𝒂𝐛𝐜
≥

𝐯𝐢𝒂 (∗)

𝒂𝐧𝐝
∵ 𝒂𝐛+𝐛𝐜+𝐜𝒂 = 𝟏

 

𝟑𝛌𝟐 + 𝟐𝛌𝐭 + 𝟏

𝛌𝟑 + 𝛌𝟐𝐭 + 𝛌 +
𝟏
𝟑𝐭

=
𝟗𝛌𝟐𝐭 + 𝟔𝛌𝐭𝟐 + 𝟑𝐭

𝟑𝛌𝟑𝐭 + 𝟑𝛌𝟐𝐭𝟐 + 𝟑𝛌𝐭 + 𝟏
≥
? 𝟑√𝟑

𝟏 + 𝛌√𝟑
 

⇔ 𝐭 + 𝟐𝛌𝐭𝟐 + 𝟑𝛌𝟐𝐭 + 𝛌√𝟑 ∗ 𝐭 + 𝟐√𝟑 ∗ 𝛌𝟐𝐭𝟐 + 𝟑√𝟑 ∗ 𝛌𝟑𝐭 ≥
?

 

𝟑√𝟑 ∗ 𝛌𝐭 + 𝟑√𝟑 ∗ 𝛌𝟐𝐭𝟐 + 𝟑√𝟑 ∗ 𝛌𝟑𝐭 + √𝟑 



 
www.ssmrmh.ro 

63 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400 

 

⇔ 𝐭− √𝟑+ 𝛌 ∗ 𝟐𝐭(𝐭 − √𝟑) − 𝛌𝟐 ∗ √𝟑𝐭(𝐭 − √𝟑) ≥
?
⏟
(⦁)

𝟎 

∵ 𝟎 ≤ 𝛌 ≤
𝟐

√𝟑
 𝒂𝐧𝐝 𝐭 − √𝟑 ≥

𝐯𝐢𝒂 (∗∗)

𝟎 ∴ 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥ 

𝟎 + 𝛌 ∗ 𝟐𝐭(𝐭 − √𝟑) − 𝛌 ∗
𝟐

√𝟑
∗ √𝟑𝐭(𝐭 − √𝟑) = 𝟎 ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒∑
𝟏

𝛌+ 𝒂
𝐜𝐲𝐜

≥
𝟑√𝟑

𝟏 + 𝛌√𝟑
 ∀ 𝒂, 𝐛, 𝐜 > 0│𝑎𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝟏 𝒂𝐧𝐝 𝟎 ≤ 𝛌 ≤

𝟐

√𝟑
, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

√𝟑
 (𝐐𝐄𝐃) 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐋𝐞𝐭 𝒑 ≔ 𝒂 + 𝒃 + 𝒄,   𝒒 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟏,   𝒓 ≔ 𝒂𝒃𝒄.  𝐖𝐞 𝐡𝐚𝐯𝐞 

∑
𝟏

𝝀+ 𝒂
𝒄𝒚𝒄

=
𝟑𝝀𝟐 + 𝟐𝝀(𝒂 + 𝒃 + 𝒄) + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝝀𝟑 + 𝝀𝟐(𝒂 + 𝒃 + 𝒄) + 𝝀(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝒂𝒃𝒄

=
𝟑𝝀𝟐 + 𝟐𝝀𝒑 + 𝟏

𝝀𝟑 + 𝝀𝟐𝒑 + 𝝀 + 𝒓
 ≥⏞
?

 
𝟑√𝟑

𝟏 + 𝝀√𝟑
 

⇔ 𝟑𝝀𝟐 − 𝟐√𝟑𝝀 + 𝟏 + 𝝀(𝟐 − √𝟑𝝀)𝒑 − 𝟑√𝟑𝒓 ≥ 𝟎, 

𝐒𝐢𝐧𝐜𝐞 (𝒂 + 𝒃 + 𝒄)𝟐 ≥ 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 𝐚𝐧𝐝 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟑√(𝒂𝒃𝒄)𝟐
𝟑

,  

𝐭𝐡𝐞𝐧 𝒑 ≥ √𝟑, 𝒓 ≤
𝟏

𝟑√𝟑
, 𝐚𝐧𝐝 

𝟑𝝀𝟐 − 𝟐√𝟑𝝀 + 𝟏 + 𝝀(𝟐 − √𝟑𝝀)𝒑 − 𝟑√𝟑𝒓 ≥ 𝟑𝝀𝟐 − 𝟐√𝟑𝝀 + 𝟏 + 𝝀(𝟐 − √𝟑𝝀). √𝟑 − 𝟏 = 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞𝐬 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 =
√𝟑

𝟑
. 

 
1347. If 𝒙, 𝒚, 𝒛 > 0 then: 

𝟐∑(𝒙 + 𝒚)𝟒

𝒄𝒚𝒄

≥ 𝟗𝟔𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) +∑(𝒚 − 𝒙)

𝒄𝒚𝒄

(𝒙 + 𝒚 + 𝟐𝒛) 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Tapas Das – India 

NOTE: ∑(𝒚 − 𝒙)(𝒙 + 𝒚 + 𝟐𝒛) = ∑(𝒚 − 𝒙){(𝒙 + 𝒚 + 𝒛) + 𝒛} 

= (𝒙 + 𝒚 + 𝒛)∑(𝒚− 𝒙) +∑𝒛(𝒚 − 𝒙) = (𝒙 + 𝒚 + 𝒛)(𝒚 − 𝒙 + 𝒛 − 𝒚 + 𝒙 − 𝒛) 

+(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 − 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) = 𝟎 
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Now the problem is 

𝟐∑(𝒙+ 𝒚)𝟒 ≥ 𝟑𝟐𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

Now 

∑(𝒙 + 𝒚)𝟒 ≥
𝑪𝑩𝑺 (𝒙 + 𝒚 + 𝒚 + 𝒛 + 𝒛 + 𝒙)𝟒

𝟐𝟕
=
𝟏

𝟐𝟕
⋅ 𝟏𝟔(𝒙 + 𝒚 + 𝒛)𝟒 

=
𝟏𝟔

𝟐𝟕
(𝒙 + 𝒚 + 𝒛)𝟑(𝒙 + 𝒚 + 𝒛) ≥

𝑨𝑴−𝑮𝑴 𝟏𝟔

𝟐𝟕
[𝟑(𝒙𝒚𝒛)

𝟏
𝟑]
𝟑

(𝒙 + 𝒚 + 𝒛) 

= 𝟏𝟔(𝒙 + 𝒚 + 𝒛)𝒙𝒚𝒛 

∴ 𝟐∑(𝒙 + 𝒚)𝟒 ≥ 𝟐 × 𝟏𝟔(𝒙 + 𝒚 + 𝒛)𝒙𝒚𝒛 = 𝟑𝟐(𝒙𝒚𝒛)(𝒙 + 𝒚 + 𝒛) 

Solution 2 by Tapas Das – India 

Note: ∑(𝒚 − 𝒙)(𝒙 + 𝒚 + 𝟐𝒛) = ∑(𝒚 − 𝒙)(𝒙 + 𝒚 + 𝒛) + ∑(𝒚 − 𝒙)𝒛 = 𝟎 

Now the problem is 

𝟔∑(𝒙+ 𝒚)𝟒 ≥ 𝟗𝟔𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

Now ∑(𝒙 + 𝒚)𝟒 ≥
𝑪𝑩𝑺 [𝟐(∑ 𝒙)]𝟒

𝟐𝟕
=
𝟏𝟔

𝟐𝟕
(∑ 𝒙)𝟑(∑𝒙) 

≥
𝑨𝑴−𝑮𝑴 𝟏𝟔

𝟐𝟕
⋅ 𝟐𝟕(𝒙𝒚𝒛)(∑𝒙) = 𝟏𝟔𝒙𝒚𝒛(∑𝒙) 

∴ 𝟔∑(𝒙+ 𝒚)𝟒 ≥ 𝟏𝟔 × 𝟔𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) = 𝟗𝟔𝒙𝒚𝒛(𝒙 + 𝒚 + 𝒛) 

1348. 𝒙, 𝒚, 𝒛 ∈ ℝ+, 𝒙𝒚𝒛 ≤ 𝒙𝒚 + 𝒙𝒛 + 𝒚𝒛. Prove that: 

𝒙

𝒚𝒛 + 𝒚 + 𝒛
+

𝒚

𝒙𝒛 + 𝒙 + 𝒛
+

𝒛

𝒙𝒚 + 𝒚 + 𝒙
≥
𝟑

𝟓
 

Proposed by Elsen Kerimov-Azerbaijan 
Solution by Lazaros Zachariadis-Greece 
 

𝑳𝑯𝑺 =
𝒙

𝒚𝒛 + 𝒚 + 𝒛
+

𝒚

𝒙𝒛 + 𝒙 + 𝒛
+

𝒛

𝒙𝒚 + 𝒙 + 𝒚
= 

=
𝒙𝟐

𝒙𝒚𝒛 + 𝒚𝒙 + 𝒛𝒙
+

𝒚𝟐

𝒙𝒚𝒛 + 𝒙𝒚+ 𝒚𝒛
+

𝒛𝟐

𝒙𝒚𝒛 + 𝒙𝒛 + 𝒚𝒛
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≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 (𝒙 + 𝒚 + 𝒛)𝟐

𝟑𝒙𝒚𝒛 + 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)
≥

(𝒙 + 𝒚 + 𝒛)𝟐

𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) + 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)
 

≥
𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

𝟓(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)
=
𝟑

𝟓
= 𝑹𝑯𝑺 

1349. 𝐋𝐞𝐭 𝐚, 𝐛, 𝐜 > 0 ∶ 𝑎𝑏𝑐 = 1.  𝑃𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 

√
𝐚𝟑 + 𝟑

𝐚 + 𝟑
+ √

𝐛𝟑 + 𝟑

𝐛 + 𝟑
+√

𝐜𝟑 + 𝟑

𝐜 + 𝟑
≥
𝐚 + 𝐛 + 𝐜

𝟑
+ 𝟐 

Proposed by Nguyen Thai An-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐋𝐞𝐭 𝒑 ≔ 𝒂 + 𝒃 + 𝒄,   𝒒 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂,   𝒓 ≔ 𝒂𝒃𝒄 = 𝟏. 

𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑√
𝒂𝟑 + 𝟑

𝒂 + 𝟑
𝒄𝒚𝒄

≥∑
𝒂𝟐 + 𝟑

𝒂 + 𝟑
𝒄𝒚𝒄

=∑(𝒂− 𝟑 +
𝟏𝟐

𝒂 + 𝟑
)

𝒄𝒚𝒄

= 𝒑 − 𝟗 +
𝟏𝟐(𝒒 + 𝟔𝒑 + 𝟐𝟕)

𝒓 + 𝟑𝒒 + 𝟗𝒑 + 𝟐𝟕
 

= 𝒑 − 𝟗 + 𝟒 (𝟏 +
𝟗𝒑 + 𝟓𝟑

𝟑𝒒 + 𝟗𝒑 + 𝟐𝟖
) ≥⏞
𝟑𝒒 ≤ 𝒑𝟐

𝒑 − 𝟓 +
𝟒(𝟗𝒑+ 𝟓𝟑)

𝒑𝟐 + 𝟗𝒑 + 𝟐𝟖
 

=
𝒑

𝟑
+ 𝟐 +

(𝒑 − 𝟑)(𝟐𝒑𝟐 + 𝟑𝒑 − 𝟏𝟔)

𝒑𝟐 + 𝟗𝒑 + 𝟐𝟖
 ≥⏞
𝒑 ≥ 𝟑

 
𝒑

𝟑
+ 𝟐 =

𝒂 + 𝒃 + 𝒄

𝟑
+ 𝟐. 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
 

1350. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶  𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐𝒂𝒃𝒄 = 𝟏. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝒂𝒃𝒄 + 𝟏 ≥ 𝒂√𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐 + 𝒃√𝒄𝟐 + 𝒄𝟐𝒂𝟐 + 𝒂𝟐 + 𝒄√𝒂𝟐 + 𝒂𝟐𝒃𝟐 + 𝒃𝟐 

Proposed by Phan Ngoc Chau-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐈𝐟 𝐭𝐰𝐨 𝐨𝐟 𝐭𝐡𝐞 𝐧𝐮𝐦𝐞𝐛𝐫𝐬 𝒂,𝒃, 𝒄 𝐚𝐫𝐞 𝐳𝐞𝐫𝐨, 𝐭𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐭𝐫𝐮𝐞.  𝐀𝐬𝐬𝐮𝐦𝐞 𝐧𝐨𝐰 𝐭𝐡𝐚𝐭 

 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≠ 𝟎.𝐓𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧 𝐜𝐚𝐧 𝐛𝐞 𝐫𝐞𝐰𝐫𝐢𝐭𝐭𝐞𝐧 𝐚𝐬 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 

𝒂

𝒂 + 𝒃𝒄
+

𝒃

𝒃 + 𝒄𝒂
+

𝒄

𝒄 + 𝒂𝒃
= 𝟐. 

𝐁𝐲 𝐀𝐌− 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟐𝒂√𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐 ≤ (𝒂𝟐 + 𝒂𝒃𝒄) +
𝒂(𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐)

𝒂 + 𝒃𝒄
= 𝟐𝒂𝒃𝒄 +

𝒂(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝒂 + 𝒃𝒄
. 
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𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

∑𝒂√𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐

𝒄𝒚𝒄

≤∑(𝒂𝒃𝒄 +
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟐
.

𝒂

𝒂 + 𝒃𝒄
)

𝒄𝒚𝒄

= 𝟑𝒂𝒃𝒄+
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟐
. 𝟐

= 𝒂𝒃𝒄 + 𝟏. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 =
𝟏

𝟐
 𝐨𝐫 𝒂 = 𝒃 =

√𝟐

𝟐
, 𝒄 = 𝟎 𝐚𝐧𝐝 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬. 

1351. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 > 0 ∶ 𝑎𝑏𝑐 = 1.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 
𝟏

√𝒂 + 𝟑
+

𝟏

√𝒃 + 𝟑
+

𝟏

√𝒄 + 𝟑
≤
𝒂 + 𝒃 + 𝒄

𝟐
 

Proposed by Nguyen Thai An-Vietnam 
 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝟏

√𝒂+ 𝟑
𝒄𝒚𝒄

≤∑
𝟏

√𝟒√𝒂
𝟒

𝒄𝒚𝒄

=
𝟏

𝟐
∑√𝒃𝒄

𝟖

𝒄𝒚𝒄

≤
𝟏

𝟐
∑

𝒃+ 𝒄 + 𝟔

𝟖
𝒄𝒚𝒄

=
𝒂 + 𝒃 + 𝒄

𝟖
+
𝟗

𝟖
≤
𝒂 + 𝒃 + 𝒄

𝟐
, 

𝐛𝐞𝐜𝐚𝐮𝐬𝐞 𝒂 + 𝒃 + 𝒄 ≥ 𝟑√𝒂𝒃𝒄
𝟑

= 𝟑.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

 
1352. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝒂

𝟐𝒂 + √𝒃𝒄
+

𝒃

𝟐𝒃 + √𝒄𝒂
+

𝒄

𝟐𝒄 + √𝒂𝒃
+

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
≥
𝟒

𝟑
 

 
Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝑳𝑯𝑺 =
𝒂𝟐

𝟐𝒂𝟐 + 𝒂√𝒃𝒄
+

𝒃𝟐

𝟐𝒃𝟐 + 𝒃√𝒄𝒂
+

𝒄𝟐

𝟐𝒄𝟐 + 𝒄√𝒂𝒃
+

(𝒂 + 𝒃 + 𝒄)𝟐

𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
−
𝟐

𝟑
 

≥
[𝒂 + 𝒃 + 𝒄 + (𝒂 + 𝒃 + 𝒄)]𝟐

(𝟐𝒂𝟐 + 𝒂√𝒃𝒄) + (𝟐𝒃𝟐 + 𝒃√𝒄𝒂) + (𝟐𝒄𝟐 + 𝒄√𝒂𝒃) + 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
−
𝟐

𝟑
 

=
𝟒(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂 + 𝒃 + 𝒄)𝟐 − [(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) − √𝒂𝒃𝒄(√𝒂 + √𝒃 + √𝒄)]
−
𝟐

𝟑
≥ 𝟐 −

𝟐

𝟑
=
𝟒

𝟑
, 

𝐭𝐡𝐞 𝐥𝐚𝐬𝐭 𝐥𝐢𝐧𝐞 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐛𝐲 𝐭𝐡𝐞 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 

∴ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ √𝒂𝒃. √𝒃𝒄 + √𝒃𝒄. √𝒄𝒂 + √𝒄𝒂.√𝒂𝒃 = √𝒂𝒃𝒄(√𝒂 + √𝒃 + √𝒄). 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 > 0. 
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1353. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 ∶ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 + 𝒂𝒃𝒄 = 𝟒.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥
𝟐(𝒂 + 𝒃 + 𝒄 − 𝟑) + 𝟑√𝒂𝒃𝒄

√𝒂𝒃𝒄 + 𝟐
 

Proposed by Phan Ngoc Chau-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐖𝐞 𝐡𝐚𝐯𝐞 

𝟐(𝒂 + 𝒃 + 𝒄 − 𝟑) + 𝟑√𝒂𝒃𝒄

√𝒂𝒃𝒄 + 𝟐
=
𝟒(𝟔 − 𝟑√𝒂𝒃𝒄)[𝟐(𝒂 + 𝒃 + 𝒄 − 𝟑) + 𝟑√𝒂𝒃𝒄]

𝟏𝟐(𝟒 − 𝒂𝒃𝒄)
 

≤⏞
𝑨𝑴−𝑮𝑴

 
[(𝟔 − 𝟑√𝒂𝒃𝒄) + 𝟐(𝒂 + 𝒃 + 𝒄 − 𝟑) + 𝟑√𝒂𝒃𝒄]

𝟐

𝟏𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
= 

=
(𝒂 + 𝒃 + 𝒄)𝟐

𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
≤
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 

 
1354. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 > 0 ∶ 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 3.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

√
𝒂

𝒂𝟑 + 𝟑
+√

𝒃

𝒃𝟑 + 𝟑
+ √

𝒄

𝒄𝟑 + 𝟑
≤
𝟑

𝟐
 

Proposed by Nguyen Thai An-Vietnam 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐒𝐢𝐧𝐜𝐞 (𝒂 + 𝒃 + 𝒄)𝟐 ≥ 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) & 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟑√(𝒂𝒃𝒄)𝟐
𝟑

 𝐭𝐡𝐞𝐧 
𝒂 + 𝒃 + 𝒄 ≥ 𝟑,   𝒂𝒃𝒄 ≤ 𝟏. 

⇒∑√
𝒂

𝒂𝟑 + 𝟑
𝐜𝐲𝐜

=∑
𝟐√𝟒𝒂(𝒂 + 𝟑)

𝟒√(𝒂𝟑 + 𝟑)(𝒂 + 𝟑)𝐜𝐲𝐜

≤⏞
𝑨𝑴−𝑮𝑴 & 𝐶𝐵𝑆

 

≤ ∑
𝟒𝒂 + (𝒂 + 𝟑)

𝟒(𝒂𝟐 + 𝟑)
𝐜𝐲𝐜

=∑
𝟓𝒂+ 𝟑

𝟒(𝒂 + 𝒃)(𝒂 + 𝒄)
𝐜𝐲𝐜

 

=
𝟏𝟎(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + 𝟔(𝒂 + 𝒃 + 𝒄)

𝟒(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒂 + 𝒄)
=

𝟏𝟓 + 𝟑(𝒂 + 𝒃 + 𝒄)

𝟐[𝟑(𝒂 + 𝒃 + 𝒄) − 𝒂𝒃𝒄]
≤ 

≤
𝟑(𝟓 + 𝒂 + 𝒃 + 𝒄)

𝟐[𝟑(𝒂 + 𝒃 + 𝒄) − 𝟏]
≤
𝟑

𝟐
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
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1355. 𝐈𝐟 𝒂, 𝒃, 𝒄 > 0 𝐚𝐧𝐝 𝝀 ≥ 𝟎 𝐭𝐡𝐞𝐧 

∑
𝒃𝟐

(𝝀 + 𝟏)𝒂𝟐 + (𝟐𝝀 + 𝟑)𝒂𝒃 + 𝝀𝒃𝟐
𝒄𝒚𝒄

≥
𝟑

𝟒(𝝀 + 𝟏)
 

Proposed by Marin Chirciu-Romania 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐒𝐢𝐧𝐜𝐞 
𝒂

𝒃
.
𝒃

𝒄
.
𝒄

𝒂
= 𝟏 𝐭𝐡𝐞𝐧 ∃𝒙, 𝒚, 𝒛 > 0 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 

𝒂

𝒃
=
𝒚𝒛

𝒙𝟐
,   
𝒃

𝒄
=
𝒛𝒙

𝒚𝟐
,   
𝒄

𝒂
=
𝒙𝒚

𝒛𝟐
. 

𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒃𝟐

(𝝀 + 𝟏)𝒂𝟐 + (𝟐𝝀 + 𝟑)𝒂𝒃 + 𝝀𝒃𝟐
𝒄𝒚𝒄

=∑
𝒙𝟒

(𝝀 + 𝟏)(𝒚𝒛)𝟐 + (𝟐𝝀 + 𝟑)𝒚𝒛. 𝒙𝟐 + 𝝀𝒙𝟒
𝒄𝒚𝒄

 

          ≥
(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐

(𝝀 + 𝟏)∑ (𝒚𝒛)𝟐𝒄𝒚𝒄 + (𝟐𝝀 + 𝟑)∑ 𝒙𝒚. 𝒛𝒙𝒄𝒚𝒄 + 𝝀∑ 𝒙𝟒𝒄𝒚𝒄
 

≥
(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐

(𝝀 + 𝟏)∑ (𝒚𝒛)𝟐𝒄𝒚𝒄 + (𝟐𝝀 + 𝟑)∑ (𝒚𝒛)𝟐𝒄𝒚𝒄 + 𝝀∑ 𝒙𝟒𝒄𝒚𝒄

=
𝟑(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐

(𝝀 + 𝟒). 𝟑∑ (𝒚𝒛)𝟐𝒄𝒚𝒄 + 𝟑𝝀(∑ 𝒙𝟐𝒄𝒚𝒄 )
𝟐 

         ≥
𝟑(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐

(𝝀 + 𝟒)(∑ 𝒙𝟐𝒄𝒚𝒄 )
𝟐
+ 𝟑𝝀(∑ 𝒙𝟐𝒄𝒚𝒄 )

𝟐 =
𝟑

𝟒(𝝀 + 𝟏)
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄. 
1356. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝐭 ∶ 𝒂 + 𝐛 + 𝐜 = 𝟏 𝒂𝐧𝐝 𝟏 ≤ 𝛌 ≤ 𝟑, 𝐭𝐡𝐞𝐧 ∶ 

∑
𝟏

𝛌𝒂𝟐 + 𝐛 + 𝐜
𝐜𝐲𝐜

≤
𝟐𝟕

𝛌 + 𝟔
 

  Proposed by Marin Chirciu-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 

∀ 𝒙 ∈ (𝟎, 𝟏) 𝒂𝐧𝐝 ∀ 𝛌 ∈ [𝟏, 𝟑],
𝟏

𝛌(𝟏 − 𝒙)𝟐 + 𝒙
≤
? 𝟗

𝛌 + 𝟔
−
𝟗(𝟑 − 𝟐𝛌)(𝟑𝒙 − 𝟐)

(𝛌 + 𝟔)𝟐
 

=
𝟗(𝛌 + 𝟔) − 𝟗(𝟑 − 𝟐𝛌)(𝟑𝒙− 𝟐)

(𝛌 + 𝟔)𝟐
 

⇔ 𝛌𝟐(𝟓𝟒𝒙𝟑 − 𝟏𝟑𝟓𝒙𝟐 + 𝟏𝟎𝟖𝒙− 𝟐𝟖) − 𝛌(𝟖𝟏𝒙𝟑 − 𝟑𝟐𝟒𝒙𝟐 + 𝟑𝟐𝟒𝒙 − 𝟗𝟔) 

−(𝟖𝟏𝒙𝟐 − 𝟏𝟎𝟖𝒙 + 𝟑𝟔) ≥
?
𝟎 

⇔ 𝛌𝟐(𝟔𝒙 − 𝟕)(𝟑𝒙− 𝟐)𝟐 − 𝟑𝛌(𝟑𝒙 − 𝟖)(𝟑𝒙 − 𝟐)𝟐 − 𝟗(𝟑𝒙 − 𝟐)𝟐 ≥
?
𝟎 

⇔ 𝛌𝟐(𝟔𝒙 − 𝟕) − 𝟑𝛌(𝟑𝒙− 𝟖) − 𝟗 ≥
?
⏟
(∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟐𝛌 < 3 𝑎𝐧𝐝 𝐰𝐞 𝐡𝒂𝐯𝐞 ∶ 𝛌𝟐(𝟔𝒙 − 𝟕) − 𝟑𝛌(𝟑𝒙 − 𝟖) − 𝟗 
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= 𝒙(𝟗𝛌𝟐 − 𝟗𝛌) − 𝟑𝒙𝛌𝟐 − 𝟕𝛌𝟐 + 𝟐𝟒𝛌 − 𝟗 ≥
𝛌 ≥ 𝟏 𝒂𝐧𝐝 𝒙 < 1

 

−𝟏𝟎𝛌𝟐 + 𝟐𝟒𝛌− 𝟗 = (𝟑 − 𝟐𝛌)(𝟓(𝛌 − 𝟏) + 𝟐) + 𝟑𝛌 

≥
𝟏 ≤ 𝛌 < 

𝟑
𝟐
𝟑𝛌 > 0 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝟐𝛌 ≥ 𝟑 𝒂𝐧𝐝 𝐰𝐞 𝐡𝒂𝐯𝐞 ∶ 𝛌𝟐(𝟔𝒙 − 𝟕) − 𝟑𝛌(𝟑𝒙 − 𝟖) − 𝟗 

= 𝛌(𝟑𝒙(𝟐𝛌 − 𝟑) + 𝟐𝟒 − 𝟕𝛌) − 𝟗 ≥
𝟐𝛌 ≥ 𝟑

𝟐𝟒𝛌− 𝟕𝛌𝟐 − 𝟗 = (𝟑 − 𝛌)(𝟕(𝛌 − 𝟏) + 𝟒) ≥ 𝟎 

 (∵ 𝟏 <
𝟑

𝟐
≤ 𝛌 ≤ 𝟑) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏 𝒂𝐧𝐝 𝟐, (∗) ⇒ 

𝟏

𝛌(𝟏 − 𝒙)𝟐 + 𝒙
≤

𝟗

𝛌 + 𝟔
−
𝟗(𝟑 − 𝟐𝛌)(𝟑𝒙 − 𝟐)

(𝛌 + 𝟔)𝟐
 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝒙 ∈ (𝟎,𝟏) 𝒂𝐧𝐝 ∀ 𝛌 ∈ [𝟏,𝟑] 

→ (𝟏) ∴∑
𝟏

𝛌𝒂𝟐 + 𝐛 + 𝐜
𝐜𝐲𝐜

=
𝒂+𝐛+𝐜 = 𝟏

∑
𝟏

𝛌(𝟏 − (𝐛 + 𝐜))
𝟐
+ 𝐛 + 𝐜𝐜𝐲𝐜

 

=∑
𝟏

𝛌(𝟏 − 𝒙)𝟐 + 𝒙
𝐜𝐲𝐜

 (𝒙 = 𝐛 + 𝐜, 𝐲 = 𝐜 + 𝒂, 𝐳 = 𝒂 + 𝐛 𝒂𝐧𝐝 𝒙, 𝐲, 𝐳 ∈ (𝟎,𝟏)) 

≤
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 𝒂𝐧𝒂𝐥𝐨𝐠𝐬

∑(
𝟗

𝛌 + 𝟔
−
𝟗(𝟑 − 𝟐𝛌)(𝟑𝒙− 𝟐)

(𝛌 + 𝟔)𝟐
)

𝐜𝐲𝐜

 

=
𝟐𝟕

𝛌 + 𝟔
−
𝟗(𝟑 − 𝟐𝛌)

(𝛌 + 𝟔)𝟐
∗ (𝟑∑𝒙

𝐜𝐲𝐜

− 𝟔) =
𝟐𝟕

𝛌 + 𝟔
−
𝟗(𝟑 − 𝟐𝛌)

(𝛌 + 𝟔)𝟐
∗ (𝟑∑(𝐛 + 𝐜)

𝐜𝐲𝐜

− 𝟔) 

=
𝒂+𝐛+𝐜 = 𝟏 𝟐𝟕

𝛌 + 𝟔
−
𝟗(𝟑 − 𝟐𝛌)

(𝛌 + 𝟔)𝟐
∗ (𝟔 − 𝟔) =

𝟐𝟕

𝛌 + 𝟔
 

∴∑
𝟏

𝛌𝒂𝟐 + 𝐛 + 𝐜
𝐜𝐲𝐜

≤
𝟐𝟕

𝛌 + 𝟔
 ∀ 𝒂, 𝐛, 𝐜 > 0 │𝑎 + 𝐛 + 𝐜 = 𝟏 𝒂𝐧𝐝 𝟏 ≤ 𝛌 ≤ 𝟑, 

′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 =
𝟐

𝟑
⇒ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =

𝟏

𝟑
 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐖𝐞 𝐰𝐢𝐥𝐥 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 𝐚 𝐥𝐞𝐦𝐦𝐚 𝐭𝐡𝐚𝐭 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒂 ∈ (𝟎, 𝟏) 𝐚𝐧𝐝 𝟏 ≤ 𝝀 ≤ 𝟑, 

𝟏

𝝀𝒂𝟐 + 𝟏 − 𝒂
≤
𝟐𝟕[𝛌 + 𝟏 − (𝟐𝛌 − 𝟑)𝒂]

(𝝀 + 𝟔)𝟐
                                                  (𝟏) 

𝐖𝐞 𝐡𝐚𝐯𝐞 
𝟐𝟕[𝝀 + 𝟏 − (𝟐𝝀 − 𝟑)𝒂](𝝀𝒂𝟐 + 𝟏 − 𝒂) − (𝝀 + 𝟔)𝟐 

= −𝝀𝟐 + 𝟏𝟓𝝀 − 𝟗 − 𝟐𝟕(𝟑𝝀 − 𝟐)𝒂 + 𝟐𝟕(𝝀𝟐 + 𝟑𝝀 − 𝟑)𝒂𝟐 − 𝟐𝟕𝝀(𝟐𝝀 − 𝟑)𝒂𝟑 
= (𝟑𝒂 − 𝟏)𝟐[−𝝀𝟐 + 𝟏𝟓𝝀 − 𝟗 − 𝟑𝝀(𝟐𝝀 − 𝟑)𝒂] ≥ 𝟎, 

𝐛𝐞𝐜𝐚𝐮𝐬𝐞 – 𝝀𝟐 + 𝟏𝟓𝝀 − 𝟗 − 𝟑𝝀(𝟐𝝀 − 𝟑)𝒂
= [(𝟗 − 𝝀)(𝝀 − 𝟏) + 𝟓𝝀](𝟏 − 𝒂) + (𝟑 − 𝝀)(𝟕𝝀 − 𝟑)𝒂 ≥ 𝟎. 

𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐢𝐧𝐠 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐨𝐟 (𝟏). 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝟏. 
𝐑𝐞𝐭𝐮𝐫𝐧𝐢𝐧𝐠 𝐭𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐩𝐨𝐬𝐞𝐝 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 (𝟏),𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝟏

𝝀𝒂𝟐 + 𝒃 + 𝒄
𝒄𝒚𝒄

=∑
𝟏

𝝀𝒂𝟐 + 𝟏 − 𝒂
𝒄𝒚𝒄

≤∑
𝟐𝟕[𝛌+ 𝟏 − (𝟐𝛌 − 𝟑)𝒂]

(𝝀 + 𝟔)𝟐
𝒄𝒚𝒄

=
𝟐𝟕

𝝀 + 𝟔
. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
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1357. 𝐋𝐞𝐭 𝒂, 𝐛, 𝐜, 𝐝 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝐝𝟐 = 𝟐𝟎𝟐𝟑. 

𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶
𝟏

𝒂𝟒 + 𝟐
+

𝟏

𝐛𝟒 + 𝟐
+

𝟏

𝐜𝟒 + 𝟐
+

𝟏

𝐝𝟒 + 𝟐
≥

𝟔𝟒

𝟒𝟎𝟗𝟐𝟓𝟔𝟏
 

  Proposed by Nguyen Van Canh-BenTre-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 

𝐖𝐞 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶
𝟏

𝒙𝟐 + 𝟐
≥

𝟏

(
𝟐𝟎𝟐𝟑
𝟒

)
𝟐

+ 𝟐

− (𝒙 −
𝟐𝟎𝟐𝟑

𝟒
) .

𝟐𝟎𝟐𝟑
𝟐

((
𝟐𝟎𝟐𝟑
𝟒

)
𝟐

+ 𝟐)

𝟐  

 ∀ 𝒙 ≥ 𝟎 ⇔
𝟏

𝒙𝟐 + 𝟐
−

𝟏𝟔

𝟒𝟎𝟗𝟐𝟓𝟔𝟏
+
𝟔𝟒𝟕𝟑𝟔(𝟒𝒙 − 𝟐𝟎𝟐𝟑)

𝟒𝟎𝟗𝟐𝟓𝟔𝟏𝟐
≥ 𝟎 

⇔
𝟐𝟎𝟐𝟑𝟐 − 𝟏𝟔𝒙𝟐

𝟒𝟎𝟗𝟐𝟓𝟔𝟏(𝒙𝟐 + 𝟐)
−
𝟔𝟒𝟕𝟑𝟔(𝟐𝟎𝟐𝟑 − 𝟒𝒙)

𝟒𝟎𝟗𝟐𝟓𝟔𝟏𝟐
≥ 𝟎 

⇔
𝟐𝟎𝟐𝟑− 𝟒𝒙

𝟒𝟎𝟗𝟐𝟓𝟔𝟏
(
𝟐𝟎𝟐𝟑 + 𝟒𝒙

𝒙𝟐 + 𝟐
−

𝟑𝟐.𝟐𝟎𝟐𝟑

𝟐𝟎𝟐𝟑𝟐 + 𝟑𝟐
) ≥ 𝟎 

⇔ (
𝐦− 𝟒𝒙

𝟒𝟎𝟗𝟐𝟓𝟔𝟏
) .
(𝐦 + 𝟒𝒙)(𝐦𝟐 + 𝟑𝟐) − 𝟑𝟐𝐦(𝒙𝟐 + 𝟐)

(𝐦𝟐 + 𝟑𝟐)(𝒙𝟐 + 𝟐)
≥ 𝟎 (𝐦 = 𝟐𝟎𝟐𝟑) 

⇔ (
𝐦− 𝟒𝒙

𝟒𝟎𝟗𝟐𝟓𝟔𝟏
) .
𝐦𝟑 + 𝟒𝐦𝟐𝒙 − 𝟑𝟐𝐦𝒙𝟐 − 𝟑𝟐𝐦+ 𝟏𝟐𝟖𝒙

(𝐦𝟐 + 𝟑𝟐)(𝒙𝟐 + 𝟐)
≥ 𝟎 

⇔ (
𝐦− 𝟒𝒙

𝟒𝟎𝟗𝟐𝟓𝟔𝟏
) .
(𝐦 − 𝟒𝒙)(𝐦𝟐 − 𝟑𝟐+ 𝟖𝐦𝒙)

(𝐦𝟐 + 𝟑𝟐)(𝒙𝟐 + 𝟐)
≥ 𝟎 

⇔
(𝟐𝟎𝟐𝟑− 𝟒𝒙)𝟐(𝟒𝟎𝟗𝟐𝟒𝟗𝟕 + 𝟖. 𝟐𝟎𝟐𝟑𝒙)

𝟒𝟎𝟗𝟐𝟓𝟔𝟏(𝟐𝟎𝟐𝟑𝟐 + 𝟑𝟐)(𝒙𝟐 + 𝟐)
≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝒙 ≥ 𝟎 

∴
𝟏

𝒙𝟐 + 𝟐
≥

𝟏

(
𝟐𝟎𝟐𝟑
𝟒

)
𝟐

+ 𝟐

− (𝒙 −
𝟐𝟎𝟐𝟑

𝟒
)

𝟐𝟎𝟐𝟑
𝟐

((
𝟐𝟎𝟐𝟑
𝟒

)
𝟐

+ 𝟐)

𝟐 ⇒
𝒙 ≡ 𝒂𝟐,𝐛𝟐,𝐜𝟐,𝐝𝟐

 

𝟏

𝒂𝟒 + 𝟐
≥

𝟏

(
𝟐𝟎𝟐𝟑
𝟒

)
𝟐

+ 𝟐

− (𝒂𝟐 −
𝟐𝟎𝟐𝟑

𝟒
) .

𝟐𝟎𝟐𝟑
𝟐

((
𝟐𝟎𝟐𝟑
𝟒

)
𝟐

+ 𝟐)

𝟐  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒
𝐬𝐮𝐦𝐦𝒂𝐭𝐢𝐨𝐧 𝟏

𝒂𝟒 + 𝟐
+

𝟏

𝐛𝟒 + 𝟐
+

𝟏

𝐜𝟒 + 𝟐
+

𝟏

𝐝𝟒 + 𝟐
≥ 

𝟒

(
𝟐𝟎𝟐𝟑
𝟒

)
𝟐

+ 𝟐

−

𝟐𝟎𝟐𝟑
𝟐

((
𝟐𝟎𝟐𝟑
𝟒

)
𝟐

+ 𝟐)

𝟐 . (
𝒂𝟐 + 𝐛𝟐 +

𝐜𝟐 + 𝐝𝟐 − 𝟐𝟎𝟐𝟑
) =
𝒂𝟐+𝐛𝟐+𝐜𝟐+𝐝𝟐 = 𝟐𝟎𝟐𝟑 𝟒

(
𝟐𝟎𝟐𝟑
𝟒

)
𝟐

+ 𝟐
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=
𝟔𝟒

𝟒𝟎𝟗𝟐𝟓𝟔𝟏
∴

𝟏

𝒂𝟒 + 𝟐
+

𝟏

𝐛𝟒 + 𝟐
+

𝟏

𝐜𝟒 + 𝟐
+

𝟏

𝐝𝟒 + 𝟐
≥

𝟔𝟒

𝟒𝟎𝟗𝟐𝟓𝟔𝟏
 

∀ 𝒂,𝐛, 𝐜, 𝐝 ≥ 𝟎│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝐝𝟐 = 𝟐𝟎𝟐𝟑,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝐝 =
√𝟐𝟎𝟐𝟑

𝟐
 (𝐐𝐄𝐃) 

1358. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, 𝑡ℎ𝑒𝑛 ∶ 

∑𝒙𝟖𝐳𝟒

𝐜𝐲𝐜

.∑
𝟏

(𝒙𝐲𝟐 + 𝐲𝐳𝟐)𝟒
𝐜𝐲𝐜

≥
𝟗

𝟏𝟔
 

  Proposed by Khaled Abd Imouti-Syria 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑𝒙𝟖𝐳𝟒

𝐜𝐲𝐜

.∑
𝟏

(𝒙𝐲𝟐 + 𝐲𝐳𝟐)𝟒
𝐜𝐲𝐜

=∑𝒙𝟒𝐲𝟖

𝐜𝐲𝐜

.∑
𝟏𝟓

(𝒙𝐲𝟐 + 𝐲𝐳𝟐)𝟒
𝐜𝐲𝐜

≥
𝐑𝒂𝐝𝐨𝐧

 

∑𝒙𝟒𝐲𝟖

𝐜𝐲𝐜

.
𝟑𝟓

(∑ 𝒙𝐲𝟐𝐜𝐲𝐜 +∑ 𝐲𝐳𝟐𝐜𝐲𝐜 )
𝟒 =

𝟐𝟒𝟑(∑ (𝒙𝐲𝟐)
𝟒

𝐜𝐲𝐜 )

𝟏𝟔(∑ 𝒙𝐲𝟐𝐜𝐲𝐜 )
𝟒 ≥

𝐇𝐨𝐥𝐝𝐞𝐫 𝟐𝟒𝟑.
(∑ 𝒙𝐲𝟐𝐜𝐲𝐜 )

𝟒

𝟐𝟕

𝟏𝟔(∑ 𝒙𝐲𝟐𝐜𝐲𝐜 )
𝟒 =

𝟗

𝟏𝟔
, 

∴∑𝒙𝟖𝐳𝟒

𝐜𝐲𝐜

.∑
𝟏

(𝒙𝐲𝟐 + 𝐲𝐳𝟐)𝟒
𝐜𝐲𝐜

≥
𝟗

𝟏𝟔
 ∀ 𝒙, 𝐲, 𝐳 > 0, ′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 (𝐐𝐄𝐃) 

 

1359. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, 𝑡ℎ𝑒𝑛 ∶ 

𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙

𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐
+
(𝒙 + 𝐲 + 𝐳)𝟑

𝟗𝒙𝐲𝐳
≥ 𝟒 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝒂, 𝐳 + 𝒙 = 𝐛,𝒙 + 𝐲 = 𝐜 ⇒ 𝒂 + 𝐛 − 𝐜 = 𝟐𝐳 > 0, 𝑏 + 𝑐 − 𝒂  
= 𝟐𝒙 > 0 𝒂𝐧𝐝 𝐜 + 𝒂 − 𝐛 = 𝟐𝐲 > 0 ⇒ 𝒂 + 𝐛 > 𝑐, 𝐛 + 𝐜 > 𝒂, 𝐜 + 𝒂 > 𝑏 

⇒ 𝒂,𝐛, 𝐜 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝒂

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

=
(𝐢)
𝐬 

⇒ 𝒙 = 𝐬− 𝒂,𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 

𝐕𝐢𝒂 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬, 𝒙𝐲𝐳 = (𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜) ⇒ 𝒙𝐲𝐳 =
(𝐢𝐢)
𝐫𝟐𝐬 𝒂𝐧𝐝 

∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝒂)(𝐬 − 𝐛)

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=
(𝟏)
𝟒𝐑𝐫 + 𝐫𝟐 

⇒∑𝒙𝟐

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝐢),(𝟏)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 
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⇒∑𝒙𝟐

𝐜𝐲𝐜

=
(𝟐)
𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 ∴

𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙

𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐
+
(𝒙 + 𝐲 + 𝐳)𝟑

𝟗𝒙𝐲𝐳
=

𝐯𝐢𝒂 (𝐢),(𝐢𝐢),(𝟏),(𝟐)
 

𝟒𝐑𝐫 + 𝐫𝟐

𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐
+

𝐬𝟑

𝟗𝐫𝟐𝐬
=
𝟗𝐫𝟐(𝟒𝐑𝐫 + 𝐫𝟐) + 𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝟗𝐫𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
≥
?
𝟒 

⇔ 𝐬𝟒 − (𝟖𝐑𝐫 + 𝟑𝟖𝐫𝟐)𝐬𝟐 + 𝟖𝟏𝐫𝟑(𝟒𝐑 + 𝐫) ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟖𝐑𝐫 − 𝟒𝟑𝐫𝟐)𝐬𝟐 + 𝟖𝟏𝐫𝟑(𝟒𝐑+ 𝐫) ≥
?
𝟎 

⇔ (𝟖𝐑− 𝟒𝟑𝐫)𝐬𝟐 + 𝟖𝟏𝐫𝟐(𝟒𝐑+ 𝐫) ≥
?
⏟
(∗∗)

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝟖𝐑− 𝟒𝟑𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝟖𝟏𝐫𝟐(𝟒𝐑 + 𝐫) > 𝟎 
⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝟖𝐑 − 𝟒𝟑𝐫 < 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) = −(𝟒𝟑𝐫 − 𝟖𝐑)𝐬𝟐 + 𝟖𝟏𝐫𝟐(𝟒𝐑+ 𝐫) 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

− (𝟒𝟑𝐫 − 𝟖𝐑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝟖𝟏𝐫𝟐(𝟒𝐑+ 𝐫) ≥
?
𝟎 

⇔ 𝟖𝐭𝟑 − 𝟑𝟓𝐭𝟐 + 𝟒𝟒𝐭 − 𝟏𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝟖𝐭 − 𝟑)(𝐭 − 𝟐)𝟐 ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 𝟏, 𝟐, (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞𝐬 𝐨𝐟 𝐬𝐢𝐝𝐞𝐬 𝒂,𝐛, 𝐜 

⇒
𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙

𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐
+
(𝒙 + 𝐲 + 𝐳)𝟑

𝟗𝒙𝐲𝐳
≥ 𝟒 ∀ 𝒙, 𝐲, 𝐳 > 0,′′=′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 (𝐐𝐄𝐃) 

 

1360.  𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂𝐛𝐜 = 𝟏. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂

𝒂𝟐 + (𝐛 + 𝐜)𝟐
+

𝐛

𝐛𝟐 + (𝐜 + 𝒂)𝟐
+

𝐜

𝐜𝟐 + (𝒂 + 𝐛)𝟐
≤
𝟑

𝟓
 

  Proposed by Nguyen Thai An-Vietnam 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝒂

𝒂𝟐 + (𝐛 + 𝐜)𝟐
+

𝐛

𝐛𝟐 + (𝐜 + 𝒂)𝟐
+

𝐜

𝐜𝟐 + (𝒂 + 𝐛)𝟐
=∑

𝒂

𝛌+ 𝟐𝐛𝐜
𝐜𝐲𝐜

 (𝛌 =∑𝒂𝟐

𝐜𝐲𝐜

) 

=∑
𝒂(𝛌+ 𝟐𝐜𝒂)(𝛌 + 𝟐𝒂𝐛)

(𝛌 + 𝟐𝒂𝐛)(𝛌 + 𝟐𝐛𝐜)(𝛌 + 𝟐𝐜𝒂)
𝐜𝐲𝐜

 

=
𝛌𝟐(∑ 𝒂𝐜𝐲𝐜 ) + 𝟐𝛌(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟔𝛌𝒂𝐛𝐜 + 𝟒𝛌

𝛌𝟑 + 𝟐𝛌𝟐(∑ 𝒂𝐛𝐜𝐲𝐜 ) + 𝟒𝛌𝒂𝐛𝐜(∑ 𝒂𝐜𝐲𝐜 ) + 𝟖(𝒂𝐛𝐜)𝟐
 

=
𝛌(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟐𝛌𝒂𝐛𝐜

𝛌𝟐(∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒂𝐛𝐜𝐲𝐜 ) + 𝟒𝛌𝒂𝐛𝐜(∑ 𝒂𝐜𝐲𝐜 ) + 𝟖(𝒂𝐛𝐜)𝟐
 

=
(∑ 𝒂𝟐𝐜𝐲𝐜 ) ((∑ 𝒂𝐜𝐲𝐜 )

𝟑
− 𝟐𝒂𝐛𝐜)

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐
(∑ 𝒂𝐜𝐲𝐜 )

𝟐
+ 𝟒𝒂𝐛𝐜(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐜𝐲𝐜 ) + 𝟖(𝒂𝐛𝐜)𝟐

=
(∗)

 

𝒂

𝒂𝟐 + (𝐛 + 𝐜)𝟐
+

𝐛

𝐛𝟐 + (𝐜 + 𝒂)𝟐
+

𝐜

𝐜𝟐 + (𝒂 + 𝐛)𝟐
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𝐍𝐨𝐰,∑𝒂𝐛

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑√(𝒂𝐛𝐜)𝟐
𝟑

=
𝒂𝐛𝐜 = 𝟏

𝟑 ⇒
∑ 𝒂𝐛𝐜𝐲𝐜

𝟑
≥ 𝟏 ⇒ 𝟏 ≤

(∗∗)
√
∑ 𝒂𝐛𝐜𝐲𝐜

𝟑
 

∴
𝒂

𝒂𝟐 + (𝐛 + 𝐜)𝟐
+

𝐛

𝐛𝟐 + (𝐜 + 𝒂)𝟐
+

𝐜

𝐜𝟐 + (𝒂 + 𝐛)𝟐
≤

𝐯𝐢𝒂 (∗) 𝒂𝐧𝐝 (∗∗)

 

√
∑ 𝒂𝐛𝐜𝐲𝐜

𝟑
.

