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1301. If tl, tz, e tn > 0 such that t1 + tz + -+ tn =1

Then prove that:

1-t) A—-tz) ... (1-1t,)
ty ty .ty

>(n-1)"

Proposed by Hikmat Mammadov-Azerbaijan
Solution 1 by Khanh Hai-Vietnam
11—t =ty +t3++t,>nm—1)"Yt,t5..t, (AM-GM)

Similarly, we can prove that:

1-— t, = (n — 1)n—11/ t1t3 tn

1-t,>nn—1)""tity ..t,4

a-t) 5, — 1)» Q.E.D.

tity ..ty

= H(l - tl) = (n - 1)n : t1t2 tn =

Solution 2 by Ali Babazadeh-Azerbaijan
ty +t,++t, =1

§= A-t)A—-¢t;)..(1—-t,) > (n— 1)
tl'tZ : tn

a)(1—-tp)A—-ty)..A—-t) =W, + -+t )1+ +t,)..(t; + -+, 1) =
>m-D"\tg oty MDYty by =Dty by =
=m-D"" Yttt )P == D (ty by )
Then: S > (n—1)"
1302.If a,b.c = 0 suchthata + b + ¢ = 2 then

11
a’b? + b*c? + c*a? + ?abc <1
Proposed by Tran Quoc Thinh-Vietnam
Solution 1 by Nguyen Van Canh-Ben Tre-Vietnam

(a+b+c)? _ 4

Let us denote q = ab + bc + ca < 3 =5 T= abc. We have

(a-b)?*(b-—0c)?*(c—a)>)>0=4q*>—4q°> +4(9q—8)r—27r* >0
2(9q—8)—2(;7—3q)./4—3q. Now,

Sr>

3 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400
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11
a’b? + b%c? + c%a? + ?abc <1;

) 11
©q —4r+?rS1;

e FO<g<Tthen Zr+1-q>=2.0+0=0> (+) true.
ab+bc+ca=1
Equality @{ a+b+c=2 & (abc) e{(1,1,0)(0,1,1),(1,0 1)}
abc =0
o Ifll1<g<

then we need to prove that

2 (200-8) 226 3q>¢f3q>_qz +120
& 639 —56 +36(1—q%) >7(4—-3q),/4-3q;
& (129 —5)(4 —3q) = 7(4 — 39)\/4 — 3q;
& (4-3q)(129-5-7,/4-3q) > 0;
20

We just check: 12q-5-7,/4—3q > 0;
& (129 —-5)? > 49(4 — 3¢q);
o144 ¢% + 27q — 171 > 0;
©9(g — 1)(16q + 19) > 0 (true).
-
= (%) true.Equality ®<{p=2Sa=b=c= 2 Proved.

SHE

8
r=_—
27

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Homogenizing the given inequality we get the equivalent expression,
16(a?b? + b%*c? + c?a?) + 11abc(a+ b +c¢) < (a+ b + o)*.
which, after expanding becomes,
10(a?b? + b*c? + c?a?) < a*+ b*+ c* +abc(a+ b+ ) + 4Z(a3b + ab?).
cyc
By AM — GM inequality, we have
10(a?b? + b%c? + c*a?) = SZ 2a’b? < 52(a3b + ab?).
cyc cyc

So it suffices to prove that

Z(a3b +ab?®) < a*+ b*+ c* + abc(a+ b + ©),

cyc
which is equivalent to

0<a?(a-—b)la—c)+b%2(b—-c)(b—a)+c?(c—a)(c—b),

4 | RMM-CYCLIC INEQUALITIES MARATHON 1301-1400
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which is Schur’s inequality. So the proof is complete.
Equality holdsiffa=b =c = zora= b =1,c = 0 and permutations.
1303.f m,n e N,n > 2,a,b,c > 0, (abc)™ + a™b™ + b™c™ + c™a™ = 4

then:

Vam +2 +Vpm +2 4+ Vem+2 >33
Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Tapas Das-India
(abc)™ + a™b™ + b™c™ + c™a™ = 4
The given condition can be rewritten as follows:

1 N 1 N 1
am+2 bm+2 cm+2

By Holder’s inequality, we have:

1

n n
n 1 n
Zx/am+2 (zam+2>z(1+1+1)"+1=> Z\/am+2 -1>3"1
cyc cyc
.-.Z"\/am+2 >3%3

cyc
Solution 2 by Sidi Abdellah Lemrabott-Mauritania

Pose:a™ = x, ™ =y,c" =z S xyz+xy+yz+zx =4

Now we need to prove that: Vx + 2 + [y + 2+ Vz +2 > 3%/3
Pose:x+2 =a',y+ 2 =b',z+ 2 = ¢’ then the condition

XYz + xy + yz + zx = 4 becomes:

ab'c =ab +bc+ca AMécM 33/(a'b'c¢)? = a'b'c’ >27
“a + b + Y =3V Nabe > 3Y¥27 = 3%3 (Q.ED.)
Equality holds if: (a' =b'=c' =3 ox=y=z=1a=b=c=1)
Solution 3 by Khanh Hai-Vietnam

We have: (abc)™ + }.(ab)™ = 4

5 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400
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< (abo)™ + ZZ(ab)m + 42 am™+ 8 = Z(ab)m + 42 am™+ 12
o] J@+2=) @ +20m+2) :Zam1+2 =1

By Holder’s inequality, we have:

n 1 n
ORI Y B T T R

1304. Let a,b,c > 0.Prove that :

5 2023 Ycat )
Za + 3abc < Zab(a+b) + 2022'chca2b'(|a_b| +|b—c|+|c—al)

cyc

cyc

Proposed by Nguyen Van Canh-Ben Tre-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India
Zazb #0anda,b,c>0 - a’b+b%*c+c?a>0

cyc
«~ maximum 1 variable can be = 0

Exactly 1 variable = 0 and WLOG we may assume a = 0 (with b,c > 0)
and then : z a® + 3abc < z ab(a +b)

cyc cyc

2023 Y cat
+ : .(Ja=bl+|b—c|+|c—al)?
2022 S a%b (la=bl+[b—c|+]c—al)

(1) 4 4
o b3+cd Sbc(b+c)+w(b+c+|b—c|)2
b* + ¢* )
Wehave:bc(b+c)+bT(b+c+|b—c|)
b* + c¢* ¢
=be(b +c¢) + oy (b+c)?+Md-c)?+2(+c)b—c|)
2(b* + c*)(b? + c?) cBs 2(b3 + ¢3)°
>bc(b+c¢) + ( )( ) > bc(b+c)+¥
3, .3 bc bzcz 2
2(b° +c?).bc(b+c b“c + bc
ZbC(b+C)+ ( b)ZC ( )=bC(b+C)+2(b3+C3)(T>

=be(b +c) +2(b% + ¢3) (1 +%) =bc(b+c) +2(b%+¢c3) +2(b3 + c3).§
> b3 + ¢3 = (1) is true (strict inequality)

[Case 2]a,b,c >0
Assigningb+c=x,ct+ta=y,a+b=z>x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,z2+x>y>xy zform
sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZa=Zx=25=>Za=s—> (1)

cyc cyc cyc

RMM-CYCLIC INEQUALITIES MARATHON 1301-1400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

=2 a=s—xb=s—y,c=s—1zand such substitutions =

Zab=2(s—x}(s—y):Zab=4Rr+r2—>(2)and

cyc cyc cyc

2
ia (1) and (2)
Za2= Za —ZZabvm =" s? — 2(4Rr + r?)
cyc cyc cyc
= Y a?=s?—-8Rr—2r%? - (3) and
cyc
3

Za3= Za —3(a+b)(b+c)(c+a) Ve 3

s® — 3xyz
cyc cyc

2
= Z a3 = s3 — 12Rrs - (4) and also z Zp2

, a = Zab — 2abc Za
cyc

cyc cyc cyc
via (1) and (2)

(4 Rr+r2) —2r ss:z a’b? = r?((4R + )% — 2s%) - (5)

cyc
( )
Za3 +3abc—2ab(a b) " s —12Rrs+31_[(s—x)
cyc cyc cyc

—Z(s —x)(s —y)z = s3 — 12Rrs + 3r?%s —z:(—s2 +sz+xy)z

cyc

cyc
= s3 — 12Rrs + 3r%s + s2.2s — 5.2(s? — 4Rr — r?) — 12Rrs

z a3 + 3abc — z ab(a +b) © s(s? — 16Rr + 5r?)

cyc cyc

2.2
a-c
C
cyc cyc cyc cyc cyc

cyc cyc
2

via (1),(3) and (4) and Bergstrom Z ab
< s(s* — 8Rr — 2r?) — s® + 12Rrs — M

chca
2
ia (1) and (2) 4Rr + r?
TS 5(s% — 8Rr— 2r2) — s% + 12Rrs — (4Rr + %)

T 2023 Y.cat
- _ 2 cyc _ _ 2
=3 ((4R 2r)s? —r(4R+r) ) 2022 S (Ia bl +|b—c|+|c—al)

(chc az)z - 2chca
y-22%+2 ) ly—zllz—x|
< (@R-2r)s? - r(4R + )2) Z Z

cyc

\Y

cyc

RMM-CYCLIC INEQUALITIES MARATHON 1301-1400
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2
via (3) and (5) S ((SZ — 8Rr — 21‘2) - 21‘2((4R +1)? - ZSZ)) ) Z ) Z
= ) xX“— ) x
r((4R —2r)s2 — r(4R + r)?) y

cyc cyc
+ Zzly—zllz—xl

cyc
s ((s2 — 8Rr — Zrz)2 —2r?((4R+1)% - 252))
2 _
= r((4R — 2r)s2 — r(4R + r)2) | 2 Z * Z ry

cyc cyc

2s ((s2 — 8Rr — Zrz)2 —2r’((4R+1)% - Zsz)) (s2 — 12Rr — 3r?)

r((4R — 2r)s2 — r(4R + r)?)
?
> s(s? — 16Rr + 5r%) < 2s® — (60Rr + 4r?)s* + r?s%(528R? + 84Rr + 15r2)

?
—r3(1024R® + 624R%r + 120Rr? + 7r®) > 0 and  2(s — 16Rr + 5r2)°
)
0 - in order to prove (*), it suffices to prove :
LHS of (x) > 2(s? — 16Rr + 5r2)3
& (36R — 34r)s* — rs?(1008R? — 1044Rr + 135r?)

?
+r?(7168R* — 8304R’r + 2280Rr? — 257r%) > 0

(%)
2 Gerretsen + Euler

and - (36R — 34r)(s2 — 16Rr + 5r2) > 0 - in order to prove (xx),
it suffices to prove : LHS of () > (36R — 34r)(s? — 16Rr + 5r2)2

?
© (144R* - 404Rr + 205r%)s’> > r(2048R* — 6160R’r + 4060Rr? — 593r°)
(xxx)

R
144R? — 404Rr + 205r? > 0 <<:> t=—2>2.1405 (approximately))

Gerretsen

Gerretsen

and then : LHS of (+xx) >  (144R? — 404Rr + 205r?)(16Rr — 5r?)
? ?
>r(2048R3 — 6160R?*r + 4060Rr? — 593r%) & 32t3 — 128t + 155t — 54> 0
?
S (t—2)(32t(t—2) +27) = 0 - true ~ t > 2 = (x*x) is true (strict inequality)

Gerretsen

144R? — 404Rr + 205r? < 0 and then : LHS of (x+*) >
?
— (—(144R? — 404Rr + 205r2) ) (4R? + 4Rr + 3r2) >
r(2048R® — 6160R’*r + 4060Rr? — 593r3)
,

& 144t* — 772t3 + 1449t2 — 1113t + 302> 0
? Euler
e t-2)((t—2)(144t(t—2) + 92t +89) +27) =0 > true ~ t > 2 = (xx)
is true .. combining cases 2i, 2ii, (xxx) = (xx) = (x) is true V triangles with
2023 Ycat

: . .(Ja=b|+|b— —al)?
20223, a%b (la=bl+|b—c|+[c—al)

sides (b +c¢),(c+a),(a+Db) -

8 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400
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ia (¢)
> s(s? — 16Rr + 5r?) it Z a3 + 3abc — Z ab(a+b) ~Va,b,c>0,

cyc cyc

2023 Y.cat
sz Y o
Za + 3abc < ab(a+b)+2022 Seyca?b
cyc cyc

.(Ja=b|+|b—c|+|c—al])?

Hence, combining cases 1 and Z,Z a® + 3abc < Z ab(a +b)
cyc cyc

N 2023 Y.ca*
2022 Y a’b
"="iffa=b=c>0(QED)

.(Ja=b|+|b=c|+|c—al)?Vab,c=>0,

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
By Chebyshev and AM — GM inequalities, we have

1
a4+b4+c42§(a+b+c)(a3+b3+c3)
2a3+b3'_|_2b3+c3+2c3+a3
3 3 3

1
=§(a+b+c)<

1
> §(a+ b + ¢)(a?b + b?*c + c*a).

By the triangle inequality, we have

(la—b| + b —¢| + |c - al)? =Z(a—b)2+Z|a—b|(|b—c|+|c—a|)

cyc cyc
ZZ(a—b)Z+Z(a—b)2 = 4(a? + b?> + ¢* — ab — bc — ca).
cyc cyc

3 4 > 1,th h
5022’3 > bthenwe have
RHS . 2Zab(a+b)+(a+b+c)(a2+b2+c2—ab—bc—ca)

cyc

= Z a3 + 3abc + Z a(b—-c¢c)? > Z a3 + 3abc = LHS .,

From these results and since

cyc cyc cyc

as desired. Equality holds iffa=b = c.

1305. Let a,b,c > 0. Prove that :

(ab+bc+ca)( ! ! ! )

@+b)Z +02 (cta)?
2023%(a? + b% + ¢?)
abc

9
SZ+ (la—b|+|b—c|+|c—al)

Proposed by Nguyen Van Canh-BenTre-Vietnam

9 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400
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Solution 1 by Soumava Chakraborty-Kolkata-India
Assigningb+c=x,c+a=ya+b=z=>x+y—-z=2c>0,
y+z—x=2a>0andz+x-y=2b>0=2x+y>zy+z>x,z2+x>y
= x,y,Z form sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZa:zx:2s=>Za:s—>(1)=>a=s—x,

cyc cyc cyc

b = s —y,c = s — z and such substitutions = Z ab = Z(s —x)(s—y)
cyc cyc
:Zab=4Rr+r2—>(2)andZa2: Za —ZZab
cyc cyc cyc cyc

ia (1) and (2
via (1) an ()52—2(4Rr+r2)=>2a2=sz—8Rr—2r2—>(3)

cyc

(ab + be + )( 1 N 1 4 1 ) 9via_(2)(4R+2)zl 9
BTN @+ T hro? v/ 2 T VT LT,

cyc

(4Rl‘+l‘2) z - 9 Goldstone (4Rr+r2)(4RZSZ) 9

= -— <
16R2r2s? cycx Yy |7y = 16R2r2s? 4
. (ab + be + )( 1 N 1 N 1 ) 9(2R—2r
FAAD TR CN Ga D)2 T (b + )2 (cta?) 4
a? + b?% + 2 (| bl+ [b—c| + | l)Vla(3)S — 8Rr — 2r? Z| |
—_— | a — —C c—a —Z
abc Hcyc(s_ y
s —8Rr—2r
- Da-w2+2) ly-zllz-xl
cyc cyc
s — 8Rr — 2r?
> 25 sz ny
r cyc cyc
s — 8Rr — 2r? ? R—2r
= oy ./2(s2 — 12Rr — 3r2) >

& 2(s? — 12Rr — 3r%)(s? — 8Rr — ZrZ) 5 (R — 2r)%r?s?

)
Gerretsen
Now,LHSof (+) >  2(4Rr — 8r2)(s? — 8Rr — 2r2)"
Euler

= 8r(R—2r)(s? —8Rr—2r2)’ and “ R—2r > 0

. in order to prove (*), it suffices to prove : 8(5 — 8Rr — 2r2) > r(R — 2r)s?
Gerretsen

?
Again, LHS of () >  8(8Rr— 7r?)(s? — 8Rr — 2r?) > r(R — 2r)s?