(∑ 𝒂𝟐𝐜𝐲𝐜 )((∑ 𝒂𝐜𝐲𝐜 )
𝟑
− 𝟐𝒂𝐛𝐜)

(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐
(∑ 𝒂𝐜𝐲𝐜 )

𝟐
+ 𝟒𝒂𝐛𝐜(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐜𝐲𝐜 ) + 𝟖(𝒂𝐛𝐜)𝟐

≤
? 𝟑

𝟓
 

⇔
(∑ 𝒂𝐛𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐
((∑ 𝒂𝐜𝐲𝐜 )

𝟑
− 𝟐𝒂𝐛𝐜)

𝟐

((∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐
(∑ 𝒂𝐜𝐲𝐜 )

𝟐
+ 𝟒𝒂𝐛𝐜(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐜𝐲𝐜 ) + 𝟖(𝒂𝐛𝐜)𝟐)

𝟐 ≤
?
⏟
(⦁)

𝟐𝟕

𝟐𝟓
 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 = 𝟐𝒂 
> 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙+ 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 

⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) 

⇒ 𝒂 = 𝐬 − 𝒙,𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 ∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒ 

∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑) 𝒂𝐧𝐝 

∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟑)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 

⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒) ∴ 𝐯𝐢𝒂 (𝟏), (𝟐), (𝟑) 𝒂𝐧𝐝 (𝟒), (⦁) 

⇔
(𝟒𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝟐
(𝐬𝟑 − 𝟐𝐫𝟐𝐬)

𝟐

(𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)𝟐 + 𝟒𝐫𝟐𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) + 𝟖𝐫𝟒𝐬𝟐)𝟐
≤
𝟐𝟕

𝟐𝟓
 

⇔ 𝟐𝟕𝐬𝟏𝟎 − (𝟗𝟔𝟒𝐑𝐫 + 𝟐𝟓𝐫𝟐)𝐬𝟖 + 𝐫𝟐(𝟏𝟏𝟗𝟔𝟖𝐑𝟐 + 𝟏𝟐𝟎𝟎𝐑𝐫 + 𝟒𝟏𝟔𝐫𝟐)𝐬𝟔 

−𝐫𝟑(𝟔𝟏𝟔𝟗𝟔𝐑𝟑 + 𝟏𝟏𝟐𝟎𝟎𝐑𝟐𝐫 + 𝟖𝟐𝟓𝟔𝐑𝐫𝟐 + 𝟔𝟎𝟎𝐫𝟑)𝐬𝟒 

+𝐫𝟒(𝟏𝟏𝟎𝟓𝟗𝟐𝐑𝟒 + 𝟐𝟓𝟔𝟎𝟎𝐑𝟑𝐫 + 𝟑𝟗𝟒𝟐𝟒𝐑𝟐𝐫𝟐 + 𝟖𝟎𝟎𝟎𝐑𝐫𝟑 + 𝟏𝟐𝟑𝟐𝐫𝟒)𝐬𝟐 

−𝐫𝟕(𝟐𝟓𝟔𝟎𝟎𝐑𝟑 + 𝟏𝟗𝟐𝟎𝟎𝐑𝟐𝐫 + 𝟒𝟖𝟎𝟎𝐑𝐫𝟐 + 𝟒𝟎𝟎𝐫𝟑) ≥
?
⏟
(⦁⦁)

𝟎 

𝐍𝐨𝐰,𝐯𝐢𝒂 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧, 𝟐𝟕(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟓

 

+(𝟏𝟏𝟗𝟔𝐑𝐫 − 𝟕𝟎𝟎𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟒
 

+𝐫𝟐(𝟏𝟗𝟑𝟗𝟐𝐑𝟐 − 𝟐𝟒𝟑𝟐𝟎𝐑𝐫 + 𝟕𝟔𝟔𝟔𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

+𝐫𝟑(𝟏𝟑𝟕𝟗𝟖𝟒𝐑𝟑 − 𝟐𝟖𝟐𝟖𝟖𝟎𝐑𝟐𝐫 + 𝟏𝟗𝟕𝟏𝟏𝟐𝐑𝐫𝟐 − 𝟒𝟒𝟑𝟒𝟎𝐫𝟑) ≥
?
⏟
(∎)

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥ 𝐋𝐇𝐒 𝐨𝐟 (∎) ⇔ 

(𝟑𝟖𝟎𝟗𝟐𝟖𝐑𝟒 − 𝟏𝟐𝟎𝟎𝟔𝟒𝟎𝐑𝟑𝐫 + 𝟏𝟒𝟔𝟗𝟏𝟐𝟎𝐑𝟐𝐫𝟐 − 𝟕𝟓𝟔𝟑𝟐𝟎𝐑𝐫𝟑 + 𝟏𝟑𝟓𝟑𝟎𝟕𝐫𝟒)𝐬𝟐 ≥
(⦁⦁⦁)

𝐫 (𝟓𝟗𝟔𝟑𝟕𝟕𝟔𝐑
𝟓 − 𝟐𝟎𝟎𝟐𝟗𝟒𝟒𝟎𝐑𝟒𝐫 + 𝟐𝟔𝟕𝟓𝟗𝟗𝟕𝟔𝐑𝟑𝐫𝟐

−𝟏𝟔𝟕𝟎𝟒𝟑𝟐𝟎𝐑𝟐𝐫𝟑 + 𝟒𝟕𝟖𝟓𝟑𝟎𝟎𝐑𝐫𝟒 − 𝟓𝟎𝟐𝟗𝟕𝟓𝐫𝟓
)

 

∵ 𝟑𝟖𝟎𝟗𝟐𝟖𝐑𝟒 − 𝟏𝟐𝟎𝟎𝟔𝟒𝟎𝐑𝟑𝐫 + 𝟏𝟒𝟔𝟗𝟏𝟐𝟎𝐑𝟐𝐫𝟐 − 𝟕𝟓𝟔𝟑𝟐𝟎𝐑𝐫𝟑 + 𝟏𝟑𝟓𝟑𝟎𝟕𝐫𝟒 
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= (𝐑 − 𝟐𝐫) (
𝟏𝟔𝟏𝟓𝟑𝟔𝐑𝟑 + 𝟐𝟏𝟗𝟑𝟗𝟐𝐑𝟐(𝐑 − 𝟐𝐫) +

𝟓𝟗𝟏𝟓𝟓𝟐𝐑𝐫𝟐 + 𝟒𝟐𝟔𝟕𝟖𝟒𝐫𝟑
) + 𝟗𝟖𝟖𝟖𝟕𝟓𝐫𝟒 ≥

𝐄𝐮𝐥𝐞𝐫
𝟗𝟖𝟖𝟖𝟕𝟓𝐫𝟑 > 0 

∴ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

( 𝟑𝟖𝟎𝟗𝟐𝟖𝐑𝟒 − 𝟏𝟐𝟎𝟎𝟔𝟒𝟎𝐑𝟑𝐫 +
𝟏𝟒𝟔𝟗𝟏𝟐𝟎𝐑𝟐𝐫𝟐 − 𝟕𝟓𝟔𝟑𝟐𝟎𝐑𝐫𝟑 + 𝟏𝟑𝟓𝟑𝟎𝟕𝐫𝟒

)(
𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫

−𝐫𝟐 − 𝟐(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫
) 

≥
?
𝐑𝐇𝐒 𝐨𝐟 (⦁⦁⦁) ⇔ 𝟕𝟔𝟏𝟖𝟓𝟔𝐑𝟔 − 𝟒𝟓𝟓𝟓𝟕𝟕𝟔𝐑𝟓𝐫 + 𝟏𝟎𝟓𝟖𝟎𝟑𝟓𝟐𝐑𝟒𝐫𝟐 

−𝟏𝟐𝟑𝟖𝟎𝟕𝟑𝟔𝐑𝟑𝐫𝟑 + 𝟕𝟗𝟒𝟐𝟔𝟏𝟒𝐑𝟐𝐫𝟒 − 𝟐𝟔𝟕𝟓𝟗𝟏𝟎𝐑𝐫𝟓 + 𝟑𝟔𝟕𝟔𝟔𝟖𝐫𝟔 

≥
?
𝟐(𝐑 − 𝟐𝐫)(𝟑𝟖𝟎𝟗𝟐𝟖𝐑

𝟒 − 𝟏𝟐𝟎𝟎𝟔𝟒𝟎𝐑𝟑𝐫 + 𝟏𝟒𝟔𝟗𝟏𝟐𝟎𝐑𝟐𝐫𝟐

−𝟕𝟓𝟔𝟑𝟐𝟎𝐑𝐫𝟑 + 𝟏𝟑𝟓𝟑𝟎𝟕𝐫𝟒
)√𝐑𝟐 − 𝟐𝐑𝐫 

⇔

(𝐑− 𝟐𝐫) ( 𝟕𝟔𝟏𝟖𝟓𝟔𝐑
𝟓 − 𝟑𝟎𝟑𝟐𝟎𝟔𝟒𝐑𝟒𝐫 + 𝟒𝟓𝟏𝟔𝟐𝟐𝟒𝐑𝟑𝐫𝟐

−𝟑𝟑𝟒𝟖𝟐𝟖𝟖𝐑𝟐𝐫𝟑 + 𝟏𝟐𝟒𝟔𝟎𝟑𝟖𝐑𝐫𝟒 − 𝟏𝟖𝟑𝟖𝟑𝟒𝐫𝟓
) ≥
?

𝟐(𝐑 − 𝟐𝐫) (𝟑𝟖𝟎𝟗𝟐𝟖𝐑
𝟒 − 𝟏𝟐𝟎𝟎𝟔𝟒𝟎𝐑𝟑𝐫 + 𝟏𝟒𝟔𝟗𝟏𝟐𝟎𝐑𝟐𝐫𝟐

−𝟕𝟓𝟔𝟑𝟐𝟎𝐑𝐫𝟑 + 𝟏𝟑𝟓𝟑𝟎𝟕𝐫𝟒
)√𝐑𝟐 − 𝟐𝐑𝐫

⇔ 

𝟕𝟔𝟏𝟖𝟓𝟔𝐑𝟓 − 𝟑𝟎𝟑𝟐𝟎𝟔𝟒𝐑𝟒𝐫 + 𝟒𝟓𝟏𝟔𝟐𝟐𝟒𝐑𝟑𝐫𝟐 − 𝟑𝟑𝟒𝟖𝟐𝟖𝟖𝐑𝟐𝐫𝟑 + 𝟏𝟐𝟒𝟔𝟎𝟑𝟖𝐑𝐫𝟒 

−𝟏𝟖𝟑𝟖𝟑𝟒𝐫𝟓 ≥
?
⏟

(⦁⦁⦁⦁)

𝟐(𝟑𝟖𝟎𝟗𝟐𝟖𝐑
𝟒 − 𝟏𝟐𝟎𝟎𝟔𝟒𝟎𝐑𝟑𝐫 + 𝟏𝟒𝟔𝟗𝟏𝟐𝟎𝐑𝟐𝐫𝟐

−𝟕𝟓𝟔𝟑𝟐𝟎𝐑𝐫𝟑 + 𝟏𝟑𝟓𝟑𝟎𝟕𝐫𝟒
)√𝐑𝟐 − 𝟐𝐑𝐫  

(∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎) 

∵ 𝟕𝟔𝟏𝟖𝟓𝟔𝐑𝟓 − 𝟑𝟎𝟑𝟐𝟎𝟔𝟒𝐑𝟒𝐫 + 𝟒𝟓𝟏𝟔𝟐𝟐𝟒𝐑𝟑𝐫𝟐 
−𝟑𝟑𝟒𝟖𝟐𝟖𝟖𝐑𝟐𝐫𝟑 + 𝟏𝟐𝟒𝟔𝟎𝟑𝟖𝐑𝐫𝟒 − 𝟏𝟖𝟑𝟖𝟑𝟒𝐫𝟓 

= (𝐑 − 𝟐𝐫)((𝐑 − 𝟐𝐫)( 𝟕𝟔𝟏𝟖𝟓𝟔𝐑
𝟑 + 𝟏𝟓𝟑𝟔𝟎𝐑𝟐𝐫 +

𝟏𝟓𝟑𝟎𝟐𝟒𝟎𝐑𝐫𝟐 + 𝟐𝟕𝟏𝟏𝟐𝟑𝟐𝐫𝟑
)+ 𝟓𝟗𝟕𝟎𝟎𝟎𝟔𝐫𝟒) + 𝟗𝟏𝟏𝟐𝟓𝟎𝐫𝟓 

≥
𝐄𝐮𝐥𝐞𝐫

𝟗𝟏𝟏𝟐𝟓𝟎𝐫𝟓 > 0 ∴ (⦁⦁⦁⦁) 

⇔ ( 𝟕𝟔𝟏𝟖𝟓𝟔𝐑
𝟓 − 𝟑𝟎𝟑𝟐𝟎𝟔𝟒𝐑𝟒𝐫 + 𝟒𝟓𝟏𝟔𝟐𝟐𝟒𝐑𝟑𝐫𝟐

−𝟑𝟑𝟒𝟖𝟐𝟖𝟖𝐑𝟐𝐫𝟑 + 𝟏𝟐𝟒𝟔𝟎𝟑𝟖𝐑𝐫𝟒 − 𝟏𝟖𝟑𝟖𝟑𝟒𝐫𝟓
)
𝟐

≥ 

𝟒(𝐑𝟐 − 𝟐𝐑𝐫) ( 𝟑𝟖𝟎𝟗𝟐𝟖𝐑𝟒 − 𝟏𝟐𝟎𝟎𝟔𝟒𝟎𝐑𝟑𝐫 +
𝟏𝟒𝟔𝟗𝟏𝟐𝟎𝐑𝟐𝐫𝟐 − 𝟕𝟓𝟔𝟑𝟐𝟎𝐑𝐫𝟑 + 𝟏𝟑𝟓𝟑𝟎𝟕𝐫𝟒

)
𝟐

 

⇔ 𝟒𝟗𝟗𝟐𝟖𝟗𝟗𝟒𝟖𝟏𝟔𝐭𝟗 − 𝟑𝟕𝟏𝟓𝟏𝟒𝟔𝟕𝟏𝟏𝟎𝟒𝐭𝟖 + 𝟏𝟏𝟎𝟑𝟑𝟔𝟕𝟐𝟒𝟏𝟕𝟐𝟖𝐭𝟕 
−𝟏𝟔𝟑𝟓𝟔𝟓𝟐𝟓𝟗𝟗𝟖𝟎𝟖𝐭𝟔 + 𝟏𝟏𝟖𝟐𝟑𝟓𝟕𝟓𝟖𝟓𝟗𝟐𝟎𝐭𝟓 − 𝟏𝟔𝟖𝟕𝟓𝟒𝟎𝟎𝟏𝟗𝟐𝟎𝐭𝟒 

−𝟑𝟓𝟕𝟑𝟐𝟓𝟐𝟓𝟖𝟐𝟒𝟎𝐭𝟑 + 𝟐𝟔𝟖𝟐𝟔𝟕𝟕𝟏𝟕𝟐𝟒𝟖𝐭𝟐 

−𝟕𝟕𝟗𝟏𝟔𝟏𝟎𝟔𝟑𝟒𝟖𝐭 + 𝟖𝟒𝟒𝟖𝟕𝟑𝟒𝟖𝟖𝟗 ≥ 𝟎 (𝐭 =
𝐑

𝐫
)

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)((𝐭 − 𝟐). 𝐏 + 𝟏𝟖𝟖𝟕𝟓𝟎𝟔𝟗𝟕𝟔𝟑𝟖𝟒)+ 𝟕𝟔𝟒𝟑𝟑𝟔𝟒𝟓𝟐𝟓𝟎𝟎)+ 𝟐𝟎𝟕𝟓𝟗𝟒𝟏𝟒𝟎𝟔𝟐𝟓 ≥ 𝟎  

(
𝐰𝐡𝐞𝐫𝐞 𝐏 = 𝟏𝟑𝟗𝟓𝟖𝟔𝟒𝟑𝟕𝟏𝟐𝐭𝟔 + 𝟑𝟓𝟗𝟕𝟎𝟑𝟓𝟏𝟏𝟎𝟒(𝐭 − 𝟐)𝐭𝟓 + 𝟕𝟐𝟓𝟕𝟓𝟎𝟗𝟎𝟔𝟖𝟖𝐭𝟒

+𝟔𝟐𝟓𝟏𝟖𝟑𝟐𝟗𝟑𝟒𝟒𝐭𝟑 + 𝟏𝟏𝟏𝟎𝟒𝟎𝟖𝟓𝟔𝟎𝟔𝟒𝐭𝟐 + 𝟑𝟐𝟕𝟖𝟕𝟏𝟗𝟎𝟕𝟖𝟒𝟎𝐭 + 𝟕𝟕𝟕𝟓𝟔𝟐𝟓𝟓𝟎𝟕𝟖𝟒
) 

≥
𝐄𝐮𝐥𝐞𝐫

𝟐𝟎𝟕𝟓𝟗𝟒𝟏𝟒𝟎𝟔𝟐𝟓 > 0 ⇒ (⦁⦁⦁⦁) ⇒ (⦁⦁⦁) ⇒ (⦁⦁) ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

⇒
𝒂

𝒂𝟐 + (𝐛 + 𝐜)𝟐
+

𝐛

𝐛𝟐 + (𝐜 + 𝒂)𝟐
+

𝐜

𝐜𝟐 + (𝒂 + 𝐛)𝟐
≤
𝟑

𝟓
  

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝐛𝐜 = 𝟏,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

Solution 2 by Nguyen Van Canh-Vietnam 

We have:  
𝒂

𝒂𝟐+(𝒃+𝒄)𝟐
+

𝒃

𝒃𝟐+(𝒂+𝒄)𝟐
+

𝒄

𝒄𝟐+(𝒂+𝒃)𝟐
≤
𝟑

𝟓
; 

⇔
𝒂

𝒂𝟐 + (𝒃 + 𝒄)𝟐
+

𝒃

𝒃𝟐 + (𝒂 + 𝒄)𝟐
+

𝒄

𝒄𝟐 + (𝒂 + 𝒃)𝟐
≤

𝟑

𝟓√𝒂𝒃𝒄
𝟑 ; (∗) 
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WLOG, we suppose that: 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟑. We have: 

(∗) ⇔
𝒂

𝟑 + 𝟐𝒃𝒄
+

𝒃

𝟑 + 𝟐𝒂𝒄
+

𝒄

𝟑 + 𝟐𝒂𝒃
≤

𝟑

𝟓√𝒂𝒃𝒄
𝟑 ; 

⇔
𝟏𝟐𝒂𝒃𝒄 + 𝟔(𝒂𝒃(𝒂 + 𝒃) + 𝒃𝒄(𝒃 + 𝒄) + 𝒄𝒂(𝒄 + 𝒂)) + 𝟗(𝒂 + 𝒃 + 𝒄)

𝟖(𝒂𝒃𝒄)𝟐 + 𝟏𝟐𝒂𝒃𝒄(𝒂+ 𝒃 + 𝒄) + 𝟏𝟖(𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂) + 𝟐𝟕
≤

𝟑

𝟓√𝒂𝒃𝒄
𝟑 ; 

⇔
𝟏𝟐𝒓𝟑 + 𝟔(𝒑𝒒− 𝟑𝒓) + 𝟗𝒑

𝟖𝒓𝟔 + 𝟏𝟐𝒑𝒓 + 𝟏𝟖𝒒+ 𝟐𝟕
≤
𝟑

𝟓𝒓
; 

(

∴ 𝐰𝐡𝐞𝐫𝐞:𝒑 = 𝒂+ 𝒃 + 𝒄 ≤ 𝟑;𝒒 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂;𝟎 < 𝑟 = 𝑎𝑏𝑐 ≤ 1 ;  𝒑𝟐 − 𝟐𝒒 = 𝟑

⇒ 𝒒 =
𝒑𝟐 − 𝟑

𝟐

) 

⇔
𝟑 (𝒑𝟑 +  𝟒 𝒓𝟑 −  𝟔 𝒓)

𝟗 𝒑𝟐 +  𝟏𝟐 𝒑 𝒓 +  𝟖 𝒓𝟔
≤
𝟑

𝟓𝒓
⇔ 𝟓𝒓(𝒑𝟑 + 𝟒𝒓𝟑 − 𝟔𝒓) ≤ 𝟗𝒑𝟐 + 𝟏𝟐𝒑𝒓 + 𝟖𝒓𝟔; 

⇔ 𝟓𝒓𝒑𝟑 − 𝟗𝒑𝟐 − 𝟏𝟐𝒓𝒑− 𝟖𝒓𝟔 + 𝟐𝟎𝒓𝟒 − 𝟑𝟎𝒓𝟐 ≤ 𝟎; 
∴ 𝒇(𝒑) = 𝟓𝒓𝒑𝟑 − 𝟗𝒑𝟐 − 𝟏𝟐𝒓𝒑 − 𝟖𝒓𝟔 + 𝟐𝟎𝒓𝟒 − 𝟑𝟎𝒓𝟐, ( 𝟎 < 𝑝 ≤ 3) 

⇒ 𝒇′(𝒑) = 𝟑 (𝟓 𝒓 𝒑𝟐 −  𝟒 𝒓 −  𝟔 𝒑) = 𝟎 ⇔⏞
𝒑>0

𝒑𝟎 =
𝟑+ √𝟐𝟎𝒓𝟐 + 𝟗

𝟓𝒓
 

 Case 1: 
𝟑+√𝟐𝟎𝒓𝟐+𝟗

𝟓𝒓
≤ 𝟑 ⇔

𝟏𝟖

𝟒𝟏
≤ 𝒓 ≤ 𝟏. We have: 

𝒑 0 𝟑 + √𝟐𝟎𝒓𝟐 + 𝟗

𝟓𝒓
 

                   𝟑 

𝒇′(𝒑)               −            𝟎             + 

 
𝒇(𝒑) 

   

 

 Case 2: 
𝟑+√𝟐𝟎𝒓𝟐+𝟗

𝟓𝒓
> 3 ⇔ 0 < 𝑟 <

𝟏𝟖

𝟒𝟏
. 

 
𝒑 

0 3 𝟑 + √𝟐𝟎𝒓𝟐 + 𝟗

𝟓𝒓
 

   𝒇′(𝒑)                 −                  −           𝟎 

𝒇(𝒑)    

 

From Case 1 & Case 2 we have: 𝒇(𝒑) ≤ 𝐦𝐚𝐱{𝒇(𝟎), 𝒇(𝟑)}. 
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 𝒇(𝟎) = −𝟖𝒓𝟔 + 𝟐𝟎𝒓𝟒 − 𝟑𝟎𝒓𝟐 = −𝟐 𝒓𝟐(𝟒 𝒓𝟒 −  𝟏𝟎 𝒓𝟐 +  𝟏𝟓) = −𝟐 𝒓𝟐 (𝟒 (𝒓𝟐 −

𝟓

𝟒
)
𝟐

+
𝟑𝟓

𝟒
) < 0 

 𝒇(𝟑) = −𝟖 𝒓𝟔 +  𝟐𝟎 𝒓𝟒 −  𝟑𝟎 𝒓𝟐 +  𝟗𝟗 𝒓 −  𝟖𝟏 

= ( 𝟏 − 𝒓)(𝟖 𝒓𝟓 +  𝟖 𝒓𝟒 −  𝟏𝟐 𝒓𝟑 −  𝟏𝟐 𝒓𝟐 +  𝟏𝟖 𝒓 −  𝟖𝟏)

= ( 𝟏 − 𝒓)[(𝒓𝟑 + 𝒓𝟐)(𝟖𝒓𝟐 − 𝟏𝟐) + 𝟏𝟖𝒓 − 𝟖𝟏] ≤ 𝟎, (𝟎 < 𝑟 ≤ 1). 

Therefore, 𝒇(𝒑) ≤ 𝐦𝐚𝐱{𝒇(𝟎), 𝒇(𝟑)} ≤ 𝟎 ⇒ (∗) 𝑻𝑹𝑼𝑬. Proved. Equality⇔ 𝒒 = 𝒑 = 𝟑,𝒓 = 𝟏 ⇔
𝒂 = 𝒃 = 𝒄 = 𝟏. 

 

1361. 𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 > 0 ∶ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝒂 + 𝐛+ 𝐜. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

√𝟐𝒂𝟐 + 𝐛𝐜

𝒂𝟐 + 𝐛𝐜
+
√𝟐𝐛𝟐 + 𝐜𝒂

𝐛𝟐 + 𝐜𝒂
+
√𝟐𝐜𝟐 + 𝒂𝐛

𝐜𝟐 + 𝒂𝐛
≥
𝟑√𝟑

𝟐
 

 
  Proposed by Nguyen Thai An-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

√𝟐𝒂𝟐 + 𝐛𝐜 = √𝒂𝟐 + 𝒂𝟐 + (√𝐛𝐜)
𝟐
≥ √

(𝒂 + 𝒂+ √𝐛𝐜)
𝟐

𝟑
≥
𝐆−𝐇 𝟐𝒂 +

𝟐𝐛𝐜
𝐛 + 𝐜

√𝟑
 

=
𝟐(∑ 𝒂𝐛𝐜𝐲𝐜 )

√𝟑(𝐛 + 𝐜)
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒

√𝟐𝒂𝟐 + 𝐛𝐜

𝒂𝟐 + 𝐛𝐜
+
√𝟐𝐛𝟐 + 𝐜𝒂

𝐛𝟐 + 𝐜𝒂
+
√𝟐𝐜𝟐 + 𝒂𝐛

𝐜𝟐 + 𝒂𝐛
≥ 

𝟐(∑ 𝒂𝐛𝐜𝐲𝐜 )

√𝟑
.∑

𝟏

(𝐛 + 𝐜)(𝒂𝟐 + 𝐛𝐜)
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟐(∑ 𝒂𝐛𝐜𝐲𝐜 )

√𝟑
.

𝟗

𝟐(∑ 𝒂𝟐𝐛𝐜𝐲𝐜 +∑ 𝒂𝐛𝟐𝐜𝐲𝐜 )
 

=
𝟗(∑ 𝒂𝐛𝐜𝐲𝐜 )

√𝟑 ((∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 ) − 𝟑𝒂𝐛𝐜)
≥
? 𝟑√𝟑

𝟐
⇔ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

≥
?
(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)− 𝟑𝒂𝐛𝐜 

⇔
∑ 𝒂𝟐𝐜𝐲𝐜  = ∑ 𝒂𝐜𝐲𝐜

𝟐(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

) ≥
?
(∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

) 

−𝟑𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) ⇔ (∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

) ≥
?
𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) 

⇔∑𝒂𝟑𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟑

𝐜𝐲𝐜

≥
?
𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

⇔∑𝒂𝐛(𝒂 − 𝐛)𝟐

𝐜𝐲𝐜

≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

∴
√𝟐𝒂𝟐 + 𝐛𝐜

𝒂𝟐 + 𝐛𝐜
+
√𝟐𝐛𝟐 + 𝐜𝒂

𝐛𝟐 + 𝐜𝒂
+
√𝟐𝐜𝟐 + 𝒂𝐛

𝐜𝟐 + 𝒂𝐛
≥
𝟑√𝟑

𝟐
  

∀ 𝒂,𝐛, 𝐜 > 0│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝒂+ 𝐛 + 𝐜,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
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1362.  𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 ∶ 𝒂𝐛 + 𝐛𝐜 + 𝒄𝒂 = 𝟏. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟒(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)

𝟑
≥ 𝒂(𝟏 − 𝐛𝟐)(𝟏 − 𝐜𝟐) + 𝐛(𝟏 − 𝐜𝟐)(𝟏 − 𝒂𝟐) + 𝐜(𝟏 − 𝒂𝟐)(𝟏 − 𝐛𝟐) ≥

𝟏𝟎𝟖

(
𝟏
𝒂
+
𝟏
𝐛
+
𝟏
𝐜
)
𝟑 

  Proposed by Nguyen Van Canh-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝒂(𝟏− 𝐛𝟐)(𝟏− 𝐜𝟐) + 𝐛(𝟏 − 𝐜𝟐)(𝟏 − 𝒂𝟐) + 𝐜(𝟏 − 𝒂𝟐)(𝟏− 𝐛𝟐) =
𝟏 = 𝒂𝐛+𝐛𝐜+𝒄𝒂

 

𝒂(∑𝒂𝐛

𝐜𝐲𝐜

− 𝐛𝟐)(∑𝒂𝐛

𝐜𝐲𝐜

− 𝐜𝟐)+ 𝐛(∑𝒂𝐛

𝐜𝐲𝐜

− 𝐜𝟐)(∑𝒂𝐛

𝐜𝐲𝐜

− 𝒂𝟐) 

+𝐜(∑𝒂𝐛

𝐜𝐲𝐜

− 𝒂𝟐)(∑𝒂𝐛

𝐜𝐲𝐜

− 𝐛𝟐) = 𝟒𝒂𝐛𝐜(∑𝒂𝐛

𝐜𝐲𝐜

) 

⇒ 𝒂(𝟏− 𝐛𝟐)(𝟏 − 𝐜𝟐) + 𝐛(𝟏 − 𝐜𝟐)(𝟏− 𝒂𝟐) + 𝐜(𝟏 − 𝒂𝟐)(𝟏− 𝐛𝟐) =
(∗)
𝟒𝒂𝐛𝐜(∑𝒂𝐛

𝐜𝐲𝐜

) 

∴
𝟒(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)

𝟑
≥ 𝒂(𝟏 − 𝐛𝟐)(𝟏 − 𝐜𝟐) + 𝐛(𝟏 − 𝐜𝟐)(𝟏− 𝒂𝟐) + 𝐜(𝟏 − 𝒂𝟐)(𝟏 − 𝐛𝟐) 

⇔
𝐯𝐢𝒂 (∗) 𝟒(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)

𝟑
≥ 𝟒𝒂𝐛𝐜(∑𝒂𝐛

𝐜𝐲𝐜

) =
𝟏 = 𝒂𝐛+𝐛𝐜+𝒄𝒂

𝟒𝒂𝐛𝐜 ⇔ 𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑 − 𝟑𝒂𝐛𝐜 

≥ 𝟎 ⇔
(𝒂+ 𝐛 + 𝐜)

𝟐
((𝒂 − 𝐛)𝟐 + (𝐛 − 𝐜)𝟐 + (𝐜 − 𝒂)𝟐) ≥ 𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝒂,𝐛, 𝐜 ≥ 𝟎 

∴
𝟒(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)

𝟑
≥ 𝒂(𝟏 − 𝐛𝟐)(𝟏 − 𝐜𝟐) + 𝐛(𝟏 − 𝐜𝟐)(𝟏− 𝒂𝟐) + 𝐜(𝟏 − 𝒂𝟐)(𝟏 − 𝐛𝟐) 

𝐀𝐥𝐬𝐨,𝒂(𝟏 − 𝐛𝟐)(𝟏 − 𝐜𝟐) + 𝐛(𝟏 − 𝐜𝟐)(𝟏 − 𝒂𝟐) + 𝐜(𝟏 − 𝒂𝟐)(𝟏 − 𝐛𝟐) ≥
𝟏𝟎𝟖

(
𝟏
𝒂 +

𝟏
𝐛 +

𝟏
𝐜
)
𝟑 

⇔
𝐯𝐢𝒂 (∗)

𝟒𝒂𝐛𝐜(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟒

≥ 𝟏𝟎𝟖𝒂𝟑𝐛𝟑𝐜𝟑⇔ (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑

≥
(𝐢)

𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐 

𝐍𝐨𝐰, (𝒙 + 𝐲 + 𝐳)𝟑 − 𝟐𝟕𝒙𝐲𝐳 =∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑((∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

)− 𝒙𝐲𝐳)− 𝟐𝟕𝒙𝐲𝐳 

= 𝟑𝒙𝐲𝐳 + (∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝟐

𝐜𝐲𝐜

−∑𝒙𝐲

𝐜𝐲𝐜

)− 𝟑𝒙𝐲𝐳 + 𝟑(∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

)− 𝟐𝟕𝒙𝐲𝐳 

= (∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝟐

𝐜𝐲𝐜

−∑𝒙𝐲

𝐜𝐲𝐜

)+ 𝟑((∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝐲

𝐜𝐲𝐜

)− 𝟗𝒙𝐲𝐳) 
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= (∑𝒙

𝐜𝐲𝐜

)(∑𝒙𝟐

𝐜𝐲𝐜

−∑𝒙𝐲

𝐜𝐲𝐜

)+ 𝟑(
(𝐲𝟐𝒙 + 𝐳𝟐𝒙 − 𝟐𝒙𝐲𝐳) + (𝐳𝟐𝐲+ 𝒙𝟐𝐲 − 𝟐𝒙𝐲𝐳) +

(𝒙𝟐𝐳 + 𝐲𝟐𝐳 − 𝟐𝒙𝐲𝐳)
) 

=
(∑ 𝒙𝐜𝐲𝐜 )

𝟐
.∑(𝒙 − 𝐲)𝟐

𝐜𝐲𝐜

+ 𝟑(∑𝒙(𝐲 − 𝐳)𝟐

𝐜𝐲𝐜

) ≥ 𝟎 ∀ 𝒙, 𝐲, 𝐳 ≥ 𝟎 𝒂𝐧𝐝 𝐜𝐡𝐨𝐨𝐬𝐢𝐧𝐠  

𝒙 = 𝒂𝐛, 𝐲 = 𝐛𝐜, 𝐳 = 𝐜𝒂,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑

≥ 𝟐𝟕𝒂𝟐𝐛𝟐𝐜𝟐 ⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝒂(𝟏 − 𝐛𝟐)(𝟏 − 𝐜𝟐) + 𝐛(𝟏 − 𝐜𝟐)(𝟏 − 𝒂𝟐) + 𝐜(𝟏 − 𝒂𝟐)(𝟏 − 𝐛𝟐) ≥
𝟏𝟎𝟖

(
𝟏
𝒂 +

𝟏
𝐛 +

𝟏
𝐜
)
𝟑 

∴
𝟒(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)

𝟑
≥ 𝒂(𝟏 − 𝐛𝟐)(𝟏 − 𝐜𝟐) + 𝐛(𝟏 − 𝐜𝟐)(𝟏− 𝒂𝟐) + 𝐜(𝟏 − 𝒂𝟐)(𝟏 − 𝐛𝟐) 

≥
𝟏𝟎𝟖

(
𝟏
𝒂
+
𝟏
𝐛
+
𝟏
𝐜
)
𝟑  ∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎│𝒂𝐛+ 𝐛𝐜 + 𝒄𝒂 = 𝟏,

′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 =
𝟏

√𝟑
 (𝐐𝐄𝐃) 

 

1363. 𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 𝒂 + 𝐛 + 𝐜 = 𝟑. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝟐𝟖𝐦𝐢𝐧 {(𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒) , (𝒂

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓)} 

≥ 𝟐𝟕(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) + 𝟑(𝒂𝐛𝐜)
𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟔 

 
  Proposed by Nguyen Van Canh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐅𝐢𝐫𝐬𝐭𝐥𝐲,𝐰𝐞 𝒔𝒉𝒂𝒍𝒍 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟐𝟖(𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒) − 𝟑 ≥ 𝟐𝟕(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐛 = 𝐜 = 𝟎 (𝒂 = 𝟑) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝟐𝟖 ∗ 𝟑
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 − 𝟑 > 𝟑𝟑 ∗ 𝟑

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 − 𝟑 > 0 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 (𝐛 + 𝐜 = 𝟑)  
𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 

𝟐𝟖.( √𝐛 ∗ 𝐛 ∗ 𝐛 ∗ …𝐛⏟        
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟒 + √𝐜 ∗ 𝐜 ∗ 𝐜 ∗ …𝐜⏟        
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟒 )− 𝟑−
𝟐𝟕.𝟗𝐛𝐜

(𝐛 + 𝐜)𝟐
 

≥
𝐆−𝐇

𝟐𝟖(
𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐛 + 𝟏

+
𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐜 + 𝟏

)− 𝟑−
𝟐𝟒𝟑𝐛𝐜

(𝐛 + 𝐜)𝟐
 

= 𝟐𝟖.𝟐𝟎𝟐𝟒(
𝐛𝟐

𝟐𝟎𝟐𝟑𝐛+ 𝐛𝟐
+

𝐜𝟐

𝟐𝟎𝟐𝟑𝐜 + 𝐜𝟐
) − 𝟑 −

𝟐𝟒𝟑𝐛𝐜

(𝐛 + 𝐜)𝟐
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≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
∵ 𝐛 + 𝐜 = 𝟑 𝟐𝟖.𝟐𝟎𝟐𝟒(𝐛 + 𝐜)𝟐

𝟐𝟎𝟐𝟑
𝟑

(𝐛 + 𝐜)𝟐 + 𝐛𝟐 + 𝐜𝟐
− 𝟑 −

𝟐𝟒𝟑𝐛𝐜

(𝐛 + 𝐜)𝟐
 

=
(𝟖𝟒.𝟐𝟎𝟐𝟒− 𝟔𝟎𝟔𝟗)(𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜) − 𝟗(𝐛𝟐 + 𝐜𝟐)

𝟐𝟎𝟐𝟔(𝐛𝟐 + 𝐜𝟐) + 𝟐𝟎𝟐𝟑.𝟐𝐛𝐜
−

𝟐𝟒𝟑𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
 

=
𝟏𝟔𝟑𝟗𝟑𝟖𝒙+ 𝟏𝟔𝟑𝟗𝟒𝟕𝐲

𝟐𝟎𝟐𝟔𝒙+ 𝟐𝟎𝟐𝟑𝐲
−

𝟐𝟒𝟑𝐲

𝟐(𝒙 + 𝐲)
 (𝒙 = 𝐛𝟐 + 𝐜𝟐; 𝐲 = 𝟐𝐛𝐜) 

=
𝟑𝟐𝟕𝟖𝟕𝟔𝒙𝟐 + 𝟏𝟔𝟑𝟒𝟓𝟐𝒙𝐲 − 𝟏𝟔𝟑𝟔𝟗𝟓𝐲𝟐

𝟐(𝒙 + 𝐲)(𝟐𝟎𝟐𝟔𝒙+ 𝟐𝟎𝟐𝟑𝐲)
 

=
(𝟑𝟐𝟕𝟖𝟕𝟔𝒙 + 𝟒𝟗𝟏𝟑𝟐𝟖𝐲)(𝒙− 𝐲) + 𝟑𝟐𝟕𝟔𝟑𝟑𝐲𝟐

𝟐(𝒙 + 𝐲)(𝟐𝟎𝟐𝟔𝒙+ 𝟐𝟎𝟐𝟑𝐲)
> 0 ∵ 𝑥 = 𝐛𝟐 + 𝐜𝟐 ≥ 𝟐𝐛𝐜 = 𝐲 

𝒂𝐧𝐝 𝒙, 𝐲 > 0 𝒂𝐬 𝐛, 𝐜 > 0 ∴ 28 (𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒) − 𝟑 > 𝟐𝟕(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 

𝐂𝒂𝐬𝐞 𝟑  𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 =
∵ 𝒂 + 𝐛 + 𝐜 = 𝟑

 

𝟐𝟖.( √𝒂 ∗ 𝒂 ∗ 𝒂 ∗ …𝒂⏟        
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟒 + √𝐛 ∗ 𝐛 ∗ 𝐛 ∗ …𝐛⏟        
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟒 + √𝐜 ∗ 𝐜 ∗ 𝐜 ∗ …𝐜⏟        
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟒 ) − 𝟑 