?
© (63R - 54r)s* > r(512R? — 320Rr — 112r?)
(%%)

Gerretsen

Once again,LHS of (xxx) >  (63R— 54r)(16Rr — 5r2) >

10 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400
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?
r(512R? — 320Rr — 112r?) & 496R? — 859Rr + 382r2 > 0

Euler

?
& (R—2r)(496R + 133r) + 648r> >0 > true R > 2r
a? + b? + c? R-2r
= (xx%) = (%) = (%) is true - T(Ia —bl+|b—c|+|c—al]) =
via (¢)

> (ab+ bc + ca)

( 4 1 4 1 ) 9
(a+b)2 (b+c¢)? (c+a) 4
(b+b+)<1 + 1 + 1)9
= .
BTN @+ T h+ro?  (c+a)?) 2
a? + b? + ¢?
<—— (la=bl|+|b—c|+|c—al)
2( Czllsz-l_ 2)
2023%(a C
< (
abc
(b+b+)(1 +1+1)
=
TN @2 T+ 02 (c+a)?
2023%(a® + b% + ¢2)
o (la=bl+|b—c|+|c—al])Vab,c>0,
"="iffa =b = c (QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

b+b 1 1 1
(ab + c+ca)((a+b)2+(b+c)2+(c+a)2)

< (ab + bc + )(1+1+1)
= crea 4ab 4bc 4ca

9_|_(ab+bc+ca)(a+b+c)—9abc_9_|_c(a—b)2+a(b—c)2+b(c—a)2

a—-bl+|b—c|+|c—al

<9+
4

AM-GM
~~

4 4abc 4 4abc
9 N |ca — bc|la — b| + |ab — cal|b — c| + |bc — ab||c — a]

4abc
<9_|_(ab+bc+ca)|a—b|+(ab+bc+ca)|b—c|+(ab+bc+ca)|c—a|
4

4abc
_9+(ab+bc+ca)(|a—b|+ |b—c|+|c—al)
4 4abc
9 2023%(a? + b?* + ¢?)
<-—+ (la—=b|+ |b—c| + |c — al).
4 abc

as desired. Equality holds iffa=b = c.

1306.If a,b,c = 0,abc + 4(ab + bc + ca) = 256 then:
a3 + b3+ c2 +a*+ b*+ c? +abc > 304

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Lazaros Zachariadis-Greece

a® b3
LHSZZZ<T+T+16>+ZaZ+abC_%

11 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400
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3/(ab)316
2223 22 +Zab+abc—96=72ab+abc—96
=4Zab+32ab+abc—96

144
—256+32ab 96>160+3 T_160+144_304 RHS

II=IIa=b=c=4

abc+4Y ab < (Zab) +4)ab (*)

( 3§a :)(16/32ab+x+192>>0
/32ab> 12

144
3Zab>144@2ab>—= 48

Solution 2 by Khanh Hai-Vietnam

256 = abc + 42 ab > abc + 123\/ a’b?c?

& x3+12x*-256 <0 (x = Vabc)

32a

j

<:>(x—4)(x+8)2SO@xS4@ach64:>Zab248

2LHS=2(Za +ZZa +abc) =2 Za +Zab+256 4Zab
=2 Za3—32ab+256 =22a3—62ab+512

=a3+b3+64+b3+c3+64+c3+a3+64—62ab+320

z1zzab—6zab+3zo

= 62 ab + 320 > 608 = 2RHS = 2LHS > 2RHS = Q.E.D.

Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

a+b+c\’

4
256:abc+42ab§< 3 ) +§(a+b+c)22a:x

12 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400
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x3 +36x2-6912>0

(x—12)(x+24)2 >0
x>12 (1)

abc =256 —4) ab > 256 —gxz (2)

Za3+Za2+abc2304

a+b+c) (a+b+c)?
Za3+2a2+abc2( 57 )+( 3 )+abc2

(z)x3 xZ
> 4
- 27+ 3

x3—-9x2-432>0

(x—12)(x* +3x+36) >0 (True)
>0 >0

x=>12, a+b+c>12, (a=b=c=4)
1307.1f a,b,c > 0, then :

4 ?
+ 256 —§x2 > 304

a+b+c
ab + bc + ca

3 3 3 - 1 N 1 N 1
2 la3+b3+c3 " a+b b+c c+a

3
S_.
2

Proposed by Sidi Abdallah Lemrabott-Mauritania
Solution by Soumava Chakraborty-Kolkata-India

N 33 3 Holder 3 27 9
ow,—., [/————— < -—. =

’ 3ib3+c3 3

2 ‘,a +b3 +c 2" |(Begea)’  ZZeyea

1 1 1 Bergstrom 9
+ + >
a+b b+c c+a 2)yca

-33 3 < 1 4 1 4 1
"2 la3+b3+c3 " a+b b+c c+a

Assigningb+c=x,ct+ta=ya+b=z>x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,z+x>y=xYyzformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

yielding22a=2x=25=>2a=s—>(1)=>a=s—x,b=s—y,

cyc cyc cyc

¢ = s — z and such substitutions = Z ab = Z(s —x)(s—y)

cyc cyc

and
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:Zab =4Rr+r? - (2)

cyc

1 1 1 3 a+b+c Via(l),(Z)zl 3s
+ + < — il Q.
a+b b+c c+a” 2 ab+bc+ca x~ 2(4Rr +r?)

cyc
s? 4+ 4Rr + r? - 3s
4Rrs ~ 2(4Rr +r2)

Gerretsen

v (2R-r1)s?2—r(4R+r1r)? > (2R-r)(16Rr — 5r?) — r(4R + r)?2

—2r(BR-)R-2r) =g+ 4 L+ 1 3 atbitc
- ar r Vo= “a+b b+c c+a” 2 ab+bc+ca

33 3 1 1 1 3 a+b+c
—. < + + <-.
2 Ja3+b3+c3 " a+b b+c c+a” 2'ab+bc+ca

Vab,c>0"=" iffa=b=c(QED)

& (2R-1)s? >r(4R+1r)? - true

and so,

1308. Let a,b, c > 0. Prove that :

a b c 3  2022%(a? + b? + c?)
+ + <=+
b+c c+a a+b™ 2 a’b + b2¢c + c2a

(la—bl+|b—c|+|c—al)

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India
Assigningb+c=x,c+a=y,a+b=z=>x+y—-z=2c>0,
yt+z—x=2a>0andz+x-y=2b>0=>x+y>zy+z>x2+x>Yy
= x,y,Z form sides of a triangle with semiperimeter, circumradius and inradius
= s,R,r(say)yieldingZZa :Zx =2s :Za =s>1)>a=s—zx,
cyc cyc cyc

b = s —y,c = s — z and such substitutions = z ab = Z(s —x)(s—y)

cyc cyc
2
:Zab=4Rr+r2—>(2)andZa2: Za —ZZab
cyc cyc cyc cyc

ia (1) and (2)
vietamdiSi 2 _ 2(4Rr +r?) > Z a? =s%2 —8Rr — 2r% - (3) and

cyc
3

ia (1)
Za3 = Za —3(@+b)b+0)(cta) = s3 — 3xyz
cyc cyc

:Za3 =s3 —12Rrs - (4)

cyc

Z a S_Zs—x 3 s(s®’+4Rr+r?) 3
b+c 2 x 2 4Rrs 2
cyc

cyc
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Z a 3 () s — 14Rr + r?
L1 —_=

b+c 2 4Rr
cyc
2 2 2 2 2 3 a’c?
a“b + b“c+ c“a = a a—c—a|= a a“ | — a’ — c
cyc cyc cyc cyc cyc cyc

2

via (1),(3) and (4) and Bergstrom Z ab
< s(s? — 8Rr — 2r?) — s3 + 12Rrs — m

chc a

2
via (1) and (2) (4Rr +r?)

= s(s* — 8Rr — 2r?) — s + 12Rrs —
a? +b% +c?
a?b + b2c + c2
via (3) s(s? — 8Rr — 2r2)
> )2) .ZIy —z|
r cyc

- E.((zm— 20)s? — r(4R +1)2) —(la—bl+Ib—cl +|c—al)

~ r((4R-2r)sz—r(4R +

3 s(s? — 8Rr — 2r?)
= r((4R - 2r)s? — r(4R + r)z).\[czyc:(y—z)Z + ZZIy—zllz—x|

cyc

s(s? — 8Rr — 2r?)
= r((4R - 2r)s2 —r(4R +1)?)’ 2 zxz - Z Xy

cyc cyc

? s2 — 14Rr + r?

s(s? — 8Rr — 2r?)
2 _ — 3r2
~2(s? — 12Rr — 3r2) > -

- r((4R — 2r)s2 — r(4R +r)2)
& 32R%s%(s? — 12Rr — 3r2)(s? — 8Rr — 2r2)’
% ((4R - 2r)s? — r(4R + r)z)2 (s? — 14Rr +12)"
™
Now,s? — 12Rr — 3r? = s> — 14Rr + r? + 2r(R — 2r) = s? — 14Rr + r?

= LHS of (+) > 32R?s?(s? — 14Rr + r?)(s? — 8Rr — 2r?)”
? 2
> (4R - 2r)s? — r(4R +1)?) (s? — 14Rr +12)°

& (s — 14Rr + r?) (32R2s2(52 — 8Rr — 2r2)"

2
— (s? - 14Rr +1?) (4R — 2r)s? — r(4R + 1)?) )
?
= 0,to prove which, it suffices to prove :
() 2
32R2s%(s? — 8Rr — 2r2)" > (s2 — 14Rr + 1) (4R - 2r)s? — r(4R + 1)?)

Gerretsen + Euler

( s? — 14Rr + r? = s?2 —16Rr + 5r% + 2r(R — 2r) > o)
Again, LHS of (++) = 32R%s?(s? — 8Rr — 2r?)(s? — 14Rr + r? + 6r(R — 2r) + 9r?)
Euler

> 32R%*s?(s? — 8Rr — 2r?)(s? — 14Rr + r?)
? 2
> (s — 14Rr + r2) ((4R - 2r)s? - r(4R + 1)?)
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& 32R2s%(s2 — 8Rr — 2r2) > ((4R - 2r)s? — r(4R + r)Z)2
& (16R? + 16Rr — 4r?)s* — rs?(128R3 + 64R’r + 24Rr? + 4r3)
“r2(4R+D* > 0

(o]
(***)
Gerretsen

Now,LHS of (x+x) >  (16R? + 16Rr — 4r?)(16Rr — 5r?)s?
?
—rs?(128R3 + 64R?r + 24Rr? + 4r®) —r?(4R+1)* > 0
?
< (128R® + 112R?r — 168Rr? + 16r°)s’> > r(4R+)*

(****)
Gerretsen

Again, LHS of (+#+x) >  (128R3%+ 112R%r — 168Rr? + 16r3)(16Rr — 5r?)
? ? R
>r(4R+r)*  1792t* + 896t — 3344t% + 1080t — 81 > 0 ( = ;)

Euler

& (t—2)(1792t% + 4480t% + 5616t + 12312) + 24543 S0otruect > 2
= (xx%%) = (¥x%) = (¥x) > (%) is true
- a®+b*+c?
" a?b + b2c + c2a
s2 — 14Rr + r? via (+) a 3
4Rr h b+c 2 z

cyc cyc

(la=bl+|b—c|+|c—al]) =

3
b+c 2
e b4 lb—cl+lc—al) <
< azgi"lz’zc -|—Zc2a2)a cl+lc—al) <
2022%(a“ + b +c¢
—bl+|b- -
a’b +b?%c + c?a (la=bl+1b—cl+lc—al)
a_ . b e 3 20222(a2+b2+c2)(| bl 4 1b—cl +| N
: J— J— — —
b+c c+a a+b™ 2 a?b + b2c + c2a a ¢ c-a
Vab,c>0"=" iffa=b=c(QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Zbic_;:Z(b+c__> zz<b+c b+c> 2 <c+a a+lcr)

cyc cyc cyc cyc

1 (b - C)Z chc(b + C)(b - C)Z < chclb2 - Czllb - Cl

2 Li(c+a)a+b) “2(a+b)(b+c)(c+a) "~ 2(aZb + b’c + c2a)

chc(az +b2 +C2)|b—C|
2(a%b + b%*c + c?a)
20222(a? + b% + ¢?)
@b + bic + cZa 2~ DI+ 1B —cl+]c—al).

So the proof is complete. Equality holds iff a = b = c.
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1309. Leta,b,c > 0 such thata + b + ¢ = 2.Prove that :

4
M If 1 <k < 2,then : (ab)* + (bo)¥ + (ca)k < 3
@) If k > 2,then : (ab)¥ + (bo)* + (ca)* < 1

Proposed by Nguyen Van Canh-Ben Tre-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

a+b+c=2

bc b(2—a—-b)=-1+2b—-b%?+1—ab

°)
-'-bc(:l—ab—(l—b)2

4
We shall proceed with the proof of : () If 1 < k < 2,then : (ab)* + (bc)¥ + (ca)k < 3

4
We notice that if exactly 2 variables = 0,then LHS = 0 < 3 and so we proceed

with the cases when exactly 1 variable = 0 and when all 3 variables > 0
Exactly 1 variable = 0 and WLOG we may assume a = 0 (with b,c > 0)

via (¢)

bc = 1-ab-(1-b)?=1-(1-b)2<1=1In(bc) <0
= (k- 1).In(bc) < 0 = k.In(bc) < In(bc) = In(bc)® < In(bc) = (bc)*<bc <1
~ (ab)* + (bo)* + (ca)* < 1

ia ()
[Case 2]a,b,c > Oandthen,bc = 1—-ab—(1-b)?<1-(1-b)?2<1

= In(bc) < 0 = (k—1).In(bc) < 0 = k.In(bc) < In(bc) = In(bc)¥ < In(bc)
K K K K (a+b+c)? 4
= (bc)* < bc and analogs = (ab)* + (bc)* + (ca)* < z ab < — =3
cyc

4
- combining cases 1 and 2, (ab)® + (bc)¥ + (ca)* < 3vae b,c>0]| Z a=2,

cyc

2
"= iffa:b:c:g;kzl

|We shall now proceed with the proof of : (2) If k > 2,then : (ab)¥ + (bc)¥ + (ca)k < 1|
We notice that if exactly 2 variables = 0,then LHS = 0 < 1 and so we proceed

with the cases when exactly 1 variable = 0 and when all 3 variables > 0
Exactly 1 variable = 0 and WLOG we may assume a = 0 (with b,c > 0)

via ()

bc = 1-ab-(1-b)?=1-(1-b)? <1=In(bc)<0and~k—-1>1>0
=~ (k—1).In(bc) < 0 = k.In(bc) < In(bc) = In(bc)¥ < In(bc) = (bc)¥*<bc< 1

~ fora = 0 (withb,c > 0),then : (ab)* + (bo)* + (ca)¥<1,'="b=c=1
ia (+)
Case 2|a,b,c > 0 and then, bc e —ab— 1-b)?2<1-(1-b)?<1

= In(bc) < 0 = (k — 2).In(bc) < 0 = k.In(bc) < 21In(bc) = In(bc)* < In(b?c?)
= (bc)X < b?%c? and analogs = (ab)X + (bo)X + (ca)* < Z a’b? <1

cyc
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=2(@a+b+c)* ?
atbre=z (@+Db+ )7 <:)(a+b+c)4>162a2b2
16 ~
©) cyc

Assigningb+c=x,c+a=y,a+b=z=2>x+y—-z2=2c>0,y+z—x =2a
>0andz+x—-y=2b>0=2>x+y>2zy+z>x,z+x>y = xyzformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

yielding22a=2x=Zs:Za:se(l)=>a:s—x,b=s—y,c=s—z
cyc cyc cyc

and such substitutions = z ab = Z(s —-x)(s—y)=> Z ab =4Rr +r? - (2)

cyc cyc cyc

2
ia (1) and (2
andz a’b? = (Z ab) — 2abc (Z a) vie (D) and () (4Rr + rz)2 —2r2s.s

cyc cyc cyc
= z a’b? =r?((4R+1)?-2s?)> (3) ~ (D and 3) > (») &
cyc
(*%)
s* > 16r*((4R + )% — 2s%) & s* + 32r%s? > 16r?(4R +r)?

Gerretsen Gerretsen

Now,LHSof (+x) > (16Rr+27r?)s?> >  (16Rr + 27r?)(16Rr — 5r?)
? ? Euler
> 16r2(4R + r)? © 224R > 151r — true ~ 224R > 448r > 151r

= (x*) = (») is true . (ab)X + (bc)¥ + (ca)* < 1 - combining cases 1 and 2,
(ab)* + (bo)* + (ca)* <1V a,b,c> 0] z a=2"="iff

cyc

(a=0,b=c=1)or(b=0,c=a=1)or(c=0,a=b=1) (QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

a+b+c
2

a+ b\> 2
1) We have ab < ( 2 > < ( ) = 1 then (ab)* < ab (and analogs)

Therefore
(@a+b+c)? 4

(ab)* + (bc)* + (ca)* < ab + bc + ca < — =3

2
Equality holdsiff k=1anda=b =c = 3

2) WLOG, we may assume thata > b > c.
If b = 0 we have ¢ = 0 and (ab)* + (bc)* + (ca)* =0 < 1.
Assume now that b > 0. By Bernoulli's inequality, we have
c\k c c\k
k _ pk hd k - k T Y k
(b+of=b*(1+5) 2b*(1+kp)2b <1+z.(b) ) bk + 2k,
Then

a+ (b+c)>2k
# =1

(ab) + (bo)* + (ca) < ak(b* + c* + c*¥) < ak(b + o)k < <

Equality holds iff a = b = 1, ¢ = 0 and permutations.
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1310. Find all values of 0 < k < 1 such that

akb* + bkck + ckak < 1 is true for all
a,b,c>0anda+ b+ c = 2.

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

There is noreal 0 < k < 1 satisfies the given condition, because for

a=b=c=§,wehave
N 4
akb* + b¥ck + ckak = 3. (6) > 3'6 >1, Yk € (0,1).
1311.If a,b,c > 0 such thata+ b + ¢ = 2 then:
a’b? + b%c® + c*a* < 1

Proposed by Tran Quoc Thinh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG we may assume that a = max{a, b, c}. By AM — GM inequality, we have
a+(b+ c))4 1

a’b? + b*c? + c?a®? = a*(b + ¢)®> — bc(2a? — bc) < a?*(b+¢)? < ( > =

Equality holds iff a = b = 1, ¢ = 0 and permutations.

1312.If a,b,c > 0 and a + b + ¢ = 3, then prove that :

Z (b® + 2b%c%(b +¢) + c5)5 - 108
(b% + 2bc(b? + ¢2) + ¢%)3 —

cyc

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India
b* + c* < 2(b% — be + ¢2)?

& (b? + c2)* — 2b?c? < 2(b? + c2)” — 4bc(b? + ¢?) + 2b?c?
& (b? + c2)” — 4bc(b? + ¢2) + 4b?c? S0 (b2 + 2 — 2bc)’ >0
& (b-ot > 0 > true = b* + 2bc(b? + c?) + c*
<2 ((b2 —bec+c2)” +be(b? + cz)) =2 ((bZ +c2)* —be(b? +¢2) + bzcz)
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_ (b5 +2p%c b+ o) + ) (b+©5(b* — bic + b2c? — be® + c* + 2b2c?)°

>
(b4 + 2bc(b? + ¢2) + ¢*)3 — 8((b2 + ¢c2)2 — bce(b? + ¢2) + b%¢c2)3
5
(b +0)° ((b2 +¢2)” —be(b? + c2) + bzcz)
a 8((b2 + ¢2)%2 — bc(b? + ¢2) + b%¢c2)3
(b +c)® 2 2
=3 ((b2 +¢2)” —be(b? +¢?) + bzcz)

:(b+c)5<2 xy 'y (b +¢)®

-2 — b2 _
3 x 2+ >(x b% + c2,y = 2bc) = 316

b+0?\*
> >
- 27 - 27
(b5 +2b%c2(b + ) + c5)5 -
" (b* + 2bc(b? + ¢2) + c4)3 T 21
13
(b + 2b“c (b-l-C)-l—C) > (b + )13H02er 3 2 a
(6% + 2be(b? + ) + ') 211 211 312"

cyc cyc

.(b + ¢)!3 and analogs

>
(b* + 2bc(d? 1 ¢2) + c4)3 = 108

Vabc>0|a+b+c—3” "occursiffa=b =c=1(QED)

arbre=33%.21%.38 Z(b5 +2b2c2(b + ©) + c5)°
211 312

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Holder's inequality, we have
Z (b5 +2b%c*(b + ¢) + cs)s - [Zeye(b® +2b%c2(b + ©) + cs)]5
(b* + 2bc(b? + c2) + ¢*)3 ~ B[chc(b4 + 2be(b? + ¢2) + c4)]3
_ [2(Zeye @°)(Zeye @ )]5
3[2(Zeyc @%) Zeye a)]s
A(Teye @) (Teye a?)’ 4323

3.33 =gy 108
the last line is true because

3 2
za (a+:+c) ndz (a+b+c)

cyc

cyc cyc

The proof is complete. Equality holds iffa=b =c = 1.
Solution 3 by Nguyen Van Canh-BenTre-Vietnam

Firstly, we prove that
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a+b
@ + 2026 (a + b) + b > 2 ) (a* + 2ab(a? + b?) + b*);
t+1 a
<=)t5+2t2(t+1)+12( > )(t4+2t(tz+1)+1);(...t=5>0)

o2 +22+1D+1) - E+DE* +2e(2 +1) +1) > 0;
et -3+ 283+ 2t2-3t+1>0;
s (t + 1)t — 1)* > 0 (true).
Secondly, we prove that

a’ + 2a’b*(a+ b) + b° > (a+b)5

=3
e 16(t° +262(t+1) +1) > 3(t + 1)5; ( t= E > 0)
13— 15t*+ 234+ 22— 15t + 13> 0;
o+ D -1)2%2A3¢t2- 2t + 13) > 0 (true).
(a +2a2b2(a+b)+b5)
(a4+2ab(a2 + b2) + b*)3
a’ + 2a’b%*(a + b) + b° 3 2
— 5 22 5
= (e zantar 7y 1) (020D D48
36
—213

—(a+b)'3; va,b >0

Similary, we have
(b5 + 2b%c*(b + ¢) + c5)
(b* + 2bc(b? + c?) + c4)3 - 213
(5 +2c2a*(c+a) + as) 36
(c* + 2ca(c? + a?) + a*)3 — =21
(a +2a2b*(a+b) + b5)° (b5 +2b%c(b+ c) + ¢5)°
7 (a® + 2ab(a® + bD) + by’ T % + 2bc(b? + ) + )3
(c® +2c%a*(c +a) + as)
(c* + 2ca(c? + a?) + a*)3

(b +¢)13;

(c + a)'3;

Holder 3¢ (2a + 2b + 2¢)13
= ﬁ 313-1

> ;63 [(@a+ b)13+ (b+ )13+ (c+a)'?]
36 213313
=36 3
Proved. Equality ifandonlyif a = b = c = 1.
1313.If a,b,c > O such that :a+ b + c = 1,then :

Za(b+c)2<1
a+1 3

cyc

=108.

Proposed by Marin Chirciu-Romania

21 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Soumava Chakraborty-Kolkata-India

a(b + ¢)? ; 5—3ab+c=1-aa(l—a)*> 5-3a?

< S <0
a+21 36 a+1 36
36a(1l—-a)*—(5—-3a)(a+1) ? ?
( ) —( X )S0@36a3—69a2+34a—5S0
36(a+1)
?
©Ba-1)2%M@a-5)<0->trueva+b+c=1=2a<l1=>4a<4
.a(b+c)2<5—3a

=24a-5<-1<0-: and analogs

a+1 ~— 36
za(b+c)2<3.5 a+b+caiprc=15 1 1
a+1 ~ 36 12 - 12 12 3
cyc
-za(b+c)2<1v bc>0|a+b+c=1"=" iffa=b=c=— (QED
- ar1l =3 a,b,c a c=1"="iffa= —c—3(Q )

cyc

1314. If x,y,z> 0and 0 < A < 3 then
x3+2 - 9
2+Ax+Ay+2z3  21+3

cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let -_x3+2b-_y3+2 __z3+2
eta=——b="—F—c=——

By AM — GM inequality, we havea>x, b>y, c> z.
Then by using CBS inequality, we have
x3+2 >Z 3a - 3(a+ b+ c)?
2+Ax+Ay+2z3~ Lida+Ab+3c Y.a(da+ b + 3c)

cyc cyc
B 9(a+b + c)? -
" 3Aa+b+c)2+(3-2).3(ab+bc+ca)”
9(a+ b + c)? 9

> =
“3AMa+b+c)2+B-AN(a+b+c)2 24+3
as desired. Equality holds if and onlyifa=b=c=x=y=zorx=y=z=1.
1315.Ifa,b,c > 0,a + b + ¢ = 6 then:

2\/§Z a’ +12 Z a? > 9v/3abc
cyc cyc

Proposed by Lazaros Zachariadis-Greece
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Solution 1 by Dimitris Kastriotis-Greece

c-s
Ya? > %(Za)z =12, Equalitya=b =c = 2

Jensen

3
Ya3 > 3(%””) =24, Equalitya=b =c =2
f(a,b,c) =2V3Ya® +12/Ya? > 23 24+ 1212 =723 (1)

AM—-GM
<

3
abc (%) =8,Equalitya=b =c=2

g(a,b,c) = 9v/3abc < 72V/3 (2)

{gg} - f(a,b,c) = g(a,b,c) > 2\/52 a® + 12 / a? > 9v3abc

Equalitya=b=c = 2
Solution 2 by Khanh Hai-Vietnam

2\/52 a3 > 6\3abc

12 /z a? > 12 /(Z:)Z =243

= LHS > 6\/3abc + 243 (%)

X a)?

RHS = 6V3abc + 3V3abc < 6\/3abc + 3V3 - 57

= 6v3abc + 243 (**)
From (*) and (**) LHS > 6\/3abc + 24+/3 > RHS

Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand
2V3(a3 + b3 + 3) + 12y/a? + b% + ¢2 > 9/3abc
1t 23 - 24 [“2 4 12VaZ + b2 + ¢2 > 9V3abc

Iff 24V a2 + b2 + ¢ + 12Va? + b% + ¢2 > 9v/3abc
Iff 36Va2 + b2 + ¢ > 9v/3abc

Iff 4V a2 + b% + c2 > 3+/3abc
Iff 16(a? + b? + ¢?) > 3(abc)?
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Iff 16(a?® + b% + ¢?) > 3 x 64

Iff a* + b* + ¢* > 12
Because 6 = a + b + ¢ = 3Vabc < 6° > 33abc © 8 > abc
and6=a+b=co (a+ b+ c)? =36=>a2+b2+c'223;—6=12
Therefore it is to be true
1316. Let a4, a,, ..., a,, be positive real numbers such that
a; +a; +-+a, =n;(4=0,n € N). Prove that:

a a, a, - n
@) (a1 +2) @) (a+d) @) (anthH-1+2

Proposed by Sidi Abdellah Lemrabott-Mauritania
Solution 1 by Tapas Das-India

a +a,+-+a,=n
a1+a2+"‘+an

n

1
AM = GM (aaza; ..a,)n <1
Lagdy..a, <1 (1)

a1 az an
@), + ) @a; +A ' (@)Z(a, + A)

1 1

AM—GM 1 1
(aqa3..ap) n n .
= [(alaz...an)zﬂ(a1+)_)] = [ ] (using (1))

1
[I(a1+2)

2 2

AM-GM n n n n

1
> .. — _ _
= n [Z(a1+l)]" -n Ya,+4) Ya,+ndi n+ni A+1
n

(- Yoa=n)

Solution 2 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

a=n

n
i=1
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aq a, an n

+ ot >
as(a, + 2) a(a2+l) ai(a,+4) 1+24

1 AM-GM 1 AM-GM N
— =z n- = =n
= VIl ag ay

1 *

Yozn (%)

L () N (a) () css (Ta) < (2a)
L= . > > -
a,+1A a,+2 a,+ 21 v 1 1
a, a, a, n+d-Yo- YA+
1
Xa, ® n
= >
1+4 1+4
ag=a,=-=a,=1
Solution 3 by Remus Florin Stanca-Romania
Leta,, 1 = a4
n 1
n Ak n (ak+1) ( k= 1‘1‘k+ — (Z"ﬂﬁ) (1)
k=1 ag,q (ak+/1) k=1 1+—k - n+/12k lik +12ﬁ=1i
x2 af 2xn+x2/1

Let f:RY > R, f(x) = > 0 = fisincreasing

n+ix  9x  (n+Ax)2 —

n 1 > n? (Zﬁ 1%)2 n? n
— = > > -
k=1 ap — Yhoqak n= f( ) f(n) = +/12k_1a_ T nt+in A+1 (2)
Tk

:(2) a n
S
ap (a+2)  1+1

1317.1f a,b,c > 0 then
a*(a®* + bc) b*(b*+ca) c*(c*+ab)
b> + ¢> ¢+ a® a’> + b°
Proposed by Zaza Mzhavanaze-Georgia
Solutions 1,2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

>a+b+c

Solution 1 :
The given inequality can be rewritten as follows
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Z a*(a—b)(a-c) N a’(b +c)
b5 + ¢° b5 + ¢°
cyc

Notice thatif a > b > c then

>2a+b+a

a* - b* - ct
b>+c¢> " c5+a> " a®+b¥
so by Generalized Schur inequality, we deduce that

a*(a—b)(a—-—c)
Z b5 + ¢ = 0.

cyc
So it suffices to prove that

5 5
M2a+b+c = Z(M—a>20

b5 + ¢> b5 + ¢5
cyc cyc
o Z ab(a* — b*) ca(c*-a*) P Z ab(a* — b*) ab(a* - b*) -
b5 + ¢5 bS>+c¢> )~ b5 + ¢5 cS+a> |
cyc cyc

ab(a* — b*)(a® — b°)
s (b> + c5)(c® + a5)

which is true because a* — b* and a® — b® have the same sign.
So the proof is completed. Equality holds if and only if a = b = c.

=0,

Solution 2 :
The given inequality is equivalent to
Z(a6 + a*bc)(a® + b%)(c® + a®) = (a+ b + c)(a® + b%)(b® + c®)(c® + ab),
cyc
which, after expanding and simplifying becomes,
Z al® + abcz a3 + abcz a®(b® + c®) + Z a*b®c®
cyc cyc cyc cyc
> Z al®(b® + c®) + abcz a’(b* + c*) + Z a®b>cs.
cyc cyc cyc
= z:[a16 + a*b®c® — al®(b® + c°)] + ach[a” + a’b*c* — a®(b* + c*)]
cyc cyc
+ abcz:[as(b8 +¢®) — 2ab*c*] > 0
cyc
& > a*(a®-b°®)(a®—c®) +abc ) a®(a*-b*)(a*—c*)+abc ) a5(b* - c‘*)2 >0
which is true by Generalized Schur inequality.
Equality holds if and only if a = b = c.
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c >0
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a*(a’? + bc) b*(b* +ca) c*(c* +ab)

b5 + ¢° >+ a® a® + b®
a® bc b® ca c® ab
et ) tara Ot ) T Er (et )
1/ a° b® c® ab bc ca
2§<b5+c5+c5+a5+a5+b5>(a+b+c+7+7+7)2(a+b+c)

1/3 ab bc ca
2 (3) (a+b+c+Z+2+%) > (a+b+0)
|ffa+b+c+“7”+%+%2 2(a+b+c)
2L +2% 419> (a+b+0)
c a b
1 1 1 1 1 1
Iffﬁ+b_2+c_225+;+;°k
Therefore it is to be true.