−
𝟐𝟕.𝟗(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
≥
𝐆−𝐇

𝟐𝟖(
𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝒂

+ 𝟏
+

𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐛

+ 𝟏
+

𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐜

+ 𝟏
)− 𝟑 

−
𝟐𝟒𝟑(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

= 𝟐𝟖.𝟐𝟎𝟐𝟒(
𝒂𝟐

𝟐𝟎𝟐𝟑𝒂+ 𝒂𝟐
+

𝐛𝟐

𝟐𝟎𝟐𝟑𝐛+ 𝐛𝟐
+

𝐜𝟐

𝟐𝟎𝟐𝟑𝐜 + 𝐜𝟐
) − 𝟑−

𝟐𝟒𝟑(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
∵ 𝒂 + 𝐛 + 𝐜 = 𝟑 𝟐𝟖. 𝟐𝟎𝟐𝟒(𝒂 + 𝐛 + 𝐜)𝟐

𝟐𝟎𝟐𝟑
𝟑

(𝒂 + 𝐛 + 𝐜)𝟐 + 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
− 𝟑 −

𝟐𝟒𝟑(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

=
𝟖𝟒.𝟐𝟎𝟐𝟒(𝐮+ 𝟐𝐯)

𝟐𝟎𝟐𝟑(𝐮+ 𝟐𝐯) + 𝟑𝐮
− 𝟑 −

𝟐𝟒𝟑𝐯

𝐮 + 𝟐𝐯
 (𝐮 = 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐, 𝐯 = 𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 

=
𝟔(𝟐𝟕𝟑𝟐𝟑𝐮𝟐 + 𝟐𝟕𝟐𝟒𝟐𝐮𝐯− 𝟓𝟒𝟓𝟔𝟓𝐯𝟐)

𝟐𝟎𝟐𝟔𝐮 + 𝟒𝟎𝟒𝟔𝐯
=
𝟔(𝐮 − 𝐯)(𝟐𝟕𝟑𝟐𝟑𝐮+ 𝟓𝟒𝟓𝟔𝟓𝐯)

𝟐𝟎𝟐𝟔𝐮 + 𝟒𝟎𝟒𝟔𝐯
≥ 𝟎 

(∵ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 ⇒ 𝐮 ≥ 𝐯 𝒂𝐧𝐝 𝒂, 𝐛, 𝐜 > 0 ⇒ 𝑢, 𝑣 > 0) 

∴ 𝟐𝟖(∑𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒

𝐜𝐲𝐜

)− 𝟑 ≥ 𝟐𝟕(∑𝒂𝐛

𝐜𝐲𝐜

)  𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 

𝟐𝟖(𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒) ≥ 𝟐𝟕(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) + 𝟑 

≥ 𝟐𝟕(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) + 𝟑(𝒂𝐛𝐜)
𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟔 

 (∵ 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 𝒂 + 𝐛 + 𝐜 = 𝟑 ⇒
𝐯𝐢𝒂 𝐀−𝐆

𝟎 ≤ 𝒂𝐛𝐜 ≤ 𝟏 ⇒ 𝟎 ≤ (𝒂𝐛𝐜)
𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟔 ≤ 𝟏)

∴ 𝟐𝟖(𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒) ≥

(∗)

𝟐𝟕(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) + 𝟑(𝒂𝐛𝐜)
𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟔  
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𝐍𝐨𝐰,𝐰𝐞 𝒔𝒉𝒂𝒍𝒍 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟐𝟖(𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓) − 𝟑 ≥ 𝟐𝟕(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐛 = 𝐜 = 𝟎 (𝒂 = 𝟑) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝟐𝟖 ∗ 𝟑
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 − 𝟑 > 𝟑𝟑 ∗ 𝟑

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 − 𝟑 > 0 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 (𝐛 + 𝐜 = 𝟑) 
𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 

𝟐𝟖.( √𝐛 ∗ 𝐛 ∗ 𝐛 ∗ …𝐛⏟        
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟓 + √𝐜 ∗ 𝐜 ∗ 𝐜 ∗ …𝐜⏟        
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟓 )− 𝟑−
𝟐𝟕.𝟗𝐛𝐜

(𝐛 + 𝐜)𝟐
 

≥
𝐆−𝐇

𝟐𝟖(
𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝐛

+ 𝟏
+

𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝐜

+ 𝟏
)− 𝟑−

𝟐𝟒𝟑𝐛𝐜

(𝐛 + 𝐜)𝟐
 

= 𝟐𝟖.𝟐𝟎𝟐𝟓(
𝐛𝟐

𝟐𝟎𝟐𝟒𝐛+ 𝐛𝟐
+

𝐜𝟐

𝟐𝟎𝟐𝟒𝐜 + 𝐜𝟐
) − 𝟑 −

𝟐𝟒𝟑𝐛𝐜

(𝐛 + 𝐜)𝟐
 

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
∵ 𝐛 + 𝐜 = 𝟑 𝟐𝟖.𝟐𝟎𝟐𝟓(𝐛 + 𝐜)𝟐

𝟐𝟎𝟐𝟒
𝟑

(𝐛 + 𝐜)𝟐 + 𝐛𝟐 + 𝐜𝟐
− 𝟑 −

𝟐𝟒𝟑𝐛𝐜

(𝐛 + 𝐜)𝟐
 

=
(𝟖𝟒.𝟐𝟎𝟐𝟓− 𝟔𝟎𝟕𝟐)(𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜) − 𝟗(𝐛𝟐 + 𝐜𝟐)

𝟐𝟎𝟐𝟕(𝐛𝟐 + 𝐜𝟐) + 𝟐𝟎𝟐𝟒.𝟐𝐛𝐜
−

𝟐𝟒𝟑𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
 

=
𝟏𝟔𝟒𝟎𝟏𝟗𝒙+ 𝟏𝟔𝟒𝟎𝟐𝟖𝐲

𝟐𝟎𝟐𝟕𝒙+ 𝟐𝟎𝟐𝟒𝐲
−

𝟐𝟒𝟑𝐲

𝟐(𝒙 + 𝐲)
 (𝒙 = 𝐛𝟐 + 𝐜𝟐; 𝐲 = 𝟐𝐛𝐜) 

=
𝟑𝟐𝟖𝟎𝟑𝟖𝒙𝟐 + 𝟏𝟔𝟑𝟓𝟑𝟑𝒙𝐲 − 𝟏𝟔𝟑𝟕𝟕𝟔𝐲𝟐

𝟐(𝒙 + 𝐲)(𝟐𝟎𝟐𝟕𝒙+ 𝟐𝟎𝟐𝟒𝐲)
 

=
(𝟑𝟐𝟖𝟎𝟑𝟖𝒙 + 𝟒𝟗𝟏𝟓𝟕𝟏𝐲)(𝒙− 𝐲) + 𝟑𝟐𝟕𝟕𝟗𝟓𝐲𝟐

𝟐(𝒙 + 𝐲)(𝟐𝟎𝟐𝟕𝒙+ 𝟐𝟎𝟐𝟒𝐲)
> 0 ∵ 𝑥 = 𝐛𝟐 + 𝐜𝟐 ≥ 𝟐𝐛𝐜 = 𝐲 

 𝒂𝐧𝐝 𝒙, 𝐲 > 0 𝒂𝐬 𝐛, 𝐜 > 0 ∴ 28 (𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓) − 𝟑 > 𝟐𝟕(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 

𝐂𝒂𝐬𝐞 𝟑  𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 =
∵ 𝒂 + 𝐛 + 𝐜 = 𝟑

−
𝟐𝟕.𝟗(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
− 𝟑 

+𝟐𝟖.( √𝒂 ∗ 𝒂 ∗ 𝒂 ∗ …𝒂⏟        
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟓 + √𝐛 ∗ 𝐛 ∗ 𝐛 ∗ …𝐛⏟        
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟓 + √𝐜 ∗ 𝐜 ∗ 𝐜 ∗ …𝐜⏟        
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

∗ 𝟏𝟐𝟎𝟐𝟓 ) 

≥
𝐆−𝐇

𝟐𝟖(
𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝒂 + 𝟏

+
𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝐛 + 𝟏

+
𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝐜 + 𝟏

)− 𝟑 −
𝟐𝟒𝟑(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

= 𝟐𝟖.𝟐𝟎𝟐𝟓(
𝒂𝟐

𝟐𝟎𝟐𝟒𝒂+ 𝒂𝟐
+

𝐛𝟐

𝟐𝟎𝟐𝟒𝐛+ 𝐛𝟐
+

𝐜𝟐

𝟐𝟎𝟐𝟒𝐜 + 𝐜𝟐
) − 𝟑−

𝟐𝟒𝟑(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
∵ 𝒂 + 𝐛 + 𝐜 = 𝟑 𝟐𝟖. 𝟐𝟎𝟐𝟓(𝒂 + 𝐛 + 𝐜)𝟐

𝟐𝟎𝟐𝟒
𝟑

(𝒂 + 𝐛 + 𝐜)𝟐 + 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
− 𝟑 −

𝟐𝟒𝟑(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

=
𝟖𝟒.𝟐𝟎𝟐𝟓(𝐮+ 𝟐𝐯)

𝟐𝟎𝟐𝟒(𝐮+ 𝟐𝐯) + 𝟑𝐮
− 𝟑 −

𝟐𝟒𝟑𝐯

𝐮 + 𝟐𝐯
 (𝐮 = 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐, 𝐯 = 𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 
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=
𝟑(𝟓𝟒𝟔𝟕𝟑𝐮𝟐 + 𝟓𝟒𝟓𝟏𝟏𝐮𝐯− 𝟏𝟎𝟗𝟏𝟖𝟒𝐯𝟐)

𝟐𝟎𝟐𝟕𝐮+ 𝟒𝟎𝟒𝟖𝐯
=
𝟑(𝐮 − 𝐯)(𝟓𝟒𝟔𝟕𝟑𝐮+ 𝟏𝟎𝟗𝟏𝟖𝟒𝐯)

𝟐𝟎𝟐𝟕𝐮+ 𝟒𝟎𝟒𝟖𝐯
≥ 𝟎 

(∵ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 ⇒ 𝐮 ≥ 𝐯 𝒂𝐧𝐝 𝒂, 𝐛, 𝐜 > 0 ⇒ 𝑢, 𝑣 > 0) 

∴ 𝟐𝟖(∑𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓

𝐜𝐲𝐜

)− 𝟑 ≥ 𝟐𝟕(∑𝒂𝐛

𝐜𝐲𝐜

)  𝒂𝐧𝐝 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 

𝟐𝟖(𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓) ≥ 𝟐𝟕(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) + 𝟑 

≥ 𝟐𝟕(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) + 𝟑(𝒂𝐛𝐜)
𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟔 

 (∵ 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 𝒂 + 𝐛 + 𝐜 = 𝟑 ⇒
𝐯𝐢𝒂 𝐀−𝐆

𝟎 ≤ 𝒂𝐛𝐜 ≤ 𝟏 ⇒ 𝟎 ≤ (𝒂𝐛𝐜)
𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟔 ≤ 𝟏)

∴ 𝟐𝟖(𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓) ≥

(∗∗)

𝟐𝟕(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) + 𝟑(𝒂𝐛𝐜)
𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟔  

∴ (∗), (∗∗) ⇒ 𝟐𝟖𝐦𝐢𝐧{(𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒) , (𝒂

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓)} 

≥ 𝟐𝟕(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) + 𝟑(𝒂𝐛𝐜)
𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟔 ∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎│𝒂 + 𝐛 + 𝐜 = 𝟑, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

1364. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑡ℎ𝑒𝑛 ∶ 

𝟒(
𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
) + 𝒂𝐛𝐜(

𝒂 + 𝐛
𝐛 + 𝐜

+
𝐛 + 𝐜
𝐜 + 𝒂

+
𝐜 + 𝒂
𝒂 + 𝐛

𝒂 + 𝐛 + 𝐜
)

𝟑

≥ 𝟕 

  Proposed by Pavlos Trifon-Greece 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙  
= 𝟐𝒂 > 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙+ 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 

⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 

𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 ∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐) 

∴ 𝟒 (
𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
) + 𝒂𝐛𝐜(

𝒂 + 𝐛
𝐛 + 𝐜 +

𝐛 + 𝐜
𝐜 + 𝒂 +

𝐜 + 𝒂
𝒂 + 𝐛

𝒂 + 𝐛 + 𝐜
)

𝟑

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝟒∑
𝐬 − 𝒙

𝒙
𝐜𝐲𝐜

 

+
𝐫𝟐𝐬

𝐬𝟑
(∑

𝒙

𝐲
𝐜𝐲𝐜

)

𝟑

≥
𝐀−𝐆 𝟒𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟒𝐑𝐫𝐬
− 𝟏𝟐 +

𝟗𝐫𝟐

𝐬𝟐
(
𝟏

𝒙𝐲𝐳
∑

𝒙𝟐𝐳𝟐

𝐳
𝐜𝐲𝐜

) 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝐑𝐫
− 𝟏𝟐 +

𝟗𝐫𝟐

𝐬𝟐
(
𝟏

𝟒𝐑𝐫𝐬
.
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐

𝟐𝐬
) ≥
? 
𝟕 

⇔
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝐑𝐫
+
𝟗𝐫(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐

𝟖𝐑𝐬𝟒
≥
? 
𝟏𝟗 
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⇔ 𝟖𝐬𝟔 − (𝟏𝟐𝟎𝐑𝐫 + 𝟏𝟕𝐫𝟐)𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟕𝟐𝐑𝟐 + 𝟏𝟖𝐫𝟐) + 𝟗𝐫𝟒(𝟒𝐑+ 𝐫)𝟐 ≥
(⦁) 

𝟎  𝒂𝐧𝐝 

∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥ 𝟖(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

⇔ (𝟐𝟔𝟒𝐑𝐫 − 𝟏𝟎𝟑𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟔𝟏𝟒𝟒𝐑𝟐 − 𝟑𝟗𝟏𝟐𝐑𝐫 + 𝟓𝟖𝟐𝐫𝟐) 

+𝐫𝟑(𝟑𝟐𝟕𝟔𝟖𝐑𝟑 − 𝟑𝟎𝟓𝟕𝟔𝐑𝟐𝐫 + 𝟗𝟔𝟕𝟐𝐑𝐫𝟐 − 𝟗𝟗𝟏𝐫𝟑) ≥
(⦁⦁) 

𝟎 𝒂𝐧𝐝 

∵ (𝟐𝟔𝟒𝐑𝐫 − 𝟏𝟎𝟑𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥ (𝟐𝟔𝟒𝐑𝐫 − 𝟏𝟎𝟑𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟐𝟖𝟖𝐑𝟐 − 𝟐𝟓𝟑𝐑𝐫 + 𝟓𝟔𝐫𝟐)𝐬𝟐 ≥
(⦁⦁⦁) 

𝐫(𝟒𝟑𝟓𝟐𝐑𝟑 − 𝟒𝟕𝟓𝟒𝐑𝟐𝐫 + 𝟏𝟔𝟕𝟔𝐑𝐫𝟐 − 𝟏𝟗𝟖𝐫𝟑) 

𝐍𝐨𝐰, (𝟐𝟖𝟖𝐑𝟐 − 𝟐𝟓𝟑𝐑𝐫 + 𝟓𝟔𝐫𝟐)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 

(𝟐𝟖𝟖𝐑𝟐 − 𝟐𝟓𝟑𝐑𝐫 + 𝟓𝟔𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥
? 
𝐫(𝟒𝟑𝟓𝟐𝐑𝟑 − 𝟒𝟕𝟓𝟒𝐑𝟐𝐫 + 𝟏𝟔𝟕𝟔𝐑𝐫𝟐 − 𝟏𝟗𝟖𝐫𝟑) 

⇔ 𝟐𝟓𝟔𝐭𝟑 − 𝟕𝟑𝟒𝐭𝟐 + 𝟒𝟖𝟓𝐭− 𝟖𝟐 ≥
? 
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟏𝟒𝟓𝐭𝟐 + 𝟏𝟏𝟏𝐭(𝐭 − 𝟐) + 𝟒𝟏) ≥
? 
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫 
𝟐 ⇒ (⦁⦁⦁) ⇒ (⦁⦁) ⇒ (⦁) 

𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝟒 (
𝒂

𝐛+ 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
) + 𝒂𝐛𝐜(

𝒂 + 𝐛
𝐛 + 𝐜 +

𝐛 + 𝐜
𝐜 + 𝒂+

𝐜 + 𝒂
𝒂 + 𝐛

𝒂 + 𝐛 + 𝐜
)

𝟑

≥ 𝟕 ∀ 𝒂,𝐛, 𝐜 > 0, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐁𝐲 𝐒𝐜𝐡𝐮𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
=
(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 + 𝟑𝒂𝒃𝒄) + 𝒂𝟐(𝒃 + 𝒄) + 𝒃𝟐(𝒄 + 𝒂) + 𝒄𝟐(𝒂 + 𝒃)

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
 

                                   ≥
𝟐[𝒂𝟐(𝒃 + 𝒄) + 𝒃𝟐(𝒄 + 𝒂) + 𝒄𝟐(𝒂 + 𝒃)]

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

= 𝟐 −
𝟒𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
. 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂) ≥
𝟖(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝟗
≥
𝟖√𝟑𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄)𝟑

𝟗
. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬 𝐚𝐧𝐝 𝐛𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐨𝐛𝐭𝐚𝐢𝐧 

𝟒(
𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
) ≥ 𝟖 − 𝟐√

𝟐𝟕𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)𝟑
≥ 𝟖 − (𝟏 +

𝟐𝟕𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)𝟑
)

= 𝟕 −
𝟐𝟕𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)𝟑
. 

𝐍𝐨𝐰 𝐛𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 
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𝒂𝒃𝒄(

𝒂 + 𝒃
𝒃 + 𝒄 +

𝒃 + 𝒄
𝒄 + 𝒂 +

𝒄 + 𝒂
𝒂 + 𝒃

𝒂 + 𝒃 + 𝒄
)

𝟑

≥ 𝒂𝒃𝒄 (
𝟑

𝒂 + 𝒃 + 𝒄
)
𝟑

=
𝟐𝟕𝒂𝒃𝒄

(𝒂 + 𝒃 + 𝒄)𝟑
. 

𝐀𝐝𝐝𝐢𝐧𝐠 𝐭𝐡𝐞 𝐥𝐚𝐬𝐭 𝐭𝐰𝐨 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬 𝐲𝐢𝐞𝐥𝐝𝐬 𝐭𝐡𝐞 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐫𝐞𝐬𝐮𝐥𝐭. 
𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄. 

1365. Let 𝒂, 𝒃, 𝒄 ≥ 𝟎 such that 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟏. Prove that: 
𝟏

√𝒂 + 𝒃𝒄
+

𝟏

√𝒃 + 𝒂𝒄
+

𝟏

√𝒄 + 𝒂𝒃
≥

𝟔

√𝟐(𝒂 + 𝒃 + 𝒄) + 𝒂𝒃𝒄
. 

Proposed by Phan Ngoc Chau-Vietnam 
Solution by Nguyen Van Canh-Vietnam 
 

Let us denote  𝒑 = 𝒂+ 𝒃 + 𝒄 ≥ √𝟑(𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂) = √𝟑    and 

𝒓 = 𝒂𝒃𝒄 ≥ 𝐦𝐚𝐱{𝟎,
𝒑(𝟒−𝒑𝟐)

𝟒
} (Schur’s Inequality). 

Using B.C.S Inequality we have: 
𝟏

√𝒂 + 𝒃𝒄
+

𝟏

√𝒃 + 𝒂𝒄
+

𝟏

√𝒄 + 𝒂𝒃
≥

𝟗

√𝒂 + 𝒃𝒄 + √𝒃 + 𝒂𝒄+ √𝒄 + 𝒂𝒃
≥

𝟗

√𝟑(𝒂 + 𝒃 + 𝒄 + 𝟏)

=
𝟑√𝟑

√𝒂 + 𝒃 + 𝒄 + 𝟏
=

𝟑√𝟑

√𝒑 + 𝟏
; 

We need to prove that: 

𝟑√𝟑

√𝒑+ 𝟏
≥

𝟔

√𝟐𝒑 + 𝒓
  (∗) ⇔ 𝟑(𝟐𝒑 + 𝒓) ≥ 𝟒(𝒑 + 𝟏) ⇔ 𝟐𝒑+ 𝟑𝒓 ≥ 𝟒; 

 If 𝒑 ≥ 𝟐 then 𝒓 ≥ 𝐦𝐚𝐱{𝟎,
𝒑(𝟒−𝒑𝟐)

𝟒
} = 𝟎 .We have: 

𝟐𝒑 + 𝟑𝒓 ≥ 𝟒 + 𝟎 = 𝟒 (true) ⇒ (∗) true. 

 If √𝟑 ≤ 𝒑 ≤ 𝟐 then 𝒓 ≥ 𝐦𝐚𝐱 {𝟎,
𝒑(𝟒−𝒑𝟐)

𝟒
} =

𝒑(𝟒−𝒑𝟐)

𝟒
. We have: 

𝟐𝒑 + 𝟑𝒓 ≥ 𝟐𝒑+ 𝟑.
𝒑(𝟒−𝒑𝟐)

𝟒
= 𝟓𝒑−

𝟑𝒑𝟑

𝟒
. We just prove that: 

𝟓𝒑 −
𝟑𝒑𝟑

𝟒
≥ 𝟒 ⇔ 𝟑𝒑𝟑 − 𝟐𝟎𝒑+ 𝟏𝟔 ≤ 𝟎 ⇔ (𝒑 − 𝟐)(𝟑𝒑𝟐 + 𝟔𝒑− 𝟖) ≤ 𝟎; 

⇔ (𝒑 − 𝟐)[(𝟑𝒑 + 𝟗)(𝒑 − 𝟏) + 𝟏] ≤ 𝟎 (true since √𝟑 ≤ 𝒑 ≤ 𝟐) 

⇒ (∗) true. Proved. Equality⇔ {
𝒂+ 𝒃 + 𝒄 = 𝟐

𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂 = 𝟏
𝒂𝒃𝒄 = 𝟎

 

⇔ 𝒂 = 𝒃 = 𝟏, 𝒄 = 𝟎 𝐨𝐫 𝒃 = 𝒄 = 𝟏 = 𝟎 𝐨𝐫 𝒂 = 𝒄 = 𝟏,𝒃 = 𝟎. 

1366.  𝐈𝐟 𝒂, 𝐛, 𝐜 > 0. 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑 𝒂𝐧𝐝 𝛌 ≥ 𝟎, 𝐭𝐡𝐞𝐧 ∶ 

∑
𝒂+ 𝛌

𝒂 + 𝐛𝐜 + 𝐜𝟐
𝐜𝐲𝐜

≥ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 + 𝛌 − 𝟐 

  Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

𝟑 =∑𝒂𝟐

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑√𝒂𝟐𝐛𝟐𝐜𝟐
𝟐

⇒ 𝒂𝐛𝐜 ≤ 𝟏 → (𝟏) 𝒂𝐧𝐝 𝟑 =∑𝒂𝟐

𝐜𝐲𝐜

≥
𝟏

𝟑
(∑𝒂

𝐜𝐲𝐜

)

𝟐

 

⇒∑𝒂

𝐜𝐲𝐜

≤ 𝟑 → (𝟐) 

𝐍𝐨𝐰,∑
𝒂

𝒂 + 𝐛𝐜 + 𝐜𝟐
𝐜𝐲𝐜

=∑
𝒂𝟐

𝒂𝟐 + 𝒂𝐛𝐜 + 𝒂𝐜𝟐
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝒂𝐜𝐲𝐜 )

𝟐

∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟑𝒂𝐛𝐜 + ∑ 𝒂𝟐𝐛𝐜𝐲𝐜
≥
𝐀−𝐆

 

(∑ 𝒂𝐜𝐲𝐜 )
𝟐

∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟑𝒂𝐛𝐜 + ∑ 𝒂𝟑𝐜𝐲𝐜
=

(∑ 𝒂𝐜𝐲𝐜 )
𝟐

∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟔𝒂𝐛𝐜 + (∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐜𝐲𝐜 − ∑ 𝒂𝐛𝐜𝐲𝐜 )
 

≥
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐) (∑ 𝒂𝐜𝐲𝐜 )

𝟐

∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟔 + 𝟑(∑ 𝒂𝟐𝐜𝐲𝐜 − ∑ 𝒂𝐛𝐜𝐲𝐜 )
=

𝟑 = 𝒂𝟐+𝐛𝟐+𝐜𝟐

 

(∑ 𝒂𝐜𝐲𝐜 )
𝟐

∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟑(∑ 𝒂𝟐𝐜𝐲𝐜 −∑ 𝒂𝐛𝐜𝐲𝐜 )
=
∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒂𝐛𝐜𝐲𝐜

𝟔∑ 𝒂𝟐𝐜𝐲𝐜 − 𝟑∑ 𝒂𝐛𝐜𝐲𝐜
 

≥
?
𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 − 𝟐 =

𝟑∑ 𝒂𝐛𝐜𝐲𝐜

∑ 𝒂𝟐𝐜𝐲𝐜
− 𝟐 ⇔

𝒙 + 𝟐𝐲

𝟔𝒙 − 𝟑𝐲
+ 𝟐 ≥

? 𝟑𝐲

𝒙
 

 (𝒙 =∑𝒂𝟐

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐲 = ∑𝒂𝐛

𝐜𝐲𝐜

) ⇔
𝟏𝟑𝒙 − 𝟒𝐲

𝟔𝒙 − 𝟑𝐲
≥
? 𝟑𝐲

𝒙
⇔ 𝟏𝟑𝒙𝟐 − 𝟐𝟐𝒙𝐲 + 𝟗𝐲𝟐 ≥

?
𝟎 

⇔ (𝟏𝟑𝒙 − 𝟗𝐲)(𝒙 − 𝐲) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝒙 ≥ 𝐲 

∴ ∑
𝒂

𝒂 + 𝐛𝐜 + 𝐜𝟐
𝐜𝐲𝐜

≥ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 − 𝟐 → (𝐢) 

𝐀𝐠𝒂𝐢𝐧,∑
𝟏

𝒂 + 𝐛𝐜 + 𝐜𝟐
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟗

∑ 𝒂𝐜𝐲𝐜 + ∑ 𝒂𝐛𝐜𝐲𝐜 +∑ 𝒂𝟐𝐜𝐲𝐜
≥

𝐯𝐢𝒂 (𝟐) 𝟗

𝟑 + 𝟐∑ 𝒂𝟐𝐜𝐲𝐜
 

=
𝒂𝟐+𝐛𝟐+𝐜𝟐 = 𝟑 𝟗

𝟑 + 𝟔
⇒∑

𝟏

𝒂+ 𝐛𝐜 + 𝐜𝟐
𝐜𝐲𝐜

≥ 𝟏 𝒂𝐧𝐝 ∵ 𝛌 ≥ 𝟎 ∴∑
𝛌

𝒂 + 𝐛𝐜 + 𝐜𝟐
𝐜𝐲𝐜

≥ 𝛌 → (𝐢𝐢) 

∴ (𝐢) + (𝐢𝐢) ⇒∑
𝒂 + 𝛌

𝒂 + 𝐛𝐜 + 𝐜𝟐
𝐜𝐲𝐜

≥ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 + 𝛌 − 𝟐 

∀ 𝒂, 𝐛, 𝐜 > 0│𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 = 𝟑 𝒂𝐧𝐝 ∀ 𝛌 ≥ 𝟎,′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 

1367. Let 𝒂, 𝒃, 𝒄, 𝒅 ∈ [
𝟏

𝟐
, 𝟏] and  𝒂 ≥ 𝒃 ≥ 𝒄 ≥ 𝒅. Prove that: 

𝟐(
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒅
+
𝒅

𝒂
) ≥

𝒃

𝒂
+
𝒄

𝒃
+
𝒅

𝒄
+
𝒂

𝒅
+ 𝟒 

 
Proposed by Minh Vu-Vietnam 
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Solution by Nguyen Van Canh-Vietnam 

Let 𝒇(𝒂, 𝒃, 𝒄, 𝒅) = 𝟐 (
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒅
+
𝒅

𝒂
) − (

𝒃

𝒂
+
𝒄

𝒃
+
𝒅

𝒄
+
𝒂

𝒅
) − 𝟒; 

𝒇𝒂
′ =

𝟐

𝒃
−
𝟏

𝒅
−
𝟐𝒅

𝒂𝟐
+
𝒃

𝒂𝟐
=
𝟐𝒅 − 𝒃

𝒃𝒄
−
𝟐𝒅 − 𝒃

𝒂𝟐
= (𝟐𝒅 − 𝒃) (

𝒂𝟐 − 𝒃𝒄

𝒂𝟐𝒃𝒄
) ≥ 𝟎 

(since: 𝒃, 𝒅 ∈ [
𝟏

𝟐
, 𝟏] ⇒ 𝟐𝒅 − 𝒃 ≥ 𝟏 − 𝒃 ≥ 𝟎 and 𝒂 ≥ 𝒃 ≥ 𝒄 ⇒ 𝒂𝟐 − 𝒃𝒄 ≥ 𝟎) 

⇒ 𝒇(𝒂, 𝒃, 𝒄, 𝒅) ≥ 𝒇(𝒃, 𝒃, 𝒄, 𝒅) = 𝟐 (
𝒃

𝒄
+
𝒄

𝒅
+
𝒅

𝒃
) − (

𝒄

𝒃
+
𝒅

𝒄
+
𝒃

𝒅
) − 𝟑 = 𝒈(𝒃, 𝒄, 𝒅). 

𝒈𝒃
′ =

𝟐

𝒄
−
𝟐𝒅

𝒃𝟐
+
𝒄

𝒃𝟐
−
𝟏

𝒅
=
𝟐𝒅 − 𝒄

𝒄𝒅
−
𝟐𝒅 − 𝒄

𝒃𝟐
= (𝟐𝒅 − 𝒄) (

𝒃𝟐 − 𝒄𝒅

𝒃𝟐𝒄𝒅
) ≥ 𝟎 

(since: 𝒄, 𝒅 ∈ [
𝟏

𝟐
, 𝟏] ⇒ 𝟐𝒅 − 𝒄 ≥ 𝟏 − 𝒄 ≥ 𝟎 and 𝒃 ≥ 𝒄 ≥ 𝒅 ⇒ 𝒃𝟐 − 𝒄𝒅 ≥ 𝟎) 

⇒ 𝒈(𝒃, 𝒄, 𝒅) ≥ 𝒈(𝒄, 𝒄, 𝒅) = 𝟐(
𝒄

𝒅
+
𝒅

𝒄
) − (

𝒅

𝒄
+
𝒄

𝒅
) − 𝟐 =

𝒅

𝒄
+
𝒄

𝒅
− 𝟐 ≥⏞

𝐀𝐌−𝐆𝐌

𝟐 − 𝟐 = 𝟎. 

⇒ 𝒇(𝒂, 𝒃, 𝒄, 𝒅) ≥ 𝒈(𝒃, 𝒄, 𝒅) ≥ 𝟎. 

Proved. Equality ⇔ 𝒂 = 𝒃 = 𝒄 = 𝒅 ∈ [
𝟏

𝟐
; 𝟏]. 

1368. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

∏(𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐)

𝐜𝐲𝐜

≤ (
𝟏

𝟐
(𝒂 − 𝐛)(𝐛 − 𝐜)(𝐜 − 𝒂))

𝟐

+∑(𝟑𝒂𝐛)𝟐 (
𝒂 + 𝐛

𝟐
)

𝟐

𝐜𝐲𝐜

 

  Proposed by Neculai Stanciu-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 

∏(𝒂𝟐 + 𝒂𝐛+ 𝐛𝟐)

𝐜𝐲𝐜

≤ (
𝟏

𝟐
(𝒂 − 𝐛)(𝐛 − 𝐜)(𝐜 − 𝒂))

𝟐

+∑(𝟑𝒂𝐛)𝟐 (
𝒂 + 𝐛

𝟐
)
𝟐

𝐜𝐲𝐜

 

⇔ 𝟗∑𝒂𝟐𝐛𝟐(𝒂 + 𝐛)𝟐

𝐜𝐲𝐜

+ ((𝒂 − 𝐛)(𝐛 − 𝐜)(𝐜 − 𝒂))
𝟐
≥ 𝟒∏(𝒂𝟐 + 𝒂𝐛+ 𝐛𝟐)

𝐜𝐲𝐜

 

⇔∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

+ 𝟐∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 ≥
(∗)

 

𝒂𝐛𝐜∑𝒂𝟑

𝐜𝐲𝐜

+ 𝒂𝐛𝐜(∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

)+ 𝟔𝒂𝟐𝐛𝟐𝐜𝟐 

𝐍𝐨𝐰,𝐯𝐢𝒂 𝐒𝐜𝐡𝐮𝐫,∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 ≥ 𝒂𝐛𝐜(∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

) → (𝟏) 

𝐀𝐠𝒂𝐢𝐧,∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

=∑𝒂𝟒(𝐛𝟐 + 𝐜𝟐)

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟐∑𝒂𝟒𝐛𝐜

𝐜𝐲𝐜

= 𝟐𝒂𝐛𝐜∑𝒂𝟑

𝐜𝐲𝐜

 

⇒
𝟏

𝟐
(∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

) ≥ 𝒂𝐛𝐜∑𝒂𝟑

𝐜𝐲𝐜

→ (𝟐) 
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𝐀𝐥𝐬𝐨,
𝟏

𝟐
(∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

)+∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

≥
𝐀−𝐆 𝟏

𝟐
(𝟑𝒂𝟐𝐛𝟐𝐜𝟐 + 𝟑𝒂𝟐𝐛𝟐𝐜𝟐) + 𝟑𝒂𝟐𝐛𝟐𝐜𝟐 

⇒
𝟏

𝟐
(∑𝒂𝟒𝐛𝟐

𝐜𝐲𝐜

+∑𝒂𝟐𝐛𝟒

𝐜𝐲𝐜

)+∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

≥ 𝟔𝒂𝟐𝐛𝟐𝐜𝟐 → (𝟑) 

∴ (𝟏) + (𝟐) + (𝟑) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∏(𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐)

𝐜𝐲𝐜

≤ (
𝟏

𝟐
(𝒂 − 𝐛)(𝐛 − 𝐜)(𝐜 − 𝒂))

𝟐

+∑(𝟑𝒂𝐛)𝟐 (
𝒂 + 𝐛

𝟐
)
𝟐

𝐜𝐲𝐜

 

∀ 𝒂, 𝐛, 𝐜 > 0,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

 
Solution 2 by Nguyen Van Canh-Vietnam 

WLOG, we assume that 𝒂 + 𝒃 + 𝒄 = 𝟏. Let us denote 𝒒 = ∑𝒂𝒃 , 𝒓 = 𝒂𝒃𝒄. 
We have: 

𝟒∏(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐) ≤ ((𝒂 − 𝒃)(𝒃 − 𝒄)(𝒄 − 𝒂))
𝟐
+ 𝟗∑(𝒂𝒃)𝟐(𝒂 + 𝒃)𝟐 ; 

⇔ 𝟒[∑𝒂𝟐𝒃𝟐(𝒂𝟐 + 𝒃𝟐) +∑𝒂𝟑𝒃𝟑 + 𝒂𝒃𝒄∑𝒂𝟑 + 𝟐𝒂𝒃𝒄∑𝒂𝒃(𝒂 + 𝒃) + 𝟑𝒂𝟐𝒃𝟐𝒄𝟐]

≤ ∑𝒂𝟐𝒃𝟐(𝒂𝟐 + 𝒃𝟐) + 𝟐𝒂𝒃𝒄∑𝒂𝒃(𝒂+ 𝒃) − 𝟐∑𝒂𝟑𝒃𝟑 − 𝟔𝒂𝟐𝒃𝟐𝒄𝟐

− 𝟐𝒂𝒃𝒄∑𝒂𝟑 + 𝟗 [∑𝒂𝟐𝒃𝟐(𝒂𝟐 + 𝒃𝟐) + 𝟐∑𝒂𝟑𝒃𝟑] ; 

⇔∑𝒂𝟐𝒃𝟐(𝒂𝟐 + 𝒃𝟐) + 𝟐∑𝒂𝟑𝒃𝟑 − 𝒂𝒃𝒄∑𝒂𝒃(𝒂 + 𝒃) − 𝒂𝒃𝒄∑𝒂𝟑 − 𝟑𝒂𝟐𝒃𝟐𝒄𝟐 ≥ 𝟎; 

⇔∑𝒂𝟐𝒃𝟐∑𝒂𝟐 + 𝟐∑𝒂𝟑𝒃𝟑 − 𝒂𝒃𝒄∑𝒂𝒃(𝒂 + 𝒃) − 𝒂𝒃𝒄∑𝒂𝟑 − 𝟔𝒂𝟐𝒃𝟐𝒄𝟐 ≥ 𝟎; 

⇔ (𝒒𝟐 − 𝟐𝒓)(𝟏 − 𝟐𝒒) + 𝟐(𝒒𝟑 − 𝟑𝒒𝒓 + 𝟑𝒓𝟐) − 𝒓(𝒒 − 𝟑𝒓) − 𝒓(𝟏 − 𝟑𝒒 + 𝟑𝒓) − 𝟔𝒓𝟐 ≥ 𝟎; 
⇔ 𝒒𝟐 ≥ 𝟑𝒓. 

Which is clearly true since:  (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 ≥ 𝟑𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) ⇒ 𝒒𝟐 ≥ 𝟑𝒓. Proved. 
 

1369. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

∑
𝟒𝒂

𝟑(𝟐𝒂 + 𝐛 + 𝐜)
𝐜𝐲𝐜

≤ 𝟏 ⇔∑
𝟐𝒂

𝟑(𝐛 + 𝐜)
𝐜𝐲𝐜

≥ 𝟏 

  Proposed by Neculai Stanciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

 
𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 

𝐲 + 𝐳 − 𝒙 = 𝟐𝒂 > 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 ⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 
𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)  

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 
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∑
𝟒𝒂

𝟑(𝟐𝒂 + 𝐛 + 𝐜)
𝐜𝐲𝐜

≤ 𝟏 ⇔∑
𝐬− 𝒙

(𝒂 + 𝐛) + (𝒂 + 𝐜)
𝐜𝐲𝐜

≤
𝟑

𝟒
⇔∑

𝐬− 𝒙

(𝒂 + 𝐛) + (𝒂 + 𝐜)
𝐜𝐲𝐜

≤
𝟑

𝟒
 

⇔∑
𝐬− 𝒙

𝐲 + 𝐳
𝐜𝐲𝐜

≤
𝟑

𝟒
⇔∑

𝟐𝐬− 𝒙 − 𝐬

𝟐𝐬 − 𝒙
𝐜𝐲𝐜

≤
𝟑

𝟒
⇔ 𝟑 −

𝟑

𝟒
≤ 𝐬∑

𝟏

𝐲 + 𝐳
𝐜𝐲𝐜

 

⇔∑
𝒙𝟐 +∑ 𝒙𝐲𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
𝐜𝐲𝐜

≥
𝟗

𝟒𝐬
⇔
(∑ 𝒙𝟐𝐜𝐲𝐜 + 𝟐∑ 𝒙𝐲𝐜𝐲𝐜 ) + ∑ 𝒙𝐲𝐜𝐲𝐜

∏ (𝐲 + 𝐳)𝐜𝐲𝐜
≥
𝟗

𝟒𝐬
 

⇔
𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≥
𝟗

𝟒𝐬
⇔ 𝟏𝟎𝐬𝟐 + 𝟖𝐑𝐫 + 𝟐𝐫𝟐 ≥ 𝟗𝐬𝟐 + 𝟏𝟖𝐑𝐫 + 𝟗𝐫𝟐 

⇔ 𝐬𝟐 ≥ 𝟏𝟎𝐑𝐫 + 𝟕𝐫𝟐 ∴ ∑
𝟒𝒂

𝟑(𝟐𝒂 + 𝐛 + 𝐜)
𝐜𝐲𝐜

≤ 𝟏 ⇔ 𝐬𝟐 ≥ 𝟏𝟎𝐑𝐫 + 𝟕𝐫𝟐 → (𝟏)  

𝐀𝐥𝐬𝐨,∑
𝟐𝒂

𝟑(𝐛 + 𝐜)
𝐜𝐲𝐜

≥ 𝟏 ⇔∑
𝐬− 𝒙

𝒙
𝐜𝐲𝐜

≥
𝟑

𝟐
⇔ 𝐬.