1318.If a,b,c > 0,a® + b? + c¢? = 3 then
1 1 1 1 1 1

= + +
a b ¢ 2—-a 2-b 2-c
Proposed by Marin Chirciu-Romania

Solution 1 by Elsen Kerimov-Azerbaijan
a=b=c=1;3=3

a2+1> >—(a2+1) 5 >3—a 1 -
- — s — - Ed =
=a a= =" 2—a 3-—a?

a’?+1>2a-
2 2 1

= S e p—

b%z +c¢%2 ~ 2bc bc

1 1 1 1 1 1
Z+;+zZE+E+sz’OV€1
abc <1 (a>?+b*+c*=3 AM >GM)

1> abc

1+1+1>1+1+1
a b ¢ ab bc ac

1> abc

1+1+12a+b+cprove2—>(1+1+1)(a+b+6)29—>
a b c a b c

1> 2% >a+b+c prove3—>3>a+ b+ c proved

1 1
b ¢~ a+b+c

+
a

-
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a’+1>2aq, b% +1 > 2b, c2+1>2c

3>a+b+c

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Letp:=a+b+c q:=ab+ bc+ca, r:=abc.

2
-3
From the given condition, we have q = P >
Since a? + b2 +c%2 < (a+b +c)? <3(a% + b? +c%), thenV3 <p <3,
2 2 _ 3)2
and since (ab + bc + ca)? > 3abc(a + b + ¢), then, rsq—=u.
3p 12p
Using these results, we have
1 1 1_ab+bc+ca_q_pz—3> 6p
a b ¢ abc r 2r " p2-3
and,
1 N 1 N 1 12— 4(a+ b +c) + (ab + bc + ca) _ 12-4p+q
2—a 2-b 2—-c 8-4(a+b+c)+2(ab+bc+ca)—abc 8—4p+2q-—r
2
-3
12 —4p + L ) B 6p(21— 8p + p?)
= (p2—3)2 -9+ 60p —42p% + 12p3 — p*
8—4-p+p2—3—T

So it suffices to prove that
6p 6p(21 — 8p + p?)
p?—3 -9+ 60p —42p?% + 12p3 — p*
& —9+60p —42p% +12p3 —p*— (p?*-3)(21-8p +p?) =0
© 54 + 36p — 60p?% + 20p3 — 2p* >0
© 203 -p)?3+p+pB—-p) =0, whichistrue.
Equality holds iffa=b =c = 1.

1319. If a,b,c > 0, then prove that :
< va Vb Ve
4 + +

b+c c+a a+b

b c \°
) > 1215

6
a
) (a+b)(b+c)(c+a)+52(b+c+c+a+a+b

Proposed by Pavlos Trifon-Greece
Solution 1 by Soumava Chakraborty-Kolkata-India
Assigningb+c=x,ct+ta=y,a+b=z=>x+y—-z=2c>0,

yt+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,Z2+x>Yy
= x,y,Z form sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZa=Zx=25:Za=s

cyc cyc cyc
2a=s—x,b=s—-yc=s—-z
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Va Vb Ve s—xA-6 3 /s—x)(s—y)(s—2z) _3|r/s
+ + = >3 =3
b+c c+a a+b x XyZ 4Rrs

cyc

6
3| 1 Va Vb Ve 4.729.4Rrs
= 4- -
3,’4R\/§=> <b+c+c+a+a+b> @+b)(b+c)cta)= 16R?2s

.4<\/E Vb \/E>6 © 729r
3 =

>
brctcralash (a+b)(b+c)(c+a) =

3
a b c \3 s—Xx s yA 3

Again,252< + + ) =252 Z— =252 M—3

b+c c¢c+a a+b T x xyz

S(52 + 4Rr + rz) 3 s2 — 8Rr + r? 3 Gerretsen

=252 -3 =252(——MmM8M— >

4Rrs 4Rr
252 8Rr — 4r2\° . 252( a N b N c )3 (;) 252(2R-r1)3
ARr N b+c c+a a+b/ R3

252(2R —r)3 + 729R?r ?
B > 1215

? R
& 89t3 — 255t2 + 168t—28>0 (t = F)

2 (2) + (s¢) = LHS >

Euler

?
& (t-2)(50t2 +39t(t—2) +t+14)> 0> true vt > 2
<\/E vb e
=4 +

b+c c+a a+b

a b c \3
+252( +

6
) (a+b)(b+c)c+a)

T c+a+a+b) > 1215/ =" iffa = b = c (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

b c \3

va Vb Ve
4
b+c c+a a+b

+ +
b+c c+a a+b
a b c

+ + :
b+c c+a a+b

3
By Nesbitt's inequality, we have x > >

Let x =

Also, by Schur’s inequality, we have
_(@® +b* +c* +3abc) +ab(a+b) + be(b + ¢) + calc + a)

x (@a+b)(b+o)(c+a)
- 2[ab(a + b) + bc(b + ¢) + ca(c + a)] B 4abc
= (a+b)(b+0c)(c+a) T (a+b)b+o)(c+a)
4abc
then >2—x.

(a+b)(b+c)(c+a)
Now, by AM — GM inequality, we have

6
) (a+b)(b+c)(c+a)+zsz( .2 . ) > 1215 ()
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6

(JE Jb \E>6> Ssjﬁ Vb e 36 abc

b+c c+a a+b b+cc+aa+bh =[(a+b)(b+c)(c+a)]Z

- 3°(2 —x)
“4(a+b)(b+c)(c+a)
Using these results, we obtain
LHS(,) = 3%(2 — x) + 252x3 = 1215 + 9(2x — 3)(14x% + 21x — 9) > 1215,

3
because x > 7 So the proof is complete. Equality holds iffa = b = c.
1320.If a,b,c > 0,a+ b + c = 3,then :

1 1
—_— EE—
Za3+b3+32ab(a+b)_6

cyc cyc

Proposed by Daniel Sitaru-Romania
Solution by Soumava Chakraborty-Kolkata-India
Assigningb+c=x,c+a=y,a+b=z=>x+y—-z=2c>0,
y+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,z2+x>y
= x,y,Z form sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZa=Zx=25=>2a=s—>(1)
cyc cyc cyc
sa=s—-x,b=s—-y,c=s—zand Za:‘:

cyc

cyc

1 3= atbtc a+b+c 1 1 a?
3Z:ab(a+b) - Zab(a+b):ZE+m b+c
cyc cyc cyc cyc
:Z"y"a+iz(s_x)2“+b§c=3i iz:s2—2sx+x2
abc rZs x

cyc

3
via (1
(Z a) —3(a+b)(b+c)(c+a) pas s3 —3xyz=> Za:‘ =s3 —12Rrs = (2)

x r2s r2s
cyc cyc

2 (S Y 2 Y14 Y
" r2s  r2s|ayz Xy — &S .
cyc cyc cyc
3 1,s 3 1 s?2-12Rr+r?
=—+—(-=—(s?+4Rr+r?) —6s+2s)=—+—.
r2s rzs(4Rr( ) ) rs r? 4Rr
atbtc=3 3 3 s?—12Rr+r’vie 3  3(s? —12Rr+r?)

r’s  r?" 4Rr(Yca) rZs 4Rr3s

Z L z 1 Bergstom 9 L3 3(s? — 12Rr + r?)
$ —_— —_— —_— —_—
a3 + b3 ab(a+b) ~— 2¥,ca® r’s 4Rr3s

cyc cyc
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via (2) 9 L3 3(s? — 12Rr + r?) 7 gdratbre 627 via) 162
= 2 _ 2 3 = = 3 = 3
2s(s2 —12Rr) r3s 4Rr3s (chc a) S
6Rr® + 4Rr(s? — 12Rr) + (s? — 12Rr)(s? — 12Rr + r?) 2 54 expanding and re-arranging
= — =
4Rr3s(s2 — 12Rr) — s3

?
s¢ — (20Rr — r?)s* + r?s?(96R* — 222Rr) + 2592R*r* > 0|and
®

3 Gerretsen

+ (s* — 16Rr + 5r?) > 0. in order to prove (%), it suffices to prove :
3 expanding and re—arranging
LHS of (x) > (s? — 16Rr + 5r?) o

(28Rr — 14r?)s* — r?s?(672R? — 258Rr + 75r%) +
?
r?(4096R? — 1248R%r + 1200Rr? — 125r%) > 0 | ™"

(xx)
2 Gerretsen
» (28Rr — 14r?)(s? — 16Rr + 5r?) > 0 - inorder to prove (), it suffices
to prove : LHS of (x+) > (28Rr — 14r?)(s? — 16Rr + 5r2)2

expanding and re—arranging
=4

3k ok

)
(224R? — 470Rr + 65r2)s? > r(3072R® — 6816R*r + 1740Rr? — 225r3)|and

Euler
224R? —470Rr + 65r% = (R — 2r)(224R — 22r) + 21r? > 21r?>0
Gerretsen ?
~ LHSof (xx+) >  (224R%* —470Rr + 65r?)(16Rr — 5r2) >
expanding and simplifying

r(3072R® — 6816R?*r + 1740Rr? — 225r3)
? R ?
256t3 — 912t% + 825t— 50> 0 (t = F) & (t—2)(56t% +200t(t— 2) + 25) > 0

Euler 1 !
> true vt > 2= (xxx) = (xx) = (x) is true :’ZWJF Szm

cyc cyc

26Va,b,c>0|2a:3,”:” iffa =b = c =1 (QED)
cyc

1321.

b c \° 27abc

4
+ + + 405 > 3078
b+c c+a a+b) (a+b+c)3

Proposed by Pavlos Trifon-Greece

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let x = (a+b+c) >1. Bythe AM—-GM i lit h :
e x'_3(ab+bc+ca)_ . By the inequality,we have :

ab,c>0 =>352(

27abc <1 th 4 27abc - 27abc
(@+tb+o - % lla+b+c)?~ (a+b+c)?
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Also, by Schur’s inequality, we have :

27abc 4
9abc > 4(a+b+c)(ab+bc+ca) —(a+b+c)® then, ———>——3.
(a+b+c)3  x

Now, by CBS inequality, we have :

a b c . (a+ b+ c)? _ 3x

b+c+c+a+a+b_2(ab+bc+ca)_ 2"

Therefore,

3s2(0 s 2t € ) 105 | 2T 56 (Y4 405 (2-3)
b+c c+a a+b "Ja+b+c)3 ™ 2 x

5
==2349x54—324(x54—;)——1215

leaniAM—GM 6 1 5
= 2349 + 324 x 6 |x5. (;) — 1215 = 3078.

So the proof is completed. Equality holds iffa = b = c.

Solution 2 by Christos Tsifakis-Greece
Lemma:

4 3
vx, v,z > 0= (x + y)(y + Z)(Z + x) > \/4096(xy12(:+y+z)) .

By Popoviciu for f(x) = Inx in (0, +0) =

FQ+FO) +F@+3- (222 <2(F(2) + £ (59 + £ (%) @

By Jensen =

[f@+ro <27 (22) ro) +f@ < 2f () f@ + f0 < 2f (Z2)} ()
(1 +@ = 3(F@) + FO) + F@) +3f (2) < 4 (£ (%) + £ (55 + £ (55)) =

x+y+ x+ + i
3(lnx+lny+lnz)+31n(#>S4(ln( y)+ln<y Z)+ln<z2 ))=>

3 2 2

3 4
In <(xyz)3 (%) > <In ((x + y)(y;r z)(z + x)) .
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3
*14096(xyz(x+y+z
(x+y)(y+z)(z+x)2\[ (y;7 Y ))
the equality for x =y = z.
L a b c Neg)itt 3 10x > 15\
tx= =
etx b+c+c+a+a+b - 2: r= )
By Sch L 4abe _, ”
chur>x+—=———->
Y [ye(a+ b) )
11x + abc >17 4abc >17 - 11
S1Ix+=——"7-——2> 5" > - 11x >
Hcyc(a + b) Hcyc(a + b)
4abc 1711 176x° N 4abc -
- > - 11x = >
Hcyc(a + b) 405 Hcyc(a + b)
17625 <17—11x+%23,8>
> -
=17 —11x + 205 =
176x° N 4abc 3 g Lemma 176x° N 4abc S 3g
= =
405 ' [lyla+b) =~ 405 A
*1212(abc(a+ b + )
33
176x° N abc 38
=
405 34l a+ b+
2anot (5 5)
176x° N 14| 27abc S 3g
> — 4 [— =
405 2 |[(a+b+c)3 7
352( a + b + ¢ )5 + 405 * 27abc > 3078
b+c c+a a+b (a+b+c)3— ’

the equality for (ng)/\(az b=c)sa=b=c.
1322.Ifa,b,c > 0,n € N,a™ + b™ + ¢ = 3 then:

a*(a’? + bc) b*(b*+ca) c"*(c*+ ab)
Bb+0?2 | (cra)? | (atrb)?

Proposed by Zaza Mzhavanadze-Georgia

3
2_
2
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Solution 1 by Sidi Abdellah Lemrabott-Mauritania

WLOG, we assume that: (a > b > ¢)

Z (% _“7”) _ Z [(ﬁ) ((a—b)(a+b)+(a—c)a+ c))]
T

cyc
n bn Cn

2(b+c)? Y= 2(c+a)? Z= 2(a+b)?

pose: x =

then clearly: (x > y > zbecause:a > b > ¢):
x(a—b)(a+b)+x(a—c)la+c)+yb—a)(b+a)+yb—-c)(b+c)+
+z(c—a)(c+a)+z(c—b)(c+b) =
=(a+b)a-b)x—y)+(b+c)b—c)(y—2)+(c+a)la—c)(x—2)=0
a*(a®+bc) a*+b"+c" i

(b+c)? — 2 2

cyc

Equality holds if: a = b = c. (Q.E.D)

Solution 2 by Sidi Abdellah Lemrabott-Mauritania

WLOG, we assume that: (a > b > c¢),n > 1:

ifm=1,a+ b + c = 3 we have:

1 > 1 > 1 and a(a?+hbc) > b(b?+ca) > c(c2+ab):
b+c c+a a+b b+c c+a a+b
a(a? + bc) AN Za(a—b)(a—C) >0
b+c b+c
cyc cyc
a(a? + bc Bergstrom (q + b + ¢)? = a(a? + bc
@z ( )Zzaz 2 ( )a+b;c33<z>z ( )23
b+ c 3 b+c
cyc cyc cyc
a(az + bC) 1 a(az + bC) Chebyshev & Bergstrom
LHS = — = Z ( ) =
(b + ¢)? b+c b+c
cyc cyc

1 9 a+b+c=33
S R
3\2(a+b+c) 2

pose: n = k is true, know we need to prove: n = k + 1 is true,

a1 + pntl + c*t1l =3
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Z <a"(a2 + bc) 1) Z a*(a—b)(a-—c)
= >0
b+c -

b+c
cyc cyc

1 n+l, .n+1_
a"(a2+bc) attlypntlypentl=3
< chc btc = 3 (1)

a = b = cthen:

a™(a?+bc) > b"*(b*+ca) > c"(c?+ab)

b
b+c c+a a+b

2 >
b+c c+

a b
LHS — Z a a“(a?+ bo)
B b+c (b+c)
cyc

1 a a™(a? + bc) | Nesbitt& (1) 1 3
LAy o |[ye b e 3
3 b+c b+c 3 2

cyc cyc

>—"and
a+

> Chebyshev

I
N|w

Equality holds if (a = b = ¢). (Q.E.D.)
Solution 3 by Sanong Huayrerai-Nakon Pathom-Thailand

(a"(zz++ bc))2 (bn(b2+ + ca))2 (c"(cz_l_+bab))2
c ct+a a

3
> —
a(a? + bc) b"(b% + ca) c(c2+ab) ~ 2

a"(a2+bc) b"(b2+ca) cn(cz+ab)2
[ff — b0 " (cta) ' (ath) s 3
a™(a?+bc)+b"(b%+ca)+c™(c2+ab) — 2

Iff .

an(a2 +bc) (b+c)+b"(b2 +ca) (c+a)+c7l(c2 +ab)(a+b)
3
2

a™(a?+bc)+b™(b%+ca)+c™(c?+ab)
3
Iff (a"(a2 + bc) + b*(b? + ca) + c™(c? + ab)) >

(a"(a2 + bc)(b + ¢) + b*(b? + ca)(c + a) + c*(c? + ab)(a + b))2

N| W

>
3
Iff (a"(a2 + bc) + b*(b? + ca) + c™(c? + ab)) >

(a™(a? + ba) + b (b? + ca) + c*(c? + ab)(2(a+ b + c))l2

3
>
3

—2
Iff a™(a? + bc) + b*(b? + ca) + c*(c? + ab) > g(a + b +c)?
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Iff@(az+bz+cz+ab+bc+ca) 2§(a+b+c)2
a*+b"+c" =3
Iff 3(a® + b% + ¢? + ab + bc + ca) = 2(a? + b? + ¢?)
Iff a? + b* + ¢ > ab + bc + ca

Therefore it is to be true

Solution 4 by Soumitra Mandal-Chandar Nagore-india

a™(a? + bc) _a*{(a-b)(a-c)+alb+c)}
(b + ¢)? _Z (b + ¢)?

cyc
_Zan(a_b)(a_c)_l_z an+1 >zan+1
B (b + ¢)? b+c~ L.b+c

cyc cyc cyc

Applying Schur’s Inequality
x(a—b)a-—c)+yb—-—a)(b—c)+z(c—a)(c—b) =0

we have

Z a"“(a—b)(a——c) -

(b + c)?
cyc
where
X = a” S dz = <
T w02’ T cra2 N E T iy

a” b" c"
thena>=b >c

Let (b+c)? = (c+a)? = (a+b)?