∑ 𝒙𝐲𝐜𝐲𝐜

𝟒𝐑𝐫𝐬
≥
𝟗

𝟐
⇔
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟒𝐑𝐫
≥
𝟗

𝟐
 

⇔ 𝐬𝟐 ≥ 𝟏𝟒𝐑𝐫 − 𝐫𝟐 ∴ ∑
𝟐𝒂

𝟑(𝐛 + 𝐜)
𝐜𝐲𝐜

≥ 𝟏 ⇔ 𝐬𝟐 ≥ 𝟏𝟒𝐑𝐫 − 𝐫𝟐 → (𝟐)  

𝐈𝐟 𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞, 𝐥𝐞𝐭 𝐮𝐬 𝒂𝐬𝐬𝐮𝐦𝐞 ∑
𝟒𝒂

𝟑(𝟐𝒂 + 𝐛+ 𝐜)
𝐜𝐲𝐜

≤ 𝟏 ⇒∑
𝟐𝒂

𝟑(𝐛 + 𝐜)
𝐜𝐲𝐜

≤ 𝟏, 𝐢. 𝐞. , 

∑
𝟒𝒂

𝟑(𝟐𝒂 + 𝐛 + 𝐜)
𝐜𝐲𝐜

≤ 𝟏 𝒂𝐧𝐝 ∑
𝟐𝒂

𝟑(𝐛 + 𝐜)
𝐜𝐲𝐜

≤ 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐯𝐢𝒂 (𝟏), (𝟐), 

𝐬𝟐 ≥ 𝟏𝟎𝐑𝐫 + 𝟕𝐫𝟐 𝒂𝐧𝐝 𝐬𝟐 ≤ 𝟏𝟒𝐑𝐫 − 𝐫𝟐 𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝒂 𝐜𝐨𝐧𝐭𝐫𝒂𝐝𝐢𝐜𝐭𝐢𝐨𝐧 ∵ 𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐  

= 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟐𝐫(𝐑− 𝟐𝐫) ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝒂𝐧𝐝
𝐄𝐮𝐥𝐞𝐫

𝟎 ⇒ 𝐬𝟐 ≥ 𝟏𝟒𝐑𝐫 − 𝐫𝟐 ∴ 𝐨𝐮𝐫 𝒂𝐬𝐬𝐬𝐮𝐦𝐩𝐭𝐢𝐨𝐧 

𝐢𝐬 𝐢𝐧𝐜𝐨𝐫𝐫𝐞𝐜𝐭 ∴ ∑
𝟒𝒂

𝟑(𝟐𝒂+ 𝐛 + 𝐜)
𝐜𝐲𝐜

≤ 𝟏 ⇒∑
𝟐𝒂

𝟑(𝐛 + 𝐜)
𝐜𝐲𝐜

≥ 𝟏  

𝐀𝐠𝒂𝐢𝐧, 𝐢𝐟 𝐩𝐨𝐬𝐬𝐢𝐛𝐥𝐞, 𝐥𝐞𝐭 𝐮𝐬 𝒂𝐬𝐬𝐮𝐦𝐞 ∑
𝟐𝒂

𝟑(𝐛 + 𝐜)
𝐜𝐲𝐜

≥ 𝟏 ⇒∑
𝟒𝒂

𝟑(𝟐𝒂+ 𝐛 + 𝐜)
𝐜𝐲𝐜

≥ 𝟏, 𝐢. 𝐞. , 

∑
𝟐𝒂

𝟑(𝐛 + 𝐜)
𝐜𝐲𝐜

≥ 𝟏 𝒂𝐧𝐝 ∑
𝟒𝒂

𝟑(𝟐𝒂 + 𝐛 + 𝐜)
𝐜𝐲𝐜

≥ 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐯𝐢𝒂 (𝟏), (𝟐), 

𝐬𝟐 ≥ 𝟏𝟒𝐑𝐫 − 𝐫𝟐 𝒂𝐧𝐝 𝐬𝟐 ≤ 𝟏𝟎𝐑𝐫 + 𝟕𝐫𝟐 𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝒂 𝐜𝐨𝐧𝐭𝐫𝒂𝐝𝐢𝐜𝐭𝐢𝐨𝐧 ∵ 𝐬𝟐 − 𝟏𝟎𝐑𝐫 − 𝟕𝐫𝟐  

= 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟔𝐫(𝐑 − 𝟐𝐫) ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝒂𝐧𝐝
𝐄𝐮𝐥𝐞𝐫

𝟎 ⇒ 𝐬𝟐 ≥ 𝟏𝟎𝐑𝐫 + 𝟕𝐫𝟐 ∴ 𝐨𝐮𝐫 𝒂𝐬𝐬𝐬𝐮𝐦𝐩𝐭𝐢𝐨𝐧 

𝐢𝐬 𝐢𝐧𝐜𝐨𝐫𝐫𝐞𝐜𝐭 ∴ ∑
𝟐𝒂

𝟑(𝐛 + 𝐜)
𝐜𝐲𝐜

≥ 𝟏 ⇒∑
𝟒𝒂

𝟑(𝟐𝒂+ 𝐛 + 𝐜)
𝐜𝐲𝐜

≤ 𝟏  

∴∑
𝟒𝒂

𝟑(𝟐𝒂 + 𝐛+ 𝐜)
𝐜𝐲𝐜

≤ 𝟏 ⇔∑
𝟐𝒂

𝟑(𝐛 + 𝐜)
𝐜𝐲𝐜

≥ 𝟏 (𝐐𝐄𝐃) 
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1370.  𝐈𝐟 𝒙, 𝐲, 𝐳 > 0, 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝐭 ∶ 

∑
𝟏

𝟐𝒙 + 𝐲 + 𝐳
𝐜𝐲𝐜

+
𝟏𝟔𝒙𝐲𝐳

(∑ 𝒙𝐜𝐲𝐜 )∏ (𝟐𝒙 + 𝐲 + 𝐳)𝐜𝐲𝐜

≤
𝟓

𝟐∑ 𝒙𝐜𝐲𝐜
 

  Proposed by Neculai Stanciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝒂, 𝐳 + 𝒙 = 𝐛, 𝒙 + 𝐲 = 𝐜 ⇒ 𝒂 + 𝐛 − 𝐜 = 𝟐𝐳 > 0, 
𝐛 + 𝐜 − 𝒂 = 𝟐𝒙 > 0 𝒂𝐧𝐝 𝐜 + 𝒂 − 𝐛 = 𝟐𝐲 > 0 ⇒ 𝒂 + 𝐛 > 𝑐, 𝐛 + 𝐜 > 𝒂, 𝐜 + 𝒂 > 𝑏 ⇒ 𝒂, 𝐛, 𝐜 𝐟𝐨𝐫𝐦 
𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)  

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝒂

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

=
(⦁)
𝐬 ⇒ 𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 

∴ 𝒙𝐲𝐳 =
(⦁⦁)

𝐫𝟐𝐬 

𝐍𝐨𝐰,∑
𝟏

𝟐𝒙+ 𝐲 + 𝐳
𝐜𝐲𝐜

+
𝟏𝟔𝒙𝐲𝐳

(∑ 𝒙𝐜𝐲𝐜 )∏ (𝟐𝒙 + 𝐲 + 𝐳)𝐜𝐲𝐜

≤
𝟓

𝟐∑ 𝒙𝐜𝐲𝐜
 

⇔∑
𝟏

(𝒙 + 𝐲) + (𝒙 + 𝐳)
𝐜𝐲𝐜

+
𝟏𝟔𝒙𝐲𝐳

(∑ 𝒙𝐜𝐲𝐜 )∏ ((𝒙 + 𝐲) + (𝒙 + 𝐳))𝐜𝐲𝐜

≤
𝟓

𝟐∑ 𝒙𝐜𝐲𝐜
 

⇔
𝐯𝐢𝒂 (⦁) 𝒂𝐧𝐝 (⦁⦁) 

∑
𝟏

𝐛+ 𝐜
𝐜𝐲𝐜

+
𝟏𝟔𝐫𝟐𝐬

(𝐬)∏ (𝐛 + 𝐜)𝐲𝐜
≤
𝟓

𝟐𝐬
 

⇔
𝟏

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
.∑(𝒂𝟐 +∑𝒂𝐛

𝐜𝐲𝐜

)

𝐜𝐲𝐜

+
𝟏𝟔𝐫𝟐

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
≤
𝟓

𝟐𝐬
 

⇔
𝟏

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
. ((∑𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒂𝐛

𝐜𝐲𝐜

)+∑𝒂𝐛

𝐜𝐲𝐜

)+
𝟏𝟔𝐫𝟐

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≤
𝟓

𝟐𝐬
 

⇔
𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫+ 𝐫𝟐

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
+

𝟏𝟔𝐫𝟐

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≤
𝟓

𝟐𝐬
⇔

𝟓𝐬𝟐𝟒𝐑𝐫 + 𝟏𝟕𝐫𝟐

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫+ 𝐫𝟐)
≤
𝟓

𝟐𝐬
 

⇔ 𝟔𝐑𝐫 ≥ 𝟏𝟐𝐑𝐫 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝐥𝐞𝐫 ∴∑
𝟏

𝟐𝒙+ 𝐲 + 𝐳
𝐜𝐲𝐜

+
𝟏𝟔𝒙𝐲𝐳

(∑ 𝒙𝐜𝐲𝐜 )∏ (𝟐𝒙 + 𝐲 + 𝐳)𝐜𝐲𝐜

 

≤
𝟓

𝟐∑ 𝒙𝐜𝐲𝐜
 ∀ 𝒙, 𝐲, 𝐳 > 0,′′=′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 (𝐐𝐄𝐃) 

 

1371.  𝐌𝐫. 𝐁𝐢𝐧 𝐞𝐧𝐭𝐞𝐫𝐞𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐛𝐥𝐞𝐦 𝒂𝐬 𝐟𝐨𝒍𝒍𝐨𝐰𝐬 :′′ 

𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 𝒂 + 𝐛 + 𝐜 = 𝟑. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝟏𝟓 ≥ (𝟔 − 𝟑√𝟑)(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) + 𝟗√𝟑

′′
  

𝐢𝐧 𝐭𝐡𝐞 𝐀𝐈 𝐜𝐡𝒂𝐭 𝐬𝐨𝐟𝐭𝐰𝒂𝐫𝐞, 𝐛𝐮𝐭 𝐭𝐡𝐞 𝐬𝐨𝐟𝐭𝐰𝒂𝐫𝐞 𝐜𝐨𝐮𝐥𝐝 𝐧𝐨𝐭 𝐬𝐨𝐥𝐯𝐞 𝐢𝐭. 
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𝐀𝐧𝐝 𝐲𝐨𝐮 ? 𝐋𝐞𝐭′𝐬 𝐬𝐨𝐥𝐯𝐞 𝐭𝐡𝐢𝐬 𝐩𝐮𝐳𝐳𝐥𝐞 ! 

  Proposed by Nguyen Van Canh-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐛 = 𝐜 = 𝟎  

(𝒂 = 𝟑) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝟑
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝟏𝟓 − 𝟗√𝟑 > √𝟑+ 𝟏𝟓 − 𝟗√𝟑 > 0 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 (𝐛 + 𝐜 = 𝟑) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = √𝐛.𝐛. 𝐛…𝐛⏟      
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟒 + √𝐜. 𝐜. 𝐜… 𝐜⏟      
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟒 + 𝟏𝟓 

−𝟗(
𝟔 − 𝟑√𝟑

𝟐
)(

𝟐𝐛𝐜

(𝐛 + 𝐜)𝟐
) − 𝟗√𝟑 ≥

𝐆−𝐇 𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐛 + 𝟏

+
𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐜 + 𝟏

+ 𝟏𝟓 

−
𝟗(𝟔 − 𝟑√𝟑)

𝟐
(

𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
) − 𝟗√𝟑 

=
𝟐𝟎𝟐𝟒𝐛𝟐

𝟐𝟎𝟐𝟑𝐛+ 𝐛𝟐
+

𝟐𝟎𝟐𝟒𝐜𝟐

𝟐𝟎𝟐𝟑𝐜+ 𝐜𝟐
+ 𝟏𝟓 − 𝟐𝟕(

𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
) 

−𝟗√𝟑(𝟏 −
𝟑

𝟐
(

𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
)) ≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
∵ 𝐛 + 𝐜 = 𝟑 𝟐𝟎𝟐𝟒(𝐛 + 𝐜)𝟐

𝟐𝟎𝟐𝟑
𝟑

(𝐛 + 𝐜)𝟐 + 𝐛𝟐 + 𝐜𝟐
+ 𝟏𝟓 

−𝟐𝟕(
𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
) − 𝟗√𝟑(𝟏 −

𝟑

𝟐
(

𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
)) 

=
𝟐𝟎𝟐𝟒(𝒙 + 𝐲)

𝟐𝟎𝟐𝟑
𝟑

(𝒙 + 𝐲) + 𝒙
+ 𝟏𝟓 − 𝟐𝟕(

𝐲

𝒙 + 𝐲
) − 𝟗√𝟑(𝟏 −

𝟑

𝟐
(
𝐲

𝒙 + 𝐲
)) 

(𝒙 = 𝐛𝟐 + 𝐜𝟐; 𝐲 = 𝟐𝐛𝐜) ≥
?
𝟎 ⇔

𝟑(𝟔𝟎𝟕𝟕𝒙 + 𝟔𝟎𝟔𝟖𝐲)(𝟐𝒙 − 𝐲)

(𝒙 + 𝐲)(𝟐𝟎𝟐𝟔𝒙 + 𝟐𝟎𝟐𝟑𝐲)
≥
?
⏟
(∗)

𝟗√𝟑(𝟐𝒙− 𝐲)

𝟐(𝒙 + 𝐲)
 

𝐈𝐟 𝟐𝒙 = 𝐲, 𝐭𝐡𝐞𝐧 ∶ 𝐛𝟐 + 𝐜𝟐 = 𝐛𝐜 ⇒ (𝐛 + 𝐜)𝟐 = 𝟑𝐛𝐜 ⇒ 𝐛𝐜 = 𝟑 𝒂𝐧𝐝 ∴ 𝐛 + 𝐜 = 𝟑 

∴ 𝐛 +
𝟑

𝐛
= 𝟑 ⇒ 𝐛𝟐 − 𝟑𝐛+ 𝟑 = 𝟎 𝒂𝐧𝐝 ∵ ∆= 𝟗 − 𝟏𝟐 < 𝟎 ⇒ 𝐧𝐨 𝐫𝐞𝒂𝒍 𝐯𝒂𝒍𝐮𝐞𝐬 𝐨𝐟  

𝐛, 𝐜 𝐞𝒙𝐢𝐬𝐭 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 𝐛 + 𝐜 = 𝟑 𝒂𝐧𝐝 𝐛𝟐 + 𝐜𝟐 = 𝐛𝐜 ∴ 𝟐𝒙 − 𝐲 ≠ 𝟎 

∴ (∗) ⇔
𝟔𝟎𝟕𝟕𝒙 + 𝟔𝟎𝟔𝟖𝐲

𝟐𝟎𝟐𝟔𝒙 + 𝟐𝟎𝟐𝟑𝐲
≥
𝟑√𝟑

𝟐
 𝒂𝐧𝐝 ∵

𝟑√𝟑

𝟐
<
𝟏𝟑

𝟓
∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟔𝟎𝟕𝟕𝒙 + 𝟔𝟎𝟔𝟖𝐲

𝟐𝟎𝟐𝟔𝒙 + 𝟐𝟎𝟐𝟑𝐲
>
𝟏𝟑

𝟓
⇔ 𝟑(𝟏𝟑𝟒𝟗𝒙 + 𝟏𝟑𝟒𝟕𝐲) > 0 → 𝐭𝐫𝐮𝐞 ∵ 𝒙, 𝐲 > 0 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝟏𝟓 > (𝟔 − 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) + 𝟗√𝟑 

𝐂𝒂𝐬𝐞 𝟑  𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 =
∵ 𝒂 + 𝐛 + 𝐜 = 𝟑

√𝒂. 𝒂.𝒂…𝒂⏟      
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟒  

+ √𝐛.𝐛. 𝐛…𝐛⏟      
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟒 + √𝐜. 𝐜. 𝐜… 𝐜⏟      
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟒 + 𝟏𝟓−
𝟗(𝟔− 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
− 𝟗√𝟑 
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≥
𝐆−𝐇 𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝒂

+ 𝟏
+

𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐛

+ 𝟏
+

𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐜

+ 𝟏
+ 𝟏𝟓 −

𝟓𝟒(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

−𝟗√𝟑(𝟏 −
𝟑(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
) 

=
𝟐𝟎𝟐𝟒𝒂𝟐

𝟐𝟎𝟐𝟑𝒂 + 𝒂𝟐
+

𝟐𝟎𝟐𝟒𝐛𝟐

𝟐𝟎𝟐𝟑𝐛+ 𝐛𝟐
+

𝟐𝟎𝟐𝟒𝐜𝟐

𝟐𝟎𝟐𝟑𝐜+ 𝐜𝟐
+ 𝟏𝟓−

𝟓𝟒(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

−𝟗√𝟑(𝟏 −
𝟑(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
) ≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
∵ 𝒂 + 𝐛 + 𝐜 = 𝟑 𝟐𝟎𝟐𝟒(𝒂+ 𝐛 + 𝐜)𝟐

𝟐𝟎𝟐𝟑
𝟑

(𝒂 + 𝐛 + 𝐜)𝟐 + 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
 

+𝟏𝟓−
𝟓𝟒(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
− 𝟗√𝟑(𝟏 −

𝟑(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
) 

=
𝟐𝟎𝟐𝟒(𝐮+ 𝟐𝐯)

𝟐𝟎𝟐𝟑
𝟑

(𝐮 + 𝟐𝐯) + 𝐮
+ 𝟏𝟓 −

𝟓𝟒𝐯

𝐮 + 𝟐𝐯
− 𝟗√𝟑(𝟏 −

𝟑𝐯

𝐮 + 𝟐𝐯
)(𝐮 =∑𝒂𝟐

𝐜𝐲𝐜

, 𝐯 =∑𝒂𝐛

𝐜𝐲𝐜

) 

≥
?
𝟎 =

𝟑(𝟔𝟎𝟕𝟕𝐮+ 𝟏𝟐𝟏𝟑𝟔𝐯)(𝐮 − 𝐯)

(𝐮 + 𝟐𝐯)(𝟏𝟎𝟏𝟑𝐮+ 𝟐𝟎𝟐𝟑𝐯)
≥
? 𝟗√𝟑(𝐮− 𝐯)

𝐮 + 𝟐𝐯
 

⇔ 𝟔𝟎𝟕𝟕𝐮 + 𝟏𝟐𝟏𝟑𝟔𝐯 ≥
?
𝟑√𝟑(𝟏𝟎𝟏𝟑𝐮+ 𝟐𝟎𝟐𝟑𝐯) (∵ 𝐮 − 𝐯 ≥ 𝟎) 𝒂𝐧𝐝 ∵ 𝟑√𝟑 <

𝟏𝟔

𝟓
 

∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟔𝟎𝟕𝟕𝐮 + 𝟏𝟐𝟏𝟑𝟔𝐯 >
𝟏𝟔

𝟓
(𝟏𝟎𝟏𝟑𝐮+ 𝟐𝟎𝟐𝟑𝐯) 

⇔ 𝟏𝟒𝟏𝟕𝟕𝐮+ 𝟐𝟖𝟑𝟏𝟐𝐯 > 0 → 𝐭𝐫𝐮𝐞 ∵ 𝐮, 𝐯 > 0 

∴ 𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝟏𝟓 ≥ (𝟔 − 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) + 𝟗√𝟑  

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬,𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝟏𝟓 

≥ (𝟔 − 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) + 𝟗√𝟑 ∀ 𝒂,𝐛, 𝐜 ≥ 𝟎│𝒂 + 𝐛 + 𝐜 = 𝟑, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 

1372.  𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 𝒂 + 𝐛 + 𝐜 = 𝟑. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

(𝐢) 𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝟐(𝟏𝟔 − 𝟗√𝟑) ≥ (𝟔 − 𝟑√𝟑)(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) 𝒂𝐧𝐝 

(𝐢𝐢) 𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑 + 𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑 + 𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑 + 𝟐(𝟏𝟔 − 𝟗√𝟑) ≥ (𝟔 − 𝟑√𝟑)(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) 

  Proposed by Nguyen Van Canh-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝐢) 𝒂
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐛

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝐜

𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝟐(𝟏𝟔 − 𝟗√𝟑) ≥ (𝟔 − 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐛 = 𝐜 = 𝟎 (𝒂 = 𝟑) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝟑
𝟐𝟎𝟐𝟑
𝟐𝟎𝟐𝟒 + 𝟐(𝟏𝟔 − 𝟗√𝟑) > 0 ∴ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 (𝐛 + 𝐜 = 𝟑) 
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𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = √𝐛.𝐛. 𝐛…𝐛⏟      
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟒 + √𝐜. 𝐜. 𝐜… 𝐜⏟      
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟒 + 𝟐(𝟏𝟔 − 𝟗√𝟑) 

−𝟗(
𝟔 − 𝟑√𝟑

𝟐
)(

𝟐𝐛𝐜

(𝐛 + 𝐜)𝟐
) ≥
𝐆−𝐇 𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐛

+ 𝟏
+

𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐜

+ 𝟏
+ 𝟐(𝟏𝟔− 𝟗√𝟑) 

−
𝟗(𝟔 − 𝟑√𝟑)

𝟐
(

𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
) 

=
𝟐𝟎𝟐𝟒𝐛𝟐

𝟐𝟎𝟐𝟑𝐛+ 𝐛𝟐
+

𝟐𝟎𝟐𝟒𝐜𝟐

𝟐𝟎𝟐𝟑𝐜+ 𝐜𝟐
+ 𝟑𝟐 − 𝟐𝟕(

𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
) 

−𝟏𝟖√𝟑 +
𝟐𝟕√𝟑

𝟐
(

𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
) ≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
∵ 𝐛 + 𝐜 = 𝟑

 

𝟐𝟎𝟐𝟒(𝐛 + 𝐜)𝟐

𝟐𝟎𝟐𝟑
𝟑

(𝐛 + 𝐜)𝟐 + 𝐛𝟐 + 𝐜𝟐
+ 𝟑𝟐− 𝟐𝟕(

𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
) 

−𝟏𝟖√𝟑 +
𝟐𝟕√𝟑

𝟐
(

𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
) 

=
𝟐𝟎𝟐𝟒(𝒙+ 𝐲)

𝟐𝟎𝟐𝟑
𝟑

(𝒙 + 𝐲) + 𝒙
+ 𝟑𝟐 − 𝟐𝟕(

𝐲

𝒙 + 𝐲
) − 𝟏𝟖√𝟑 +

𝟐𝟕√𝟑

𝟐
(
𝐲

𝒙 + 𝐲
) 

(𝒙 = 𝐛𝟐 + 𝐜𝟐; 𝐲 = 𝟐𝐛𝐜) =
𝟕𝟎𝟗𝟎𝟒𝒙𝟐 + 𝟖𝟕𝟎𝟏𝟎𝒙𝐲 + 𝟏𝟔𝟏𝟖𝟕𝐲𝟐

(𝒙 + 𝐲)(𝟐𝟎𝟐𝟔𝒙 + 𝟐𝟎𝟐𝟑𝐲)
−
𝟗√𝟑(𝟒𝒙 + 𝐲)

𝟐(𝒙 + 𝐲)
 

>

𝟗√𝟑
𝟐
 < 8 𝟕𝟎𝟗𝟎𝟒𝒙𝟐 + 𝟖𝟕𝟎𝟏𝟎𝒙𝐲 + 𝟏𝟔𝟏𝟖𝟕𝐲𝟐

(𝒙 + 𝐲)(𝟐𝟎𝟐𝟔𝒙 + 𝟐𝟎𝟐𝟑𝐲)
−
𝟖(𝟒𝒙 + 𝐲)

𝒙 + 𝐲
=
𝟔𝟎𝟕𝟐𝒙𝟐 + 𝟔𝟎𝟔𝟔𝒙𝐲 + 𝟑𝐲𝟐

(𝒙 + 𝐲)(𝟐𝟎𝟐𝟔𝒙+ 𝟐𝟎𝟐𝟑𝐲)
 

> 0 ∵ 𝑥 ≥ 𝐲 > 0 ∴ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟑  𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 =
∵ 𝒂 + 𝐛 + 𝐜 = 𝟑

 

√𝒂.𝒂. 𝒂…𝒂⏟      
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟒 + √𝐛.𝐛.𝐛…𝐛⏟      
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟒 + √𝐜. 𝐜. 𝐜… 𝐜⏟      
𝟐𝟎𝟐𝟑 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟒  

+𝟐(𝟏𝟔 − 𝟗√𝟑) −
𝟗(𝟔 − 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

≥
𝐆−𝐇 𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝒂 + 𝟏

+
𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐛 + 𝟏

+
𝟐𝟎𝟐𝟒

𝟐𝟎𝟐𝟑
𝐜 + 𝟏

+ 𝟐(𝟏𝟔 − 𝟗√𝟑) −
𝟗(𝟔− 𝟑√𝟑)(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

=
𝟐𝟎𝟐𝟒𝒂𝟐

𝟐𝟎𝟐𝟑𝒂+ 𝒂𝟐
+

𝟐𝟎𝟐𝟒𝐛𝟐

𝟐𝟎𝟐𝟑𝐛+ 𝐛𝟐
+

𝟐𝟎𝟐𝟒𝐜𝟐

𝟐𝟎𝟐𝟑𝐜 + 𝐜𝟐
+ 𝟐(𝟏𝟔 − 𝟗√𝟑) 

−
𝟗(𝟔 − 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
∵ 𝒂 + 𝐛 + 𝐜 = 𝟑

 

𝟐𝟎𝟐𝟒(𝒂+ 𝐛 + 𝐜)𝟐

𝟐𝟎𝟐𝟑
𝟑

(𝒂 + 𝐛 + 𝐜)𝟐 + 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
+ 𝟐(𝟏𝟔− 𝟗√𝟑)−

𝟗(𝟔− 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

=
𝟐𝟎𝟐𝟒(𝐮+ 𝟐𝐯)

𝟐𝟎𝟐𝟑
𝟑

(𝐮 + 𝟐𝐯) + 𝐮
+ 𝟑𝟐 −

𝟓𝟒𝐯

𝐮 + 𝟐𝐯
− 𝟏𝟖√𝟑+ 𝟐𝟕√𝟑(

𝐯

𝐮+ 𝟐𝐯
) 
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(𝐮 =∑𝒂𝟐

𝐜𝐲𝐜

, 𝐯 =∑𝒂𝐛

𝐜𝐲𝐜

) =
𝟕𝟎𝟗𝟎𝟒𝐮𝟐 + 𝟏𝟕𝟒𝟎𝟐𝟎𝐮𝐯 + 𝟔𝟒𝟕𝟒𝟖𝐯𝟐

(𝐮 + 𝟐𝐯)(𝟐𝟎𝟐𝟔𝐮+ 𝟒𝟎𝟒𝟔𝐯)
−
𝟗√𝟑(𝟐𝐮+ 𝐯)

𝐮 + 𝟐𝐯
 

>
𝟗√𝟑 < 16 𝟕𝟎𝟗𝟎𝟒𝐮𝟐 + 𝟏𝟕𝟒𝟎𝟐𝟎𝐮𝐯 + 𝟔𝟒𝟕𝟒𝟖𝐯𝟐

(𝐮 + 𝟐𝐯)(𝟐𝟎𝟐𝟔𝐮+ 𝟒𝟎𝟒𝟔𝐯)
−
𝟏𝟔(𝟐𝐮+ 𝐯)

𝐮 + 𝟐𝐯
 

=
𝟔𝟎𝟕𝟐𝐮𝟐 + 𝟏𝟐𝟏𝟑𝟐𝐮𝐯 + 𝟏𝟐𝐯𝟐

(𝐮 + 𝟐𝐯)(𝟐𝟎𝟐𝟔𝐮+ 𝟒𝟎𝟒𝟔𝐯)
> 0 ∵ 𝐮 ≥ 𝐯 > 0 ∴ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) ∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎│𝒂+ 𝐛 + 𝐜 = 𝟑 
 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐧𝐨𝐰 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝐢𝐢) 𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑 + 𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑 + 𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑 + 𝟐(𝟏𝟔− 𝟗√𝟑) ≥ (𝟔 − 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐛 = 𝐜 = 𝟎 (𝒂 = 𝟑) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝟑
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑 + 𝟐(𝟏𝟔− 𝟗√𝟑) > 0 ∴ (𝐢𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 (𝐛 + 𝐜 = 𝟑) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝐛
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑 + 𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑 + 𝟐(𝟏𝟔 − 𝟗√𝟑) − (𝟔 − 𝟑√𝟑)(𝐛𝐜) 

≥

𝐏𝐨𝐰𝐞𝐫−𝐌𝐞𝒂𝐧 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲

𝒂𝐧𝐝
𝐀−𝐆 𝟏

𝟐
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑

−𝟏
(𝐛 + 𝐜)

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑 + 𝟐(𝟏𝟔 − 𝟗√𝟑) −

(𝟔 − 𝟑√𝟑)

𝟒
(𝐛 + 𝐜)𝟐 

=
𝐛 + 𝐜 = 𝟑 𝟏

𝟐
𝟏

𝟐𝟎𝟐𝟑

. 𝟑
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑 + 𝟐(𝟏𝟔 − 𝟗√𝟑) −

𝟗(𝟔 − 𝟑√𝟑)

𝟒
=

𝟏

𝟐
𝟏

𝟐𝟎𝟐𝟑

. 𝟑
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑 +

𝟑𝟕

𝟐
−
𝟒𝟓√𝟑

𝟒
 

>
𝟑

𝟐
+
𝟑𝟕

𝟐
−
𝟒𝟓√𝟑

𝟒
>
𝟏

𝟐
> 0 ∴ (𝐢𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟑  𝒂,𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 ≥

𝐏𝐨𝐰𝐞𝐫−𝐌𝐞𝒂𝐧 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲

𝒂𝐧𝐝
𝐀−𝐆 𝟏

𝟑
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑

−𝟏
(∑𝒂

𝐜𝐲𝐜

)

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑

 

+𝟐(𝟏𝟔 − 𝟗√𝟑) − (𝟐 − √𝟑)(𝒂 + 𝐛 + 𝐜)𝟐 =
𝒂 + 𝐛 + 𝐜 = 𝟑 𝟑

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟑

𝟑
𝟏

𝟐𝟎𝟐𝟑

+ 𝟐(𝟏𝟔− 𝟗√𝟑) 

−𝟗(𝟐− √𝟑) = 𝟑 + 𝟑𝟐 − 𝟏𝟖√𝟑 − 𝟏𝟖 + 𝟗√𝟑 > 𝟏𝟕 − 𝟗√𝟑 > 0 (∵ 𝟐𝟖𝟗 > 243) 

∴ (𝐢𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 

(𝐢𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) ∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎│𝒂+ 𝐛 + 𝐜 = 𝟑 (𝐐𝐄𝐃) 

1373. 𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 ∶ 𝒂 + 𝐛 + 𝐜 = 𝟑. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂) 𝟗(𝒂𝐤 + 𝐛𝐤 + 𝐜𝐤) + 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 ≤ 𝟐𝟕 + 𝟑𝒂𝐛𝐜 𝐰𝐢𝐭𝐡 𝐤 =
𝟏

𝟐
 𝒂𝐧𝐝  

𝐛) 𝟗(𝒂𝐤 + 𝐛𝐤 + 𝐜𝐤) + 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 ≥ 𝟐𝟕 + 𝟑𝒂𝐛𝐜 𝐰𝐢𝐭𝐡 𝐤 ≥ 𝟏 

  Proposed by Nguyen Van Canh-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐖𝐡𝐞𝐧 𝐞𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 = 𝟎 (𝐖𝐋𝐎𝐆 𝐛 = 𝐜 = 𝟎 𝒂𝐧𝐝 𝒂 = 𝟑), 𝐭𝐡𝐞𝐧 ∶ 
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𝐋𝐇𝐒 𝐨𝐟 𝒂) = 𝟗√𝟑 < 27 = 𝐑𝐇𝐒 𝐨𝐟 𝒂) 𝒂𝐧𝐝 𝐋𝐇𝐒 𝐨𝐟 𝐛) = 𝟗.𝟑𝐤 ≥
𝐤 ≥ 𝟏

𝟐𝟕 = 𝐑𝐇𝐒 𝐨𝐟 𝐛) 

𝐖𝐡𝐞𝐧 𝐞𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 (𝐖𝐋𝐎𝐆 𝒂𝐧𝐝 𝒂 = 𝟎 𝒂𝐧𝐝 𝐛 + 𝐜 = 𝟑;𝐛, 𝐜 > 0), 𝐭𝐡𝐞𝐧 ∶ 

𝐋𝐇𝐒 𝐨𝐟 𝒂) = 𝟗(√𝐛+ √𝐜) + 𝐛𝐜 ≤

𝐂𝐁𝐒
𝒂𝐧𝐝
𝐀−𝐆

𝟗√𝟐(𝐛 + 𝐜) +
(𝐛 + 𝐜)𝟐

𝟒
=

𝐛 + 𝐜 = 𝟑
𝟗√𝟔 +

𝟗

𝟒
< 27 

= 𝐑𝐇𝐒 𝐨𝐟 𝒂) 𝒂𝐧𝐝 𝐋𝐇𝐒 𝐨𝐟 𝐛) = 𝟗((𝟏 + (𝐛 − 𝟏))
𝐤
+ (𝟏 + (𝐜 − 𝟏))

𝐤
) + 𝐛𝐜 

≥
𝒗𝒊𝒂 𝐁𝐞𝐫𝐧𝐨𝐮𝐥𝐥𝐢 ∵ 𝒌 ≥ 𝟏

𝟗(𝟐 + 𝐤((𝐛 − 𝟏) + (𝐜 − 𝟏))) + 𝐛𝐜 =
𝐛 + 𝐜 = 𝟑

𝟏𝟖 + 𝟗𝐤(𝟑 − 𝟐) + 𝐛𝐜 

≥
𝐤 ≥ 𝟏

𝟐𝟕 + 𝐛𝐜 > 27 = 𝑅𝐻𝑆 𝑜𝑓 𝑏) 
𝐖𝐞 𝐧𝐨𝐰 𝐜𝐨𝐧𝐬𝐢𝐝𝐞𝐫 𝐭𝐡𝐞 𝐜𝒂𝐬𝐞 𝐰𝐡𝐞𝐧 𝒂,𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝒂) ⇔ 

𝟗∑𝒙

𝐜𝐲𝐜

+∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

≤ 𝟐𝟕 + 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 (𝒙 = √𝒂, 𝐲 = √𝐛, 𝐳 = √𝐜) 

⇔
𝟑 = ∑ 𝒙𝟐𝐜𝐲𝐜

(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 −
𝟏

𝟑
(∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

)(∑𝒙𝟐

𝐜𝐲𝐜

) 

≥ 𝟗∑𝒙

𝐜𝐲𝐜

 

⇔
∵ 𝟑 = ∑ 𝒙𝟐𝐜𝐲𝐜

𝟑(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟗𝒙𝟐𝐲𝟐𝐳𝟐 − (∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

)(∑𝒙𝟐

𝐜𝐲𝐜

) ≥ √𝟑(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟓

∑𝒙

𝐜𝐲𝐜

 

⇔

(

 
 
𝟑(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟑

+ 𝟗𝒙𝟐𝐲𝟐𝐳𝟐 −(∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

)(∑𝒙𝟐

𝐜𝐲𝐜

)

)

 
 

𝟐

≥
(∗)

𝟑(∑𝒙

𝐜𝐲𝐜

)

𝟐

(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟓

 

(

 
 
 
 
 
 
 
 
 ∵ 𝟑(∑𝒂

𝐜𝐲𝐜

)

𝟑

+ 𝟗𝒂𝐛𝐜− (∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟑∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟗((∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)− 𝒂𝐛𝐜)+ 𝟗𝒂𝐛𝐜− (∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟗((∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)− 𝒂𝐛𝐜)+ 𝟗𝒂𝐛𝐜− (∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)

)

 
 
 
 
 
 
 
 
 

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗+ 𝐘− 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 
> 0 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑋, 𝑍 + 𝑋 > 𝑌 

⇒ 𝐗, 𝐘, 𝐙 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 

= 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 → (𝟏) 
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⇒ 𝒙 = 𝐬 − 𝐗, 𝐲 = 𝐬 − 𝐘, 𝐳 = 𝐬 − 𝐙 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒ 

∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝐗)(𝐬 − 𝐘)

𝐜𝐲𝐜

⇒∑𝒙𝐲

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟐) 𝒂𝐧𝐝  

∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

 

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐(∏(𝐬 − 𝐗)

𝐜𝐲𝐜

) . 𝐬 = (𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 

⇒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟑) 𝒂𝐧𝐝  

∑𝒙𝟐

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝐬𝟐 − (𝟒𝐑𝐫 + 𝐫𝟐) 

⇒∑𝒙𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒) 

∴ 𝐯𝐢𝒂 (𝟏)(𝟑) 𝒂𝐧𝐝 (𝟒), (∗)

⇔
(𝟑(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝟑
+ 𝟗𝐫𝟒𝐬𝟐 − 𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐)(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐))

𝟐

−𝟑𝐬𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟓
≥
(∗∗)

𝟎

 

𝐍𝐨𝐰,𝟒𝟑,𝟎𝟎𝟖𝐭𝟑 − 𝟏𝟐𝟔,𝟒𝟎𝟎𝐭𝟐 + 𝟏𝟐𝟒,𝟏𝟗𝟐𝐭 − 𝟒𝟎,𝟏𝟗𝟐  

(𝐰𝐡𝐞𝐫𝐞 𝐭 =
𝐑

𝐫
≥

𝐄𝐮𝐥𝐞𝐫
𝟐 𝒂𝐧𝐝 𝐜𝐨𝐦𝐦𝒂 𝐫𝐞𝐩𝐫𝐞𝐬𝐞𝐧𝐭𝐬 𝐭𝐡𝐞 𝐭𝐡𝐨𝐮𝐬𝒂𝐧𝐝𝐬 − 𝐬𝐞𝐩𝒂𝐫𝒂𝐭𝐨𝐫) 

= (𝐭 − 𝟐)(𝟒𝟑, 𝟎𝟎𝟖𝐭𝟐 − 𝟒𝟎,𝟑𝟖𝟒𝐭 + 𝟒𝟑,𝟒𝟐𝟒)+ 𝟒𝟔,𝟔𝟓𝟔 > 0 

⇒ 𝟒𝟑,𝟎𝟎𝟖𝐑𝟑 − 𝟏𝟐𝟔,𝟒𝟎𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟒,𝟏𝟗𝟐𝐑𝐫𝟐 − 𝟒𝟎,𝟏𝟗𝟐𝐫𝟑 > 0 𝒂𝐧𝐝 
𝟐𝟎𝟗,𝟏𝟓𝟐𝐭𝟒 − 𝟖𝟓𝟓,𝟖𝟎𝟖𝐭𝟑 + 𝟏, 𝟑𝟏𝟏,𝟒𝟐𝟒𝐭𝟐 − 𝟖𝟕𝟕,𝟒𝟒𝟎𝐭 + 𝟐𝟏𝟒,𝟕𝟗𝟒 

= (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟐𝟎𝟗,𝟏𝟓𝟐𝐭𝟐 − 𝟏𝟗,𝟐𝟎𝟎𝐭 + 𝟑𝟗𝟖,𝟎𝟏𝟔) + 𝟕𝟗𝟏,𝟒𝟐𝟒)+ 𝟐𝟎𝟓,𝟓𝟕𝟖 > 0 

⇒ 𝟐𝟎𝟗,𝟏𝟓𝟐𝐑𝟒 − 𝟖𝟓𝟓,𝟖𝟎𝟖𝐑𝟑𝐫 + 𝟏,𝟑𝟏𝟏,𝟒𝟐𝟒𝐑𝟐𝐫𝟐 − 𝟖𝟕𝟕,𝟒𝟒𝟎𝐑𝐫𝟑 + 𝟐𝟏𝟒,𝟕𝟗𝟒𝐫𝟒 > 0 

∴ 𝐯𝐢𝒂 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧,𝟔(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟔
+ (𝟐𝟔𝟒𝐑𝐫 − 𝟐𝟒𝟔𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)

𝟓
 

+𝐫𝟐(𝟒𝟕𝟎𝟒𝐑𝟐 − 𝟖𝟗𝟓𝟐𝐑𝐫 + 𝟒𝟐𝟕𝟔𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟒

 

+𝐫𝟑(𝟒𝟑,𝟎𝟎𝟖𝐑𝟑 − 𝟏𝟐𝟔,𝟒𝟎𝟎𝐑𝟐𝐫 + 𝟏𝟐𝟒,𝟏𝟗𝟐𝐑𝐫𝟐 − 𝟒𝟎,𝟏𝟗𝟐𝐫𝟑)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

+𝐫𝟒 (
𝟐𝟎𝟗,𝟏𝟓𝟐𝐑𝟒 − 𝟖𝟓𝟓,𝟖𝟎𝟖𝐑𝟑𝐫 + 𝟏,𝟑𝟏𝟏,𝟒𝟐𝟒𝐑𝟐𝐫𝟐

−𝟖𝟕𝟕,𝟒𝟒𝟎𝐑𝐫𝟑 + 𝟐𝟏𝟒,𝟕𝟗𝟒𝐫𝟒
)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)

𝟐
≥
(⦁)

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ 𝐋𝐇𝐒 𝐨𝐟 (⦁) 

⇔ (
𝟐𝟒𝟕,𝟖𝟎𝟖𝐑𝟓 − 𝟏,𝟑𝟔𝟏, 𝟔𝟔𝟒𝐑𝟒𝐫 + 𝟐, 𝟗𝟒𝟖,𝟐𝟐𝟒𝐑𝟑𝐫𝟐

−𝟑,𝟎𝟗𝟕,𝟒𝟎𝟖𝐑𝟐𝐫𝟑 + 𝟏,𝟓𝟕𝟑,𝟏𝟏𝟔𝐑𝐫𝟒 − 𝟑𝟎𝟖,𝟒𝟕𝟕𝐫𝟓
)𝐬𝟐  

≥
(∗∗∗)

𝐫 (
𝟑, 𝟕𝟔𝟎,𝟏𝟐𝟖𝐑𝟔 − 𝟐𝟏,𝟒𝟔𝟑,𝟎𝟒𝟎𝐑𝟓𝐫 + 𝟒𝟗,𝟑𝟏𝟕,𝟓𝟎𝟒𝐑𝟒𝐫𝟐

−𝟓𝟕,𝟑𝟏𝟏,𝟏𝟎𝟒𝐑𝟑𝐫𝟑 + 𝟑𝟓,𝟎𝟓𝟔,𝟗𝟏𝟐𝐑𝟐𝐫𝟒 − 𝟏𝟎,𝟓𝟏𝟗,𝟏𝟐𝟖𝐑𝐫𝟓 + 𝟏,𝟏𝟕𝟏,𝟒𝟑𝟑𝐫𝟔
) 

𝐍𝐨𝐰, 𝟐𝟒𝟕,𝟖𝟎𝟖𝐭𝟓 − 𝟏, 𝟑𝟔𝟏,𝟔𝟔𝟒𝐭𝟒 + 𝟐,𝟗𝟒𝟖, 𝟐𝟐𝟒𝐭𝟑 − 𝟑, 𝟎𝟗𝟕,𝟒𝟎𝟖𝐭𝟐 + 𝟏,𝟓𝟕𝟑,𝟏𝟏𝟔𝐭 
−𝟑𝟎𝟖,𝟒𝟕𝟕 
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= (𝐭 − 𝟐)((𝐭 − 𝟐) (
𝟐𝟒𝟕,𝟖𝟎𝟖𝐭𝟑 − 𝟑𝟕𝟎,𝟒𝟑𝟐𝐭𝟐

+𝟒𝟕𝟓,𝟐𝟔𝟒𝐭 + 𝟐𝟖𝟓,𝟑𝟕𝟔
) + 𝟖𝟏𝟑,𝟓𝟔𝟒)+ 𝟏𝟕𝟕,𝟏𝟒𝟕 > 0 

⇒ 𝟐𝟒𝟕,𝟖𝟎𝟖𝐑𝟓 − 𝟏, 𝟑𝟔𝟏,𝟔𝟔𝟒𝐑𝟒𝐫 + 𝟐, 𝟗𝟒𝟖,𝟐𝟐𝟒𝐑𝟑𝐫𝟐 − 𝟑,𝟎𝟗𝟕,𝟒𝟎𝟖𝐑𝟐𝐫𝟑 + 𝟏,𝟓𝟕𝟑,𝟏𝟏𝟔𝐑𝐫𝟒 

−𝟑𝟎𝟖,𝟒𝟕𝟕𝐫𝟓 > 0 ∴ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

 

(
𝟐𝟒𝟕,𝟖𝟎𝟖𝐑𝟓 − 𝟏, 𝟑𝟔𝟏,𝟔𝟔𝟒𝐑𝟒𝐫 + 𝟐,𝟗𝟒𝟖,𝟐𝟐𝟒𝐑𝟑𝐫𝟐

−𝟑, 𝟎𝟗𝟕,𝟒𝟎𝟖𝐑𝟐𝐫𝟑 + 𝟏, 𝟓𝟕𝟑,𝟏𝟏𝟔𝐑𝐫𝟒 − 𝟑𝟎𝟖,𝟒𝟕𝟕𝐫𝟓
)(

𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐

−𝟐(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫
) 

≥
?
𝐑𝐇𝐒 𝐨𝐟 (∗∗∗) 

⇔ 𝟐(𝐑 − 𝟐𝐫) (
𝟐𝟒𝟕,𝟖𝟎𝟖𝐑𝟔 − 𝟏, 𝟓𝟎𝟕,𝟎𝟕𝟐𝐑𝟓𝐫 + 𝟑,𝟕𝟑𝟑,𝟑𝟕𝟔𝐑𝟒𝐫𝟐

−𝟒, 𝟖𝟔𝟕,𝟒𝟓𝟔𝐑𝟑𝐫𝟑 + 𝟑,𝟓𝟑𝟐,𝟔𝟎𝟒𝐑𝟐𝐫𝟒 − 𝟏,𝟑𝟓𝟕,𝟒𝟒𝟏𝐑𝐫𝟓 + 𝟐𝟏𝟓,𝟕𝟑𝟗𝐫𝟔
) 

≥
?
⏟

(∗∗∗∗)

𝟐(𝐑− 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫(
𝟐𝟒𝟕,𝟖𝟎𝟖𝐑𝟓 − 𝟏,𝟑𝟔𝟏,𝟔𝟔𝟒𝐑𝟒𝐫 + 𝟐, 𝟗𝟒𝟖,𝟐𝟐𝟒𝐑𝟑𝐫𝟐

−𝟑,𝟎𝟗𝟕,𝟒𝟎𝟖𝐑𝟐𝐫𝟑 + 𝟏,𝟓𝟕𝟑,𝟏𝟏𝟔𝐑𝐫𝟒 − 𝟑𝟎𝟖,𝟒𝟕𝟕𝐫𝟓
) 

𝐀𝐠𝒂𝐢𝐧, 𝟐𝟒𝟕,𝟖𝟎𝟖𝐭𝟔 − 𝟏, 𝟓𝟎𝟕,𝟎𝟕𝟐𝐭𝟓 + 𝟑,𝟕𝟑𝟑,𝟑𝟕𝟔𝐭𝟒 − 𝟒,𝟖𝟔𝟕,𝟒𝟓𝟔𝐭𝟑 + 𝟑, 𝟓𝟑𝟐,𝟔𝟎𝟒𝐭𝟐 
−𝟏,𝟑𝟓𝟕,𝟒𝟒𝟏𝐭 + 𝟐𝟏𝟓,𝟕𝟑𝟗 