Chebyshev's
Inequality 1
>

= (chc < ) (chc an) = % % ‘3= %(proved)

3 b+c
Equalityata=b =c = 1.

Solution 5 by Myagmarsuren Yadamsuren-Darkhan-Mongolia

. 3'Za"(a2+bc) >3
Z“ Y bto? -2
a b c

a>b>c: > >
b+c c+a a+b

3 3 ) a* a Y a?* Chebyshev
RHS = - =—- < z . <
2 2 3 b+c 3
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ss%.Zan( a )_Z—“n(“(b”)):RHs

b+c/ (b + ¢)?
a™(a? + bc) é Z a*(a(b + c))

(b + ¢)? (b +c)?
Z(b:l_nc)z-(az +bc—ab—ac) =0
an
Zm(a—b)(a—c) >0
at b" c" *
(b+c)2 = (c+a)? = (a+b)2 (*)
a” b" c"(c—a)(c—b)
m(a—b)(a—c)+m(b—a)(b—c)+ CETE >
Q) a” n n
= m(a_b)(a—c)+m(b—a)(b—6)+m(c—a)(c—b) =
=(b:l_—c)2'(a_b)2 +m(C—G)(C—b) =0
20 >0
:m'(a—b)2 +(a_cl._—b)2-(c—a)(c—b) >0
(a=b=c)

1323.If a,b,c > 0, then prove that :
a®(a? + bo) N b8(b? + ca) N c®(c? + ab) - 3
(b + c)10 (c + a)lo (a+b)l0 — 512

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

11

1 20 0 1
Via Power — Mean inequality, 3" Z ail = 3 Z a

cyc cyc

11 20
20 ©1
= Z all > 39 Z a and also,

cyc cyc

L 11 17
1 17 1 17 @) 1
E.Zall Zg.Za: Zall ZE Za

cyc cyc cyc cyc
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a®(a?+bc) b%(b%2+ca) cB(c?+ab)
+ + Z(b+ )1°+abc2(b+c)1°

(b + )10 (c+ a)l0 (a + b)10
20y 11 17,11 20 1
(all) (all) Radon (chc all) (chc all)
———<+abc ) —F—= = tabc———— ¢
Ge(abr a0t TG b a0 T g0 (Eeab)? 20 (Sea)”
via (l) (ii) 39 (chc a) be. 36 (ZCYC a) >
> +a
2 (chc ab) 2 (ZCY ) 512
39 (chc a) 36 (chc a)
Aad P E——T + abc C———To 3
(chc ab) (chc ab)

Assigningb+c=x,c+a=y,a+b—z=>x+y—z—2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+4+y>zy+z>x,2+x>y=>xYyzformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

yielding22a=2x=25=>2a:s—>(1)=>a:s—x,b:s—y,

cyc cyc cyc
¢ = s — z and such substitutions = z ab = Z(s —x)(s—vy)
cyc cyc
= z ab = 4Rr +r? - (2) ~ (1),(2) and abc = H(s —x)=r2s
cyc cyc
20 12518 (%)
=) |35 GRr + 1D T 36@Rr 1D = ©

Gerretsen

Now,s?> > 3(4Rr+r?)+4r(R—2r) S 3(4Rr + r?)
s1* > 37(4Rr +12)” and s'? > 35(4Rr + r2)°
L LHS of (+s) > s%.37(4Rr + r2)7 N r?s® 3%(4Rr + r2)6
~ 39(4Rr +r2)10 36(4Rr + rz)10
s® s® ? (4R +1r)s® +9rs®
“oB@R+ 0’ T P2@R+0* 2T T oB@R Dt

?
& |(2R + 5r)s° > 27r3(4R + r)*
(***)

Gerretsen 3 ?
Again,(2R+5r)s® > (2R +5r)(16Rr — 5r%)" > 27r3(4R + n)*
? R
© 640t* + 294413 — 9696t + 2659t — 326 > 0 ( = F)

Euler

& (t—2)(640t3 + 3600t% + 624t(t — 2) + 163) S0 true -t > 2
a®(a® + be) N b8(b? + ca) N c8(c? + ab)

(b + c)10 (c + a)to (a+b)1o — 512'
"=""iffa =b = c (QED)

= (x#%) = (xx) = (x) is true -
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

a®(a? + bc) ad a 9
We have Bb1o0 i (a— b)(a—c)+(b+ )
a b8 c8

(b+ )10~ (c + a)1° (a + b)1’
then by the Generalized Schur inequality, we have

a8
Zm(d-b}(a—(:) = 0.

cyc

(and analogs)

WLOG, we may assume thata > b > c. We have

Therefore

aS(aZ + bC) a 9 Holder Nesbltt 1 3 9 3
i S L
(b + ¢)10 b+c 38 b+c 38°\2 512

cyc cyc cyc

Equality holds if and only if a = b = c.

1324.1f a,b,c > 0,n € N then
a(a’ + bc) b*(b%*+ca) c*(c*+ ab)
bn+1 + cn+1 + cn+1 + an+1 + an+1 + bn+1 -

>a+b+c

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Bui Hong Suc-Vietnam
By Rearrangement inequality:

a*(a? + bc) b*(b*+ac) c*(c*+ ab)

LHS = bn+1 + cn+1 cn+1 + an+1 an+1 + bn+1

a**l.a a*-b-c b*t1.p b"-a-c ctl.c
- pntl 4 entl + pntl 4 entl + cntl 4 gntl + cntl 4 gntl + antl 4+ pnt1 +
c"-a-b
an+1 + bn+1
Cn+1.a an+1_c bn+1_a c"-b-b

= bn+1 + Cn+1 + an+1 + bn+1 + an+1 + bn+1 + Cn+1 + an+1 +
bn+1 .c an+1 .C
+ bn+1 + C"+1 + C"+1 + an+1

Cn+1 .a bn+1 ‘a an+1 .c bn+1 .c
= bn+1 + Cn+1 + bn+1 + C"+1 + an+1 + bn+1 + an+1 + bn+1 +

Cn+1 - b an+1 - b
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Cn+1 + bn+1 an+1 + bn+1 Cn+1 + an+1
=a bn+1 +cn+1 tc an+1+bn+1 +b Cn+1 +an+1 =a+c+b=RHS

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
The given inequality can be rewritten as follows

a*(a—b)(a—c) a**'(b+c)
Z >a+b+c.
bn+1 + Cn+1 bn+1 + Cn+1
cyc
Notice thatif a > b > c then
a” b" ct

= =
pnt+1 + cnt1 cntl + ant1 ant1 + pn+1’
so by the Generalized Schur inequality, we deduce that
a*(a—b)(a—-—c)
> 0.
pnt1 + cnt1

cyc
So it suffices to prove that

a**1(b + ¢) a*1(b + c)
bn+1+cn+12a+b+c < Z bn+1+cn+1_a =0

cyc cyc

o Z (ab(a" —b") ca(c" - a")) P Z <ab(a" - b") B ab(a™ — b”)) >0

bn+1 + Cn+1 bn+1 + cn+1 bn+1 + cn+1 cn+1 + an+1
cyc cyc

b(a™ — p" n+1 _ bn+1
o Z ab(a )(a ) -0
cyc

(bn+1 + cn+1)(cn+1 + an+1) -

which is true because a® — b™ and a™*! — b™*1 have the same sign.
The proof is completed. Equality holds if and only if a = b = c.

1325. If a,b, ¢ > 0 such that a* + b? + ¢? = 3,then :
a’(a? + bo) N b2(b? + ca) N c%(c? 4+ ab)
(b + ¢)? (c + a)? (a + b)?

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

3
2_
2

a?(a® +bc) b*(b*+ca) c*(c*+ab) at a’bc
_Z(b+c)2 +Z(b+c)2
cyc cyc

(b +c)? (c+ a)? (a + b)?
(a?)? a®  Radon (Tyc a?)’? abc(Teye a)’ 2 3
- (ab + ac)? + “bcz (ab +ac)? — a3 ab)z a3 ab)z = 2
cyc cyc cyc cyc

3 3

24p2yc2 =3 a?)” + abc a ?12 24p24c2=3

a“+ ;}C (chc ) (ZZCyC ) 2 E az a“+ éc
4(chc ab) cyc
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3 3 2

?
Zaz + abc Za >2 Zaz Zab

cyc cyc ) cyc cyc

Assigningb+c=x,c+a=ya+b=z=>x+y—-z=2c>0,
y+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,2+x>Yy
= x,y,Z form sides of a triangle with semiperimeter, circumradius and inradius

= s,R,r(say)yieldingZZa = Zx =2s =>Za =s- (1)
cyc cyc cyc
>a=s—x,b=s—y,c=s—z= abc=r?s - (2) and substitutions =

Zab=2(s—x)(s—y):Zab:4Rr+r2—>(2)

cyc cyc cyc
2

:zaz _ za _Zzab:sz—2(4Rr+r2)
cyc cyc cyc
= z az = SZ — 8Rr — 21'2 d (3) (1); (2); (3) = (*)
cyc

& (s — 8Rr — 2r2)’ + r2s.s? > 2(s? — 8Rr — 2r?)(4Rr + r?)’

(xx)
& |58 — (24Rr + 5r2)s* + r2s?(160R? + 80Rr + 10r2) — 4(4Rr +12)° > 0

3 Gerretsen
and = (s> — 16Rr + 5r%) > 0 . inorder to prove (x*), it suffices to prove :
LHS of (++) = (s? — 16Rr + 512)° &

(24Rr — 20r?)s* — r?s%(608R? — 560Rr + 65r?)
(%)
+r3(3840R% — 4032R?r + 1152Rr? — 129r%) > 0

2 Gerretsen

and = (24Rr — 20r?)(s? — 16Rr + 5r?)° > 0 - in order to prove (+*x),

it suffices to prove : LHS of (+*x) > (24Rr — 20r?)(s? — 16Rr + 5r2)2

(k%)
& |(160R? — 320Rr + 135r%)s? > r(2304R® — 4928R’r + 2648Rr* — 371r%)|and

Gerretsen

Euler
+s2 > 16Rr—5r% and 160R? — 320Rr + 135r¢ > 135r2>0

. in order to prove (x**x), it suffices to prove :
(160R? — 320Rr + 135r2?)(16Rr — 5r?)
>r(2304R3 — 4928R%r + 2648Rr? — 371r%) & 32t — 124t> + 139t - 38> 0

Euler

R
(t = ;) e t-2)32t(t—2)+4t+19) > 0> true v t = 2 = (xrxx) > (4xx)
a*(a® +bc) b%*(b%?+ca) c*(c?+ ab) .3
b+0Z | (cta? | (atb? -2
Vab,c>0|a?+b%2+c2=3"=" iffa=b =c=1(QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
a’(a’ + bc) b*(b*+ca) c*(c*+ab
( )+ ( )+ ( ) — (a® + b* + ¢?)
(b + c)? (c+ a)? (a + b)?

= (x%) = (x) is true ..
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3 2a?%(a? + bc) 5\ a’(a? — b?) a?*(c? —a?
‘Z( b + c)? _“>‘;< b+0? (b+c)2>

cyc

3 Z <a2(a2 — b%?) b?*(a® - b2)> B Z (a? — b?»)[(ca+ a?)? — (b? + bc)?]

s (b+c)?  (c+a)? (b + ¢)2(c + a)?

(a+b)(a+ b+ c)(ca+ a? + b? + bc)(a — b)?

= b+ 0% (c + a)? 0.
cyc
Therefore,
a?(a? + bc) N b%(b? + ca) N c2(c? + ab) - a? + b? + ¢? 3
(b + ¢)? (c + a)? (a+b)?2 ~ 2 T2
Equality holds if and onlyifa=b =c = 1.
Solution 3 by Myagmarsuren Yadamsuren-Darkhan-Mongolia
Z a?(3 — a?) s a?=3o3-a?=p?+c2 O a?(b? + c?)
(b + c)2 2(b+0)? B 2(b + c)?

a* —a?- (b* + c?)\ ?
z‘Z( B+ o7 )20
2
%z(b:l_—)z[zaz—(b+c)2+2bc]20
2(a® + bc)a®> 1 a?
zz o EZ(b+ )2.(b+c)220

a?(a? + bc)
" (b+o0)? ZZ 2

a=b=c=1

Solution 4 by Sidi Abdellah Lemrabott-Mauritania

This inequality is symmetric assume that (a > b > ¢) then:

a(a2+bc) > b(b2+ca) > c(c2+ab) and a_ =~ _b b >

b+c - c+a - a+b b+c c+a b

Z(a + bC) Chebyshev 1 a(a + bc) Nesbitt
M. >
(b + ¢)? = b+c Z b+c -
yC cyc

cyc
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1 Za(a2+bc) ? 3
>y ———— =2
2 b+c 2

cyc

a(a? + bc) a(a? + bc)
Zb—+c=z<b—+c‘“2>+zaz -

cyc cyc cyc
ala—b)(a—c Schur
D0 S S
b+c
cyc cyc cyc

1 a(a? + bc) 1 3
@§'<Zb—+c>2§'<zaz>=i

cyc cyc
Equality holds if: (a = b = ¢ = 1) (Q.E.D.)

1326. Let a4, a5, ..., a,, be positive real numbers such that

a? + a3 + -+ a? = n; n € N.Prove that:

n\/a% + ayaz + n\/a% +aza, + -+ Va2 +a;a, <nV2

Proposed by Sidi Abdellah Lemrabott-Mauritania
Solution 1 by Elsen Kerimov-Azerbaijan

"la? + a,a; = x; » x" = a® + a,a
1 tazaz; = x4 1 =aj +azaz

Va:+aza, = x, - x* = a: + aa,

M=x}+x5+ -+ x5 =n+(aaz +aza, + -+ aa;)
1

(%i Z‘)H %(i xk) = Lemma

v

M

- (x1 + X2 + -+ xn)"

2 2 2 2 2 2
ai+ai+ai+ai+-+al+a
MSn+<2 3 3 4 1 Z)ZZn

2
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n

in=P

i=1
n

2n>——=2n">P"=>P<V2xn

Solution 2 by Tapas Das-India

at+a5+--+ai=n

n\[af + aza; + n\[a% + azay + -+ Y ai + a;a,

1
cas (a? + a2 + -+ a2) + (aza; + aza, + -+ aja,)|"
<n

n

2 2 2
< n

- n

1

{(Za§)+ a§+a§+a§+ai+_”+ai+a§ ]In

AM—GM |
|

. (mﬁ);(mi)lin[@

[+ ) i =1]

1327. Let a, b, c > 0 such that abc = 1. Prove that

[ —n 2n=nn2

1 N 1 N 1 - a+b+c
a(a+b) bb+c) c(c+a) ab+bc+ca-1

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

2
CBS <chc J%) Deye (% + 2 ﬁ) AM—GM
>

Zb(b+c) = Yeyca(b +c) 2(ab+bc+ca)

cyc

3a\/§
3 [+. [=
Zeye b'yc _ 3(a+b+c)
~ 2(ab+bc+ca) 2(ab+bc+ca)
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a+b+c AM_GM a+b+c a+b+c

S - _
ab+bc+ca—w ab + bc + ca— %/(abc)? ab+bc+ca—-1

Equality holds if and onlyifa=b =c = 1.