= (𝐭 − 𝟐)((𝐭 − 𝟐)((𝐭 − 𝟐) ( 𝟐𝟒𝟕,𝟖𝟎𝟖𝐭
𝟑 − 𝟐𝟎,𝟐𝟐𝟒𝐭𝟐

+𝟔𝟑𝟖,𝟑𝟑𝟔𝐭 + 𝟏, 𝟏𝟖𝟕,𝟕𝟏𝟐
) + 𝟐, 𝟖𝟑𝟕,𝟎𝟓𝟐) + 𝟖𝟒𝟒,𝟗𝟏𝟏) 

+𝟓𝟗,𝟎𝟒𝟗 > 0 ⇒ 𝟐𝟒𝟕,𝟖𝟎𝟖𝐑𝟔 − 𝟏,𝟓𝟎𝟕, 𝟎𝟕𝟐𝐑𝟓𝐫 + 𝟑, 𝟕𝟑𝟑,𝟑𝟕𝟔𝐑𝟒𝐫𝟐 − 𝟒, 𝟖𝟔𝟕,𝟒𝟓𝟔𝐑𝟑𝐫𝟑 

+𝟑,𝟓𝟑𝟐,𝟔𝟎𝟒𝐑𝟐𝐫𝟒 − 𝟏,𝟑𝟓𝟕,𝟒𝟒𝟏𝐑𝐫𝟓 + 𝟐𝟏𝟓,𝟕𝟑𝟗𝐫𝟔 > 0 𝑎𝐧𝐝 ∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎 
∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(
𝟐𝟒𝟕,𝟖𝟎𝟖𝐑𝟔 − 𝟏,𝟓𝟎𝟕,𝟎𝟕𝟐𝐑𝟓𝐫 + 𝟑, 𝟕𝟑𝟑,𝟑𝟕𝟔𝐑𝟒𝐫𝟐 −

𝟒, 𝟖𝟔𝟕,𝟒𝟓𝟔𝐑𝟑𝐫𝟑 + 𝟑, 𝟓𝟑𝟐,𝟔𝟎𝟒𝐑𝟐𝐫𝟒 − 𝟏, 𝟑𝟓𝟕,𝟒𝟒𝟏𝐑𝐫𝟓 + 𝟐𝟏𝟓,𝟕𝟑𝟗𝐫𝟔
)
𝟐

 

> (𝐑𝟐 − 𝟐𝐑𝐫) (
𝟐𝟒𝟕,𝟖𝟎𝟖𝐑𝟓 − 𝟏, 𝟑𝟔𝟏,𝟔𝟔𝟒𝐑𝟒𝐫 +

𝟐, 𝟗𝟒𝟖,𝟐𝟐𝟒𝐑𝟑𝐫𝟐 − 𝟑, 𝟎𝟗𝟕,𝟒𝟎𝟖𝐑𝟐𝐫𝟑 + 𝟏, 𝟓𝟕𝟑,𝟏𝟏𝟔𝐑𝐫𝟒 − 𝟑𝟎𝟖,𝟒𝟕𝟕𝐫𝟓
)
𝟐

 

⇔ 𝟓𝟎,𝟕𝟓𝟏,𝟎𝟕𝟖,𝟒𝟎𝟎𝐭𝟏𝟏 − 𝟓𝟒𝟑,𝟒𝟓𝟑, 𝟖𝟕𝟐,𝟏𝟐𝟖𝐭𝟏𝟎 + 𝟐,𝟓𝟐𝟗,𝟒𝟏𝟓,𝟔𝟓𝟗,𝟓𝟐𝟎𝐭𝟗 
−𝟔, 𝟔𝟕𝟓,𝟎𝟑𝟏,𝟐𝟗𝟑,𝟗𝟓𝟐𝐭𝟖 + 𝟏𝟎,𝟖𝟒𝟗,𝟗𝟓𝟕,𝟎𝟑𝟔,𝟎𝟑𝟐𝐭𝟕 − 𝟏𝟎,𝟖𝟒𝟑,𝟓𝟔𝟗,𝟐𝟎𝟗,𝟑𝟒𝟒𝐭𝟔 

+𝟓,𝟖𝟎𝟖,𝟏𝟖𝟒,𝟎𝟗𝟓,𝟐𝟑𝟐𝐭𝟓 − 𝟐𝟎𝟗,𝟎𝟖𝟖,𝟒𝟎𝟔,𝟔𝟓𝟔𝐭𝟒 − 𝟏,𝟗𝟒𝟖,𝟗𝟓𝟖,𝟓𝟕𝟒,𝟔𝟓𝟔𝐭𝟑 
+𝟏, 𝟑𝟑𝟎,𝟔𝟒𝟖,𝟓𝟎𝟎,𝟑𝟑𝟔𝐭𝟐 − 𝟑𝟗𝟓,𝟑𝟖𝟗,𝟖𝟎𝟖,𝟕𝟒𝟎𝐭 + 𝟒𝟔,𝟓𝟒𝟑,𝟑𝟏𝟔,𝟏𝟐𝟏 > 0 

⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)((𝐭 − 𝟐)((𝐭 − 𝟐) (
(𝐭 − 𝟐)(𝛌) +

𝟕, 𝟓𝟐𝟎,𝟗𝟕𝟎,𝟐𝟒𝟖,𝟎𝟔𝟒
) + 𝟐, 𝟒𝟔𝟕,𝟏𝟒𝟕,𝟐𝟏𝟏,𝟕𝟏𝟐)

+ 𝟒𝟒𝟏,𝟎𝟔𝟐,𝟎𝟏𝟕,𝟕𝟕𝟔)+ 𝟑𝟕,𝟎𝟐𝟎,𝟏𝟖𝟎,𝟎𝟔𝟎)+ 𝟑,𝟒𝟖𝟔,𝟕𝟖𝟒,𝟒𝟎𝟏 > 0 

(
𝐰𝐡𝐞𝐫𝐞 𝛌 = 𝟓𝟎,𝟕𝟓𝟏,𝟎𝟕𝟖,𝟒𝟎𝟎𝐭𝟔 − 𝟑𝟓,𝟗𝟒𝟑,𝟎𝟖𝟖,𝟏𝟐𝟖𝐭𝟓 + 𝟏𝟑𝟗,𝟗𝟒𝟏,𝟔𝟒𝟐,𝟐𝟒𝟎𝐭𝟒 +

𝟐𝟐𝟐,𝟏𝟗𝟒,𝟗𝟐𝟓,𝟓𝟔𝟖𝐭𝟑 + 𝟓𝟑𝟖,𝟕𝟎𝟕,𝟐𝟕𝟗,𝟖𝟕𝟐𝐭𝟐 + 𝟏, 𝟑𝟓𝟎,𝟓𝟏𝟗,𝟓𝟎𝟒,𝟖𝟗𝟔𝐭 + 𝟑,𝟏𝟗𝟓,𝟏𝟕𝟏,𝟕𝟗𝟓,𝟒𝟓𝟔
) 

→ 𝐭𝐫𝐮𝐞 ∴ 𝐭 ≥ 𝟐 𝒂𝐧𝐝 ∴ 𝛌 > 0 ⇒ (∗∗∗∗) ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝟗(𝒂𝐤 + 𝐛𝐤 + 𝐜𝐤) + 𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 ≤ 𝟐𝟕 + 𝟑𝒂𝐛𝐜 𝐟𝐨𝐫 𝐤 =
𝟏

𝟐
 ∀ 𝒂, 𝐛, 𝐜 > 0│∑𝒂

𝐜𝐲𝐜

= 𝟑 

 

𝐀𝐥𝐬𝐨, 𝟗(𝒂𝐤 + 𝐛𝐤 + 𝐜𝐤) + 𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 − 𝟐𝟕 − 𝟑𝒂𝐛𝐜 

= 𝟗∑(𝟏+ (𝒂 − 𝟏))
𝐤

𝐜𝐲𝐜

+∑𝒂𝐛

𝐜𝐲𝐜

− 𝟐𝟕 − 𝟑𝒂𝐛𝐜 ≥
𝒗𝒊𝒂 𝐁𝐞𝐫𝐧𝐨𝐮𝐥𝐥𝐢 ∵ 𝒌 ≥ 𝟏
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𝟗(𝟑+ 𝐤(∑𝒂

𝐜𝐲𝐜

− 𝟑))+∑𝒂𝐛

𝐜𝐲𝐜

− 𝟐𝟕− 𝟑𝒂𝐛𝐜 =
𝒂 + 𝐛 + 𝐜 = 𝟑

 

∑𝒂𝐛

𝐜𝐲𝐜

− 𝟑𝒂𝐛𝐜 ≥
𝐀−𝐆

𝟑√𝒂𝟐𝐛𝟐𝐜𝟐
𝟑

− 𝟑𝒂𝐛𝐜 ≥
?
𝟎 ⇔ 𝒂𝟐𝐛𝟐𝐜𝟐 ≥

?
𝒂𝟑𝐛𝟑𝐜𝟑⇔ 𝒂𝐛𝐜 ≤

?
𝟏 

→ 𝐭𝐫𝐮𝐞 ∵ 𝟑 =∑𝒂

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑√𝒂𝐛𝐜
𝟑

⇒ 𝒂𝐛𝐜 ≤ 𝟏 

∴ 𝟗(𝒂𝐤 + 𝐛𝐤 + 𝐜𝐤) + 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 ≥ 𝟐𝟕 + 𝟑𝒂𝐛𝐜 𝐰𝐢𝐭𝐡 𝐤 ≥ 𝟏 ∀ 𝒂,𝐛, 𝐜 > 0│∑𝒂

𝐜𝐲𝐜

= 𝟑 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 

𝒂) 𝟗(𝒂𝐤 + 𝐛𝐤 + 𝐜𝐤) + 𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 ≤ 𝟐𝟕 + 𝟑𝒂𝐛𝐜 𝐰𝐢𝐭𝐡 𝐤 =
𝟏

𝟐
 

∀ 𝒂,𝐛, 𝐜 ≥ 𝟎│𝒂+ 𝐛 + 𝐜 = 𝟑,′′=′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟏 

𝐛) 𝟗(𝒂𝐤 + 𝐛𝐤 + 𝐜𝐤) + 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 ≥ 𝟐𝟕 + 𝟑𝒂𝐛𝐜 𝐰𝐢𝐭𝐡 𝐤 ≥ 𝟏 

∀ 𝒂,𝐛, 𝐜 ≥ 𝟎│𝒂+ 𝐛 + 𝐜 = 𝟑,′′=′′  𝐢𝐟𝐟 (𝒂 = 𝐛 = 𝐜 = 𝟏) 𝐨𝐫, (𝒂 = 𝟑,𝐛 = 𝐜 = 𝟎;𝐤 = 𝟏) 
𝐨𝐫, (𝐛 = 𝟑, 𝐜 = 𝒂 = 𝟎;𝐤 = 𝟏) 𝐨𝐫, (𝐜 = 𝟑,𝒂 = 𝐛 = 𝟎;𝐤 = 𝟏) (𝐐𝐄𝐃) 

 

1374. 𝐋𝐞𝐭 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 𝒂 + 𝐛 + 𝐜 = 𝟒. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

(𝐢) 𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝟐(𝟏𝟔 − 𝟗√𝟑) ≥ (𝟔 − 𝟑√𝟑)(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) 𝒂𝐧𝐝 

(𝐢𝐢) 𝒂𝟐𝟎𝟐𝟑 + 𝐛𝟐𝟎𝟐𝟑 + 𝐜𝟐𝟎𝟐𝟑 + 𝟐(𝟏𝟔 − 𝟗√𝟑) ≥ (𝟔 − 𝟑√𝟑)(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) 

 
  Proposed by Nguyen Van Canh-Vietnam 

Solution 1 by Soumava Chakraborty-Kolkata-India 
𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝐢) 𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐛

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝐜

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝟐(𝟏𝟔 − 𝟗√𝟑) ≥ (𝟔 − 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐛 = 𝐜 = 𝟎 (𝒂 = 𝟒) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝟒
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝟐(𝟏𝟔 − 𝟗√𝟑) > 0 ∴ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 (𝐛 + 𝐜 = 𝟒) 𝒂𝐧𝐝 

𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = √𝐛.𝐛. 𝐛…𝐛⏟      
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟓 + √𝐜. 𝐜. 𝐜… 𝐜⏟      
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟓 + 𝟐(𝟏𝟔 − 𝟗√𝟑) 

−𝟏𝟔(
𝟔 − 𝟑√𝟑

𝟐
)(

𝟐𝐛𝐜

(𝐛 + 𝐜)𝟐
) ≥
𝐆−𝐇

 

𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝐛 + 𝟏

+
𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝐜 + 𝟏

+ 𝟐(𝟏𝟔 − 𝟗√𝟑) − 𝟖(𝟔 − 𝟑√𝟑) (
𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
) 

=
𝟐𝟎𝟐𝟓𝐛𝟐

𝟐𝟎𝟐𝟒𝐛+ 𝐛𝟐
+

𝟐𝟎𝟐𝟓𝐜𝟐

𝟐𝟎𝟐𝟒𝐜+ 𝐜𝟐
+ 𝟑𝟐 − 𝟒𝟖(

𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
) 

−𝟏𝟖√𝟑 + 𝟐𝟒√𝟑(
𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
) ≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
∵ 𝐛 + 𝐜 = 𝟒
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𝟐𝟎𝟐𝟓(𝐛 + 𝐜)𝟐

𝟓𝟎𝟔(𝐛 + 𝐜)𝟐 + 𝐛𝟐 + 𝐜𝟐
+ 𝟑𝟐− 𝟒𝟖(

𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
) 

−𝟏𝟖√𝟑 + 𝟐𝟒√𝟑(
𝟐𝐛𝐜

𝐛𝟐 + 𝐜𝟐 + 𝟐𝐛𝐜
) 

=
𝟐𝟎𝟐𝟓(𝒙+ 𝐲)

𝟓𝟎𝟔(𝒙 + 𝐲) + 𝒙
+ 𝟑𝟐 − 𝟒𝟖(

𝐲

𝒙 + 𝐲
) − 𝟏𝟖√𝟑 + 𝟐𝟒√𝟑(

𝐲

𝒙 + 𝐲
) 

(𝒙 = 𝐛𝟐 + 𝐜𝟐; 𝐲 = 𝟐𝐛𝐜) =
𝟏𝟖𝟐𝟒𝟗𝒙𝟐 + 𝟏𝟐𝟏𝟑𝟎𝒙𝐲 − 𝟔𝟎𝟕𝟏𝐲𝟐

(𝒙 + 𝐲)(𝟓𝟎𝟕𝒙 + 𝟓𝟎𝟔𝐲)
−
𝟔√𝟑(𝟑𝒙− 𝐲)

𝒙 + 𝐲
 

>
𝟔√𝟑 < 11 𝟏𝟖𝟐𝟒𝟗𝒙𝟐 + 𝟏𝟐𝟏𝟑𝟎𝒙𝐲 − 𝟔𝟎𝟕𝟏𝐲𝟐

(𝒙 + 𝐲)(𝟓𝟎𝟕𝒙 + 𝟓𝟎𝟔𝐲)
−
𝟏𝟏(𝟑𝒙− 𝐲)

𝒙 + 𝐲
 

=
𝟏𝟓𝟏𝟖𝒙𝟐 + 𝟏𝟎𝟎𝟗𝒙𝐲 − 𝟓𝟎𝟓𝐲𝟐

(𝒙 + 𝐲)(𝟓𝟎𝟕𝒙 + 𝟓𝟎𝟔𝐲)
=
(𝟓𝟎𝟔𝒙 + 𝟓𝟎𝟓𝐲)(𝟑𝒙− 𝐲)

(𝒙 + 𝐲)(𝟓𝟎𝟕𝒙+ 𝟓𝟎𝟔𝐲)
> 0 ∵ 𝑥 ≥ 𝐲 > 0 

∴ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟑  𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 =
∵ 𝒂 + 𝐛 + 𝐜 = 𝟒

 

√𝒂.𝒂. 𝒂…𝒂⏟      
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟓 + √𝐛.𝐛. 𝐛…𝐛⏟      
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟓 + √𝐜. 𝐜. 𝐜… 𝐜⏟      
𝟐𝟎𝟐𝟒 𝐭𝐞𝐫𝐦𝐬

. 𝟏𝟐𝟎𝟐𝟓 + 𝟐(𝟏𝟔 − 𝟗√𝟑) 

−
𝟏𝟔(𝟔 − 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

≥
𝐆−𝐇 𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝒂

+ 𝟏
+

𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝐛

+ 𝟏
+

𝟐𝟎𝟐𝟓

𝟐𝟎𝟐𝟒
𝐜

+ 𝟏
+ 𝟐(𝟏𝟔− 𝟗√𝟑)−

𝟏𝟔(𝟔 − 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

=
𝟐𝟎𝟐𝟓𝒂𝟐

𝟐𝟎𝟐𝟒𝒂+ 𝒂𝟐
+

𝟐𝟎𝟐𝟓𝐛𝟐

𝟐𝟎𝟐𝟒𝐛+ 𝐛𝟐
+

𝟐𝟎𝟐𝟓𝐜𝟐

𝟐𝟎𝟐𝟒𝐜 + 𝐜𝟐
+ 𝟐(𝟏𝟔 − 𝟗√𝟑) 

−
𝟏𝟔(𝟔− 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
≥

𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝒂𝐧𝐝
∵ 𝒂 + 𝐛 + 𝐜 = 𝟒

 

𝟐𝟎𝟐𝟓(𝒂 + 𝐛 + 𝐜)𝟐

𝟓𝟎𝟔(𝒂 + 𝐛 + 𝐜)𝟐 + 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
+ 𝟐(𝟏𝟔 − 𝟗√𝟑) −

𝟏𝟔(𝟔 − 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂)

(𝒂 + 𝐛 + 𝐜)𝟐
 

=
𝟐𝟎𝟐𝟓(𝐮+ 𝟐𝐯)

𝟓𝟎𝟔𝐮+ 𝟏𝟎𝟏𝟐𝐯 + 𝐮
+ 𝟑𝟐 −

𝟗𝟔𝐯

𝐮 + 𝟐𝐯
− 𝟏𝟖√𝟑 + 𝟒𝟖√𝟑(

𝐯

𝐮 + 𝟐𝐯
) 

(𝐮 =∑𝒂𝟐

𝐜𝐲𝐜

, 𝐯 =∑𝒂𝐛

𝐜𝐲𝐜

) =
𝟏𝟖𝟐𝟒𝟗𝐮𝟐 + 𝟐𝟒𝟐𝟔𝟎𝐮𝐯− 𝟐𝟒𝟐𝟖𝟒𝐯𝟐

(𝐮 + 𝟐𝐯)(𝟓𝟎𝟕𝐮+ 𝟏𝟎𝟏𝟐𝐯)
−
𝟔√𝟑(𝟑𝐮 − 𝟐𝐯)

𝐮 + 𝟐𝐯
 

>
𝟔√𝟑 < 11 𝟏𝟖𝟐𝟒𝟗𝐮𝟐 + 𝟐𝟒𝟐𝟔𝟎𝐮𝐯− 𝟐𝟒𝟐𝟖𝟒𝐯𝟐

(𝐮 + 𝟐𝐯)(𝟓𝟎𝟕𝐮+ 𝟏𝟎𝟏𝟐𝐯)
−
𝟏𝟏(𝟑𝐮 − 𝟐𝐯)

𝐮 + 𝟐𝐯
 

=
𝟏𝟓𝟏𝟖𝐮𝟐 + 𝟐𝟎𝟏𝟖𝐮𝐯 − 𝟐𝟎𝟐𝟎𝐯𝟐

(𝐮 + 𝟐𝐯)(𝟓𝟎𝟕𝐮+ 𝟏𝟎𝟏𝟐𝐯)
=
𝟐(𝟑𝐮− 𝟐𝐯)(𝟐𝟓𝟑𝐮+ 𝟓𝟎𝟓𝐯)

(𝐮 + 𝟐𝐯)(𝟓𝟎𝟕𝐮+ 𝟏𝟎𝟏𝟐𝐯)
> 0 ∵ 𝐮 ≥ 𝐯 > 0 

∴ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 

(𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) ∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎│𝒂+ 𝐛 + 𝐜 = 𝟒 
 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐧𝐨𝐰 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝐢𝐢) 𝒂𝟐𝟎𝟐𝟑 + 𝐛𝟐𝟎𝟐𝟑 + 𝐜𝟐𝟎𝟐𝟑 + 𝟐(𝟏𝟔 − 𝟗√𝟑) ≥ (𝟔 − 𝟑√𝟑)(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐛 = 𝐜 = 𝟎 (𝒂 = 𝟒) 
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𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝟒𝟐𝟎𝟐𝟑 + 𝟐(𝟏𝟔− 𝟗√𝟑) > 0 ∴ (𝐢𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 (𝐛 + 𝐜 = 𝟒) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝐛𝟐𝟎𝟐𝟑 + 𝐜𝟐𝟎𝟐𝟑 + 𝟐(𝟏𝟔 − 𝟗√𝟑) − (𝟔 − 𝟑√𝟑)(𝐛𝐜) 

≥

𝐇𝐨𝐥𝐝𝐞𝐫
𝒂𝐧𝐝
𝐀−𝐆 𝟏

𝟐𝟐𝟎𝟐𝟐
(𝐛 + 𝐜)𝟐𝟎𝟐𝟑 + 𝟐(𝟏𝟔 − 𝟗√𝟑) −

(𝟔 − 𝟑√𝟑)

𝟒
(𝐛 + 𝐜)𝟐 =

𝐛 + 𝐜 = 𝟒
 

𝟐𝟐𝟎𝟐𝟒 + 𝟐(𝟏𝟔 − 𝟗√𝟑) − 𝟒(𝟔 − 𝟑√𝟑) = 𝟐𝟐𝟎𝟐𝟒 + 𝟖 − 𝟔√𝟑 > 0 

∴ (𝐢𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 

𝐂𝒂𝐬𝐞 𝟑  𝒂, 𝐛, 𝐜 > 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 ≥

𝐇𝐨𝐥𝐝𝐞𝐫
𝒂𝐧𝐝
𝐀−𝐆 𝟏

𝟑𝟐𝟎𝟐𝟐
(𝒂 + 𝐛 + 𝐜)𝟐𝟎𝟐𝟑 

+𝟐(𝟏𝟔 − 𝟗√𝟑) − (𝟐 − √𝟑)(𝒂 + 𝐛 + 𝐜)𝟐 =
𝒂 + 𝐛 + 𝐜 = 𝟒 𝟒𝟐𝟎𝟐𝟑

𝟑𝟐𝟎𝟐𝟐
+ 𝟐(𝟏𝟔− 𝟗√𝟑) 

−𝟏𝟔(𝟐 − √𝟑) > (
𝟒

𝟑
)
𝟐𝟎𝟐𝟐

− 𝟐√𝟑 > (
𝟒

𝟑
)
𝟓

− 𝟒 = 𝟒(
𝟐𝟓𝟔

𝟐𝟒𝟑
− 𝟏) > 0 

∴ (𝐢𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬, 

(𝐢𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) ∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎│𝒂+ 𝐛 + 𝐜 = 𝟒 (𝐐𝐄𝐃) 
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐒𝐢𝐧𝐜𝐞 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤
(𝒂 + 𝒃 + 𝒄)𝟐

𝟑
=
𝟏𝟔

𝟑
, 𝐬𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝒃

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝒄

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 ≥ 𝟐√𝟑   𝐚𝐧𝐝   𝒂𝟐𝟎𝟐𝟑 + 𝒃𝟐𝟎𝟐𝟑 + 𝒄𝟐𝟎𝟐𝟑 ≥ 𝟐√𝟑. 

𝒊) 𝐒𝐢𝐧𝐜𝐞 
𝒂

𝟒
,
𝒃

𝟒
,
𝒄

𝟒
≤ 𝟏, 𝐭𝐡𝐞𝐧 (

𝒂

𝟒
)

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓

≥
𝒂

𝟒
,   (
𝒃

𝟒
)

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓

≥
𝒃

𝟒
,   (

𝒄

𝟒
)

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓

≥
𝒄

𝟒
, 𝐭𝐡𝐮𝐬 

𝒂
𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝒃

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 + 𝒄

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 ≥ 𝟒

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓.

𝒂 + 𝒃 + 𝒄

𝟒
= 𝟒

𝟐𝟎𝟐𝟒
𝟐𝟎𝟐𝟓 = 𝟐.𝟐𝟏−

𝟐
𝟐𝟎𝟐𝟓 > 2. 𝟐𝟏−

𝟏
𝟓 = 𝟐√𝟏𝟔

𝟓

> 2√𝟑, 
𝐰𝐡𝐢𝐜𝐡 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞𝐬 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐨𝐟 𝒊). 
𝒊𝒊) 𝐁𝐲 𝐏𝐨𝐰𝐞𝐫 𝐌𝐞𝐚𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒂𝟐𝟎𝟐𝟑 + 𝒃𝟐𝟎𝟐𝟑 + 𝒄𝟐𝟎𝟐𝟑 ≥ 𝟑(
𝒂 + 𝒃 + 𝒄

𝟑
)
𝟐𝟎𝟐𝟑

=
𝟒𝟐𝟎𝟐𝟑

𝟑𝟐𝟎𝟐𝟐
=
𝟐𝟒𝟎𝟒𝟔

√𝟑
𝟒𝟎𝟒𝟒 > 2.

√𝟑
𝟒𝟎𝟒𝟓

√𝟑
𝟒𝟎𝟒𝟒 = 𝟐√𝟑, 

𝐰𝐡𝐢𝐜𝐡 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞𝐬 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐨𝐟 𝒊𝒊). 

 

1375.  𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂 + 𝒃 + 𝒄 = 𝟑.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

                                  𝒂) 𝟗(√𝒂 + √𝒃 + √𝒄) + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤ 𝟐𝟕 + 𝟑𝒂𝒃𝒄. 

𝒃) 𝟗(𝒂𝒌 + 𝒃𝒌 + 𝒄𝒌) + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟐𝟕 + 𝟑𝒂𝒃𝒄,   𝐰𝐢𝐭𝐡 𝒌 ≥ 𝟏. 

Proposed by Nguyen Van Canh-Vietnam 
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝒂) 𝐋𝐞𝐭 𝒙 ≔ √𝒂,   𝒚 ≔ √𝒃,   𝒛 ≔ √𝒄 𝐚𝐧𝐝 𝒑 ≔ 𝒙 + 𝒚 + 𝒛,   𝒒 ≔ 𝒙𝒚+ 𝒚𝒛 + 𝒛𝒙,   𝒓 ≔ 𝒙𝒚𝒛. 
𝐓𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐜𝐨𝐧𝐝𝐢𝐭𝐢𝐨𝐧 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 = 𝒑𝟐 − 𝟐𝒒

= 𝟑, 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐛𝐥𝐞𝐦 𝐛𝐞𝐜𝐨𝐦𝐞𝐬, 
𝟗(𝒙 + 𝒚 + 𝒛) + 𝒙𝟐𝒚𝟐 + 𝒚𝟐𝒛𝟐 + 𝒛𝟐𝒙𝟐 ≤ 𝟐𝟕 + 𝟑𝒙𝟐𝒚𝟐𝒛𝟐   ⇔   𝟗𝒑 + 𝒒𝟐 − 𝟐𝒑𝒓 ≤ 𝟐𝟕 + 𝟑𝒓𝟐 

⇔⏞
𝟐𝒒 = 𝒑𝟐−𝟑

  𝟑𝟔𝒑 + (𝒑𝟐 − 𝟑)𝟐 − 𝟖𝒑𝒓 ≤ 𝟏𝟎𝟖+ 𝟏𝟐𝒓𝟐  
⇔  𝟗𝟗 − 𝟑𝟔𝒑 + 𝟔𝒑𝟐 − 𝒑𝟒 + 𝟖𝒑𝒓 + 𝟏𝟐𝒓𝟐 ≥ 𝟎  (∗) 

𝐖𝐞 𝐡𝐚𝐯𝐞 𝟑 = 𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 ≤ 𝒑𝟐 ≤ 𝟑(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐) = 𝟗, 𝐭𝐡𝐞𝐧  √𝟑 ≤ 𝒑 ≤ 𝟑. 

▪𝐈𝐟 √𝟑 ≤ 𝒑 ≤ √𝟔,𝐰𝐞 𝐡𝐚𝐯𝐞 𝑳𝑯𝑺(∗) ≥⏞
𝒓 ≥ 𝟎

𝟗(𝟏𝟏 − 𝟒𝒑) + 𝒑𝟐(𝟔 − 𝒑𝟐) ≥ 𝟎. 

▪𝐈𝐟 √𝟑 ≤ 𝒑 ≤ 𝟑,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟎 ≤ (𝒂 − 𝒃)𝟐(𝒃 − 𝒄)𝟐(𝒄 − 𝒂)𝟐 =
𝟒(𝒑𝟐 − 𝟑𝒒)𝟑 − (𝟐𝒑𝟑 − 𝟗𝒑𝒒 + 𝟐𝟕𝒓)𝟐

𝟐𝟕
 

⇒  𝒓 ≥
−𝟐𝒑𝟑 + 𝟗𝒑𝒒 − 𝟐√(𝒑𝟐 − 𝟑𝒒)𝟑

𝟐𝟕
 =⏞
𝟐𝒒 = 𝒑𝟐−𝟑

 
𝟓𝒑𝟑 − 𝟐𝟕𝒑 − √𝟐(𝟗 − 𝒑𝟐)𝟑

𝟓𝟒
. 

⇒ 𝑳𝑯𝑺(∗) ≥ 𝟏𝟎𝟓 − 𝟑𝟔𝒑 + 𝟑𝒑
𝟐 −

𝟑𝟏𝒑𝟒

𝟐𝟕
+
𝟐𝟑𝒑𝟔

𝟐𝟒𝟑
−
𝟐𝒑(𝟓𝒑𝟐 − 𝟗)√𝟐(𝟗 − 𝒑𝟐)𝟑

𝟐𝟒𝟑
 

= (𝟑 − 𝒑) (𝟑𝟓 −
𝒑

𝟑
+
𝟖𝒑𝟐

𝟗
+
𝟖𝒑𝟑

𝟐𝟕
−
𝟐𝟑𝒑𝟒

𝟖𝟏
−
𝟐𝟑𝒑𝟓

𝟐𝟒𝟑
−
𝟐𝒑(𝟓𝒑𝟐 − 𝟗)√𝟐(𝟑 + 𝒑)𝟑(𝟑 − 𝒙)

𝟐𝟒𝟑
) 

≥⏞
𝑨𝑴−𝑮𝑴

(𝟑 − 𝒑) (𝟑𝟓 −
𝒑

𝟑
+
𝟖𝒑𝟐

𝟗
+
𝟖𝒑𝟑

𝟐𝟕
−
𝟐𝟑𝒑𝟒

𝟖𝟏
−
𝟐𝟑𝒑𝟓

𝟐𝟒𝟑

−
𝒑(𝟓𝒑𝟐 − 𝟗)[𝟐(𝟑 + 𝒑)𝟐(𝟑 − 𝒑) + (𝟑 + 𝒑)]

𝟐𝟒𝟑
) 

= (𝟑 − 𝒑) [(𝟑 − 𝒑) [
𝟑𝟓

𝟑
+
𝟏𝟐𝟏𝒑

𝟐𝟕
+ (𝟑 − 𝒑)(

𝟏𝟔𝟒𝒑𝟐

𝟐𝟒𝟑
+
𝟐𝟑𝟗𝒑𝟑

𝟕𝟐𝟗
+
𝟒𝟒𝒑𝟒

𝟕𝟐𝟗
) +

𝟒𝟔𝒑𝟓

𝟐𝟏𝟖𝟕
]

+
𝟒𝒑𝟔

𝟐𝟏𝟖𝟕
] ≥⏞
𝟑 ≥ 𝒑

𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞𝐬 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐨𝐟 𝒂).  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
𝒃) 𝐒𝐢𝐧𝐜𝐞 𝒌 ≥ 𝟏 𝐭𝐡𝐞𝐧 𝐛𝐲 𝐏𝐨𝐰𝐞𝐫 𝐌𝐞𝐚𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

 𝒂𝒌 + 𝒃𝒌 + 𝒄𝒌 ≥ 𝟑(
𝒂 + 𝒃 + 𝒄

𝟑
)
𝒌

= 𝟑, 

𝐚𝐧𝐝 𝐛𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 =
(𝒂 + 𝒃 + 𝒄)(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)

𝟑
≥ 𝟑𝒂𝒃𝒄. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐭𝐰𝐨 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟗(𝒂𝒌 + 𝒃𝒌 + 𝒄𝒌) + 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟐𝟕 + 𝟑𝒂𝒃𝒄. 

𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 
 𝒂 = 𝒃 = 𝒄 = 𝟏 𝐨𝐫 𝒌 = 𝟏, 𝒂 = 𝟑, 𝒃 = 𝒄 = 𝟎 𝐚𝐧𝐝 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧𝐬. 
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1376. 𝐈𝐟 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 ∶ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 > 0. 𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

𝒂𝟐(𝐛 + 𝐜)

𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐
+

𝐛𝟐(𝐜 + 𝒂)

𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐
+

𝐜𝟐(𝒂 + 𝐛)

𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐
≥
𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂 + 𝐛 + 𝐜
 

  Proposed by Phan Ngoc Chau-Vietnam 
Solution 1 by Soumava Chakraborty-Kolkata-India 

𝐂𝒂𝐬𝐞 𝟏  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝐨𝐧𝐞 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 𝒂𝐧𝐝  

𝐭𝐡𝐞𝐧 ∶
𝒂𝟐(𝐛 + 𝐜)

𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐
+

𝐛𝟐(𝐜 + 𝒂)

𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐
+

𝐜𝟐(𝒂 + 𝐛)

𝒂𝟐 + 𝒂𝐛+ 𝐛𝟐
=
𝐛𝟒

𝐛𝟐𝐜
+
𝐜𝟒

𝐜𝟐𝐛
 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (𝐛𝟐 + 𝐜𝟐)

𝟐

𝐛𝐜(𝐛 + 𝐜)
≥
𝐀−𝐆 𝟐𝐛𝐜(𝐛𝟐 + 𝐜𝟐)

𝐛𝐜(𝐛 + 𝐜)
=
𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂 + 𝐛 + 𝐜
 

∴
𝒂𝟐(𝐛 + 𝐜)

𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐
+

𝐛𝟐(𝐜 + 𝒂)

𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐
+

𝐜𝟐(𝒂 + 𝐛)

𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐
≥
𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂 + 𝐛 + 𝐜
 

 
𝐂𝒂𝐬𝐞 𝟐  𝒂, 𝐛, 𝐜 > 0 

 
𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝒙 = 𝟐𝒂 
> 0 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝒙+ 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝑦 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦 

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑),∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

 

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟑)

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒), 

∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= (∑𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (𝟏),(𝟐) 𝒂𝐧𝐝 (𝟑)

(𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 

⇒∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟓), 

∑𝒂𝟑

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) =
𝐯𝐢𝒂 (𝟏)

𝐬𝟑 − 𝟑. 𝟒𝐑𝐫𝐬 

⇒∑𝒂𝟑

𝐜𝐲𝐜

= 𝐬(𝐬𝟐 − 𝟏𝟐𝐑𝐫) → (𝟔) 𝒂𝐧𝐝 ∑𝒂𝟒

𝐜𝐲𝐜

= (∑𝒂𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟒) 𝒂𝐧𝐝 (𝟓)

 

(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐
− 𝟐𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) 
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⇒∑𝒂𝟒

𝐜𝐲𝐜

= (𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐
− 𝟐𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝟕) 

𝐍𝐨𝐰, (𝒂𝟐 + 𝒂𝐛+ 𝐛𝟐)(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)(𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐) 

= (∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

)+ 𝒂𝐛𝐜∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟐𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

)(∑𝒂𝐛

𝐜𝐲𝐜

)− 𝟔𝒂𝟐𝐛𝟐𝐜𝟐 

+(∑𝒂𝐛

𝐜𝐲𝐜

)

𝟑

− 𝟑𝐫𝟐𝐬. 𝟒𝐑𝐫𝐬 =
𝐯𝐢𝒂 (𝟏),(𝟐),(𝟑),(𝟒),(𝟓) 𝒂𝐧𝐝 (𝟔)

 

𝐫𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝐫𝟐𝐬𝟐(𝐬𝟐 − 𝟏𝟐𝐑𝐫) + 𝟐𝐫𝟐𝐬𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 

−𝟔𝐫𝟒𝐬𝟐 + (𝟒𝐑𝐫 + 𝐫𝟐)
𝟑
− 𝟏𝟐𝐑𝐫𝟑𝐬𝟐 

∴ (𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐)(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)(𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐) =
(∗)
𝐫𝟐(𝐬𝟐(𝟒𝐑+ 𝐫)𝟐 − 𝐬𝟒 − 𝐫(𝟒𝐑+ 𝐫)𝟑)  

𝐀𝐥𝐬𝐨,(∑𝒂

𝐜𝐲𝐜

)(∑(𝒂𝟐(𝐛 + 𝐜)(𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐)(𝒂𝟐 + 𝒂𝐛+ 𝐛𝟐))

𝐜𝐲𝐜

) 

= 𝒂𝟐(𝐛 + 𝐜)(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ (𝒂𝟑 + 𝒂𝐛𝐜)(∑𝒂

𝐜𝐲𝐜

)) 

= (∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

))

(

 
 
(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟑𝒂𝐛𝐜(∑𝒂

𝐜𝐲𝐜

)

)

 
 

 

+(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟒

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝒂𝐛𝐜(∑𝒂𝟑

𝐜𝐲𝐜

)(∑𝒂

𝐜𝐲𝐜

)

𝟐

 

=
𝐯𝐢𝒂 (𝟏),(𝟐),(𝟑),(𝟓),(𝟔) 𝒂𝐧𝐝 (𝟕)

(𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝐫𝟐𝐬𝟐) ((𝟒𝐑𝐫 + 𝐫𝟐)𝐬𝟐 − 𝟑𝐫𝟐𝐬𝟐) 

+(𝟒𝐑𝐫 + 𝐫𝟐) ((𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐
− 𝟐𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐))𝐬𝟐 − 𝐫𝟐𝐬𝟒(𝐬𝟐 − 𝟏𝟐𝐑𝐫) 

⇒ (∑𝒂

𝐜𝐲𝐜

)(∑(𝒂𝟐(𝐛 + 𝐜)(𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐)(𝒂𝟐 + 𝒂𝐛+ 𝐛𝟐))

𝐜𝐲𝐜

)  

=
(∗∗)

𝟐𝐫𝐬𝟐(𝟐𝐑𝐬𝟒 − 𝐫𝐬𝟐(𝟑𝟐𝐑𝟐 + 𝟒𝐑𝐫− 𝐫𝟐) + 𝟔𝐑𝐫𝟐(𝟒𝐑+ 𝐫)𝟐) 

∴ (∗), (∗∗) ⇒
𝒂𝟐(𝐛 + 𝐜)

𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐
+

𝐛𝟐(𝐜 + 𝒂)

𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐
+

𝐜𝟐(𝒂 + 𝐛)

𝒂𝟐 + 𝒂𝐛+ 𝐛𝟐
≥
𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂 + 𝐛 + 𝐜
 

⇔
𝟐𝐫𝐬𝟐(𝟐𝐑𝐬𝟒 − 𝐫𝐬𝟐(𝟑𝟐𝐑𝟐 + 𝟒𝐑𝐫 − 𝐫𝟐) + 𝟔𝐑𝐫𝟐(𝟒𝐑+ 𝐫)𝟐)

𝐫𝟐(𝐬𝟐(𝟒𝐑 + 𝐫)𝟐 − 𝐬𝟒 − 𝐫(𝟒𝐑 + 𝐫)𝟑)
≥ 𝟐(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐) 

⇔ (𝟐𝐑+ 𝐫)𝐬𝟔 − 𝐫𝐬𝟒(𝟒𝟖𝐑𝟐 + 𝟐𝟎𝐑𝐫 + 𝟐𝐫𝟐) + 𝐫𝟐𝐬𝟐(𝟐𝟖𝟖𝐑𝟑 + 𝟏𝟗𝟐𝐑𝟐𝐫 + 𝟒𝟐𝐑𝐫𝟐 + 𝟑𝐫𝟑) 

−𝟐𝐫𝟑(𝟒𝐑+ 𝐫)𝟒 ≥
(⦁)

𝟎 𝒂𝐧𝐝 ∵ (𝟐𝐑+ 𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

 

+𝐫(𝟒𝟖𝐑𝟐 − 𝟐𝐑𝐫− 𝟏𝟕𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁), 
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𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥ (𝟐𝐑 + 𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑
+ 

𝐫(𝟒𝟖𝐑𝟐 − 𝟐𝐑𝐫 − 𝟏𝟕𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟏𝟒𝟒𝐑𝟑 − 𝟖𝟎𝐑𝟐𝐫 − 𝟕𝟔𝐑𝐫𝟐 + 𝟒𝟗𝐫𝟑)𝐬𝟐 ≥
(⦁⦁)

 

𝐫(𝟐𝟑𝟎𝟒𝐑𝟒 − 𝟐𝟎𝟒𝟖𝐑𝟑𝐫 − 𝟔𝟎𝟎𝐑𝟐𝐫𝟐 + 𝟖𝟕𝟔𝐑𝐫𝟑 − 𝟏𝟒𝟗𝐫𝟒) 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 

(𝟏𝟒𝟒𝐑𝟑 − 𝟖𝟎𝐑𝟐𝐫 − 𝟕𝟔𝐑𝐫𝟐 + 𝟒𝟗𝐫𝟑)(
𝟏𝟔𝐑𝐫
−𝟓𝐫𝟐

) 

≥
? 
𝐫(𝟐𝟑𝟎𝟒𝐑𝟒 − 𝟐𝟎𝟒𝟖𝐑𝟑𝐫 − 𝟔𝟎𝟎𝐑𝟐𝐫𝟐 + 𝟖𝟕𝟔𝐑𝐫𝟑 − 𝟏𝟒𝟗𝐫𝟒) 

⇔ 𝟐𝐭𝟑 − 𝟗𝐭𝟐 + 𝟏𝟐𝐭 − 𝟒 ≥
? 
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝟐𝐭 − 𝟏)(𝐭 − 𝟐)𝟐 ≥
? 
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫 
𝟐 ⇒ (⦁⦁) ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞  

∴
, (∑ 𝒂𝐜𝐲𝐜 ) (∑ (𝒂𝟐(𝐛 + 𝐜)(𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐)(𝒂𝟐 + 𝒂𝐛+ 𝐛𝟐))𝐜𝐲𝐜 )

(𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐)(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)(𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐)
≥ 𝟐∑𝒂𝟐

𝐜𝐜𝐲

 

⇒
𝒂𝟐(𝐛 + 𝐜)

𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐
+

𝐛𝟐(𝐜 + 𝒂)

𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐
+

𝐜𝟐(𝒂 + 𝐛)

𝒂𝟐 + 𝒂𝐛+ 𝐛𝟐
≥
𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂 + 𝐛 + 𝐜

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬,
𝒂𝟐(𝐛 + 𝐜)

𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐
+

𝐛𝟐(𝐜 + 𝒂)

𝐜𝟐 + 𝐜𝒂 + 𝒂𝟐
+

𝐜𝟐(𝒂 + 𝐛)

𝒂𝟐 + 𝒂𝐛 + 𝐛𝟐
 

≥
𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)

𝒂 + 𝐛 + 𝐜
 ∀ 𝒂,𝐛, 𝐜 ≥ 𝟎│𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂 > 0, 

′′ =′′  𝐢𝐟𝐟 (𝒂 = 𝟎,𝐛 = 𝐜 ≠ 𝟎) 𝐨𝐫 (𝐛 = 𝟎, 𝐜 = 𝒂 ≠ 𝟎) 𝐨𝐫 (𝐜 = 𝟎,𝒂 = 𝐛 ≠ 𝟎) 𝐨𝐫  
(𝒂 = 𝐛 = 𝐜 ≠ 𝟎) (𝐐𝐄𝐃) 

 

Solution 2 by Nguyen Van Canh-Vietnam 
 

WLOG, we assume that  𝒂 + 𝒃 + 𝒄 = 𝟏. Let 𝒒 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≤
(𝒂+𝒃+𝒄)𝟐

𝟑
=
𝟏

𝟑
, 𝒓 = 𝒂𝒃𝒄. 

We have: 
𝒂𝟐(𝒃 + 𝒄)

𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐
+

𝒃𝟐(𝒄 + 𝒂)

𝒄𝟐 + 𝒄𝒂 + 𝒂𝟐
+

𝒄𝟐(𝒂 + 𝒃)

𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐
≥ 𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐); 

⇔
∑[𝒂𝟐(𝒃 + 𝒄)(𝒄𝟐 + 𝒄𝒂 + 𝒂𝟐)(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)]

(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)(𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐)(𝒄𝟐 + 𝒄𝒂 + 𝒂𝟐)
≥ 𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐); 

⇔
∑𝒂𝒃(𝒂𝟓 + 𝒃𝟓) + ∑𝒂𝟐𝒃𝟐(𝒂𝟑 + 𝒃𝟑) + ∑𝒂𝟑𝒃𝟑(𝒂+ 𝒃) + 𝟐𝒂𝒃𝒄∑𝒂𝟒 +𝟐𝒂𝒃𝒄∑𝒂𝒃(𝒂𝟐 +𝒃𝟐) + 𝟒𝒂𝟐𝒃𝟐𝒄𝟐∑𝒂+ 𝟐𝒂𝒃𝒄∑𝒂𝟐𝒃𝟐

∑𝒂𝟐𝒃𝟐(𝒂𝟐 +𝒃𝟐) + ∑𝒂𝟑𝒃𝟑 + 𝒂𝒃𝒄∑𝒂𝟑 +𝟐𝒂𝒃𝒄∑𝒂𝒃(𝒂+ 𝒃)+ 𝟑(𝒂𝒃𝒄)𝟐
 

≥ 𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐); 

⇔
∑𝒂𝟓∑𝒂𝒃+ 𝒂𝒃𝒄∑𝒂𝟒 + ∑𝒂𝟐𝒃𝟐 ∑𝒂𝟑 + 𝟑(𝒂𝒃𝒄)𝟐∑𝒂 + ∑𝒂𝟑𝒃𝟑 ∑𝒂 + 𝒂𝒃𝒄∑𝒂𝟐𝒃𝟐 + 𝟐𝒂𝒃𝒄∑𝒂𝒃(𝒂𝟐 + 𝒃𝟐)

∑𝒂𝟐𝒃𝟐 ∑𝒂𝟐 + ∑𝒂𝟑𝒃𝟑 + 𝒂𝒃𝒄∑𝒂𝟑 + 𝟐𝒂𝒃𝒄∑𝒂𝒃(𝒂 + 𝒃)

≥ 𝟐 (𝒂𝟐+𝒃
𝟐
+𝒄𝟐) ; 

⇔
𝒒(𝟏 − 𝟓𝒒 + 𝟓𝒒𝟐 + 𝟓𝒓 − 𝟓𝒒𝒓) + 𝒓(𝟏 − 𝟒𝒒 + 𝟐𝒒𝟐 + 𝟒𝒓) + (𝒒𝟐 − 𝟐𝒓)(𝟏 − 𝟑𝒒 + 𝟑𝒓) + 𝟑𝒓𝟐 + 𝒒𝟑 − 𝟑𝒒𝒓 + 𝟑𝒓𝟐 + 𝒓(𝒒𝟐 − 𝟐𝒓) + 𝟐𝒓(𝒒 − 𝟐𝒒𝟐 − 𝒓)

(𝒒𝟐 − 𝟐𝒓)(𝟏 − 𝟐𝒒) + 𝒒𝟑 − 𝟑𝒒𝒓 + 𝟑𝒓𝟐 + 𝒓(𝟏 − 𝟑𝒒 + 𝟑𝒓) + 𝟐𝒓(𝒒 − 𝟑𝒓)
≥ 𝟐(𝟏 − 𝟐𝒒): 

⇔
𝟑𝒒𝟑 − 𝟒𝒒𝟐 + 𝒒 + (𝟔𝒒 − 𝟑𝒒𝟐 − 𝟏)𝒓

𝒒𝟐 − 𝒒𝟑 − 𝒓
≥ 𝟐(𝟏 − 𝟐𝒒); 

⇔ 𝟑𝒒𝟑 − 𝟒𝒒𝟐 + 𝒒 + (𝟔𝒒 − 𝟑𝒒𝟐 − 𝟏)𝒓 ≥ 𝟐(𝟏 − 𝟐𝒒)(𝒒𝟐 − 𝒒𝟑 − 𝒓); 
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⇔ (𝟏 + 𝟐𝒒 − 𝟑𝒒𝟐)𝒓 − 𝟒𝒒𝟒 + 𝟗𝒒𝟑 − 𝟔𝒒𝟐 + 𝒒 ≥ 𝟎; 
⇔ (𝟏 − 𝒒)(𝟏 + 𝟑𝒒)𝒓 − 𝟒𝒒𝟒 + 𝟗𝒒𝟑 − 𝟔𝒒𝟐 + 𝒒 ≥ 𝟎  (∗) 

By Schur’s Inequality we have:  𝒓 ≥ 𝐦𝐚𝐱 {𝟎,
𝟒𝒒−𝟏

𝟗
}. 

 If 𝟎 < 𝑞 ≤
𝟏

𝟒
  then 𝒓 ≥ 𝟎, we have: 

(𝟏 − 𝒒)(𝟏 + 𝟑𝒒)𝒓 − 𝟒𝒒𝟒 + 𝟗𝒒𝟑 − 𝟔𝒒𝟐 + 𝒒 ≥ −𝟒𝒒𝟒 + 𝟗𝒒𝟑 − 𝟔𝒒𝟐 + 𝒒
= 𝒒(𝟏 − 𝟒𝒒)(𝒒 − 𝟏)𝟐 ≥ 𝟎  (𝐭𝐫𝐮𝐞) ⇒ (∗) 𝐭𝐫𝐮𝐞. 

 If  
𝟏

𝟒
≤ 𝒒 ≤

𝟏

𝟑
  then 𝒓 ≥

𝟒𝒒−𝟏

𝟗
, we have: 

(𝟏 − 𝒒)(𝟏 + 𝟑𝒒)𝒓 − 𝟒𝒒𝟒 + 𝟗𝒒𝟑 − 𝟔𝒒𝟐 + 𝒒

≥
(𝟏 − 𝒒)(𝟏 + 𝟑𝒒)(𝟒𝒒− 𝟏)

𝟗
− 𝟒𝒒𝟒 + 𝟗𝒒𝟑 − 𝟔𝒒𝟐 + 𝒒

= −𝟒 𝒒𝟒 +
𝟐𝟑 𝒒𝟑

𝟑
−
𝟒𝟑 𝒒𝟐

𝟗
+
𝟏𝟏 𝒒

𝟗
−
𝟏

𝟗

=
𝟏

𝟗
(𝟏 − 𝒒)(𝟒𝒒− 𝟏)(𝟑𝒒 − 𝟏)𝟐 ≥ 𝟎 (𝐭𝐫𝐮𝐞) ⇒ (∗) 𝐭𝐫𝐮𝐞. 

Proved. Equality ⇔ 𝒂 = 𝒃 = 𝒄 or 𝒂 = 𝟎, 𝒃 = 𝒄 ≠ 𝟎 or 𝒃 = 𝟎, 𝒂 = 𝒄 ≠ 𝟎 or 
 𝒄 = 𝟎, 𝒂 = 𝒃 ≠ 𝟎. 
 

1377. Let 𝒂, 𝒃, 𝒄 ≥ 𝟎 and 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 > 0. Prove that: 
𝟏

(𝒂 + √𝒂𝒃 + 𝒃)
𝟐 +

𝟏

(𝒄 + √𝒄𝒃 + 𝒃)
𝟐 +

𝟏

(𝒂 + √𝒂𝒄 + 𝒄)
𝟐 ≥

𝟏

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
 

Proposed by Phan Ngoc Chau-Vietnam 
Solution by Nguyen Van Canh-Vietnam 

By AM-GM we have: √𝒂𝒃 ≤
𝒂+𝒃

𝟐
 

⇒
𝟏

(𝒂+√𝒂𝒃+𝒃)
𝟐 ≥

𝟏

(𝒂+
𝒂+𝒃

𝟐
+𝒃)

𝟐 =
𝟒

𝟗(𝒂+𝒃)𝟐
 (and analogs) 

⇒
𝟏

(𝒂 + √𝒂𝒃 + 𝒃)
𝟐 +

𝟏

(𝒄 + √𝒄𝒃 + 𝒃)
𝟐 +

𝟏

(𝒂 + √𝒂𝒄 + 𝒄)
𝟐

≥
𝟒

𝟗
[

𝟏

(𝒂 + 𝒃)𝟐
+

𝟏

(𝒄 + 𝒃)𝟐
+

𝟏

(𝒂 + 𝒄)𝟐
] ; 

So that we need to prove: 
𝟒

𝟗
[

𝟏

(𝒂 + 𝒃)𝟐
+

𝟏

(𝒄 + 𝒃)𝟐
+

𝟏

(𝒂 + 𝒄)𝟐
] ≥

𝟏

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
; 

⇔ (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) [
𝟏

(𝒂 + 𝒃)𝟐
+

𝟏

(𝒄 + 𝒃)𝟐
+

𝟏

(𝒂 + 𝒄)𝟐
] ≥

𝟗

𝟒
. 

Which is true because this is Iran Inequality 1996. Proved. 
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1378. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝑎𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝒂𝐛𝐜 𝒂𝐧𝐝 𝟑 ≤ 𝛌 ≤ 𝟒, 𝐭𝐡𝐞𝐧 ∶ 

𝒂 + 𝐛 + 𝐜 ≥ 𝛌 (
𝒂

𝐛𝐜
+
𝐛

𝐜𝒂
+
𝐜

𝒂𝐛
− 𝟏) + 𝟗 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲,𝒂 + 𝐛 = 𝐳 ⇒ 𝒙+ 𝐲 − 𝐳 = 𝟐𝐜 > 0, 𝑦 + 𝑧 − 𝑥   
= 𝟐𝒂 > 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 0 ⇒ 𝑥 + 𝐲 > 𝑧, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙,𝐲, 𝐳 𝐟𝐨𝐫𝐦  

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)  

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑),∑𝒂𝟐

𝐜𝐲𝐜

= (∑𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝐛

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟑)

 

𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟒) 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∶ 𝒂 + 𝐛 + 𝐜 − 𝛌(
𝒂

𝐛𝐜
+
𝐛

𝐜𝒂
+
𝐜

𝒂𝐛
− 𝟏) − 𝟗 

=
(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 )

𝒂𝐛𝐜
− 𝛌(

∑ 𝒂𝟐𝐜𝐲𝐜 −∑ 𝒂𝐛𝐜𝐲𝐜

∑ 𝒂𝐛𝐜𝐲𝐜
)− 𝟗 (∵∑𝒂𝐛

𝐜𝐲𝐜

= 𝒂𝐛𝐜) 

=
𝐯𝐢𝒂 (𝟏),(𝟐),(𝟑) 𝒂𝐧𝐝 (𝟒) 𝐬(𝟒𝐑𝐫 + 𝐫𝟐)

𝐫𝟐𝐬
− 𝛌(

𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟒𝐑𝐫 + 𝐫𝟐
) − 𝟗  

=
𝟒𝐑+ 𝐫

𝐫
− 𝛌(

𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐

𝟒𝐑𝐫 + 𝐫𝟐
) − 𝟗 ≥

𝟎 ≤ 𝛌 ≤ 𝟒 𝟒𝐑 + 𝐫

𝐫
− 𝟒(

𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐

𝟒𝐑𝐫 + 𝐫𝟐
)− 𝟗 

(

 
 
∵ 𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐 = 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟒𝐫(𝐑− 𝟐𝐫) ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝒂𝐧𝐝
𝐄𝐮𝐥𝐞𝐫

𝟎

)

 
 

 

=
(𝟒𝐑 + 𝐫)𝟐 − 𝟒(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) − 𝟑𝟔𝐑𝐫 − 𝟗𝐫𝟐

𝟒𝐑𝐫 + 𝐫𝟐
≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
 

(𝟒𝐑 + 𝐫)𝟐 − 𝟒(𝟒𝐑𝟐 + 𝟒𝐑𝐫+ 𝟑𝐫𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) − 𝟑𝟔𝐑𝐫 − 𝟗𝐫𝟐

𝟒𝐑𝐫 + 𝐫𝟐
=
𝟒𝐫(𝐑− 𝟐𝐫)

𝟒𝐑𝐫 + 𝐫𝟐
≥

𝐄𝐮𝐥𝐞𝐫
𝟎 

∴ 𝒂 + 𝐛 + 𝐜 ≥ 𝛌(
𝒂

𝐛𝐜
+
𝐛

𝐜𝒂
+
𝐜

𝒂𝐛
− 𝟏) + 𝟗 ∀ 𝒂,𝐛, 𝐜 > 0,∑𝒂𝐛

𝐜𝐲𝐜

= 𝒂𝐛𝐜 𝒂𝐧𝐝 𝟑 ≤ 𝛌 ≤ 𝟒, 

′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝟑 (𝐐𝐄𝐃) 
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1379. 𝑰𝒇 𝒂, 𝐛, 𝐜 > 0 ⇒ 

(𝒂 + 𝐛 + 𝐜)𝟐

𝐥𝐧((𝒂 + 𝟏)𝐞
𝒂−𝟏. (𝐛 + 𝟏)𝐞

𝐛−𝟏. (𝐜 + 𝟏)𝐞
𝐜−𝟏)

+ 𝟐∑((𝟐 − √
𝒂

𝐛
)
𝒂

𝐛
)

𝐜𝐲𝐜

< 9 

  Proposed by Pavlos Trifon-Greece 
Solution by Soumava Chakraborty-Kolkata-India 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ (𝐞𝒙 − 𝟏). 𝐥𝐧(𝒙 + 𝟏) > 𝒙𝟐 ∀ 𝒙 > 0 

∵ 𝐞𝒙 − 𝟏 ≥ 𝒙+
𝒙𝟐

𝟐
 ∀ 𝒙 > 0 ∴ (𝐞𝒙 − 𝟏). 𝐥𝐧(𝒙 + 𝟏) ≥ (𝒙 +

𝒙𝟐

𝟐
) . 𝐥𝐧(𝒙 + 𝟏) >

? 
𝒙𝟐 

⇔ 𝐥𝐧(𝒙 + 𝟏) >
? 
⏟
(𝐢)

𝒙

𝟏 +
𝒙
𝟐

 

𝐋𝐞𝐭 𝐟(𝒙) = 𝐥𝐧(𝒙 + 𝟏) −
𝒙

𝟏 +
𝒙
𝟐

 ∀ 𝒙 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐟 ′(𝒙) =
𝒙𝟐

(𝒙 + 𝟏)(𝒙 + 𝟐)𝟐
≥ 𝟎 

⇒ 𝐟(𝒙) 𝐢𝐬 ↑ 𝐨𝐧 [𝟎,∞) ⇒ ∀ 𝒙 ≥ 𝟎, 𝐟(𝒙) ≥ 𝐟(𝟎) = 𝟎 ∴ ∀ 𝒙 > 0, 𝐟(𝒙) > 𝒇(𝟎) 

⇒ (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ (𝐞𝒙 − 𝟏). 𝐥𝐧(𝒙 + 𝟏) > 𝒙𝟐 ∀ 𝒙 > 0 → (𝟏) 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐧𝐨𝐰 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ ∑((𝟐 −√
𝒂

𝐛
)
𝒂

𝐛
)

𝐜𝐲𝐜

≤ 𝟑 

⇔ 𝟐∑𝒙𝟐

𝐜𝐲𝐜

−∑𝒙𝟑

𝐜𝐲𝐜

≤ 𝟑 (𝒙 = √
𝒂

𝐛
, 𝐲 = √

𝐛

𝐜
, 𝐳 = √

𝐜

𝒂
) 

⇔∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳 ≥ (𝟐∑𝒙𝟐

𝐜𝐲𝐜

) . √𝒙𝐲𝐳
𝟑  (∵ 𝒙𝐲𝐳 = 𝟏) 

⇔ (∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳)

𝟑

≥
(∗)

𝟖𝒙𝐲𝐳(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟑

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗+ 𝐘− 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 
> 𝟎 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑋, 𝑍 + 𝑋 > 𝑌 ⇒ 𝑋, 𝑌, 𝑍 𝑓𝑜𝑟𝑚  

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒙 = 𝐬 − 𝐗, 𝐲 = 𝐬 − 𝐘, 

𝐳 = 𝐬 − 𝐙 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝐗)(𝐬 − 𝐘)

𝐜𝐲𝐜

 

⇒∑𝒙𝐲

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟐),∑𝒙𝟐

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

 

𝐬𝟐 − (𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒙𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟑) 𝒂𝐧𝐝 
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∑𝒙𝟑

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟑

− 𝟑(𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙) =
𝐯𝐢𝒂 (𝟏)

𝐬𝟑 − 𝟑𝐗𝐘𝐙 = 𝐬𝟑 − 𝟏𝟐𝐑𝐫𝐬 

⇒∑𝒙𝟑

𝐜𝐲𝐜

= 𝐬(𝐬𝟐 − 𝟏𝟐𝐑𝐫) → (𝟒) 𝒂𝐧𝐝 𝒙𝐲𝐳 = (𝐬 − 𝐗)(𝐬 − 𝐘)(𝐬 − 𝐙) = 𝐫𝟐𝐬 → (𝟓) 

∴ 𝐯𝐢𝒂 (𝟑), (𝟒), (𝟓), (∗) ⇔ (𝐬(𝐬𝟐 − 𝟏𝟐𝐑𝐫) + 𝟑𝐫𝟐𝐬)
𝟑
≥ 𝟖𝐫𝟐𝐬(𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐)

𝟑
 

⇔ 𝐬𝟖 − (𝟑𝟔𝐑𝐫 − 𝐫𝟐)𝐬𝟔 + 𝐫𝟐(𝟒𝟑𝟐𝐑𝟐 − 𝟐𝟒𝐑𝐫 + 𝟕𝟓𝐫𝟐)𝐬𝟒 

−𝐫𝟑(𝟏𝟕𝟐𝟖𝐑𝟑 + 𝟐𝟒𝟎𝐑𝟐𝐫 + 𝟏𝟎𝟗𝟐𝐑𝐫𝟐 + 𝟔𝟗𝐫𝟑)𝐬𝟐 + 𝟔𝟒𝐫𝟓(𝟒𝐑 + 𝐫)𝟑 ≥
(∗∗)

𝟎 

𝐍𝐨𝐰, 𝐯𝐢𝒂 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧, (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟒
+ (𝟐𝟖𝐑𝐫 − 𝟏𝟗𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)

𝟑
 

+𝐫𝟐(𝟐𝟒𝟎𝐑𝟐 − 𝟑𝟗𝟔𝐑𝐫 + 𝟐𝟏𝟎𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐
≥ 𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟒

 

+(𝟐𝟖𝐑𝐫 − 𝟏𝟗𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑
 

+𝐫𝟐(𝟐𝟒𝟎𝐑𝟐 − 𝟑𝟗𝟔𝐑𝐫 + 𝟐𝟏𝟎𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐
 

⇔ (𝟐𝟎𝟖𝐑𝟑 − 𝟔𝟔𝟎𝐑𝟐𝐫 + 𝟕𝟗𝟐𝐑𝐫𝟐 − 𝟑𝟏𝟏𝐫𝟑)𝐬𝟐 ≥
(∗∗∗)

 

𝐫(𝟑𝟎𝟕𝟐𝐑𝟒 − 𝟏𝟎𝟏𝟏𝟐𝐑𝟑𝐫 + 𝟏𝟐𝟗𝟕𝟐𝐑𝟐𝐫𝟐 − 𝟔𝟒𝟗𝟐𝐑𝐫𝟑 + 𝟖𝟓𝟗𝐫𝟒) 

∵ 𝟐𝟎𝟖𝐑𝟑 − 𝟔𝟔𝟎𝐑𝟐𝐫 + 𝟕𝟗𝟐𝐑𝐫𝟐 − 𝟑𝟏𝟏𝐫𝟑 

= (𝐑 − 𝟐𝐫)(𝟐𝟎𝟖𝐑𝟐 − 𝟐𝟒𝟒𝐑𝐫 + 𝟑𝟎𝟒𝐫𝟐) + 𝟐𝟗𝟕𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫 

𝟐𝟗𝟕𝐫𝟑 > 0 

∴ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

 

(𝟐𝟎𝟖𝐑𝟑 − 𝟔𝟔𝟎𝐑𝟐𝐫 + 𝟕𝟗𝟐𝐑𝐫𝟐 − 𝟑𝟏𝟏𝐫𝟑)(
𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐

−𝟐(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫
) 

≥
?
𝐫(𝟑𝟎𝟕𝟐𝐑𝟒 − 𝟏𝟎𝟏𝟏𝟐𝐑𝟑𝐫 + 𝟏𝟐𝟗𝟕𝟐𝐑𝟐𝐫𝟐 − 𝟔𝟒𝟗𝟐𝐑𝐫𝟑 + 𝟖𝟓𝟗𝐫𝟒) 

⇔
(𝐑 − 𝟐𝐫)(𝟐𝟎𝟖𝐑𝟒 − 𝟕𝟒𝟎𝐑𝟑𝐫 + 𝟗𝟔𝟒𝐑𝟐𝐫𝟐 − 𝟓𝟕𝟗𝐑𝐫𝟑 + 𝟏𝟑𝟕𝐫𝟒) ≥

?
⏟

(∗∗∗∗)

(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫. (𝟐𝟎𝟖𝐑𝟑 − 𝟔𝟔𝟎𝐑𝟐𝐫 + 𝟕𝟗𝟐𝐑𝐫𝟐 − 𝟑𝟏𝟏𝐫𝟑)

 

∵ 𝟐𝟎𝟖𝐑𝟒 − 𝟕𝟒𝟎𝐑𝟑𝐫 + 𝟗𝟔𝟒𝐑𝟐𝐫𝟐 − 𝟓𝟕𝟗𝐑𝐫𝟑 + 𝟏𝟑𝟕𝐫𝟒 

= (𝐑 − 𝟐𝐫)(𝟒𝟔𝐑𝟑 + 𝟏𝟔𝟐𝐑𝟐(𝐑− 𝟐𝐫) + 𝟑𝟏𝟔𝐑𝐫𝟐 + 𝟓𝟑𝐫𝟑) + 𝟐𝟒𝟑𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫 

𝟐𝟒𝟑𝐫𝟑 > 0 

𝒂𝐧𝐝 ∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫 

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝟐𝟎𝟖𝐑𝟒 − 𝟕𝟒𝟎𝐑𝟑𝐫 + 𝟗𝟔𝟒𝐑𝟐𝐫𝟐 − 𝟓𝟕𝟗𝐑𝐫𝟑 + 𝟏𝟑𝟕𝐫𝟒)
𝟐

 

> (𝐑𝟐 − 𝟐𝐑𝐫)(𝟐𝟎𝟖𝐑𝟑 − 𝟔𝟔𝟎𝐑𝟐𝐫 + 𝟕𝟗𝟐𝐑𝐫𝟐 − 𝟑𝟏𝟏𝐫𝟑)
𝟐
 

⇔ 𝟓𝟑𝟐𝟒𝟖𝐭𝟕 − 𝟑𝟔𝟓𝟓𝟔𝟖𝐭𝟔 + 𝟏𝟎𝟑𝟕𝟑𝟕𝟔𝐭𝟓 − 𝟏𝟓𝟒𝟒𝟐𝟎𝟖𝐭𝟒 + 𝟏𝟐𝟒𝟗𝟏𝟐𝟎𝐭𝟑 − 𝟒𝟖𝟐𝟓𝟗𝟐𝐭𝟐 

+𝟑𝟒𝟕𝟗𝟔𝐭 + 𝟏𝟖𝟕𝟔𝟗 > 0 (𝐭 =
𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)((𝐭 − 𝟐)𝐏 + 𝟗𝟖𝟕𝟓𝟓𝟐) + 𝟑𝟑𝟓𝟑𝟒𝟎) + 𝟓𝟗𝟎𝟒𝟗 > 𝟎 

𝐰𝐡𝐞𝐫𝐞 𝐏 = 𝟑𝟎𝟐𝟎𝟖𝐭𝟒 + 𝟐𝟑𝟎𝟒𝟎𝐭𝟑(𝐭 − 𝟐) + 𝟏𝟐𝟏𝟗𝟐𝟎𝐭𝟐 + 𝟏𝟔𝟔𝟐𝟓𝟔𝐭+ 𝟒𝟏𝟒𝟗𝟕𝟔 → 𝐭𝐫𝐮𝐞 
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∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫 

𝟐 ⇒ (∗∗∗∗) ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∑((𝟐 −√
𝒂

𝐛
)
𝒂

𝐛
)

𝐜𝐲𝐜

≤
(⦁)

𝟑  

𝐀𝐠𝒂𝐢𝐧,
(𝒂 + 𝐛 + 𝐜)𝟐

𝐥𝐧((𝒂 + 𝟏)𝐞
𝒂−𝟏. (𝐛 + 𝟏)𝐞

𝐛−𝟏. (𝐜 + 𝟏)𝐞
𝐜−𝟏)

 

=
(𝒂 + 𝐛 + 𝐜)𝟐

(𝐞𝒂 − 𝟏). 𝐥𝐧(𝒂 + 𝟏) + (𝐞𝐛 − 𝟏). 𝐥𝐧(𝐛 + 𝟏) + (𝐞𝐜 − 𝟏). 𝐥𝐧(𝐜 + 𝟏)
<

𝐯𝐢𝒂 (𝟏) (𝒂 + 𝐛 + 𝐜)𝟐

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐
 

≤ 𝟑 ∴
(𝒂 + 𝐛 + 𝐜)𝟐

𝐥𝐧((𝒂 + 𝟏)𝐞
𝒂−𝟏. (𝐛 + 𝟏)𝐞

𝐛−𝟏. (𝐜 + 𝟏)𝐞
𝐜−𝟏)

<
(⦁⦁)

𝟑 ∴ (⦁) + (⦁⦁) ⇒ 

(𝒂 + 𝐛 + 𝐜)𝟐

𝐥𝐧((𝒂 + 𝟏)𝐞
𝒂−𝟏. (𝐛 + 𝟏)𝐞

𝐛−𝟏. (𝐜 + 𝟏)𝐞
𝐜−𝟏)

+ 𝟐∑((𝟐 −√
𝒂

𝐛
)
𝒂

𝐛
)

𝐜𝐲𝐜

< 9  

∀ 𝒂,𝐛, 𝐜 > 0 (𝑄𝐸𝐷) 

1380. 𝐈𝐟 𝟎 < 𝑥, 𝐲, 𝐳 < 1, 𝒙 + 𝐲 + 𝐳 =
𝟑

𝟐
, 𝐭𝐡𝐞𝐧 ∶ 

∑
√𝟏+ 𝒙𝟐

𝟏 − 𝒙
𝐜𝐲𝐜

≥ 𝟑√𝟓 

  Proposed by Marin Chirciu-Romania 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

∑
√𝟏+ 𝒙𝟐

𝟏 − 𝒙
𝐜𝐲𝐜

=∑
(√𝟏+ 𝒙𝟐
𝟒

)
𝟐

𝟏 − 𝒙
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ √𝟏+ 𝒙𝟐

𝟒

𝐜𝐲𝐜 )
𝟐

𝟑 − (𝒙 + 𝐲 + 𝐳)
=

𝒙 + 𝐲 + 𝐳 = 
𝟑
𝟐
 

𝟐

𝟑
. (∑ √𝟏 + 𝒙𝟐

𝟒

𝐜𝐲𝐜

)

𝟐

≥
?
𝟑√𝟓 ⇔∑√𝟏 + 𝒙𝟐

𝟒

𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑√𝟓
𝟒

√𝟐
 

𝐍𝐨𝐰, 𝐟(𝐭) = √𝟏 + 𝐭𝟐
𝟒

 ∀ 𝐭 ∈ (𝟎,𝟏) 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝒙 ∵ 𝐟 ′′(𝐭) =
𝟐 − 𝐭

𝟒(𝟏 + 𝐭𝟐)
𝟕
𝟒

> 0 (∵ 𝟎 < 𝐭 < 1) 

∴∑ √𝟏 + 𝒙𝟐
𝟒

𝐜𝐲𝐜

≥
𝐉𝐞𝐧𝐬𝐞𝐧

𝟑√𝟏+ (
𝒙 + 𝐲 + 𝐳

𝟑
)
𝟐𝟒

=
𝒙 + 𝐲 + 𝐳 = 

𝟑
𝟐 𝟑√𝟓

𝟒

√𝟐
⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∑
√𝟏 + 𝒙𝟐

𝟏 − 𝒙
𝐜𝐲𝐜

≥ 𝟑√𝟓 ∀ 𝒙, 𝐲, 𝐳 ∈ (𝟎, 𝟏),′′=′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 =
𝟏

𝟐
 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐖𝐞 𝐰𝐢𝐥𝐥 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 𝐚 𝐥𝐞𝐦𝐦𝐚 𝐭𝐡𝐚𝐭 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒙 ∈ (𝟎, 𝟏), 

√𝟏 + 𝒙𝟐

𝟏 − 𝒙
≥
𝟏𝟐𝒙 − 𝟏

√𝟓
. 

𝐓𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐬𝐮𝐜𝐜𝐞𝐬𝐬𝐢𝐯𝐞𝐥𝐲 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 
𝟓(𝟏 + 𝒙𝟐) ≥ (𝟏 − 𝒙)𝟐(𝟏𝟐𝒙 − 𝟏)𝟐  ⇔ 𝟐 + 𝟏𝟑𝒙 − 𝟗𝟒𝒙𝟐 + 𝟏𝟓𝟔𝒙𝟑 − 𝟕𝟐𝒙𝟒 ≥ 𝟎 
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⇔ (𝟏 − 𝟐𝒙)𝟐[𝟐 + 𝟑𝒙 + 𝟏𝟖𝒙(𝟏 − 𝒙)] ≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒙 ∈ (𝟎, 𝟏),𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐟𝐟 𝒙 =
𝟏

𝟐
. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐢𝐬 𝐥𝐞𝐦𝐦𝐚,𝐰𝐞 𝐡𝐚𝐯𝐞 

√𝟏 + 𝒙𝟐

𝟏 − 𝒙
+
√𝟏 + 𝒚𝟐

𝟏 − 𝒚
+
√𝟏 + 𝒛𝟐

𝟏 − 𝒛
≥
𝟏𝟐(𝒙 + 𝒚 + 𝒛) − 𝟑

√𝟓
= 𝟑√𝟓, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟐
. 

1381. 𝐈𝐟 𝟎 < 𝑥, 𝐲, 𝐳 < 1, 𝒙 + 𝐲 + 𝐳 =
𝟑

𝟐
 𝒂𝐧𝐝 𝟎 ≤ 𝛌 ≤ 𝟏, 𝐭𝐡𝐞𝐧 ∶ 

∑
√𝛌 + 𝒙𝟐

𝟏 − 𝒙
𝐜𝐲𝐜

≥ 𝟑. √𝟒𝛌 + 𝟏 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

√𝟒𝛌+ 𝟏−
√𝛌 + 𝒙𝟐

𝟏 − 𝒙
=
𝟒𝛌 + 𝟏−

𝛌 + 𝒙𝟐

(𝟏 − 𝒙)𝟐

√𝟒𝛌 + 𝟏 +
√𝛌 + 𝒙𝟐

𝟏 − 𝒙

=

(𝟒𝛌+ 𝟏)(𝟏+ 𝒙𝟐 − 𝟐𝒙) − 𝛌 − 𝒙𝟐

(𝟏 − 𝒙)𝟐

√𝟒𝛌+ 𝟏+
√𝛌 + 𝒙𝟐

𝟏 − 𝒙

 

=
𝟏 − 𝟐𝒙 + 𝛌(𝟒𝒙𝟐 − 𝟖𝒙 + 𝟑)

√𝟒𝛌 + 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐
=

𝟏− 𝟐𝒙 − 𝛌(𝟏 − 𝟐𝒙)(𝟐𝒙 − 𝟑)

√𝟒𝛌+ 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐
 

=
(𝟏 − 𝟐𝒙)(𝟏− 𝛌(𝟐𝒙 − 𝟑))

√𝟒𝛌 + 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐
∴ √𝟒𝛌 + 𝟏 −

√𝛌 + 𝒙𝟐

𝟏 − 𝒙
−
(𝟏 − 𝟐𝒙)(𝟒𝛌 + 𝟐)

√𝟒𝛌+ 𝟏
 

= (𝟏 − 𝟐𝒙)(
𝟏 − 𝛌(𝟐𝒙 − 𝟑)

√𝟒𝛌+ 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐
−
𝟒𝛌 + 𝟐

√𝟒𝛌 + 𝟏
) 

= −(𝟏 − 𝟐𝒙).

(𝟒𝛌 + 𝟐).√𝟒𝛌 + 𝟏. (𝟏 − 𝟐𝒙 + 𝒙𝟐) + (𝟒𝛌 + 𝟐)(𝟏 − 𝒙).√𝛌 + 𝒙𝟐

−√𝟒𝛌 + 𝟏 + 𝛌(𝟐𝒙 − 𝟑).√𝟒𝛌 + 𝟏

√𝟒𝛌+ 𝟏. (√𝟒𝛌+ 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐)
 

= −

(𝟏 − 𝟐𝒙)(
(𝟒𝛌 + 𝟐).√𝟒𝛌 + 𝟏. (𝟏 − 𝟐𝒙) + (𝟒𝛌 + 𝟐). √𝟒𝛌 + 𝟏.𝒙𝟐 +

(𝟒𝛌+ 𝟐)(
𝟏
𝟐
− 𝒙 +

𝟏
𝟐
) .√𝛌 + 𝒙𝟐 −√𝟒𝛌 + 𝟏 + 𝛌(𝟐𝒙 − 𝟏).√𝟒𝛌 + 𝟏 − 𝟐𝛌. √𝟒𝛌 + 𝟏

)

√𝟒𝛌 + 𝟏. (√𝟒𝛌+ 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐)
 

= −

(𝟏 − 𝟐𝒙)(
(𝟏 − 𝟐𝒙)(𝟐𝛌 + 𝟏)(𝟐.√𝟒𝛌 + 𝟏 +√𝛌 + 𝒙𝟐 − 𝟐𝛌.

√𝟒𝛌 + 𝟏
𝟒𝛌 + 𝟐 ) +

(𝟐𝛌 + 𝟏)(𝟐(𝒙𝟐 −
𝟏
𝟒 +

𝟏
𝟒
) . √𝟒𝛌 + 𝟏 +√𝛌 + 𝒙𝟐 − √𝟒𝛌+ 𝟏)

)

√𝟒𝛌 + 𝟏. (√𝟒𝛌+ 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐)
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= −

(𝟏 − 𝟐𝒙)(
(𝟏 − 𝟐𝒙)(𝟐𝛌 + 𝟏)(𝟐.√𝟒𝛌 + 𝟏 +√𝛌 + 𝒙𝟐 − 𝟐𝛌.

√𝟒𝛌 + 𝟏
𝟒𝛌 + 𝟐

) +

(𝟐𝛌+ 𝟏)(−𝟐(
𝟏
𝟒
− 𝒙𝟐) . √𝟒𝛌 + 𝟏 + √𝛌 + 𝒙𝟐 −

𝟏
𝟐√
𝟒𝛌 + 𝟏)

)

√𝟒𝛌 + 𝟏. (√𝟒𝛌+ 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐)
 

= −

(𝟏 − 𝟐𝒙)

(

 
 
 
(𝟏 − 𝟐𝒙)(𝟐𝛌 + 𝟏)(𝟐.√𝟒𝛌 + 𝟏 +√𝛌 + 𝒙𝟐 − 𝟐𝛌.

√𝟒𝛌 + 𝟏
𝟒𝛌 + 𝟐 ) +

(𝟐𝛌 + 𝟏)(−𝟐(
𝟏
𝟒
− 𝒙𝟐) . √𝟒𝛌 + 𝟏 −

𝟏
𝟒
(𝟒𝛌+ 𝟏) − 𝛌 − 𝒙𝟐

𝟏
𝟐√
𝟒𝛌+ 𝟏+ √𝛌 + 𝒙𝟐

)

)

 
 
 

√𝟒𝛌 + 𝟏. (√𝟒𝛌+ 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐)
 

= −

(𝟏 − 𝟐𝒙)

(

 
 
 

(𝟏 − 𝟐𝒙)(𝟐𝛌 + 𝟏)(𝟐. √𝟒𝛌 + 𝟏 +√𝛌 + 𝒙𝟐 − 𝟐𝛌.
√𝟒𝛌+ 𝟏
𝟒𝛌+ 𝟐

) +

(𝟐𝛌 + 𝟏)(𝟏 − 𝟐𝒙)(−(
𝟏
𝟐
+ 𝒙) . √𝟒𝛌 + 𝟏 −

𝟏
𝟐
+ 𝒙

√𝟒𝛌 + 𝟏 + 𝟐√𝛌+ 𝒙𝟐
)

)

 
 
 

√𝟒𝛌+ 𝟏. (√𝟒𝛌+ 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐)
= 

−

(𝟏 − 𝟐𝒙)𝟐(𝟐𝛌 + 𝟏)(𝟐.√𝟒𝛌 + 𝟏 +√𝛌 + 𝒙𝟐 − 𝟐𝛌.
√𝟒𝛌 + 𝟏
𝟒𝛌 + 𝟐

− (
𝟏
𝟐
+ 𝒙)(√𝟒𝛌+ 𝟏+

𝟏

√𝟒𝛌+ 𝟏 + 𝟐√𝛌 + 𝒙𝟐
))

√𝟒𝛌 + 𝟏. (√𝟒𝛌+ 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐)
 

≤ −

(𝟏 − 𝟐𝒙)𝟐(𝟐𝛌 + 𝟏)(𝟐. √𝟒𝛌+ 𝟏 + √𝛌 + 𝒙𝟐 − 𝟐𝛌.
√𝟒𝛌 + 𝟏
𝟒𝛌 + 𝟏

− (
𝟏
𝟐
+ 𝒙) .

𝟒𝛌 + 𝟐 + 𝟐√𝟒𝛌+ 𝟏.√𝛌 + 𝒙𝟐

√𝟒𝛌+ 𝟏+ 𝟐√𝛌+ 𝒙𝟐
)

√𝟒𝛌+ 𝟏. (√𝟒𝛌+ 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐)
 

≤

−

(𝟏 − 𝟐𝒙)𝟐(𝟐𝛌 + 𝟏)((𝟐. √𝟒𝛌 + 𝟏 +√𝛌 + 𝒙𝟐 − (
𝟏
𝟐 + 𝒙

) .
𝟒𝛌 + 𝟐 + 𝟐√𝟒𝛌+ 𝟏.√𝛌 + 𝒙𝟐

√𝟒𝛌 + 𝟏 + 𝟐√𝛌 + 𝒙𝟐
) −

𝟐𝛌

√𝟒𝛌+ 𝟏
)

√𝟒𝛌 + 𝟏. (√𝟒𝛌+ 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐)
 

= −

(𝟏 − 𝟐𝒙)𝟐(𝟐𝛌 + 𝟏)(
𝟖𝛌 + 𝟏 + 𝟐𝒙𝟐 − 𝟒𝒙𝛌− 𝟐𝒙 + (𝟒 − 𝟐𝒙).√(𝟒𝛌 + 𝟏)(𝛌 + 𝒙𝟐)

√𝟒𝛌 + 𝟏 + 𝟐√𝛌 + 𝒙𝟐
−

𝟐𝛌

√𝟒𝛌 + 𝟏
)

√𝟒𝛌 + 𝟏. (√𝟒𝛌+ 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐)
 

= −
(𝟏 − 𝟐𝒙)𝟐(𝟐𝛌 + 𝟏)

√𝟒𝛌 + 𝟏. (√𝟒𝛌 + 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐)
∗ 

(
𝟒𝛌(𝟐− 𝒙) + (𝟏 + 𝟐𝒙𝟐 − 𝟐𝒙)+ (𝟒 − 𝟐𝒙).√(𝟒𝛌+ 𝟏)(𝛌 + 𝒙𝟐)

√𝟒𝛌+ 𝟏 + 𝟐√𝛌 + 𝒙𝟐
−

𝟐𝛌

√𝟒𝛌+ 𝟏
) 
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= −
(𝟏 − 𝟐𝒙)𝟐(𝟐𝛌 + 𝟏)

√𝟒𝛌 + 𝟏. (√𝟒𝛌 + 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐)
∗ 

(

  
 

𝟒𝛌. √𝟒𝛌+ 𝟏. (𝟐 − 𝒙) + (𝟏 + 𝟐𝒙𝟐 − 𝟐𝒙).√𝟒𝛌+ 𝟏 + (𝟒 − 𝟐𝒙)(𝟒𝛌 + 𝟏).√𝛌 + 𝒙𝟐 −

𝟐𝛌.√𝟒𝛌 + 𝟏 − 𝟒𝛌.√𝛌 + 𝒙𝟐

√𝟒𝛌+ 𝟏. (√𝟒𝛌+ 𝟏+ 𝟐√𝛌+ 𝒙𝟐)

)

  
 

 

= −
(𝟏 − 𝟐𝒙)𝟐(𝟐𝛌 + 𝟏)

√𝟒𝛌 + 𝟏. (√𝟒𝛌 + 𝟏. (𝟏 − 𝒙)𝟐 + (𝟏 − 𝒙).√𝛌 + 𝒙𝟐)
∗ 

(
𝟐𝛌. √𝟒𝛌+ 𝟏. (𝟑 − 𝟐𝒙) + √𝛌 + 𝒙𝟐. (𝟒𝛌(𝟑 − 𝟐𝒙) + 𝟒 − 𝟐𝒙) + (𝟏 − 𝒙)𝟐. √𝟒𝛌 + 𝟏 + 𝒙𝟐. √𝟒𝛌 + 𝟏

√𝟒𝛌 + 𝟏. (√𝟒𝛌+ 𝟏 + 𝟐√𝛌+ 𝒙𝟐)
) 

≤ 𝟎 ∵ 𝟎 < 𝑥 < 1 𝑎𝐧𝐝 𝛌 ≥ 𝟎 ⇒ 𝟐𝛌.√𝟒𝛌 + 𝟏. (𝟑 − 𝟐𝒙) + 

√𝛌 + 𝒙𝟐. (𝟒𝛌(𝟑 − 𝟐𝒙) + 𝟒 − 𝟐𝒙) + (𝟏 − 𝒙)𝟐. √𝟒𝛌 + 𝟏 + 𝒙𝟐. √𝟒𝛌 + 𝟏 > 0 

∴ √𝟒𝛌+ 𝟏−
√𝛌 + 𝒙𝟐

𝟏 − 𝒙
−
(𝟏 − 𝟐𝒙)(𝟒𝛌 + 𝟐)

√𝟒𝛌 + 𝟏
≤ 𝟎 ∀ 𝒙 ∈ (𝟎, 𝟏) 𝒂𝐧𝐝 ∀ 𝛌 ≥ 𝟎 

⇒
√𝛌 + 𝒙𝟐

𝟏 − 𝒙
≥ √𝟒𝛌 + 𝟏 −

(𝟏 − 𝟐𝒙)(𝟒𝛌 + 𝟐)

√𝟒𝛌 + 𝟏
 ∀ 𝒙 ∈ (𝟎, 𝟏) 𝒂𝐧𝐝 ∀ 𝛌 ≥ 𝟎  𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑
√𝛌+ 𝒙𝟐

𝟏 − 𝒙
𝐜𝐲𝐜

≥ 𝟑.√𝟒𝛌 + 𝟏 −
𝟒𝛌 + 𝟐

√𝟒𝛌 + 𝟏
.(𝟑 − 𝟐∑𝒙

𝐜𝐲𝐜

) 

=
𝒙 + 𝐲 + 𝐳 = 

𝟑
𝟐
𝟑.√𝟒𝛌 + 𝟏 ∀ 𝒙, 𝐲, 𝐳 ∈ (𝟎,𝟏) 𝒂𝐧𝐝 ∀ 𝛌 ∈ [𝟎, 𝟏],′′=′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 =

𝟏

𝟐
 (𝐐𝐄𝐃) 

 

1382. If 𝒂, 𝒃, 𝒄 > 0, 𝑛 ∈ ℕ then: 

∑
𝒂𝒏+𝟏

𝒃𝒏 + 𝒄𝒏
𝒄𝒚𝒄

≥
𝒂 + 𝒃 + 𝒄

𝟐
 

Proposed by Marin Chirciu-Romania 
Solution 1 by proposer 

For 0n  : 
2 2

a b c a b c   
 . 