1328. Let a,b,c > 0 such thata + b + ¢ = 3.Prove that :

2023 2023 2023
28 (a2024 + b2024 + c2024) — 3 >27(ab + bc + ca)

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Case 1|Exactly 2 variables = 0 and WLOG we may assume b =c =0

2023 2023
(a = 3) and then : LHS — RHS = 28 x 32024 — 3 > 33 % 32024 —3 > (
Exactly 1 variable = 0 and WLOG we may assume a = 0 (b + ¢ = 3)

andthen:LHS—RHS=28.<2024 b+xb b * ...b*1+2024\/c*c*c*...c*1>

~—_—
2023 terms 2023 terms

27.9bc G_H )8 2024 N 2024 3 243bc
TThioz = T T T2
(b+0¢) %4_1 20c23_|_1 (b + ¢)
= 28.2024 b’ + c* 243bc
e 2023b + b2 ' 2023c +c2 (b + )2
Bergstrom
and
-.-b+>c= 3 28.2024(b + ¢)? 243bc
= T T T a2
2023 b+ 0)2 + b2 + ¢2 (b+c)
_ (84.2024 - 6069)(b* + c* + 2bc) — 9(b? + c?) 243bc
B 2026(b2 + ¢2) 4+ 2023.2bc b2 + c2 + 2bc

_163938x + 163947y 243y

2026x + 2023y  2(x+y
_ 327876x* + 163452xy — 163695y
2(x+y)(2026x + 2023y)
_ (327876x +491328y)(x — y) + 327633y?

2(x+y)(2026x + 2023y)
2023 2023 2023

andb,c>0=>x,y>0 - 28 <a2024 + b2024 + c2024) —3>27(ab + bc + ca)
[Case3]a,b,c> 0 and then : LHS — RHS ~* "2 73

28.<2024 axaxax..ax1+202bxbxb=x..bx*x1+ 2024 c*c*c*...c*1>—3
< - - = -~ < -~
2023 terms 2023 terms 2023 terms

) (x = b% + %y = 2bc)

>0vx=b*+c2>2bc=y
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B 27.9(ab + bc + ca) G;H 28 2024 4 2024 4 2024
(a+ b+ c)? - 20‘123 1 20b23 1 20c23 1
243(ab + bc + ca)
~ (a+b+0)?
=28.2024< a? N b? N c? )_ _ 243(ab + bc + ca)
2023a+ a?2  2023b+b%2  2023c+ c? (a+b+c)?

Bergstrom
and

va+b+c=3 28.2024(a +b + c)? 3 243(ab + bc + ca)

>
= 2
%(a+b+c)2+a2+b2+c2 @+b+oc)

84.2024(u + 2v) 243v

- 2023(u+2v)+3u - u+2v
_ 6(27323u” + 27242uv — 54565v®) _ 6(u — v)(27323u + 54565v) _ 0

2026u + 4046v 2026u + 4046v -
(va?+b* +c?>ab+bc+ca>u=vandab,c>0=uv>0)

(u=a?+b?+c%,v=ab+bc+ca)

2023
- 28 z a2024 | -3 > 27 z ab | and combining all cases,

cyc cyc
2023 2023 2023
28 <a2024 + b2024 + c2024) —3 >27(ab + bc + ca)

Vab,c>0|a+b+c=3"="iffa=b=c=1(QED)

1329. Let a,b,c = 0 such that a + b + ¢ = 3.Prove that :

2024 2024 2024 2024 2024 2024
a2025 4+ b2025 4+ ¢2025 +1 > ab + bc + ca + a2025b2025¢2025

Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Exactly 2 variables = 0 and WLOG we may assumeb = ¢ = 0

2024
(a = 3) and then : LHS — RHS = 32025 + 1 > 0
Exactly 1 variable = 0 and WLOG we may assume a = 0

(b + ¢ = 3) and then : LHS — RHS * " =3
9b
2025\/b>t<b>«<b*...b*1+2025\jc*c*c*...c*1+1——c2
2024 terms 2024 terms (b + C)
G;H 2025 N 2025 +1 9bc
= - 2
2024, 2024 T ok o)
C
Bergstrom
and
2025 (—2 < TERLLI S
= + —
2024b + b2  2024c+ c2 (b + ¢)?
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2025(b + ¢)? i1 9bc
" (b +0)2
%(b+dz+bz+cz (b +c)
6075(u+v) 9v
= - 1 = b? 2.y=2
20270+ 2024v 2+ v) T L (U= BF+ %V =2bc)
1350(u + v)? — v(2027u + 2024v) 1350u? + 673uv — 674v2

1=9
20+ v)(2027u + 2024v) T 2@+ v)(2027u + 2024v) T

9 (u —v)(1350u + 2023v) + 1349v? 15150
= *
2(u+v)(2027u + 2024v) -

(vb%?+c%2>2bc>u=>vandb,c>0=uv>0)
2024 2024 2024 2024 2024 2024
- 2025 + b2025 + 2025 + 1 > ab + bc + ca + a2025b2025¢2025

b =3
[Case 3]a,b, c > 0 and then : LHS — RHS e
2025\[a*a*a* .o x 1+ 2025 b*b*b*...b*1+2025\[c*c*c*...c*1

2024 terms 2024 terms 2024 terms
9(ab + bc + ca) (ab )ggi‘;
(a+b+c)? abc
> 2025\/a*a*a* we@x1 42025 bxbxbx* ...b*1+2025\/c*c*c*...c*1
2024 terms 2024 terms 2024 terms
9(ab + bc + ca)
(a+b+c)?
A-G 2024

( 3=a+b+c > 3¥abc>abc<1- (abc)z025 < 1)
G;H 2025 N 2025 N 2025 9(ab + bc + ca)

= - 2

20(124+ L 20b24+ L 20c24+ .,  (@+tb+o
a? b? c? 9(ab + bc + ca)
= 2025 + + —
2024a+ a* 2024b+ b2  2024c + c? (a+b+c)?
Bergstrom
and
atbte=3 2025(a + b + ¢)? 9(ab + bc + ca)
= - 2
2024 i b+c?2+at+bi+cz  (@tb+o

6075(x + 2y) 9y

T 2024(x+2y) +3x  x+2y
_ 6075(x + 2y)? — 9y(2027x + 4048y) _ 9(675x* + 673xy — 1348y?)

(x + 2y)(2027x + 4048y) ~ (x+2y)(2027x + 4048y)
9(x —y)(675x + 1348y)

~ (x + 2y)(2027x + 4048y) —

(x =a?+b?%+c%y=ab+bc+ca)

'.'Zaz22ab=>x2yanda,b,c>0:x,y>0

cyc cyc
2024 2024 2024 2024 2024
Z a2025 + 1 > Z ab + a2025bh2025¢2025 and combining all cases,z a2025 + 1
cyc cyc cyc
2024 2024 2024
> Z ab + a2025b2025¢2025 V a,b,c > 0 | Z a=3"="iffa=b=c=1(QED)
cyc cyc
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1330.If x,y,z > 0 then
2

Z - < x%y* + y?z* + z°x?
2= 2
Sx+xrat2) @Y Tyztzx)

Proposed by Marin Chirciu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

2

2
Z x _sz(\/(x+y)(x+z)—x)

e (x +\/(x+y)(x+z))2 - — (xy + yz + zx)?

2
x+y)+x+z 2
AM—GM 3.\ x? (( Y) > ( ) _ X) _ Yeye X2 (y ‘2|' Z)

< =

- (xy + yz + zx)? (xy + yz + zx)?
AM—QM 2, Y2+ 7%

n o Dy Xt x2y? + y2z% + z2x?

(xy+yz+zx)2  (xy+yz+zx)?
Equality holds iff x =y = z.

Solution 2 by Soumava Chakraborty-Kolkata-India

Jex+y)(x+2) +\/(x+y)(x+ Z) A;G

x+Jx+y)x+z)=x+

2 2
33 2x(x+y)(x +2z) G;HS 3x2x(x+y)(x+2z)
8 - E*Zx(x+y)+2x(x+z)+(x+y)(x+z)
x2
=
(x+,/(3|c+y)(3|c+z))2

- 2x(x+y)y+z)+2x(x+2)(y+2) + (x +y)(x +2)(y + z))2
- 81(x +y)2(x + z)2(y + z)?
2

:Z ad .
cye (x+,/(x+y)(x+z))
(2x(x+y)(y+z) +2x(x+2z)(y+z)+ (x+y)(x+z)(y+z))2
Zy; 81(x +y)2(y +2)%(z + x)?
Assigningy+z=a,z+x=b,x+ty=c>a+b-c=22>0b+c—a=2x

>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>b= ab,cformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

)
yielding22x=2a=25=>2x=s=>x=s—a,y=s—b,z=s—c

and analogs

()
<

cyc cyc cyc

Via such substitutions, Z xy = Z(s —a)(s —b) = 4Rr + r?

cyc cyc
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2
(e ia (+),(*)
=>ny = 4Rr +r? =>~Zx2y2 = (ny) —nyszvm =

cyc cyc cyc cyc

(4Rr + rz)2 —2r?s.s = z x%y? o r2((4R +r1)? — 252)

cyc

Z(Zx(x +y)y+z)+2x(x+z2)(y+2)+(x+y)(x+2)(y+ z))2

cyc

2
= Z(Z(s —a)(ac + ab) + abc)? = z (2(5 -a) (Z ab — bc> + 4Rrs>

cyc cyc cyc
2

=4Z (s—a)*Zab—sbc+6Rrs
cyc cyc
2
/ Zab *z:(s—a)2 +522a2b2 + 108R?r?s? — \
—4 cyc cyc cyc i
2s Zab *Zbc(s—a)—12Rr522ab+12Rrs Zab *Z(s—a)/
cyc cyc cyc cyc cyc

cyc cyc

Il
N

—_

cyc cyc cyc
Yeycab = s2+4Rr+r?

= 8r2 ((70R? — 4Rr — 2r?)s? — s* — r(4R +1)?)
' Z (Zx(x +y)y+z)+2x(x+z)(y+z)+ (x+y)(x+2)(y+ z))2

2 2
(Z ab) * (352 —2s(2s) + 2(s* —4Rr — rz)) +s? (Z ab> — 16Rrs?
+108R?*r%s% — 2s (Z ab) * (s (Z ab) — 12Rrs> — 12Rrs? Z ab + 12Rrs? Z

S 81(x +y)2(y +2)%(z + x)?
y

8r? ((70R2 —4Rr — 2r?)s? —s* —r(4R + r)3) 2 Yeyex2y? via (+),-+) T2((4R + 1)? — 252)
= 81 * 16R2r2s?2 - (Beye xy)z B (4Rr + r2)2

& (1472R* + 800R®r + 156R?r? + 20Rr? + 2r*)s?

?
+r(4R+1)% > (308R* — 8Rr — r?)s*
(%)

Gerretsen

?
Now,RHS of (xx) <  (308R?— 8Rr —r?)(4R? + 4Rr + 3r?)s? <
(1472R* + 800R®r + 156R?*r? + 20Rr? + 2r*)s? + r(4R + r)°

?
& (240R* — 400R°r — 732R?r? + 48Rr® + 51*)s? + r(4R +1)° = 0
(xx%)
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240R* — 400R3r — 732R?*r? + 48Rr? + 5r* > 0 and then :
LHS of (#+*) > r(4R +1)% > 0 = (*#%) is true (strict inequality)
240R* — 400R3r — 732R?r? + 48Rr? + 5r* < 0 and then : LHS of (+xx)

Gerretsen

= — (—(240R* — 400R®r — 732R?r? + 48Rr? + 5r%))s? + 4R +1)° >
— (—(240R* - 400R®r — 732R?r? + 48R3 + 5r*) ) (4R + 4Rr + 3r?)
?
+r(4R+1)°> >0
g R
© 120t° + 48t5 — 316t* — 4123 — 228t2 + 23t +2 >0 (t = ;)

Euler

?
& (t—2)(120t° + 288t* + 260t3 + 102t> + 6t(t—2) —1) >0 > true =~ t > 2

= (**x) is true and combining both cases, (xxx) = (xx) is true V A ABC
2 -
x via (*)

<
; (x+Jx+y)+ z))2
Z 2x(x+y)y+z)+2x(x+2)(y+2) + (x +y)(x +2)(y + z))2
81(x + y)2(y + 2)2(z + x)2

cyc

x2 2
< (chyc_y)z =" iff x =y =z (QED)
cyc XY

1331. Let a, b, c > 0 such that ab + bc + ca = 3. Prove that

b+c+ c+a+ a+b> a+b+c+3
bc + 1 ca+1 ab+1 " +Ja+ b+ c+ abc

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS inequality, we have
(b+c)a+b+c+abc) (b+c)* (ab+ca)? - (b + ¢+ ab + ca)?

bc+1 "~ bc+1 ab+ca ~ bc+1+ab+ac
(b + c + ab + ca)? b+c - b+c+ab+ca
= = =
4 bc+1~ 2v/a+b+c+ abc
Similarly, we have
c+a c+a+ab+ bc a+b a+ b+ bc+ ca
> and >
ca+1 2va+b+c+abc ab+1 " 2+/a+ b+ c+ abc
Adding these inequalities, we obtain

jb+c \jc+a Ja+b a+b+c+ab+bc+ca_ a+b+c+3

+ + > =
bc+1 ca+1 ab+1 va+ b+ c+ abc va+b + ¢+ abc
Equality holds iffa=b =c = 1.
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1332. Let A > 0 be fixed.If a,b,c > 0 such that : abc = 1, then :

a? - 3
; (ab+2A)(Aab +1) — (A + 1)z

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

(x +y)? a? a?
S ) ) z
4 (ab+2)(Aab+1) (ab+A+2Aab+1)
cyc cyc 4

B 42 a? - 4 z ab
- o A+1)2(ab+1)2 = (A+1)2 £ (ab + 1)(bc + 1)

(v x*+y?+2% > xy+yz+zx)

4 abc=1
= 1 =
A+ 1)2(ab + D(be + Dica + 1); ab(ca +1)
4(chc a+ Yeye ab) ; 3
A+ 1D2(2+ Xegea+ Yeyeab) (A +1)2

? ?
®4Za+42ab26+32a+32ab@za+2ab26

cyc cyc cyc cyc cyc cyc

A-G be =
—>true‘-‘2a+2ab > 3*3\/abc+3*3\/a2b2c2ac= 16

cyc cyc
2

a 3
l.. > — >
Zmbﬂ)(xabﬂ) > G Vebe>0labe=1andvaxo,
y

"="iffa=b=c=1(QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

X z y
Leta=—,b=—,c ==,wherex,y,z> 0. We have
y X z
Z a’ ~ Z X2 Hégler (chc x)3
(ab+D)Qab+1) Li(z+ay)Az+y) = Yeex(z+24y). Yo Az +y)
cyc cyc
2
(chc x) 3

= > :
A+ 1D2¥pcxy — (A+1)2
Equality holds iffa=b =c=1.

1333. Let a, b, ¢ > 0 such that a® + b?> + ¢ = a + b + c. Prove that
1 1 1 v5a%2 +4bc—a V5b%2+4ca—b V5c¢:+4ab—-c

—+—+—-+32> + +
a b c vVbc Vea vab
Proposed by Phan Ngoc Chau-Vietnam
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By the AM — GM inequality, we have

5a? 2a?
v5a? +4bc—a 5a2_|_4 a <1 W+4+ e _, a pct4
N ~ | bc vbe 2\ % 12 Vbe Ve & 1o
Vbe Vbe
2
Zbic+4 az(%+%)+2(b+c) az(%+%+%)—a+2b+2c'
- 2a - a+b+c - a+b+c (and analogs)
b+c+2
Therefore
2 2 (1 1 1
5a2+4_bc_a<(a +b +c)(E+B+E)+3(a+b+c) 1 1 1 3
Vbe B a+b+c =atptet?

cyc

Equality holds if and onlyifa=b =c = 1.
1334. Let a, b, c > 0 such that abc > 1 then prove that

a’(b® +c®) b°(c® +a® c*(a®+ b%)
a® + b5c b® + c5a c® + a°b
Proposed by Zaza Mzhavanadze-Georgia
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Holder's inequality, we have
ab + b°c < %/(a® + b%)5(a’ + c®) (and analogs)
Then by using this result and AM — GM inequality, we get
Z a®(b® + c®) - Z a®(b® + c®) S 3 1—[ a5 (b® + c%)
a® + b5c o~ °/(ab + b)5(ab + c6) */(a® + b®)5(a® + c°)

cyc cyc

>3

= 33/(abc)’5 > 3.
Equality holds iffa=b =c = 1.
1335. Leta,b,c > O such thata+ b + ¢ + 2 = abc.Prove that

(a+b+ )(1+1+1)>z 1+“(b+c)+ 1+b(c+a)+ 1+C(a+b)
“ “Na'p )= a? bc b2 ca c2 ab

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality, we have
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1 alb+c) ab + bc + ca
1 ab+c) /1 Y b 2, T B
2 —2+—s<—+1)+ ==+
a bc a 1.4 a 1.4
a a
—2+<1+1+1>< 1+ 1 )( d 1 )
= tlgtpte a T 1 and analogs

1 a(b+c) 1 1 1 1
2 —+—s<—+—+—) 2+a+b+c—3+z

a? bc a b c a+1
cyc

cyc

1

because we have Z —=1
a+1

cyc

So the proof is complete. Equality holds iffa=b = ¢ = 2.

1336. Let a, b, c > 0 such that abc = 1. Prove that

a3b + b3c + c2a - a’b? + b2%c? + c%a?
a+b+c a+b+c

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
Applying Cauchy — Schwarz inequality twice, we obtain

a3b+b3c+c3a+ a3b + b3c+ c3a+ abc(a+ b + ¢)
a+b+c B a+b+c
(a? + b% + ¢*)(ab + bc + ca) — (ab3® + bc3 + ca?)
B a+b+c
3 JI(a* + b* + c*) + 2(a?b? + b2c? + c2a?)][(a?b? + b%c? + c2a?) + 2(a+ b + ¢)] — (ab® + b3 + ca®)
B a+b+c
- J(@* + b* + c*)(c2a? + a?b? + b%c?) + 2,/ (a?b? + b%c? + c2a?)(a + b + ¢) — (ab® + b3 + ca®)
- a+b+c
- (ab® + bc® + ca®) + 2/(a2b? + b2c? + c2a?)(a + b + ¢) — (ab® + bc® + ca®)
- a+b+c
a?b? + b*c? + c%a?
B a+b+c ’

as desired. Equality holdsiffa=b =c=1.
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1337.
Given positive real numbers that ab + bc + ca = abc. Prove that

21_|_1_|_1<1_|_a_|_b_|_c
a+bc b+ca c+ab 4 b+ca c+ab a+ bc

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality, we have

1+a+b+c_1+ab+bc+ca
4 b+ca c+ab a+bc 4 b?2+abc c?+abc a?+ abc

- 44 1 ab bc ca _5 2abc
=T a4 b+ob+a) (c+a)c+b) (a+b)a+c) “Jla+b)(b+c)(c+a)

2(ab + bc + ca) a b c
2 2

@+bb+olc+ra) “|@+bat+o Bbrobta) (cra)cth)

_5 a N b N c _ 1 N 1 N 1
~ “Jla?+abc b +abc c2+abc " Ja+bc b+ca c+ab
Equality holds iffa =b = c = 3.

1338. Let a,b,c > 0 such that : ab + bc + ca = 3.Prove that :
1 1 1 3 3

- + — >
(a+1)?2% (b+1)?%2 (¢c+1)?2% 2(a+b+c+abc) 8
Proposed by Nguyen Thai An-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

1 1 1 3
(a+1)2+(b+1)2+(c+1)2_2(a+b+c+abc)
1 1 1

=
3

@iDb+D) m+De+D (crD@+D 2(@tbtctabo
_ chc a+3 3 ab+bctca=3
T Y@+ Yegeab+abec+1 2(Xcyca + abe) -
Yeyca+3 3
Yeye@+abc+4 2(Yeyca + abe) ”

(1)
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A-G
Za+abc >4 and '-'Zab =3:3 > 3a?b2c2 =1 > abc

cyc cyc

Yoy +3 3 Yeyca + abe + 2 3
chc a+ abc+ 4 Z(chc a+ abc) chc a+abc+4 Z(chca + abc)
_x+2 3 z +abc> 0 ;3
Cx+4 2x = @ abc 8
cyc
8x(x+2)—12(x+4)—3x(x+4) ?
S >0 5x2—8x— 48>0
8x(x+4)

?
<:>(x—4)(5x+12)20@x22a+abc24—>true

cyc

Yeyea+3 3 3
chc a+abc+4 Z(chc a-+ abc) 8
chc a+3 3
-Case 2 z a + abc < 4 and then :
e Yeyc@ + abe + 4 Z(chca + abc)
chca+3_ 3 ;E@chca; 3
8 2(Xyca+abc) 8 8 ~2(Xyca+ abe)

2

?
= Za + abc Za >12

cyc cyc

ab+b(<:;>ca =3 (chc ab)S(chc a)z + abe z a ; % Z ab

cyc cyc

@z 3b+2ab3>zz ZbZ@Zab(a b)2>0—>true

cyc cyc cyc cyc

Yeyca+3 3 3
"Yeyca + abe + 4 Z(chca + abc) 8
via (1) 1 1 1 3 3

+ + —~ >
(a+1)?% (b+1)?2 (c+1)%2 2(a+b+c+abc) 8
Va,b,c>0|ab+bc+ca=3,”=” iffa=b=c=1(QED)

~ combining both cases,

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let x := 1 S - d
et YT hrr P el ™
Ppr=x+y+z q=xy+yz+2zx, r:=XyZ.
1-—x 1-y 1-2z
We havea = , b=—>—, c= .
X y z

The given condition is equivalent to p = 2q.
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Since (x + y + z)? > 3(xy + yz + zx) then
3 3
p= ?q = E,and since(1-x)(1—-y)(1—-2)=0

p 14 3
then12p—q+r=2+r22, soZZpZE.
Now the desired inequality is equivalent to

3 3
2 2 2 5 - — — 2 _ >
x*+y“+z _8+2( 1 _4) 8(1 = 4xy2) or 8(1—-4r)(p*—p) =3 (1)
xyz
@ _p
Since (xy + yz + zx)? > 3xyz(x + y + z) then rS§=E,and
2p—3)[4Ap2—p)+2p+ 3
LHS(1)28(1—§)(p2—p)=3+(p )l p(3 PIt2p+3l,

So the proof is complete. Equality holds iffa = b = c = 1.
Solution 3 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letp:=a+b+c=>3, q:=ab+ bc+ca=3,
r = abc < 1.By AM — GM inequality, we have

1 1 1 1 1 1
>
@+ 12 e+ 12 @+Db+D  b+Dc+D) crD@+D
_ p+3
ptr+4
So it suffices to prove that

p+3 3 -
p+r+4 2(p+r) 8
We have f'(r) = 2(p — 3r) > 0,because p = 3 > 3r,so f is increasing.
oIf p>4then f(r) = f(0) = 5p*> —48 > 5.4%* — 48 > 0.

or f(r) =5p?+2pr—48—3r2 > 0.

Schur 3
o 4pq —
«If3<p<4thenf(r) > f<u>

9
2p*(12 — p? 2(12 — p?)?
_5p2 4 p(g P _ e P 2711)
18p* — p® + 63p% — 1296 (p* —9)[(16 — p?)(9 + p?) + 2p?]
- 27 - 27 z 0.

So the proof is complete. Equality holds iffa =b =c = 1.

1339.

Leta, b,c = 0 such that 2(ab + bc + ca) = a + b + c. Prove that
alb+c—1) b(ct+a-—1) c(a+b—1)>

a+1 b+1 c+1 -
Proposed by Phan Ngoc Chau-Vietnam

56 | RMM-CYCLIC INEQUALITIES MARATHON 1301-1400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

alb+c-1) ala+b +c) a
Za—ﬂ=z<a—+1‘“)=<“+b”><2m‘1>

cyc cyc cyc

css (Beyea)” _ (Zeye)’ B
. Z“(zmaz S 1) ‘Z“(zcycaz ¥ 23g.bc )70

cyc cyc

Equality holds iff

a=b=c=E,a=b=c=Oora=b=1,c=0andpermutations.
1340. Given nonnegative real numbers that
a+b+c=a*+b?+c?ab + bc+ ca > 0.Prove that
1+ b2 + ¢ 1+ c% + a? 1 + a? + b?
ﬁ‘l‘ ﬁ‘l‘c 2 2 sza+b+c
b~ + c cc+a a+ b

Proposed by Nguyen Thai An, Thai Ha Nhat Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS inequality, we have

1 + b? + ¢? 1 1+ a)? 1+ a)?
b? + c2 :b2+c2+12(b2+cz)+a2:a+b+c (and analogs)
Then
1+b2+c2 a(l1+a) 2(a+b+c)
Z — =2va+ b +c.
b2 + ¢ \/a+b+c va+b+c

cyc

Equality holds iffa=b =1, c = 0 and permutation.

1341. Leta,b,c = 0 such thata + b + ¢ = 3. Prove that

33/abc + 33
2

Ja? +a++b2+b++c%+c<

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letp=a+b+c=3, q:=ab+ bc+ca,

3
r:=abc < (g) = 1. By CBS inequality, we have
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Z\/a2+a<\/2(3a+1) 232+a \[122(%+§—ﬁ)

cyc cyc cyc cyc

_ |12 1+2 2(9q + 6p + 3) 12(12 + 13q + 457r)
B 3 927r+9q+3p+1) 27r+9q+10

By AM — GM inequality, we have Vabe = Yr > so it suffices to prove that

12(12 + 13q + 457) 9
27r+9q+10 ~ 2(2r+1)
e If 17r > 5. By AM — GM inequality, we have pq > 9r then q > 3r and,
LHS,) =14+ (17r — 5).3r —5r —45r> =2(1—r)(7 - 3r) > 0.
p>+9r 9+ 3r

3r
2r+1’
3
+7 © 14+ (17r = 5)q — 51 — 4512 > 0 ()

e If 17r < 5. By Schur’s inequality, we have q < p =2 then
17r —5)(9 + 3r 1-r)(11+129r

So the proof is complete. Equality holds iffa = b = c = 1.

1342.If x,y,z > 0,xy + yz + zx = 3 then

Zs yz 3
< —
4(x5—-x+8) " 2

cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Wehave x° —x+8=2x2+3)+ (x® +2x2 +3x+2)(x —1)2 > 2(x2 + 3),

Vx > 0, then
5 yz _s yz
4(x5—x+8)~ [8(x%2+3)

AM-GM
~

I yz > ( y 4 z +1+1+1)
- |8(x+y)(x+z) T S5\x+y z+x 2 2 2
5\/

=

vz 1( y z

3
e ) 10 (and analogs)

+
x+y z+x

Therefore
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Zs yz ( z >+ ( N x )+9
4(x5—x+8) 5 x+y z+x) 10 5 x+y x+y/ 10

cyc cyc

1 - 9 _3
57 10 2
Equality holds iff x=y =2z = 1.

1343. Leta,b,c > 0 such thata + b + ¢ = 3. Prove that
\[a(8a +8 — Vabc) + \[b(Sb +8 — Vabc) + \/C(BC +8— Vabc) < 3V15

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

If two of the numbers a, b, ¢ are zero then we have LHS = 46 < 3V15.
Assume now that ab + bc + ca > 0. By AM — GM inequality, we have

2J15a(8a+8— Yabe) < 5 a?(2¥a + be) + 3Va.(8a +8 — Vabe)

23/a + Vbc
_ %0 2\/_(2a+12+\/ﬁ) 2\/_(2a+12+«/ﬁ)
e 23/a + Y/bc oat 2% 4+ 2¥be_
Vb + e
_ %0 (\/_+i/a)(2a+12+\/ﬁ)
- Yab + Vbe + Yca
0y 12(\/_+\/E) (zi/_ Vab — i/ca)Vabc
= 22a + b + Vbe + Yea :

Adding this inequality with the similar ones, we obtain

215, [a(8a +8 -~ Vabe)

cyc
2(Zeye Vaz — 3., Vbe). Yabe

Yab + Vbc + ¥ca
<22.3+24-0=090.
So the proof is complete. Equality holdsiffa=b =c = 1.

<22(a+b+c)+12.2 -

1344.1f a,b,c > 0 such that : ab + bc+ ca = 3 and A > 1, then :

1 3
<
Za2+b2+x—x+2

cyc

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

P e e i v o) 20
@ —
az+bZ2+A" A+2 A+2 a?+b2+A) "

cyc cyc

- a?+b*+A1—-21-2 @x—2+y—2+z—2>0
cyc(l+2)(a2+b2+l) x+A y+4A z+A~
(x=a? +b%y=Db%+c%z=c?+a?)
@Z(x—Z)(y+)L)(z+l)20

cyc

)
& 3xyz—22xy+212xy—412x+122x—612 >

cyc cyc cyc cyc

Now,Z)Lz Xy — 412 X

cyc cyc

= 22( ) (a2 +b2)(0? + c2) —§<Z(a2 ; b2)> (Z ab>

cyc cyc cyc

i m/(z ) a3y (3 b>\|

(=}

cyc cyc cyc cyc

(5o 255

cyc cyc cyc

3m? + n? — 4mn 5
=2A 3 m:Za,n:Zab

cyc cyc
2A A=z1land~m=n 2

:?*(m—n)(Sm—n) > §*(m—n)(3m—n)

)2
le xy — 4le > 3" (m—n)(3m —n)

cyc cyc

Again,3xyz — 2 Z xy =3 ﬂ(az +b?) —;(Z(az +b?)(b% + c2)> (Z ab)

cyc cyc cyc cyc

A )1 2o

cyc cyc cyc cyc cyc
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s L g

cyc cyc

E (z ) LY e (zab>

cyc cyc

e oo 2

cyc

)
e 3 )
e (3 ool

cyc cyc

3 (n(4m —n)—3m?) = _?(sz +n% — 4mn)

9 —2
= 3xyz—22xy > ?*(m—n)(Sm—n)

cyc

Also, A2 Zx — 622 = 222 z a? | — 622 > 22 Z ab | — 622
cyc cyc cyc

“‘)

_ (
b= 6az _ 622 o AZZx =617 = 0]~ () + (e0) + (s00) =

cyc

0 * = (*) 1S true .. > >

cyc

Va,b,c>0|ab+bc+ca:3and121,”:” iffa=b=c=1(QED)

1345. Leta,b,c = 0 : a? + b? + c% + abc = 4.Prove that

aJa? +2+byb?+2+cJc2+2<J6(a?+b%+c2)+9
Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since a? + b%? + ¢ + abc = 4 then 3x,y,z > 0,xy + yz + zx > 0 such that
2x

BN CTICED))
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2y 2z

b = ,C =
Jor00+0 JaroEty)

2(y+2)(3x2+xy +yz + zx)
zzxj x+y)(x+2)

. The desired inequality is equivalent to

< \/33(x +y+z)(xy+yz+zx) — 8lxyz.
cyc

Nowletp :=x+y+2z q:=xy+yz+zx, r:=xyz ByCBSinequality,we have
x(y +2)(3x* + 8p(3 x(y+2)>2%+ x(v + z)2
(LHS )" < SZx-Z PALL D) _ 89310y O +2)° + Loy ¥y +2)%)

x+yx+2) x+y)(¥+2)(z+x) ’
cyc cyc
Since Z xX3(y+2)? =pq? - 5qr,z x(y + z)? = pq + 3r,
cyc cyc

(x+y)(y+2)(z+ x) = pqg—r,then

32 —-3r) 4
p;])(qu " ) < 33pq-81r = (pq—9r)? >0,

which is true, so the proof is complete. Equality holds iffa=b =c = 1.