For 
*nN : 

 1 1 1, ,n n na b c  
, 

1 1 1
, ,

n n n n n nb c c a a b

 
 

   
are same ordered. 

By Chebyshev : 

 

1
1 1 11 1 1 9 1 9

3 3 3 2

n Chebyshev CS
n n n

n n n n nn n

a
LHS a a a

b c b c ab c


      

  
    


 



 
www.ssmrmh.ro 

111 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400 

 

1 (1)3

2 2

n

n

a a
RHS

a



  
 


, 

(1)  
13

2 2

n

n

a a

a




 


  13 n na a a    . 

Equality holds for a b c  . 
 

Solution 2 by Daniel Sitaru-Romania 
 

∑
𝒂𝒏+𝟏

𝒃𝒏 + 𝒄𝒏
𝒄𝒚𝒄

≥⏞
𝑳𝑬𝑯𝑴𝑬𝑹

∑
𝒂𝒏

𝒃𝒏−𝟏 + 𝒄𝒏−𝟏
𝒄𝒚𝒄

≥⏞
𝑳𝑬𝑯𝑴𝑬𝑹

∑
𝒂𝒏−𝟏

𝒃𝒏−𝟐 + 𝒄𝒏−𝟐
≥⏞

𝑳𝑬𝑯𝑴𝑬𝑹

𝒄𝒚𝒄

 

≥∑
𝒂𝟐

𝒃 + 𝒄
𝒄𝒚𝒄

≥⏞
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴 (𝒂 + 𝒃 + 𝒄)𝟐

𝒃 + 𝒄 + 𝒄 + 𝒂 + 𝒂 + 𝒃
=
𝒂 + 𝒃 + 𝒄

𝟐
 

Equality holds for a b c  . 

 
1383. 𝐈𝐟 𝒂, 𝐛, 𝐜, 𝛌 > 𝟎 𝒂𝐧𝐝 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝛌, 𝐭𝐡𝐞𝐧 ∶ 

∑ √𝒂𝟐 + 𝛌𝐜𝐲𝐜

∑ √𝒂𝐛𝐜𝐲𝐜

≥ 𝟐 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

∑ √𝒂𝟐 + 𝛌𝐜𝐲𝐜

∑ √𝒂𝐛𝐜𝐲𝐜

≥ 𝟐 ⇔
∑ √𝒂𝟐 + 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂𝐜𝐲𝐜

∑ √𝒂𝐛𝐜𝐲𝐜

≥ 𝟐 

⇔ ∑√(𝒂 + 𝐛)(𝐜 + 𝒂)

𝐜𝐲𝐜

≥
(∗)

𝟐∑√𝒂𝐛

𝐜𝐲𝐜

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙′, 𝐜 + 𝒂 = 𝐲′, 𝒂 + 𝐛 = 𝐳′ ⇒ 𝒙′ + 𝐲′ − 𝐳′ = 𝟐𝐜 > 0, 𝑦′ + 𝑧′ − 𝒙′  
= 𝟐𝒂 > 0 𝒂𝐧𝐝 𝐳′ + 𝒙′ − 𝐲′ = 𝟐𝐛 > 0 ⇒ 𝒙′ + 𝐲′ > 𝑧′, 𝐲′ + 𝐳′ > 𝒙′, 𝐳′ + 𝒙′ > 𝑦′ 

⇒ 𝒙′, 𝐲′, 𝐳′ 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 ⇒ √𝐛 + 𝐜 = √𝒙′ = 𝒙,√𝐜 + 𝒂 = √𝐲′ = 𝐲, 

√𝒂+ 𝐛 = √𝐳′ = 𝐳 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞  𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 
𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 

𝐍𝐨𝐰,𝐛 + 𝐜 = 𝒙𝟐, 𝐜 + 𝒂 = 𝐲𝟐, 𝒂 + 𝐛 = 𝐳𝟐 ⇒∑𝒂

𝐜𝐲𝐜

=
𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐

𝟐
 

⇒ 𝒂 =
𝐲𝟐 + 𝐳𝟐 − 𝒙𝟐

𝟐
, 𝐛 =

𝐳𝟐 + 𝒙𝟐 − 𝐲𝟐

𝟐
, 𝐜 =

𝒙𝟐 + 𝐲𝟐 − 𝐳𝟐

𝟐
 

∴ 𝐮𝐬𝐢𝐧𝐠 𝐬𝐮𝐜𝐡 𝐭𝐫𝒂𝐧𝐬𝐟𝐨𝐫𝐦𝒂𝐭𝐢𝐨𝐧𝐬,∑√(𝒂 + 𝐛)(𝐜 + 𝒂)

𝐜𝐲𝐜

≥ 𝟐∑√𝒂𝐛

𝐜𝐲𝐜
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⇔∑𝐲𝐳

𝐜𝐲𝐜

≥ 𝟐∑√
𝐲𝟐 + 𝐳𝟐 − 𝒙𝟐

𝟐
.
𝐳𝟐 + 𝒙𝟐 − 𝐲𝟐

𝟐
𝐜𝐲𝐜

 

⇔

∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

+ 𝟐𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

≥
(∗∗)

∑(𝐲𝟐 + 𝐳𝟐 − 𝒙𝟐)(𝐳𝟐 + 𝒙𝟐 − 𝐲𝟐)

𝐜𝐲𝐜

+𝟐∑((𝐲𝟐 + 𝐳𝟐 − 𝒙𝟐).√(𝐳𝟐 + 𝒙𝟐 − 𝐲𝟐)(𝒙𝟐 + 𝐲𝟐 − 𝐳𝟐))

𝐜𝐲𝐜

 

𝐍𝐨𝐰,𝐑𝐇𝐒 𝐨𝐟 (∗∗) ≤
𝐀−𝐆

𝟐∑((𝐲𝟐 + 𝐳𝟐 − 𝒙𝟐).
(𝐳𝟐 + 𝒙𝟐 − 𝐲𝟐) + (𝒙𝟐 + 𝐲𝟐 − 𝐳𝟐)

𝟐
)

𝐜𝐲𝐜

 

= 𝟐∑𝒙𝟐(𝐲𝟐 + 𝐳𝟐 − 𝒙𝟐)

𝐜𝐲𝐜

= 𝟒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

− 𝟐∑𝒙𝟒

𝐜𝐲𝐜

 

∴ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≤ −∑𝒙𝟒

𝐜𝐲𝐜

+ 𝟐∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

+ 𝟒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

− 𝟐∑𝒙𝟒

𝐜𝐲𝐜

≤
?

 

∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

+ 𝟐𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

⇔ 𝟑(𝟐∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

− 𝟏𝟔𝐫𝟐𝐬𝟐)− 𝟓∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

+ 𝟐.𝟒𝐑𝐫𝐬. 𝟐𝐬 ≥
?
𝟎 

⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟏𝟔𝐑𝐫𝐬𝟐 − 𝟒𝟖𝐫𝟐𝐬𝟐 + 𝟏𝟔𝐑𝐫𝐬𝟐 ≥
?
𝟎 ⇔∑𝒙𝐲

𝐜𝐲𝐜

≥
?
𝟒√𝟑𝐫𝐬 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐆𝐨𝐫𝐝𝐨𝐧 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
∑ √𝒂𝟐 + 𝛌𝐜𝐲𝐜

∑ √𝒂𝐛𝐜𝐲𝐜

≥ 𝟐 ∀ 𝒂,𝐛, 𝐜, 𝛌 > 𝟎  

𝒂𝐧𝐝 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝛌, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = √
𝛌

𝟑
 (𝐐𝐄𝐃) 

1384. 𝐈𝐟 𝒙, 𝐲, 𝐳 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝐭 ∶ 𝒙 + 𝐲 + 𝐳 = 𝒙𝐲𝐳 𝒂𝐧𝐝 
𝟑

𝟐
≤ 𝛌 ≤ 𝟐, 𝐭𝐡𝐞𝐧 ∶ 

𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 + 𝟗(𝛌 − 𝟏) ≥ 𝛌(𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙) 
 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝒂, 𝐳 + 𝒙 = 𝐛, 𝒙 + 𝐲 = 𝐜 ⇒ 𝒂 + 𝐛 − 𝐜 = 𝟐𝐳 > 0, 𝑏 + 𝑐 − 𝑎  
= 𝟐𝒙 > 𝟎 𝒂𝐧𝐝 𝐜 + 𝒂 − 𝐛 = 𝟐𝐲 > 0 ⇒ 𝑎 + 𝐛 > 𝑐, 𝐛 + 𝐜 > 𝒂, 𝐜 + 𝒂 > 𝒃 ⇒ 𝒂, 𝐛, 𝐜 𝐟𝐨𝐫𝐦 

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲)  

𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝒂

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

=
(𝐢)
𝐬 

⇒ 𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒ 𝒙𝐲𝐳 =
(𝐢𝐢)
𝐫𝟐𝐬 

𝐕𝐢𝒂 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬,∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝒂)(𝐬 − 𝐛)

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 
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⇒∑𝒙𝐲

𝐜𝐲𝐜

=
(𝟏)
𝟒𝐑𝐫 + 𝐫𝟐 ⇒∑𝒙𝟐

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟐(𝟒𝐑𝐫 + 𝐫𝟐) 

⇒∑𝒙𝟐

𝐜𝐲𝐜

=
(𝟐)
𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 

⇔ 𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 + 𝟗(𝛌− 𝟏) ≥ 𝛌(𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙) 

⇔∑𝒙𝟐

𝐜𝐲𝐜

.
∑ 𝒙𝐜𝐲𝐜

𝒙𝐲𝐳
− 𝟗 ≥ 𝛌(∑𝒙𝐲

𝐜𝐲𝐜

.
∑ 𝒙𝐜𝐲𝐜

𝒙𝐲𝐳
− 𝟗) (∵ 𝟏 =

𝒙 + 𝐲 + 𝐳

𝒙𝐲𝐳
) 

⇔ (∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)− 𝟗𝒙𝐲𝐳 ≥
(∗)

𝛌((∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)− 𝟗𝒙𝐲𝐳) 

𝐍𝐨𝐰,(∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)− 𝟗𝒙𝐲𝐳 − 𝛌((∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

)− 𝟗𝒙𝐲𝐳) 

≥ 𝐬(𝐬𝟐 − 𝟖𝐑𝐫− 𝟐𝐫𝟐) − 𝟗𝐫𝟐𝐬 − 𝟐(𝐬(𝟒𝐑𝐫 + 𝐫𝟐) − 𝟗𝐫𝟐𝐬) (
∵ 𝟎 < 𝛌 ≤ 𝟐 𝒂𝐧𝐝

𝐯𝐢𝒂 (𝐢), (𝐢𝐢), (𝟏) 𝒂𝐧𝐝 (𝟐)
) 

= 𝐬(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 + 𝟗(𝛌− 𝟏) 

≥ 𝛌(𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙) ∀ 𝒙, 𝐲, 𝐳 > 0│𝑥 + 𝐲 + 𝐳 = 𝒙𝐲𝐳 𝒂𝐧𝐝
𝟑

𝟐
≤ 𝛌 ≤ 𝟐, 

′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = √𝟑 (𝐐𝐄𝐃) 

1385. 𝐈𝐟 𝒂, 𝒃 ≥ 𝟎, 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

√𝒆𝒂
𝟐+𝒂𝒃+𝒃𝟐

𝟑
𝟖

+ √𝒆𝒂
𝟐+𝟔𝒂𝒃+𝒃𝟐

𝟑
≥ 𝒆𝟐𝒂

𝟐+𝟐𝒃𝟐 + 𝒆(𝒂+𝒃)
𝟐
+ 𝒆𝒂𝒃 (𝒆𝟑𝒂𝒃 − √𝒆𝒂𝒃

𝟑
) 

Proposed by Pavlos Trifon-Greece 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐒𝐢𝐧𝐜𝐞 𝐭𝐡𝐞 𝐬𝐞𝐪𝐮𝐞𝐧𝐜𝐞 (
𝟖(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)

𝟑
,
𝒂𝟐 + 𝟔𝒂𝒃 + 𝒃𝟐

𝟑
,
𝟒𝒂𝒃

𝟑
)  𝐦𝐚𝐣𝐨𝐫𝐢𝐳𝐞𝐬 𝐭𝐡𝐞 𝐬𝐞𝐪𝐮𝐞𝐧𝐜𝐞 

(𝟐𝒂𝟐 + 𝟐𝒃𝟐, (𝒂 + 𝒃)𝟐, 𝟒𝒂𝒃) 𝐚𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝐭𝐡𝐞 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 
 𝒇(𝒙) = 𝒆𝒙, 𝒙 ≥ 𝟎 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝐱, 𝐭𝐡𝐞𝐧 𝐛𝐲 𝐊𝐚𝐫𝐚𝐦𝐚𝐭𝐚′𝐬 

𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒇 (
𝟖(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐)

𝟑
) + 𝒇(

𝒂𝟐 + 𝟔𝒂𝒃 + 𝒃𝟐

𝟑
) + 𝒇 (

𝟒𝒂𝒃

𝟑
)

≥ 𝒇(𝟐𝒂𝟐 + 𝟐𝒃𝟐) + 𝒇((𝒂 + 𝒃)𝟐) + 𝒇(𝟒𝒂𝒃), 
𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

√𝒆𝒂
𝟐+𝒂𝒃+𝒃𝟐

𝟑 𝟖

+ √𝒆𝒂
𝟐+𝟔𝒂𝒃+𝒃𝟐

𝟑
≥ 𝒆𝟐𝒂

𝟐+𝟐𝒃𝟐 + 𝒆(𝒂+𝒃)
𝟐
+ 𝒆𝒂𝒃 (𝒆𝟑𝒂𝒃 − √𝒆𝒂𝒃

𝟑
), 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝. 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝟎. 
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1386. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

√𝒂 + 𝟏 + √𝒃 + 𝟏 + √𝒄 + 𝟏 ≥ 𝟑√𝟐 
Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐖𝐋𝐎𝐆,𝐰𝐞 𝐚𝐬𝐬𝐮𝐦𝐞 𝐭𝐡𝐚𝐭 𝟎 ≤ 𝒂 ≤ 𝒃 ≤ 𝒄.  𝐒𝐢𝐧𝐜𝐞 𝟑 = 𝒂𝒃+ 𝒃𝒄 + 𝒄𝒂 ≥ 𝟑𝒂𝟐, 𝐭𝐡𝐞𝐧 𝟎 ≤ 𝒂 ≤ 𝟏. 

𝐖𝐞 𝐡𝐚𝐯𝐞 𝒂𝟐 + 𝟑 = (𝒂 + 𝒃)(𝒂 + 𝒄) ≤ (
𝟐𝒂 + 𝒃 + 𝒄

𝟐
)
𝟐

, 𝐭𝐡𝐞𝐧 𝒃 + 𝒄 ≥ 𝟐(√𝒂𝟐 + 𝟑 − 𝒂). 

𝐋𝐞𝐭 𝒕 ≔ √𝒂𝟐 + 𝟑 − 𝒂 ∈ [𝟏, √𝟑].  𝐖𝐞 𝐡𝐚𝐯𝐞 𝒃 + 𝒄 ≥ 𝟐𝒕,   𝒂 =
𝟑 − 𝒕𝟐

𝟐𝒕
, 𝐚𝐧𝐝 

(√𝒃 + 𝟏 + √𝒄 + 𝟏)
𝟐
= 𝒃 + 𝒄 + 𝟐+ 𝟐√𝒃+ 𝒄 + 𝒃𝒄 + 𝟏 = 𝒃 + 𝒄 + 𝟐 + 𝟐√(𝒃 + 𝒄)(𝟏 − 𝒂) + 𝟒 

≥ 𝟐𝒕 + 𝟐 + 𝟐√𝟐𝒕(𝟏 −
𝟑 − 𝒕𝟐

𝟐𝒕
) + 𝟒 = 𝟒(𝒕 + 𝟏).   

𝐓𝐡𝐞𝐧 

√𝒂 + 𝟏 + √𝒃 + 𝟏+ √𝒄 + 𝟏 ≥ √𝒂 + 𝟏 + 𝟐√𝒕 + 𝟏 = √
𝟑− 𝒕𝟐

𝟐𝒕
+ 𝟏 + 𝟐√𝒕 + 𝟏 ≥⏞

?

 𝟑√𝟐 

⇔ 𝟒√(
𝟑 − 𝒕𝟐

𝟐𝒕
+ 𝟏)(𝒕 + 𝟏) ≥ 𝟏𝟑 − 𝟒𝒕 −

𝟑 − 𝒕𝟐

𝟐𝒕
. 

𝐈𝐟  𝟏𝟑 ≤ 𝟒𝒕 +
𝟑−𝒕𝟐

𝟐𝒕
, 𝐭𝐡𝐞 𝐥𝐚𝐬𝐭 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐭𝐫𝐮𝐞. 

𝐎𝐭𝐡𝐞𝐫𝐰𝐢𝐬𝐞, 𝐚𝐟𝐭𝐞𝐫 𝐬𝐪𝐮𝐚𝐫𝐢𝐧𝐠, 𝐭𝐡𝐞 𝐥𝐚𝐬𝐭 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 
−𝟏+ 𝟐𝟖𝒕− 𝟔𝟐𝒕𝟐 + 𝟒𝟒𝒕𝟑 − 𝟗𝒕𝟒 ≥ 𝟎 ⇔ (𝒕 − 𝟏)𝟐[𝒕(𝟐𝟓 − 𝟗𝒕) + 𝒕 − 𝟏] ≥ 𝟎, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒕 ∈ [𝟏,√𝟑].  𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
 

1387. If 𝒙, 𝒚, 𝒛 > 0, 𝑥 + 𝑦 + 𝑧 = 1 then: 

√𝒙𝒚 − 𝟐𝒛 + 𝟔 + √𝒚𝒛 − 𝟐𝒙 + 𝟔 + √𝒛𝒙 − 𝟐𝒚 + 𝟔 ≤ 𝟕 

Proposed by Samed Ahmedov-Azerbaijan 
Solution by Daniel Sitaru-Romania 

∑𝒙𝒚

𝒄𝒚𝒄

≤⏞
𝑮𝑴−𝑸𝑴

∑
𝒙𝟐 + 𝒚𝟐

𝟐
𝒄𝒚𝒄

=∑𝒙𝟐

𝒄𝒚𝒄

= (𝒙 + 𝒚 + 𝒛)𝟐 − 𝟐∑𝒙𝒚

𝒄𝒚𝒄

= 

= 𝟏 − 𝟐∑𝒙𝒚

𝒄𝒚𝒄

⟹ 𝟑∑𝒙𝒚

𝒄𝒚𝒄

≤ 𝟏 ⟹ 

∑𝒙𝒚

𝒄𝒚𝒄

≤
𝟏

𝟑
   (𝟏) 
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∑√𝒙𝒚− 𝟐𝒛 + 𝟔

𝒄𝒚𝒄

≤⏞
𝑪𝑩𝑺

√𝟑∑(𝒙𝒚− 𝟐𝒛 + 𝟔)

𝒄𝒚𝒄

≤ 

≤ √𝟑∑𝒙𝒚

𝒄𝒚𝒄

− 𝟔∑𝒙

𝒄𝒚𝒄

+ 𝟓𝟒 ≤⏞
(𝟏)

√𝟑 ∙
𝟏

𝟑
− 𝟔 ∙ 𝟏 + 𝟓𝟒 = √𝟒𝟗 = 𝟕 

Equality holds for 𝒙 = 𝒚 = 𝒛 =
𝟏

𝟑
. 

1388. 𝐈𝐟 𝒂, 𝒃, 𝒄 > 0 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂𝒃𝒄 = 𝟏 𝐚𝐧𝐝 𝒏,𝒎, 𝒕 ∈ ℕ, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 
𝒂𝒕(𝒃𝒏+𝒎 + 𝒄𝒏+𝒎)

𝒂𝒏+𝒎 + 𝒃𝒏𝒄𝒎
+
𝒃𝒕(𝒄𝒏+𝒎 + 𝒂𝒏+𝒎)

𝒃𝒏+𝒎 + 𝒄𝒏𝒂𝒎
+
𝒄𝒕(𝒂𝒏+𝒎 + 𝒃𝒏+𝒎)

𝒄𝒏+𝒎 + 𝒂𝒏𝒃𝒎
≥ 𝟑 

 
Proposed by Zaza Mzhavanadze-Georgia 

Solutions 1,2  by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝟏 ∶ 
𝐁𝐲 𝐀𝐌− 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

∑
𝒂𝒕(𝒃𝒏+𝒎 + 𝒄𝒏+𝒎)

𝒂𝒏+𝒎 + 𝒃𝒏𝒄𝒎
𝒄𝒚𝒄

≥ 𝟑√
(𝒂𝒃𝒄)𝒕(𝒂𝒏+𝒎 + 𝒃𝒏+𝒎)(𝒃𝒏+𝒎 + 𝒄𝒏+𝒎)(𝒄𝒏+𝒎 + 𝒂𝒏+𝒎)

(𝒂𝒏+𝒎 + 𝒃𝒏𝒄𝒎)(𝒃𝒏+𝒎 + 𝒄𝒏𝒂𝒎)(𝒄𝒏+𝒎 + 𝒂𝒏𝒃𝒎)

𝟑

 ≥⏞
?

 𝟑 

⇔ (𝒂𝒏+𝒎 + 𝒃𝒏+𝒎)(𝒃𝒏+𝒎 + 𝒄𝒏+𝒎)(𝒄𝒏+𝒎 + 𝒂𝒏+𝒎)
≥ (𝒂𝒏+𝒎 + 𝒃𝒏𝒄𝒎)(𝒃𝒏+𝒎 + 𝒄𝒏𝒂𝒎)(𝒄𝒏+𝒎 + 𝒂𝒏𝒃𝒎) 

⇔∑𝒂𝟐(𝒏+𝒎)(𝒃𝒏+𝒎 + 𝒄𝒏+𝒎)

𝒄𝒚𝒄

≥∑𝒂𝟐𝒏+𝒎𝒃𝒏+𝟐𝒎

𝒄𝒚𝒄

+∑𝒂𝟐(𝒏+𝒎)𝒃𝒎𝒄𝒏

𝒄𝒚𝒄

        (∗) 

𝐁𝐲 𝐀𝐌− 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞  𝒂𝒏𝒃𝒎 ≤
𝒏

𝒏+𝒎
.𝒂𝒏+𝒎 +

𝒎

𝒏+𝒎
.𝒃𝒏+𝒎  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬), 𝐭𝐡𝐞𝐧 

𝑹𝑯𝑺(∗) ≤∑𝒂𝒏+𝒎𝒃𝒏+𝒎 (
𝒏

𝒏+𝒎
.𝒂𝒏+𝒎 +

𝒎

𝒏+𝒎
.𝒃𝒏+𝒎)

𝒄𝒚𝒄

 

+∑𝒂𝟐(𝒏+𝒎) (
𝒏

𝒏+𝒎
. 𝒄𝒏+𝒎 +

𝒎

𝒏+𝒎
.𝒃𝒏+𝒎)

𝒄𝒚𝒄

=∑𝒂𝟐(𝒏+𝒎)(𝒃𝒏+𝒎 + 𝒄𝒏+𝒎)

𝒄𝒚𝒄

= 𝑳𝑯𝑺(∗), 

𝐰𝐡𝐢𝐜𝐡 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞𝐬 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
 

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝟐 ∶ 
𝐁𝐲 𝐇ӧ𝐥𝐝𝐞𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒂𝒏+𝒎 + 𝒃𝒏𝒄𝒎 ≤ √(𝒂𝒏+𝒎 + 𝒃𝒏+𝒎)𝒏(𝒂𝒏+𝒎 + 𝒄𝒏+𝒎)𝒎
𝒏+𝒎

  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 
𝐓𝐡𝐞𝐧 

∑
𝒂𝒕(𝒃𝒏+𝒎 + 𝒄𝒏+𝒎)

𝒂𝒏+𝒎 + 𝒃𝒏𝒄𝒎
𝒄𝒚𝒄

≥∑
𝒂𝒕(𝒃𝒏+𝒎 + 𝒄𝒏+𝒎)

√(𝒂𝒏+𝒎 + 𝒃𝒏+𝒎)𝒏(𝒂𝒏+𝒎 + 𝒄𝒏+𝒎)𝒎
𝒏+𝒎

𝒄𝒚𝒄

 

≥⏞
𝑨𝑴−𝑮𝑴

𝟑√∏
𝒂𝒕(𝒃𝒏+𝒎 + 𝒄𝒏+𝒎)

√(𝒂𝒏+𝒎 + 𝒃𝒏+𝒎)𝒏(𝒂𝒏+𝒎 + 𝒄𝒏+𝒎)𝒎
𝒏+𝒎

𝒄𝒚𝒄

𝟑
= 𝟑, 
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𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
 

1389. 𝐋𝐞𝐭 𝒂, 𝒃, 𝒄 ≥ 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑.  𝐏𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟏

√𝟓𝒂 + 𝒃𝒄
+

𝟏

√𝟓𝒃 + 𝒄𝒂
+

𝟏

√𝟓𝒄 + 𝒂𝒃
≥
√𝟔

𝟐
 

 
Proposed by Phan Ngoc Chau-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐋𝐞𝐭 𝒑 ≔ 𝒂 + 𝒃 + 𝒄,   𝒒 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑,   𝒓

≔ 𝒂𝒃𝒄 ≤⏞
𝑨𝑴−𝑮𝑴

 𝟏.  𝐁𝐲 𝐇ӧ𝐥𝐝𝐞𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

(∑
𝟏

√𝟓𝒂+ 𝒃𝒄
𝒄𝒚𝒄

)

𝟐

(∑(𝟓𝒂 + 𝒃𝒄)(𝒃 + 𝒄)𝟑(𝟐𝒂 + 𝒃 + 𝒄)𝟑

𝒄𝒚𝒄

) ≥ (∑(𝒃 + 𝒄)(𝟐𝒂 + 𝒃 + 𝒄)

𝒄𝒚𝒄

)

𝟑

= 𝟖(𝒑𝟐 + 𝟑)
𝟑
. 

𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 

𝟏𝟔(𝒑𝟐 + 𝟑)
𝟑
≥ 𝟑∑(𝟓𝒂+ 𝒃𝒄)(𝒃 + 𝒄)𝟑(𝒂 + 𝒑)𝟑

𝒄𝒚𝒄

, 

𝐰𝐡𝐢𝐜𝐡, 𝐚𝐟𝐭𝐞𝐫 𝐞𝐱𝐩𝐚𝐧𝐝𝐢𝐧𝐠 𝐚𝐧𝐝 𝐬𝐢𝐦𝐩𝐥𝐢𝐟𝐲𝐢𝐧𝐠 𝐛𝐞𝐜𝐨𝐦𝐞𝐬, 
                𝒇(𝒓) = 𝟕𝒑𝟔 − 𝟒𝟓𝒑𝟓 + 𝟏𝟒𝟒𝒑𝟒 − 𝟏𝟑𝟓𝒑𝟑 + 𝟒𝟑𝟐𝒑𝟐 − 𝟐𝟖𝟑𝟓𝒑+ 𝟒𝟑𝟐

+ 𝟑(𝒑𝟓 + 𝟓𝒑𝟒 + 𝟏𝟐𝒑𝟑 − 𝟗𝟎𝒑𝟐 + 𝟒𝟓𝒑+ 𝟑𝟏𝟓)𝒓 − 𝟑(𝟒𝒑𝟐 − 𝟑𝟓𝒑 + 𝟏𝟓)𝒓𝟐 ≥ 𝟎. 

𝐖𝐞 𝐡𝐚𝐯𝐞         𝒇′(𝒓) = 𝟑[𝒑𝟓 + 𝟓𝒑𝟒 + 𝟏𝟐𝒑𝟑 − 𝟗𝟎𝒑𝟐 + 𝟒𝟓𝒑+ 𝟑𝟏𝟓− 𝟐(𝟒𝒑𝟐 − 𝟑𝟓𝒑+ 𝟏𝟓)𝒓]. 

▪𝐈𝐟 𝟒𝒑𝟐 − 𝟑𝟓𝒑+ 𝟏𝟓 ≤ 𝟎,   𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐀𝐌− 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒇′(𝒓) ≥ 𝟑(𝒑𝟓 + 𝟓𝒑𝟒 + 𝟏𝟐𝒑𝟑 + 𝟒𝟓𝒑+ 𝟑𝟏𝟓 − 𝟗𝟎𝒑𝟐) ≥ 𝟑(𝟒√𝟓𝒑𝟒. 𝟏𝟐𝒑𝟑. 𝟒𝟓𝒑.𝟑𝟏𝟓
𝟒

− 𝟗𝟎𝒑𝟐) > 0. 

▪𝐈𝐟 𝟒𝒑𝟐 − 𝟑𝟓𝒑+ 𝟏𝟓 ≥ 𝟎,   𝐬𝐢𝐧𝐜𝐞 𝒓 ≤ 𝟏 𝐚𝐧𝐝 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐀𝐌− 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒇′(𝒓) ≥ 𝟑(𝒑𝟓 + 𝟓𝒑𝟒 + 𝟏𝟐𝒑𝟑 − 𝟗𝟖𝒑𝟐 + 𝟏𝟏𝟓𝒑+ 𝟐𝟖𝟓) ≥ 𝟑(𝟒√𝟓𝒑𝟒. 𝟏𝟐𝒑𝟑. 𝟏𝟏𝟓𝒑.𝟐𝟖𝟓
𝟒

− 𝟗𝟖𝒑𝟐)

> 0, 

𝐭𝐡𝐞𝐧 𝒇 𝐢𝐬 𝐢𝐧𝐜𝐫𝐞𝐚𝐬𝐢𝐧𝐠.  𝐀𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝒑 ≥ √𝟑𝒒 = 𝟑 𝐭𝐡𝐞𝐧 𝐰𝐞 𝐡𝐚𝐯𝐞 𝐭𝐰𝐨 𝐜𝐚𝐬𝐞𝐬 ∶ 

▪𝐈𝐟 𝒑 ≥ 𝟐√𝟑,   𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒇(𝒓) ≥ 𝒇(𝟎) = (𝒑 − 𝟐√𝟑)[(𝟕𝒑 + 𝟏𝟒√𝟑− 𝟒𝟓)𝒑𝟒 + (𝟐𝟐𝟖− 𝟗𝟎√𝟑)𝒑𝟑 + (𝟒𝟓𝟔√𝟑 − 𝟔𝟕𝟓)𝒑𝟐

+ (𝟑𝟏𝟔𝟖 − 𝟏𝟑𝟓𝟎√𝟑)𝒑 + 𝟔𝟑𝟑𝟔√𝟑 − 𝟏𝟎𝟗𝟑𝟓] + 𝟓𝟒(𝟕𝟏𝟐 − 𝟒𝟎𝟓√𝟑) ≥ 𝟎. 

▪𝐈𝐟 𝟑 ≤ 𝒑 ≤ 𝟐√𝟑,   𝐛𝐲 𝐒𝐜𝐡𝐮𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 𝒓 ≥
𝒑(𝟒𝒒− 𝒑𝟐)

𝟗
= 𝒓′, 𝐭𝐡𝐞𝐧 𝒇(𝒓)

≥ 𝒇(𝒓′) 𝐰𝐢𝐭𝐡 

𝒇(𝒓′) =
𝟏

𝟐𝟕
(𝒑 − 𝟑){(𝟐√𝟑 − 𝒑)[𝟏𝟑𝒑𝟔 + (𝟒𝟗 + 𝟐𝟔√𝟑)𝒑𝟓 + (𝟗𝟖√𝟑 + 𝟑𝟑)𝒑𝟒 + (𝟗𝟐𝟒 + 𝟔𝟔√𝟑)𝒑𝟑

+ (𝟏𝟖𝟒𝟖√𝟑− 𝟑𝟏𝟓𝟗)𝒑𝟐 + (𝟏𝟏𝟓𝟖𝟑 − 𝟔𝟑𝟏𝟖√𝟑)𝒑 + 𝟐𝟑𝟏𝟔𝟔√𝟑 − 𝟓𝟎𝟕𝟖𝟕]

+ 𝟏𝟎𝟏𝟓𝟕𝟒√𝟑 − 𝟏𝟒𝟐𝟖𝟖𝟒} ≥ 𝟎. 

𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 = 𝟏. 
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1390. 𝐈𝐟 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝐰𝐢𝐭𝐡 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 ≠ 𝟎, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

∑
𝒂𝟑

𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐
𝐜𝐲𝐜

≥ 𝒂 + 𝐛 + 𝐜 + 𝐀𝐁∑(𝒂 − 𝐛)𝟐(𝒂 + 𝐛 − 𝐜)𝟐((𝒂 − 𝐛)𝟐 + 𝒂𝐛)

𝐜𝐲𝐜

, 

𝐰𝐡𝐞𝐫𝐞 𝐀 =
𝟐(𝒂𝟑 + 𝐛𝟑 + 𝐜𝟑)

𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐) + (𝒂 − 𝐛)𝟐 + (𝐛 − 𝐜)𝟐 + (𝐜 − 𝒂)𝟐
; 

𝐁 =
(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)

(𝒂𝟑 + 𝐛𝟑)(𝐛𝟑 + 𝐜𝟑)(𝐜𝟑 + 𝒂𝟑)
 

  Proposed by Sidi Abdullah Lemrabott-Mauritania 
Solution by Soumava Chakraborty-Kolkata-India 
 

𝐋𝐞𝐭 𝒂𝟐 − 𝒂𝐛+ 𝐛𝟐 = 𝒙,𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐 = 𝐲, 𝐜𝟐 − 𝐜𝒂 + 𝒂𝟐 = 𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 
(𝐜𝟐 − 𝐜𝒂 + 𝒂𝟐) − (𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐) = (𝒂 − 𝐛)(𝒂 + 𝐛) − 𝐜(𝒂 − 𝐛) 

= (𝒂 − 𝐛)(𝒂 + 𝐛 − 𝐜) ⇒ (𝐳 − 𝐲)𝟐 = (𝒂 − 𝐛)𝟐(𝒂 + 𝐛 − 𝐜)𝟐 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

∴ 𝐁∑(𝒂 − 𝐛)𝟐(𝒂 + 𝐛 − 𝐜)𝟐((𝒂 − 𝐛)𝟐 + 𝒂𝐛)

𝐜𝐲𝐜

 

=
(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)((𝐳 − 𝐲)𝟐𝒙 + (𝐳 − 𝒙)𝟐𝐲 + (𝒙 − 𝐲)𝟐𝐳)

(𝒂 + 𝐛)(𝒂𝟐 − 𝒂𝐛+ 𝐛𝟐)(𝐛 + 𝐜)(𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐)(𝐜 + 𝒂)(𝐜𝟐 − 𝐜𝒂 + 𝒂𝟐)
 

=
𝟏

𝒙𝐲𝐳
.(∑(𝒙𝐲(∑𝒙

𝐜𝐲𝐜

− 𝐳))

𝐜𝐲𝐜

− 𝟔𝒙𝐲𝐳) 

=
(∑ 𝒙𝐜𝐲𝐜 )(∑ 𝒙𝐲𝐜𝐲𝐜 ) − 𝟗𝒙𝐲𝐳

𝒙𝐲𝐳
∴ 𝐀𝐁∑(𝒂− 𝐛)𝟐(𝒂 + 𝐛 − 𝐜)𝟐((𝒂 − 𝐛)𝟐 + 𝒂𝐛)

𝐜𝐲𝐜

 

=
∑ 𝒂𝟑𝐜𝐲𝐜

𝟐∑ 𝒂𝟐𝐜𝐲𝐜 − ∑ 𝒂𝐛𝐜𝐲𝐜
. (
(∑ 𝒙𝐜𝐲𝐜 )(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝒙𝐲𝐳
− 𝟗) 

=
∑ 𝒂𝟑𝐜𝐲𝐜

∑ 𝒙𝐜𝐲𝐜
.
(∑ 𝒙𝐜𝐲𝐜 )(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝒙𝐲𝐳
−

𝟗∑ 𝒂𝟑𝐜𝐲𝐜

𝟐∑ 𝒂𝟐𝐜𝐲𝐜 −∑ 𝒂𝐛𝐜𝐲𝐜
 

∴ 𝐀𝐁∑(𝒂 − 𝐛)𝟐(𝒂 + 𝐛 − 𝐜)𝟐((𝒂 − 𝐛)𝟐 + 𝒂𝐛)

𝐜𝐲𝐜

 

=
(∑ 𝒂𝟑𝐜𝐲𝐜 )(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝒙𝐲𝐳
−

𝟗∑ 𝒂𝟑𝐜𝐲𝐜

𝟐∑ 𝒂𝟐𝐜𝐲𝐜 − ∑ 𝒂𝐛𝐜𝐲𝐜
→ (𝟏) 

𝐀𝐠𝒂𝐢𝐧,∑
𝒂𝟑

𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐
𝐜𝐲𝐜

=
𝒂𝟑𝐳𝒙 + 𝐛𝟑𝒙𝐲 + 𝐜𝟑𝐲𝐳

𝒙𝐲𝐳
→ (𝟐) ∴ (𝟏), (𝟐) 

⇒∑
𝒂𝟑

𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐
𝐜𝐲𝐜

≥ 𝒂 + 𝐛 + 𝐜 + 𝐀𝐁∑(𝒂 − 𝐛)𝟐(𝒂 + 𝐛 − 𝐜)𝟐((𝒂 − 𝐛)𝟐 + 𝒂𝐛)

𝐜𝐲𝐜
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⇔
(∑ 𝒂𝟑𝐜𝐲𝐜 )(∑ 𝒙𝐲𝐜𝐲𝐜 ) − (𝒂𝟑𝐳𝒙+ 𝐛𝟑𝒙𝐲 + 𝐜𝟑𝐲𝐳)

𝒙𝐲𝐳
+∑𝒂

𝐜𝐲𝐜

−
𝟗∑ 𝒂𝟑𝐜𝐲𝐜

𝟐∑ 𝒂𝟐𝐜𝐲𝐜 −∑ 𝒂𝐛𝐜𝐲𝐜
≤ 𝟎 

⇔
𝒂𝟑𝒙𝐲 + 𝒂𝟑𝐲𝐳+ 𝐛𝟑𝐲𝐳 + 𝐛𝟑𝐳𝒙+ 𝐜𝟑𝒙𝐲 + 𝐜𝟑𝐳𝒙

𝒙𝐲𝐳
+∑𝒂

𝐜𝐲𝐜

−
𝟗∑ 𝒂𝟑𝐜𝐲𝐜

𝟐∑ 𝒂𝟐𝐜𝐲𝐜 − ∑ 𝒂𝐛𝐜𝐲𝐜
≤ 𝟎 

⇔
𝒙𝐲(𝐜 + 𝒂)𝐳 + 𝐲𝐳(𝒂 + 𝐛)𝒙 + 𝐳𝒙(𝐛 + 𝐜)𝐲

𝒙𝐲𝐳
+∑𝒂

𝐜𝐲𝐜

−
𝟗∑ 𝒂𝟑𝐜𝐲𝐜

𝟐∑ 𝒂𝟐𝐜𝐲𝐜 − ∑ 𝒂𝐛𝐜𝐲𝐜
≤ 𝟎 

⇔ 𝟐∑𝒂

𝐜𝐲𝐜

+∑𝒂

𝐜𝐲𝐜

−
𝟗∑ 𝒂𝟑𝐜𝐲𝐜

𝟐∑ 𝒂𝟐𝐜𝐲𝐜 −∑ 𝒂𝐛𝐜𝐲𝐜
≤ 𝟎 ⇔

𝟑∑ 𝒂𝟑𝐜𝐲𝐜

𝟐∑ 𝒂𝟐𝐜𝐲𝐜 − ∑ 𝒂𝐛𝐜𝐲𝐜
≥∑𝒂

𝐜𝐲𝐜

 

⇔∑𝒂𝟑

𝐜𝐲𝐜

+ 𝟑𝒂𝐛𝐜 ≥∑𝒂𝟐𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟐

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐒𝐜𝐡𝐮𝐫 

∴∑
𝒂𝟑

𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐
𝐜𝐲𝐜

≥ 𝒂+ 𝐛 + 𝐜 + 𝐀𝐁∑(𝒂− 𝐛)𝟐(𝒂 + 𝐛 − 𝐜)𝟐((𝒂 − 𝐛)𝟐 + 𝒂𝐛)

𝐜𝐲𝐜

 

∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎 𝐰𝐢𝐭𝐡 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 ≠ 𝟎,′′=
′′
𝐢𝐟𝐟 (𝒂 = 𝐛 = 𝐜) 𝐨𝐫 (𝒂 = 𝟎, 𝐛 = 𝐜 ≠ 𝟎) 

  𝐨𝐫 (𝐛 = 𝟎, 𝐜 = 𝒂 ≠ 𝟎) 𝐨𝐫 (𝐜 = 𝟎,𝒂 = 𝐛 ≠ 𝟎) (𝐐𝐄𝐃) 
 

1391. 𝐈𝐟 𝒂, 𝒃, 𝒄, 𝒅 > 𝟎 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 𝒂 + 𝒃 + 𝒄 + 𝒅 = 𝟏 𝐭𝐡𝐞𝐧 

∑
𝒂

𝒂𝟑 + 𝒃𝟒 + 𝒄𝟒 + 𝒅𝟒
𝒄𝒚𝒄

≤
𝟏

𝟕𝒂𝒃𝒄𝒅
 

Proposed by Marin Chirciu-Romania  
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 𝟏 = 𝒂 + 𝒃 + 𝒄 + 𝒅 ≥ 𝟒√𝒂𝒃𝒄𝒅
𝟒

, 𝐭𝐡𝐞𝐧 

 𝒂𝒃𝒄𝒅 ≤
𝟏

𝟒𝟒
, 𝐚𝐧𝐝 

𝒂𝟐𝒃𝒄𝒅

𝒂𝟑 + 𝒃𝟒 + 𝒄𝟒 + 𝒅𝟒
=

𝒂𝟐𝒃𝒄𝒅

𝟒.
𝒂𝟑

𝟒 + 𝒃
𝟒 + 𝒄𝟒 + 𝒅𝟒

≤
𝒂𝟐𝒃𝒄𝒅

𝟕√(
𝒂𝟑

𝟒 )
𝟒

. 𝒃𝟒. 𝒄𝟒 . 𝒅𝟒
𝟕

=
√𝟒𝟒𝒂𝟐𝒃𝟑𝒄𝟑𝒅𝟑
𝟕

𝟕
 

≤

√𝟒𝟒 (
𝟏
𝟒𝟒
)
𝟐

𝒃𝒄𝒅
𝟕

𝟕
≤
𝟒.
𝟏
𝟒 + 𝒃 + 𝒄 + 𝒅

𝟕. 𝟕
=
𝒃 + 𝒄 + 𝒅 + 𝟏

𝟒𝟗
.           

𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

∑
𝒂

𝒂𝟑 + 𝒃𝟒 + 𝒄𝟒 + 𝒅𝟒
𝒄𝒚𝒄

≤∑
𝒃+ 𝒄 + 𝒅 + 𝟏

𝟒𝟗𝒂𝒃𝒄𝒅
𝒄𝒚𝒄

=
𝟑(𝒂 + 𝒃 + 𝒄 + 𝒅) + 𝟒

𝟒𝟗𝒂𝒃𝒄𝒅
=

𝟏

𝟕𝒂𝒃𝒄𝒅
. 
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1392. 𝐈𝐟 𝒂, 𝒃 > 𝟎 𝐭𝐡𝐞𝐧: 

 
𝟐𝒂𝒃

𝒂 + 𝒃
+ √𝟒(𝒂𝟑 + 𝒃𝟑)

𝟔
. √𝒂 + 𝒃 ≤

𝟑(𝒂 + 𝒃)

𝟐
 

Proposed by Pavlos Trifon-Greece 
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 

√𝟒(𝒂𝟑 + 𝒃𝟑)(𝒂 + 𝒃)𝟑
𝟑

≤
(𝒂 + 𝒃)𝟐 + (𝒂 + 𝒃)𝟐 + 𝟒(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐)

𝟑
= 𝟐(𝒂𝟐 + 𝒃𝟐). 

𝐒𝐨 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐚𝐭 
𝟐𝒂𝒃

𝒂 + 𝒃
+ √𝟐(𝒂𝟐 + 𝒃𝟐) ≤

𝟑(𝒂 + 𝒃)

𝟐
, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 

√𝟐(𝒂𝟐 + 𝒃𝟐) − (𝒂 + 𝒃) ≤
𝒂 + 𝒃

𝟐
−
𝟐𝒂𝒃

𝒂 + 𝒃
  𝐨𝐫  

(𝒂 − 𝒃)𝟐

√𝟐(𝒂𝟐 + 𝒃𝟐) + (𝒂 + 𝒃)
≤
(𝒂 − 𝒃)𝟐

𝟐(𝒂 + 𝒃)
, 

𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐛𝐲 𝐀𝐌 − 𝐐𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 ∶ √𝟐(𝒂𝟐 + 𝒃𝟐) ≥ 𝒂 + 𝒃.  
 𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃. 

 

1393. 𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎 𝒂𝐧𝐝 𝐧 ∈ ℕ∗, 𝐭𝐡𝐞𝐧 ∶ 

𝒂

𝒂 + 𝐛
+

𝐛

𝐛 + 𝐜
+

𝐜

𝐜 + 𝒂
+
𝟏

𝐧𝟐
(
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
) ≥ (𝟏 +

𝟏

𝐧
)
𝟐

 

  Proposed by Marin Chirciu-Romania 

Solution 1 by Soumava Chakraborty-Kolkata-India 

 
𝒂

𝒂 + 𝐛
+

𝐛

𝐛 + 𝐜
+

𝐜

𝐜 + 𝒂
+
𝟏

𝐧𝟐
(
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
) ≥ (𝟏 +

𝟏

𝐧
)
𝟐

 

⇔∑
𝒂

𝒂 + 𝐛
𝐜𝐲𝐜

+
𝟏

𝐧𝟐
(∑

𝐛

𝒂
𝐜𝐲𝐜

− 𝟏+ 𝟏) ≥ 𝟏 +
𝟐

𝐧
+
𝟏

𝐧𝟐
 

⇔ (∑
𝒂

𝒂+ 𝐛
𝐜𝐲𝐜

− 𝟏)+
𝟏

𝐧𝟐
(∑

𝐛

𝒂
𝐜𝐲𝐜

− 𝟏) ≥
(∗) 𝟐

𝐧
 

𝐍𝐨𝐰,(∑
𝒂

𝒂 + 𝐛
𝐜𝐲𝐜

− 𝟏)+
𝟏

𝐧𝟐
(∑

𝐛

𝒂
𝐜𝐲𝐜

− 𝟏) ≥
𝐀−𝐆 𝟐

𝐧
.√(∑

𝒂

𝒂 + 𝐛
𝐜𝐲𝐜

− 𝟏)(∑
𝐛

𝒂
𝐜𝐲𝐜

− 𝟏) 
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=
𝟐

𝐧
.√(∑

𝟏

𝟏+ 𝒙
𝐜𝐲𝐜

− 𝟏)(∑𝒙

𝐜𝐲𝐜

− 𝟏) (𝐰𝐡𝐞𝐫𝐞 
𝐛

𝒂
= 𝒙,

𝐜

𝐛
= 𝐲,

𝒂

𝐜
= 𝐳) ≥

? 𝟐

𝐧
 

⇔ (
𝟏

𝟏 + 𝒙
+

𝟏

𝟏 + 𝐲
+

𝟏

𝟏 + 𝐳
− 𝟏)(𝒙 + 𝐲 + 𝐳 − 𝟏) ≥

?
𝟏 

⇔∑𝒙𝟐

𝐜𝐲𝐜

+∑𝒙𝐲

𝐜𝐲𝐜

≥
?
𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

+ 𝟑 ⇔∑𝒙𝟐

𝐜𝐲𝐜

+∑𝒙𝐲

𝐜𝐲𝐜

≥
?
⏟
(∗∗)

∑𝒙

𝐜𝐲𝐜

+ 𝟑 (∵ 𝒙𝐲𝐳 = 𝟏) 

𝐍𝐨𝐰,∑𝒙𝟐

𝐜𝐲𝐜

≥
𝟏

𝟑
(∑𝒙

𝐜𝐲𝐜

)

𝟐

=
𝟏

𝟑
(∑

𝐛

𝒂
𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

) ≥
𝐀−𝐆 𝟏

𝟑
. 𝟑.∑𝒙

𝐜𝐲𝐜

⇒∑𝒙𝟐

𝐜𝐲𝐜

≥∑𝒙

𝐜𝐲𝐜

 

→ (𝟏) 𝒂𝐧𝐝 ∑𝒙𝐲

𝐜𝐲𝐜

≥
𝐀−𝐆

𝟑. √(𝒙𝐲𝐳)𝟐
𝟑

= 𝟑 (∵ 𝒙𝐲𝐳 = 𝟏) → (𝟐) ∴ (𝟏) + (𝟐) 

⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝒂

𝒂 + 𝐛
+

𝐛

𝐛 + 𝐜
+

𝐜

𝐜 + 𝒂
+
𝟏

𝐧𝟐
(
𝐛

𝒂
+
𝐜

𝐛
+
𝒂

𝐜
) ≥ (𝟏 +

𝟏

𝐧
)
𝟐

  

∀ 𝒂, 𝐛, 𝐜 > 𝟎 𝒂𝐧𝐝 𝐧 ∈ ℕ∗ ,′′=′′  𝐢𝐟 𝒂 = 𝐛 = 𝐜 𝒂𝐧𝐝 𝐢𝐟  

(∑
𝒂

𝒂 + 𝐛
𝐜𝐲𝐜

− 𝟏) =
𝟏

𝐧𝟐
(∑

𝐛

𝒂
𝐜𝐲𝐜

− 𝟏) ⇒ 𝐢𝐟 𝐧 = 𝟐 

𝐢. 𝐞. ,′′=′′  𝐢𝐟𝐟 (𝒂 = 𝐛 = 𝐜 𝒂𝐧𝐝 𝐧 = 𝟐) (𝐐𝐄𝐃) 
 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐋𝐞𝐭 𝒙 ≔ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 𝐚𝐧𝐝 𝒚 ≔ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂.  𝐁𝐲 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲,𝐰𝐞 𝐡𝐚𝐯𝐞 
𝒂

𝒂 + 𝒃
+

𝒃

𝒃 + 𝒄
+

𝒄

𝒄 + 𝒂
≥
(𝒂 + 𝒃 + 𝒄)𝟐

∑ 𝒂(𝒂 + 𝒃)𝒄𝒚𝒄
=
𝒙 + 𝟐𝒚

𝒙 + 𝒚
= 𝟏 +

𝒚

𝒙 + 𝒚
. 

𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
≥
(𝒃 + 𝒄 + 𝒂)𝟐

𝒃𝒂 + 𝒄𝒃 + 𝒂𝒄
=
𝒙 + 𝟐𝒚

𝒚
=
𝒙 + 𝒚

𝒚
+ 𝟏. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬, 𝐰𝐞 𝐡𝐚𝐯𝐞 
𝒂

𝒂 + 𝒃
+

𝒃

𝒃 + 𝒄
+

𝒄

𝒄 + 𝒂
+
𝟏

𝒏𝟐
(
𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
) ≥ 𝟏 + (

𝒚

𝒙 + 𝒚
+
𝒙 + 𝒚

𝒏𝟐𝒚
) +

𝟏

𝒏𝟐
 

≥⏞
𝑨𝑴−𝑮𝑴

𝟏 +
𝟐

𝒏
+
𝟏

𝒏𝟐
= (𝟏 +

𝟏

𝒏
)
𝟐

. 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄 𝐚𝐧𝐝 
𝒚

𝒙 + 𝒚
=
𝒙 + 𝒚

𝒏𝟐𝒚
 ⇔  𝒂 = 𝒃 = 𝒄 𝐚𝐧𝐝 𝒏 = 𝟐. 

 

1394. 𝐈𝐟 𝒂𝟏, 𝒂𝟐, … , 𝒂𝐧 > 𝟎, 𝐭𝐡𝐞𝐧 ∶ 

∑
(𝒂𝟏 + 𝒂𝟐)

𝟔

(𝒂𝟏𝒂𝟐)
𝟐

𝐜𝐲𝐜

≥ 𝟔𝟒(𝒂𝟏
𝟐 + 𝒂𝟐

𝟐 +⋯+ 𝒂𝐧
𝟐) 

  Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 
 

(𝒂𝟏 + 𝒂𝟐)
𝟔

(𝒂𝟏𝒂𝟐)
𝟐
=
(𝒂𝟏 + 𝒂𝟐)

𝟒(𝒂𝟏 + 𝒂𝟐)
𝟐

(𝒂𝟏𝒂𝟐)
𝟐

=
(𝒂𝟏

𝟐 + 𝒂𝟐
𝟐 + 𝟐𝒂𝟏𝒂𝟐)

𝟐
(𝒂𝟏 + 𝒂𝟐)

𝟐

𝒂𝟏
𝟐𝒂𝟐

𝟐
 

 

≥
𝐀−𝐆 𝟒(𝒂𝟏

𝟐 + 𝒂𝟐
𝟐)(𝟐𝒂𝟏𝒂𝟐)(𝟒𝒂𝟏𝒂𝟐)

𝒂𝟏
𝟐𝒂𝟐

𝟐
⇒
(𝒂𝟏 + 𝒂𝟐)

𝟔

(𝒂𝟏𝒂𝟐)𝟐
≥ 𝟑𝟐(𝒂𝟏

𝟐 + 𝒂𝟐
𝟐) 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

 

∴∑
(𝒂𝟏 + 𝒂𝟐)

𝟔

(𝒂𝟏𝒂𝟐)
𝟐

𝐜𝐲𝐜

≥ 𝟔𝟒(𝒂𝟏
𝟐 + 𝒂𝟐

𝟐 +⋯+ 𝒂𝐧
𝟐),′′ =′′ 𝐢𝐟𝐟 𝒂𝟏 = 𝒂𝟐 = ⋯ = 𝒂𝐧 (𝐐𝐄𝐃) 

 

1395. 𝐈𝐟 𝒂, 𝐛, 𝐜 ≥ 𝟎, 𝐭𝐡𝐞𝐧 ∶ 

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝟐𝒂𝐛𝐜 + 𝟏 ≥ 𝟐(𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂) + (𝟐√𝒂𝐛𝐜
𝟑

+ 𝟏)(√𝒂𝐛𝐜
𝟑

− 𝟏)
𝟐

 

 
  Proposed by Sidi Abdullah Lemrabott-Mauritania 

Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝐂𝒂𝐬𝐞 𝟏  𝒂 = 𝐛 = 𝐜 = 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝟏 − 𝟏 ⇒ 𝐋𝐇𝐒 = 𝐑𝐇𝐒 

𝐂𝒂𝐬𝐞 𝟐  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟐 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞𝐬 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝐛 = 𝐜 = 𝟎 (𝒂 > 0) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝒂𝟐 + 𝟏− 𝟏 > 0 ⇒ 𝐋𝐇𝐒 > 𝐑𝐇𝐒 
𝐂𝒂𝐬𝐞 𝟑  𝐄𝒙𝒂𝐜𝐭𝐥𝐲 𝟏 𝐯𝒂𝐫𝐢𝒂𝐛𝐥𝐞 = 𝟎 𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 = 𝟎 (𝐛, 𝐜 > 0) 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 − 𝐑𝐇𝐒 = 𝐛𝟐 + 𝐜𝟐 + 𝟏− 𝟐𝐛𝐜− 𝟏 = (𝐛 − 𝐜)𝟐 ≥ 𝟎 ⇒ 𝐋𝐇𝐒 ≥ 𝐑𝐇𝐒 

𝐂𝒂𝐬𝐞 𝟒  𝒂,𝐛, 𝐜 > 𝟎 𝒂𝐧𝐝 𝐥𝐞𝐭 √𝒂
𝟑 = 𝒙, √𝐛

𝟑
= 𝐲, √𝐜

𝟑 = 𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝟐𝒂𝐛𝐜+ 𝟏 ≥ 𝟐(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) + (𝟐√𝒂𝐛𝐜
𝟑

+ 𝟏)(√𝒂𝐛𝐜
𝟑

− 𝟏)
𝟐

 

⇔∑𝒙𝟔

𝐜𝐲𝐜

+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 ≥ 𝟐∑𝒙𝟑𝐲𝟑

𝐜𝐲𝐜

 

⇔ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 + (∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙𝟒

𝐜𝐲𝐜

−∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

)+ 𝟑𝒙𝟐𝐲𝟐𝐳𝟐 

≥ 𝟔𝒙𝟐𝐲𝟐𝐳𝟐 + 𝟐(∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

− 𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

) 

⇔ (∑𝒙𝟐

𝐜𝐲𝐜

)((∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

− 𝟑∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

) ≥
(∗)

𝟐(∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

− 𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

)  

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗+ 𝐘− 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 
> 𝟎 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑋, 𝑍 + 𝑋 > 𝑌 ⇒ 𝑋, 𝑌, 𝑍 𝑓𝑜𝑟𝑚  

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 
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𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒙 = 𝐬 − 𝐗, 𝐲 = 𝐬 − 𝐘, 

𝐳 = 𝐬 − 𝐙 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝐗)(𝐬 − 𝐘)

𝐜𝐲𝐜

 

⇒∑𝒙𝐲

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟐),∑𝒙𝟐

𝐜𝐲𝐜

= (∑𝒙

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒙𝐲

𝐜𝐲𝐜

 

=
𝐯𝐢𝒂 (𝟏) 𝒂𝐧𝐝 (𝟐)

𝐬𝟐 − (𝟒𝐑𝐫 + 𝐫𝟐) ⇒∑𝒙𝟐

𝐜𝐲𝐜

= 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 → (𝟑) 𝒂𝐧𝐝 

𝒙𝐲𝐳 = (𝐬 − 𝐗)(𝐬 − 𝐘)(𝐬 − 𝐙) = 𝐫𝟐𝐬 → (𝟒)∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

 

=
𝐯𝐢𝒂 (𝟏),(𝟐) 𝒂𝐧𝐝 (𝟒)

 (𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬. 𝐬 ⇒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= (𝟒𝐑𝐫 + 𝐫𝟐)
𝟐
− 𝟐𝐫𝟐𝐬𝟐 → (𝟓) 

∴ (∗) ⇔ (𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)((𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)
𝟐
− 𝟑((𝟒𝐑𝐫 + 𝐫𝟐)

𝟐
− 𝟐𝐫𝟐𝐬𝟐)) 

≥ (𝟒𝐑𝐫 + 𝐫𝟐) ((𝟒𝐑𝐫 + 𝐫𝟐)
𝟐

− 𝟑𝐫𝟐𝐬𝟐) 𝐬𝟔 − 𝟐𝟒𝐑𝐫𝐬𝟒 + 𝐫𝟐𝐬𝟐(𝟏𝟒𝟒𝐑𝟐 + 𝟒𝟖𝐑𝐫 + 𝟑𝐫𝟐) − 𝟒𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≥
(∗∗)

𝟎  𝒂𝐧𝐝 

∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟑
 

⇔ (𝟐𝟒𝐑𝐫 − 𝟏𝟓𝐫𝟐)𝐬𝟒 − 𝐫𝟐𝐬𝟐(𝟔𝟐𝟒𝐑𝟐 − 𝟓𝟐𝟖𝐑𝐫 + 𝟕𝟐𝐫𝟐) 

+𝐫𝟑(𝟑𝟖𝟒𝟎𝐑𝟑 − 𝟒𝟎𝟑𝟐𝐑𝟐𝐫 + 𝟏𝟏𝟓𝟐𝐑𝐫𝟐 − 𝟏𝟐𝟗𝐫𝟑) ≥
(∗∗∗)

𝟎 𝒂𝐧𝐝 

∵ (𝟐𝟒𝐑𝐫 − 𝟏𝟓𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥ (𝟐𝟒𝐑𝐫 − 𝟏𝟓𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)
𝟐

 

⇔ (𝟐𝟒𝐑𝟐 − 𝟑𝟐𝐑𝐫 + 𝟏𝟑𝐫𝟐)𝐬𝟐 ≥
(∗∗∗∗)

𝐫(𝟑𝟖𝟒𝐑𝟑 − 𝟔𝟎𝟖𝐑𝟐𝐫 + 𝟑𝟎𝟖𝐑𝐫𝟐 − 𝟒𝟏𝐫𝟑) 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗∗) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

(𝟐𝟒𝐑𝟐 − 𝟑𝟐𝐑𝐫 + 𝟏𝟑𝐫𝟐)(
𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐

−𝟐(𝐑− 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫
) 

≥
?
𝐫(𝟑𝟖𝟒𝐑𝟑 − 𝟔𝟎𝟖𝐑𝟐𝐫 + 𝟑𝟎𝟖𝐑𝐫𝟐 − 𝟒𝟏𝐫𝟑) 

⇔ (𝐑− 𝟐𝐫)(𝟐𝟒𝐑𝟑 − 𝟓𝟔𝐑𝟐𝐫 + 𝟑𝟑𝐑𝐫𝟐 − 𝟕𝐫𝟑) ≥
?
⏟

(∗∗∗∗∗)

(𝐑 − 𝟐𝐫)(𝟐𝟒𝐑𝟐 − 𝟑𝟐𝐑𝐫 + 𝟏𝟑𝐫𝟐).√𝐑𝟐 − 𝟐𝐑𝐫  

𝐍𝐨𝐰, 𝟐𝟒𝐑𝟑 − 𝟓𝟔𝐑𝟐𝐫 + 𝟑𝟑𝐑𝐫𝟐 − 𝟕𝐫𝟑 = (𝐑 − 𝟐𝐫)(𝟐𝟒𝐑𝟐 − 𝟖𝐑𝐫 + 𝟏𝟕𝐫𝟐) + 𝟐𝟕𝐫𝟑 ≥
𝐄𝐮𝐥𝐞𝐫 

 

𝟐𝟕𝐫𝟑 > 0 𝑎𝐧𝐝 ∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫 

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗∗∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟐𝟒𝐑𝟑 − 𝟓𝟔𝐑𝟐𝐫 + 𝟑𝟑𝐑𝐫𝟐 − 𝟕𝐫𝟑 > (𝟐𝟒𝐑𝟐 − 𝟑𝟐𝐑𝐫 + 𝟏𝟑𝐫𝟐).√𝐑𝟐 − 𝟐𝐑𝐫 

⇔ (𝟐𝟒𝐑𝟑 − 𝟓𝟔𝐑𝟐𝐫 + 𝟑𝟑𝐑𝐫𝟐 − 𝟕𝐫𝟑)
𝟐
> (𝐑𝟐 − 𝟐𝐑𝐫)(𝟐𝟒𝐑𝟐 − 𝟑𝟐𝐑𝐫 + 𝟏𝟑𝐫𝟐)

𝟐
 

⇔ 𝟗𝟔𝐑𝟑 + 𝟒𝟎𝐑𝟐𝐫 − 𝟏𝟐𝟒𝐑𝐫𝟐 + 𝟒𝟗𝐫𝟑 > 0 

⇔ 𝟔𝟓𝐑𝟑 + 𝟒𝟎𝐑𝟐𝐫 + 𝟑𝟏𝐑(𝐑𝟐 − 𝟒𝐫𝟐) + 𝟒𝟗𝐫𝟑 > 0 → 𝐭𝐫𝐮𝐞 ∵  𝐑 ≥
𝐄𝐮𝐥𝐞𝐫 

𝟐𝐫 ⇒ (∗∗∗∗∗) 
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⇒ (∗∗∗∗) ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝟐𝒂𝐛𝐜+ 𝟏 ≥ 

𝟐(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) + (𝟐√𝒂𝐛𝐜
𝟑

+ 𝟏)(√𝒂𝐛𝐜
𝟑

− 𝟏)
𝟐
 ∀ 𝒂, 𝐛, 𝐜 > 0 ∴ 𝑐𝑜𝑚𝑏𝑖𝑛𝑖𝑛𝑔 𝑎𝑙𝑙 𝐜𝒂𝐬𝐞𝐬, 

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 + 𝟐𝒂𝐛𝐜+ 𝟏 ≥ 𝟐(𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂) + (𝟐√𝒂𝐛𝐜
𝟑

+ 𝟏)(√𝒂𝐛𝐜
𝟑

− 𝟏)
𝟐
   

∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎, ′′ =′′  𝐢𝐟𝐟 (𝒂 = 𝐛 = 𝐜) 𝐨𝐫 (𝒂 = 𝟎, 𝐛 = 𝐜 ≠ 𝟎) 𝐨𝐫 (𝐛 = 𝟎, 𝐜 = 𝒂 ≠ 𝟎) 
𝐨𝐫 (𝐜 = 𝟎, 𝒂 = 𝐛 ≠ 𝟎) (𝐐𝐄𝐃) 

 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 
𝐓𝐡𝐞 𝐠𝐢𝐯𝐞𝐧 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐜𝐚𝐧 𝐛𝐞 𝐫𝐞𝐰𝐫𝐢𝐭𝐭𝐞𝐧 𝐚𝐬 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟑√(𝒂𝒃𝒄)𝟐
𝟑

≥ 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂). 

𝐁𝐲 𝐒𝐜𝐡𝐮𝐫′𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐨𝐧 𝐭𝐡𝐞 𝐭𝐫𝐢𝐩𝐥𝐞 (√𝒂𝟐
𝟑

, √𝒃𝟐
𝟑

, √𝒄𝟐
𝟑

) , 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟑√(𝒂𝒃𝒄)𝟐
𝟑

≥ √𝒂𝟐𝒃𝟐
𝟑

(√𝒂𝟐
𝟑

+ √𝒃𝟐
𝟑

) + √𝒃𝟐𝒄𝟐
𝟑

(√𝒃𝟐
𝟑

+ √𝒄𝟐
𝟑

) + √𝒄𝟐𝒂𝟐
𝟑

(√𝒄𝟐
𝟑

+ √𝒂𝟐
𝟑

). 

𝐀𝐥𝐬𝐨, 𝐛𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

√𝒂𝟐
𝟑

+ √𝒃𝟐
𝟑

≥ 𝟐√𝒂𝒃
𝟑

  (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬). 
𝐓𝐡𝐞𝐫𝐞𝐟𝐨𝐫𝐞 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟑√(𝒂𝒃𝒄)𝟐
𝟑

≥ 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂). 
𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 (𝒂 = 𝒃 = 𝒄) 𝐨𝐫 (𝒂 = 𝟎, 𝒃 = 𝒄) 𝐚𝐧𝐝 𝐩𝐞𝐫𝐦𝐮𝐭𝐚𝐭𝐢𝐨𝐧. 
  

1396. 𝐈𝐟 𝒂, 𝐛, 𝐜, 𝛌 > 𝟎 𝐭𝐡𝐞𝐧 ∶ 

(𝒂 − 𝛌)𝟐 + (𝐛 − 𝛌)𝟐 + (𝐜 − 𝛌)𝟐 ≥
𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂

𝛌 + 𝟏
− 𝟑𝛌 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
 

𝐋𝐞𝐭 𝒙 =
𝒂

𝛌 + 𝟏
, 𝐲 =

𝐛

𝛌 + 𝟏
, 𝐳 =

𝐜

𝛌 + 𝟏
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

(𝒂 − 𝛌)𝟐 + (𝐛 − 𝛌)𝟐 + (𝐜 − 𝛌)𝟐 − (
𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂

𝛌+ 𝟏
− 𝟑𝛌)  

= (𝛌 + 𝟏)𝟐∑(𝒙−
𝛌

𝛌 + 𝟏
)
𝟐

𝐜𝐲𝐜

− (𝛌 + 𝟏)∑𝒙𝐲

𝐜𝐲𝐜

+ 𝟑𝛌 

≥
(𝛌 + 𝟏)𝟐

𝟑
. (∑𝒙

𝐜𝐲𝐜

−
𝟑𝛌

𝛌 + 𝟏
)

𝟐

−
(𝛌 + 𝟏)

𝟑
. (∑𝒙

𝐜𝐲𝐜

)

𝟐

+ 𝟑𝛌 

=
𝟏

𝟑
((𝛌 + 𝟏)𝟐 (𝐭𝟐 −

𝟔𝛌𝐭

𝛌 + 𝟏
+

𝟗𝛌𝟐

(𝛌 + 𝟏)𝟐
) − (𝛌 + 𝟏)𝐭𝟐 + 𝟗𝛌) (𝐭 =∑𝒙

𝐜𝐲𝐜

) 
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=
𝟏

𝟑
(((𝛌 + 𝟏)𝟐 − (𝛌 + 𝟏)) 𝐭𝟐 − 𝟔𝛌(𝛌 + 𝟏)𝐭 + 𝟗𝛌𝟐 + 𝟗𝛌) 

=
𝛌𝟐 + 𝛌

𝟑
. (𝐭𝟐 − 𝟔𝐭 + 𝟗) =

𝛌𝟐 + 𝛌

𝟑
. (𝐭 − 𝟑)𝟐 ≥ 𝟎  (∵ 𝛌 > 𝟎) 

∴ (𝒂 − 𝛌)𝟐 + (𝐛 − 𝛌)𝟐 + (𝐜 − 𝛌)𝟐 ≥
𝒂𝐛+ 𝐛𝐜 + 𝐜𝒂

𝛌 + 𝟏
− 𝟑𝛌 ∀ 𝒂,𝐛, 𝐜, 𝛌 > 𝟎, 

′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟏 ⇒ 𝐢𝐟𝐟 
𝒂

𝛌 + 𝟏
=

𝐛

𝛌 + 𝟏
=

𝐜

𝛌 + 𝟏
= 𝟏 

⇒ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 = 𝛌 + 𝟏 (𝐐𝐄𝐃) 
 

1397. If 𝒂, 𝒃 > 𝟎 then: 
𝒂

𝒃
+
𝒃

𝒂
+

𝒂 + 𝒃

√𝒂𝟐 + 𝒃𝟐
≥ 𝟐 + √𝟐 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru-Romania 
 
WLOG: 𝒂 ≥ 𝒃. Denote 𝒙 =

𝒂

𝒃
≥ 𝟏. 

𝒂

𝒃
+
𝒃

𝒂
+

𝒂 + 𝒃

√𝒂𝟐 + 𝒃𝟐
≥ 𝟐 + √𝟐,

𝒂

𝒃
+
𝒃

𝒂
+

𝒂
𝒃 + 𝟏

√(
𝒂
𝒃)

𝟐

+ 𝟏

≥ 𝟐 + √𝟐 

𝒙 +
𝟏

𝒙
+

𝒙 + 𝟏

√𝒙𝟐 + 𝟏
≥ 𝟐 + √𝟐 

Let be: 

𝒇(𝒙) = 𝒙 +
𝟏

𝒙
+

𝒙 + 𝟏

√𝒙𝟐 + 𝟏
, 𝒇′(𝒙) = 𝟏 −

𝟏

𝒙𝟐
+

√𝒙𝟐 + 𝟏 −
(𝒙 + 𝟏)𝒙

√𝒙𝟐 + 𝟏
𝒙𝟐 + 𝟏

 

 

𝒇′(𝒙) =
(𝒙 − 𝟏)(𝒙 + 𝟏)

𝒙𝟐
+
𝒙𝟐 + 𝟏 − (𝒙 + 𝟏)𝒙

(𝒙𝟐 + 𝟏)√𝒙𝟐 + 𝟏
 

 

𝒇′(𝒙) = (𝒙 − 𝟏) (
𝒙 + 𝟏

𝒙𝟐
−

𝟏

(𝒙𝟐 + 𝟏)√𝒙𝟐 + 𝟏
) 

We will prove that: 
𝒙 + 𝟏

𝒙𝟐
−

𝟏

(𝒙𝟐 + 𝟏)√𝒙𝟐 + 𝟏
> 𝟎, 𝒙 > 𝟎 

 
𝒙 + 𝟏

𝒙𝟐
>

𝟏

(𝒙𝟐 + 𝟏)√𝒙𝟐 + 𝟏
,      (𝒙 + 𝟏)(𝒙𝟐 + 𝟏)√𝒙𝟐 + 𝟏 > 𝒙𝟐 
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(𝒙 + 𝟏)𝟐(𝒙𝟐 + 𝟏)𝟑 > 𝒙𝟒 
 

(𝒙 + 𝟏)𝟐(𝒙𝟐 + 𝟏)𝟑 ≥⏞
𝑨𝑴−𝑮𝑴

(𝟐√𝒙)
𝟐
(𝟐𝒙)𝟑 = 𝟑𝟐𝒙𝟒 > 𝒙𝟒 

 
𝒇′(𝒙) ≥ 𝟎 ⟹ 𝒇−increasing, 

𝒎𝒊𝒏𝒇(𝒙)⏟      
𝒙≥𝟏

= 𝒇(𝟏) = 𝟐 + √𝟐 ⟹ 𝒇(𝒙) ≥ 𝟐 + √𝟐 

 
Equality holds for 𝒙 = 𝟏 ⟺ 𝒂 = 𝒃. 

1398. If 𝒂, 𝒃, 𝒄 > 𝟏 then: 

𝒍𝒐𝒈𝒂(𝒃𝒄) + 𝒍𝒐𝒈𝒃(𝒄𝒂) + 𝒍𝒐𝒈𝒄(𝒂𝒃) ≥ 𝟔 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Daniel Sitaru-Romania 
Let be: 

𝒙 = 𝒍𝒏𝒂, 𝒚 = 𝒍𝒏𝒃, 𝒛 = 𝒍𝒏𝒄 

𝒂, 𝒃, 𝒄 > 𝟏 ⟹ 𝒙,𝒚, 𝒛 > 𝟎 

𝒍𝒐𝒈𝒂(𝒃𝒄) + 𝒍𝒐𝒈𝒃(𝒄𝒂) + 𝒍𝒐𝒈𝒄(𝒂𝒃) =
𝒍𝒏(𝒃𝒄)

𝒍𝒏𝒂
+
𝒍𝒏(𝒄𝒂)

𝒍𝒏𝒃
+
𝒍𝒏(𝒂𝒃)

𝒍𝒏𝒄
= 

=
𝒍𝒏𝒃 + 𝒍𝒏𝒄

𝒍𝒏𝒂
+
𝒍𝒏𝒄 + 𝒍𝒏𝒂

𝒍𝒏𝒃
+
𝒍𝒏𝒂 + 𝒍𝒏𝒃

𝒍𝒏𝒄
=
𝒚 + 𝒛

𝒙
+
𝒛 + 𝒙

𝒚
+
𝒙 + 𝒚

𝒛
= 

= (
𝒙

𝒚
+
𝒚

𝒙
) + (

𝒚

𝒛
+
𝒛

𝒚
) + (

𝒛

𝒙
+
𝒙

𝒛
) ≥⏞
𝑨𝑴−𝑮𝑴

 

≥ 𝟐√
𝒙

𝒚
∙
𝒚

𝒙
+ 𝟐√

𝒚

𝒛
∙
𝒛

𝒚
+ 𝟐√

𝒛

𝒙
∙
𝒙

𝒛
= 𝟐 + 𝟐 + 𝟐 = 𝟔 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

1399.  𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎, 𝒕𝒉𝒆𝒏 ∶ 

𝟖𝟏𝒂𝐛𝐜

(√𝒂𝐛 + √𝐛𝐜 + √𝐜𝒂)
𝟑 + 𝟏𝟒(

𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
) ≥ 𝟐𝟒 

  Proposed by Pavlos Trifon-Greece 
Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐛 + 𝐜 = 𝒙, 𝐜 + 𝒂 = 𝐲, 𝒂 + 𝐛 = 𝐳 ⇒ 𝒙 + 𝐲− 𝐳 = 𝟐𝐜 > 𝟎,𝒚 + 𝒛 − 𝒙   
= 𝟐𝒂 > 𝟎 𝒂𝐧𝐝 𝐳 + 𝒙 − 𝐲 = 𝟐𝐛 > 𝟎 ⇒ 𝒙+ 𝐲 > 𝒛, 𝐲 + 𝐳 > 𝒙, 𝐳 + 𝒙 > 𝒚 ⇒ 𝒙, 𝐲, 𝐳 𝐟𝐨𝐫𝐦 
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𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬, 𝐑, 𝐫 (𝐬𝒂𝐲) 

 𝐲𝐢𝐞𝐥𝐝𝐢𝐧𝐠 𝟐∑𝒂

𝐜𝐲𝐜

=∑𝒙

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒂

𝐜𝐲𝐜

= 𝐬 → (𝟏) ⇒ 𝒂 = 𝐬 − 𝒙, 𝐛 = 𝐬 − 𝐲, 𝐜 = 𝐬 − 𝐳 

∴ 𝒂𝐛𝐜 = 𝐫𝟐𝐬 → (𝟐) 𝒂𝐧𝐝 𝐬𝐮𝐜𝐡 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧𝐬 ⇒∑𝒂𝐛

𝐜𝐲𝐜

=∑(𝐬 − 𝒙)(𝐬 − 𝐲)

𝐜𝐲𝐜

 

⇒∑𝒂𝐛

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝟑) ∴
𝟖𝟏𝒂𝐛𝐜

(√𝒂𝐛+ √𝐛𝐜 + √𝐜𝒂)
𝟑 + 𝟏𝟒(

𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
) 

≥

𝐂𝐁𝐒
𝒂𝐧𝐝
𝐯𝐢𝒂 (𝟐) 𝟖𝟏𝐫𝟐𝐬

(√𝟑(∑ 𝒂𝐛𝐜𝐲𝐜 ))

𝟑 + 𝟏𝟒∑
𝐬 − 𝒙

𝒙
𝐜𝐲𝐜

=
𝐯𝐢𝒂 (𝟑) 𝟖𝟏𝐫𝟐𝐬

𝟑(𝟒𝐑𝐫 + 𝐫𝟐). √𝟑(𝟒𝐑𝐫 + 𝐫𝟐)
  

+𝟏𝟒(
𝐬∑ 𝒙𝐲𝐜𝐲𝐜

𝒙𝐲𝐳
− 𝟑) ≥

𝟖𝟏𝐫𝟐𝐬

𝟑(𝟒𝐑𝐫 + 𝐫𝟐). 𝐬
+ 𝟏𝟒(

𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟒𝐑𝐫𝐬
− 𝟑) 

(∵ 𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐 = 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟒𝐫(𝐑− 𝟐𝐫) ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝒂𝐧𝐝
𝐄𝐮𝐥𝐞𝐫

𝟎

⇒ 𝟑(𝟒𝐑𝐫 + 𝐫𝟐) ≤ 𝐬𝟐

) 

=
𝟐𝟕𝐫

𝟒𝐑+ 𝐫
+
𝟕(𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐)

𝟐𝐑𝐫
≥
?
𝟐𝟒 ⇔

𝟕(𝟒𝐑 + 𝐫)(𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐) + 𝟓𝟒𝐑𝐫𝟐

𝟐𝐑𝐫(𝟒𝐑+ 𝐫)
≥
?
𝟐𝟒 

⇔ (𝟐𝟖𝐑+ 𝟕𝐫)𝐬𝟐 ≥
?
⏟
(∗)

𝐫(𝟒𝟏𝟔𝐑𝟐 + 𝟐𝟐𝐑𝐫 − 𝟕𝐫𝟐) 

𝐍𝐨𝐰, (𝟐𝟖𝐑 + 𝟕𝐫)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝟖𝐑 + 𝟕𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟒𝟏𝟔𝐑𝟐 + 𝟐𝟐𝐑𝐫 − 𝟕𝐫𝟐) 

⇔ 𝟏𝟔𝐑𝟐 − 𝟐𝟓𝐑𝐫 − 𝟏𝟒𝐫𝟐 ≥
?
𝟎 ⇔ (𝐑 − 𝟐𝐫)(𝟏𝟔𝐑+ 𝟕𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝟖𝟏𝒂𝐛𝐜

(√𝒂𝐛+ √𝐛𝐜 + √𝐜𝒂)
𝟑 + 𝟏𝟒(

𝒂

𝐛 + 𝐜
+

𝐛

𝐜 + 𝒂
+

𝐜

𝒂 + 𝐛
) ≥ 𝟐𝟒 

∀ 𝒂,𝐛, 𝐜 > 𝟎, ′′ =′′  𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐁𝐲 𝐀𝐌 − 𝐆𝐌 𝐚𝐧𝐝 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲, 𝐰𝐞 𝐡𝐚𝐯𝐞 

(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂)
𝟑
≤ 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒂 + 𝒃 + 𝒄). 

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
≥

(𝒂 + 𝒃 + 𝒄)𝟐

𝒂(𝒃 + 𝒄) + 𝒃(𝒄 + 𝒂) + 𝒄(𝒂 + 𝒃)
=

(𝒂 + 𝒃 + 𝒄)𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
. 

𝐔𝐬𝐢𝐧𝐠 𝐭𝐡𝐞𝐬𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐢𝐞𝐬,𝐰𝐞 𝐡𝐚𝐯𝐞 
𝟖𝟏𝒂𝒃𝒄

(√𝒂𝒃 + √𝒃𝒄 + √𝒄𝒂)
𝟑 + 𝟏𝟒 (

𝒂

𝒃 + 𝒄
+

𝒃

𝒄 + 𝒂
+

𝒄

𝒂 + 𝒃
)

≥
𝟐𝟕𝒂𝒃𝒄

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒂 + 𝒃 + 𝒄)
+
𝟕(𝒂 + 𝒃 + 𝒄)𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
 

                                                                               =
𝟐𝟕𝒂𝒃𝒄 + 𝟕(𝒂 + 𝒃 + 𝒄)𝟑

(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)(𝒂 + 𝒃 + 𝒄)
 ≥⏞
?

 𝟐𝟒 
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⇔ 𝟕(𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑) ≥ 𝟑𝒂𝒃(𝒂 + 𝒃) + 𝟑𝒃𝒄(𝒃 + 𝒄) + 𝟑𝒄𝒂(𝒄 + 𝒂) + 𝟑𝒂𝒃𝒄, 
𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐛𝐲 𝐀𝐌 − 𝐆𝐌 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 ∶ 

𝒂𝒃(𝒂 + 𝒃) ≤ (𝒂𝟐 + 𝒃𝟐 − 𝒂𝒃)(𝒂 + 𝒃) = 𝒂𝟑 + 𝒃𝟑 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬) 𝐚𝐧𝐝 𝟑𝒂𝒃𝒄
≤ 𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑. 
𝐒𝐨 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒂 = 𝒃 = 𝒄. 

1400. 
𝐈𝐟 𝟎 < 𝒙, 𝒚, 𝒛 < 𝟐 𝐰𝐢𝐭𝐡 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 = 𝟑 𝐚𝐧𝐝 𝝀 ≥ 𝟑 𝐭𝐡𝐞𝐧 ∶ 

√
𝒚𝒛

𝒙𝟑 − 𝒙 + 𝝀
+ √

𝒛𝒙

𝒚𝟑 − 𝒚 + 𝝀
+ √

𝒙𝒚

𝒛𝟑 − 𝒛 + 𝝀
≤
𝟑

√𝝀
 

 
Proposed by Marin Chirciu-Romania 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 
 

𝐖𝐞 𝐰𝐢𝐥𝐥 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝐞 𝐥𝐞𝐦𝐦𝐚 𝐭𝐡𝐚𝐭 𝐟𝐨𝐫 𝐚𝐥𝐥 𝒙 ∈ (𝟎, 𝟐) 𝐚𝐧𝐝 𝝀 ≥ 𝟑,𝐰𝐞 𝐡𝐚𝐯𝐞 
𝟏

𝒙𝟑 − 𝒙 + 𝝀
≤
𝝀 + 𝟐 − 𝟐𝒙

𝝀𝟐
. 

𝐓𝐡𝐞 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 
(𝝀 + 𝟐 − 𝟐𝒙)(𝒙𝟑 − 𝒙 + 𝝀) − 𝝀𝟐 ≥ 𝟎  𝐨𝐫 − 𝟐𝒙𝟒 + (𝝀 + 𝟐)𝒙𝟑 + 𝟐𝒙𝟐 − (𝟑𝝀 + 𝟐)𝒙 + 𝟐𝝀 ≥ 𝟎 

𝐨𝐫 (𝒙 − 𝟏)𝟐[(𝝀 − 𝟑)(𝟐 + 𝒙) + (𝟐 − 𝒙)(𝟑 + 𝟐𝒙)] ≥ 𝟎, 
𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐩𝐫𝐨𝐨𝐟 𝐨𝐟 𝐭𝐡𝐞 𝐥𝐞𝐦𝐦𝐚 𝐢𝐬 𝐜𝐨𝐦𝐩𝐥𝐞𝐭𝐞. 

𝐍𝐨𝐰, 𝐛𝐲 𝐮𝐬𝐢𝐧𝐠 𝐭𝐡𝐞 𝐂𝐁𝐒 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐚𝐧𝐝 𝐭𝐡𝐞 𝐥𝐞𝐦𝐦𝐚 𝐚𝐛𝐨𝐯𝐞,𝐰𝐞 𝐡𝐚𝐯𝐞 

∑√
𝒚𝒛

𝒙𝟑 − 𝒙 + 𝝀
𝒄𝒚𝒄

≤ √∑𝒚𝒛

𝒄𝒚𝒄

.∑
𝟏

𝒙𝟑 − 𝒙 + 𝝀
𝒄𝒚𝒄

≤ √𝟑∑
𝝀+ 𝟐 − 𝟐𝒙

𝝀𝟐
𝒄𝒚𝒄

= √𝟑.
𝟑(𝝀 + 𝟐) − 𝟐(𝒙 + 𝒚 + 𝒛)

𝝀𝟐
 

                                   ≤ √𝟑.
𝟑𝝀 + 𝟔 − 𝟐√𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)

𝝀𝟐
=
𝟑

√𝝀
, 

𝐚𝐬 𝐝𝐞𝐬𝐢𝐫𝐞𝐝.  𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟𝐟 𝒙 = 𝒚 = 𝒛 = 𝟏. 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 