(LHS )" <

1346.If a,b,c > 0 such that : ab + bc + ca = 1and0§)&<i

<%
Z 1 - 3V3
A+a” 1+2/3

cyc

then :

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

2
ab+bctca=1 1
Zab > 3abc Za > 3abc Za Slﬁabcsﬁ

cyc cyc cyc

2
_ (%)
(tzZa,say) and (Za) 23<Zab>ab+bcéca_13:>t—\/§ >0

cyc cyc cyc

via (%)
and
N Z 1 Yeye(A2 + A(b + ©) + bc) + ab+betea=1
ow, =
e Ata A +2%(Teyca)+ A(Zeycab) + abe
322 +2At+1 922t+6At2+3t ? 33

= >
3 242 =
)‘3+)‘2t+)‘+31t 3A3t+ 3222 +3At+1 1+ V3

?
S t+ 202 + 322t + AV3 # t + 2V3 * A2t2 + 3V3 « A3t >
3V3 x At + 3V3 * 22t2 + 3V3 « A3t + V3
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?
e t—V3+ax2t(t—v3) - 2% V3t(t-V3) 2 0
)

via ()

2
“0<A<-—andt—v3 > 0-LHSof (s>
7 ()

0+A*2t(t—\/§)—l*%*\/§t(t—\/§)=0=>(o)istrue

f V3
1 3vV3 2
:;)H_az1+l\/§Va,b,c>O|ab+bc+ca:1and0SlSﬁ,
1

=" iffa=b=c=ﬁ (QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Letp:=a+b+c q=ab+ bc+ca=1, r:=abc. We have

Z 1 312 +2A(a+ b +c) + (ab + bc + ca)
A+a A+ 2%2(a+b+c)+Alab + bec + ca) + abc
cyc
_327+2p+1 o 3V3
B+ 22p+A+Tr T 1+ 243
© 322 -2V32+1+4(2-V32)p-3V3r >0,
Since (a + b + ¢)? = 3(ab + bc + ca) and ab + bc + ca > 33/(abc)?,
1
thenp > \/§,r <—— and
P 3V3
322 -2V3A+1+2(2-V3)p-3V3r =322 -2V32+1+4(2-+V32).V3-1=0,
V3

which completes the proof. Equality holds iffa=b =c = 3

1347.1f x,y,z > 0O then:
Zz(x+y)4 > 96xyz(x +y + z) +z(y—x) (x+y+22)
cyc cyc
Proposed by Daniel Sitaru — Romania
Solution 1 by Tapas Das — India
NOTE: X (y —x)(x+y+22) =X(y —x){(x +y + z) + z}
= (x+y+z)2(y—x)+Zz(y—x) =(x+y+2)(y—x+z—-y+x—2)

+(xy+yz+zx—xy+yz+zx)=0
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Now the problem is

ZZ(x+ y)* > 32xyz(x+y + 2)

Now

cBs (x+y+y+z+z+x)* 1
Z(x+y)4 > 57 =E-16(x+y+z)4

16 AM-GM 16
=— 3 > —
27(x+y+z) x+y+z) = 77

=16(x+y+ z)xyz

143
[3 (xyz)ﬁ] (x+y+2)

ZZ(x +y)*>2x16(x+y+2)xyz =32(xyz)(x+y +2)

Solution 2 by Tapas Das — India

Note: Y (y —x)(x+y+22) =YX(y—-x)(x+y+2)+X(y—x)z=0

Now the problem is
6Z(x +y)* >96xyz(x +y + z)

CBS 4
Now Y (x + y)* > @:%(Zxﬁ(}jx)

AM-6M 16
> 27 27(xyz) (Z x) = 16xyz (Z x)
6Z(x +y)*>16 x 6xyz(x +y+2z) = 96xyz(x +y + z)

1348. x,y,z € R*, xyz < xy + xz + yz. Prove that:
X y z 3

- + >
yz+y+z xz+x+z xy+y+x 5

Proposed by Elsen Kerimov-Azerbaijan
Solution by Lazaros Zachariadis-Greece

Cyz+y+z xz+x+z xy+x+y

2 2 2

X z

= + 4 +
Xyz+yx+zx xyz+xy+yz xyz+xz+yz
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(x +y+ 2)?

Bergstrom (x +y+ Z)Z
>
3xyz+2(xy+yz+zx)  3(xy+yz+zx)+2(xy+yz+zx)

3 + 3
> (xy + yz + zx) _3_ o
5(xy+yz+2zx) 5

1349. Leta,b,c > 0 : abc = 1. Prove that
b3 +3 c3+3 a+b+c
> + 2

+ =
b+3 c+3 3
Proposed by Nguyen Thai An-Vietnam

a3+3+
a+3

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letp:=a+b+c q:=ab+ bc+ca, r:=abc=1.
By CBS inequality, we have
12(q + 6p + 27)

PSS s s
a+3 - Lia+3  L\? at+3) " P r+3q+9p+27
cyc cyc
2
azp 4(9p + 53)

cyc
9p + 53 s
=p_9+4<1+3q+9p+28) = PSSt o, 28
:£+2+(P—3)(2p2+3p—16)p§3g+2:a+b+c+2
pZ+9p + 28 = 3 3

3
as desired. Equality holds iffa=b =c = 1.

1350. Leta,b,c > 0 : a® + b% + ¢? + 2abc = 1.Prove that

abc +1 > a\/b? + b2¢? + ¢ + b/ c? + c2a? + a? + ¢y/a? + a?b? + b2
Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
If two of the numebrs a, b, c are zero, the inequality is true. Assume now that
ab + bc + ca # 0.The given condition can be rewritten as follows
a N b N c
a+bc b+ca c+ab

a(b? + b*c? + ¢?) a(a? + b* + c?)
= 2abc + .
a+ bc a+ bc

By AM — GM inequality, we have

2ay/b? + b%c? + ¢ < (a? + abc) +
RMM-CYCLIC INEQUALITIES MARATHON 1301-1400
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Therefore

a _3b_|_a2+bz+cz2
2 ‘a+bc) ane 2 '
cyc

Z:a\/b2+b2c2+c2 SZ(abc+a ¢

cyc

= abc + 1.

_ _ 1 V2
Equality holdsiffa=b=c=- ora:b:7,c

= 0 and permutations.

1351. Leta,b,c > 0 : abc = 1. Prove that
1 1 1

a+b+c
+ + <
Vva+3 +Vvb+3 +Jc+3

2
Proposed by Nguyen Thai An-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality, we have

1 1 1 8 1\ b+c+6 a+b+c
Z\/—SZ 7 =EZ~’”5§Z 8 8 |
cyc a+3 cyc 4'\/5 cyc cyc

because a + b + ¢ > 3Vabc = 3. Equality holds iffa=b =c = 1.

9 a+b+c
<

8 2

1352. Leta,b,c > 0 : ab + bc + ca > 0. Prove that
a b c a? + b? + c? 4
+ + + >~
2a++Vbc 2b++ca 2c++Vab 3(ab+bc+ca) 3

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS inequality, we have
2

a bZ 2
LHS =

N N c N (a+ b + c)? 2
2a% + avbc 2b% 4+ bJca 2c%+cVvab 3(ab+ bc +ca)

3
- [a+b+c+ (a+b+c)]? 2
~ (2a% + avbc) + (2b% + byca) + (2¢2 + cVab) + 3(ab + bc + ca)

3
4(a+b +c)?

2 2
2(a+b+c)?—[(ab + bc + ca) —Vabc(v/a++Vb ++c)] 3 3
the last line is true by the AM — GM inequality,

4
3’
« ab + bc + ca = Vab.Vbc + Vbc.\Jca + Vca.Vab = Vabc(va + Vb + Vc).
Equality holds iff a = b = ¢ > 0.
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1353. Leta,b,c = 0 : ab + bc + ca + abc = 4. Prove that

a’? + b? + ¢ >2(a+b+c—3)+3\/abc

ab + bc +ca JVabc + 2
Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have
2(a+ b+ c—3)+ 3vVabc 3 4-(6 — 3\/abc)[2(a +b+c—3)+ 3\/abc|
vabc + 2 B 12(4 — abc)

AMZEM T(6 — 3\/abc)+2(a+b+c—3)+3\/abc|
12(ab + bc + ca)
(a+b+c)? a® + b* + ¢*

= < .
3(ab + bc + ca) ~— ab + bc + ca
Equality holds iffa=b =c = 1.

1354. Leta,b,c > 0 : ab + bc + ca = 3. Prove that

a N b N c <3
\Ia3+3 b3 +3 \Jc3+3_2

Proposed by Nguyen Thai An-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since (a+ b + ¢)? = 3(ab + bc + ca) & ab + bc + ca = 33/ (abc)? then
a+b+c>=3, abc<1.

4-(1((1 + 3) AM—G%&CBS
Z\Ja3+3 24\/(a3+3)(a+3) =

cyc
4a+(a+3)_ 5a+3
4(a?2+3) Zi4(a+b)(a+0)
cyc cyc
_10(ab+bc+ca)+6(a+b+c)_ 15+3(a+ b+ c)
4(a+ b)(b+c)(a+c) "~ 2[83(a+b+c)—abc]
3(6+a+b+c) 3
[3(a+b+c)—1]
Equality holds iffa=b =c = 1.
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1355.If a,b,c > 0 and A4 > 0 then

z b? - 3
(A+1)a?+ (2A+3)ab+ Ab%2 — 41+ 1)
cyc
Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a yz b zx c
=1thenEIx,y,z>Osuchthat—=—2, —=—, —=—
b x* ¢ y* a z

al s
Qla

S Q

Since

By CBS inequality, we have

b? x

Z (A+ 1a? + (24 + 3)ab + b2 Z A+ D2)? + (24 + 3)yz 22 + Ax*
cyc cyc
- (x? + y% + z%)?
T A+ DY (22 + (2A+3) Xeye XY ZX + A Xy xH
- (x? + y% + z%)?
T A+ DY (2?2 + 2+ 3) Xy (2 + A Xy xt
B 3(x% + y? + z%)?
A+ 4).330yc(¥2)? + 3A(Zyc %2)°
- 3(x? + y? + z%)? B 3
T A+ D) (e x?)’ + 34Ty x?)” A+ D)
Equality holds iffa = b = c.
1356.If a,b,c > O suchthat:a+b+c=1and1 <A < 3,then:

1 27
Z <
Aa’2+b+c” A+6
cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

dv 1 ; 9 9(3-20)(3x—-2)
vx€(0,1)andv 6[1'3]'l(1—x)2+x_l+6_ (A +6)2
9 +6)-9(3-20)(Bx-2)
B A +6)2

& 22(54x% — 135x% + 108x — 28) — A(81x% — 324x% + 324x — 96)
?
—(81x% — 108x+36) =0
?
© A%(6x—7)3x—2)2—3A(3x—-8)(3x—2)2-9(3x—-2)2>0

©2%(6x—7)-31(3x—8)-920
©
[Case 1]2A < 3 and we have : A2(6x — 7) —3A(3x —8) — 9
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A=zlandx<1

= x(92% —91) — 3x2% — 7A% + 241 -9 >
—10A%2+4+242-9=3B-20)GA-1)+2)+32
lsl<%
> 3A>0>= (%)istrue
[Case 2]2A > 3 and we have : A%(6x —7) —3A(3x—8) — 9
2123
=ABx(2A—-3)+24-70)—-9 > 24A-722-9=CB-D7A-1D+4)=0
3
( 1< 3 <A< 3) = (x) is true .. combining cases 1 and 2, (x) =

1 L9 9B-2M)Bx-2) €(0,1) andV A€ [1,3]
AM1-x)2+x"A+6 (A +6)2 S |

_)(1)_2 1 a+bic=1z 1
" Lida’tbtc A1-(b+0) +b+c
cyc cyc

1
ZZT (x=b+cy=c+az=a+bandxyze€ (0,1))
cych x)2+x

via (1) and analogs 9 9(3 _ Z)L) (3x _ 2)
< —
= Z<A+6 (A + 6)? )
cyc
27 9(3 —21) 27 9(3 —22) Z
TAt6  (A+6)2 *<32x_6>‘1+6_ arex |36
cyc cyc
=1 27 9(3 —2A 27
a+b-;c 1 ( )* (6—6)

A+6 (A+6)2 “2+6
1 27
E = = <A<
Aa2+b+c_1+6va’b’c>0|a+b+c land1 <A <3,

cyc

2 1
n_n iffx:y:Z:§:>iffa:b:C:§(QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We will first prove a lemma that foralla € (0,1)and1 <1< 3,
1 27[A+1 - (21— 3)d]
< (1)
Ada?+1—a (A+6)2

We have
27[2+1—-24-3)a](aa®> +1—a) — (1 +6)?
=-22+1524—-9-27(31—-2)a+27(A> + 31 —3)a? — 271221 - 3)a?
= (3a—1)?[-A2+151-9-31(22—3)a] > 0,
because - 1% + 154 — 9 — 3A4(21 — 3)a
=[9-2)A-1)+52]1-a)+(B3-2)(74—-3)a = 0.
completing the proof of (1). Equality holds iff a = 1.
Returning to the proposed inequality, by using (1), we have
1 1~ _N'27[A+1-@2A-3)a] _ 27
ZAa2+b+c_ZAa2+1—a—z (A +6)2 T A+6

cyc cyc cyc

Equality holds iffa=b =c = 1.
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1357. Let a, b, c,d > 0 such that a? + b% + ¢? + d? = 2023.

N 1 N 1 N 1 - 64
a*+2 b*+2 c*+2 d*+2 4092561
Proposed by Nguyen Van Canh-BenTre-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Prove that :

2023
1 ( 2023) 2
—(x- :

F 12" 2023 4 /(2023 |\
(557) +2 ((T) +2)

4
16 4 64736(4x —2023) -
x2+4+2 4092561 40925612 -
- 2023% — 16x? 64736(2023 — 4x) -
4092561 (x2 + 2) 40925612 -
2023 —4x /2023 + 4x 32.2023
= ( — ) >0
4092561 x24+2 20232 + 32
( m — 4x ) (m + 4x)(m? + 32) — 32m(x? + 2)
s .
4092561 (m?% +32)(x2 +2)
( m — 4x ) m3 + 4m?x — 32mx? — 32m + 128x
< . =
4092561 (m?% +32)(x2+2)

We first prove that :

Vx=>0&

>0 (m =2023)

( m — 4x ) (m — 4x)(m? — 32 + 8mx) -
e : >
4092561 (m? + 32)(x% + 2)
(2023 — 4x)%(4092497 + 8.2023x)
4092561(2023% + 32)(x% + 2)

>0->truex=>0

2023
1 1 2023 2 x = a?b?,c%,d?
‘iz 20232 _(x_ 4 ) 2 2 >
£Y49 2023
(55°) +2 ((C%2) +2)
2023
1 1 , 2023 =
” = 3 —(a - ) > and analogs
a*+2 (2923) . 2 4 2023)?
4 (55°) +2
summation 1 + 1 + 1 + 1 S
a*+2 b*+2 c*+2 d¥*+27
2023
4 _ 2 ( a? +b% + )a2+b2+c2id2:2023 4
2023)? 202372\ \c%+d?—2023 - 20232
(55°) +2 <(T)+2> (55°) +2
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_64.1+1+1+1>64
4092561 a*+2 b*+2 c*+2 d*+27 4092561
V2023
Vab,cd>0|a?+b%+c2+d?=2023"=" iffa=b=c=d= (QED)

2
1358.1f x,y,z > 0, then :

E x8z%. E ! > 2
(xy? +yz2)* ~ 16
cyc

cyc

Proposed by Khaled Abd Imouti-Syria
Solution by Soumava Chakraborty-Kolkata-India

1 15 Radon
8,4 — 4,8 >
Zx z 'Z(xy2+yz2)4 zx y 'Z(xy2+yz2)4 -
cyc cyc cyc

cyc

2\4 (chc xy2)4
35 243 (chc(xy ) ) Holder 243'T
z xty8. = T = T
T (Zeyexy? + Teyeyz?) 16(Xcyc xy?) 16(Ycycxy?)
1 9
. 8.4 no__ros — —
..sz .ZWZEVLY,Z>O, =" iff x =y =z (QED)
cyc cyc

1359.If x,y,z > 0, then :

Xy +yz + zx (x+y+z)3>4

x% +y? + z2 9xyz
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Assigningy+z=a,z+x=b,x+y=c=>a+b—-c=22>0b+c—a
=2x>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>b
= a,b, c form sides of a triangle with semiperimeter, circumradius and inradius

®
= s,R,r(say)yieldingZZx=Za= Zs:Zx = s
cyc cyc cyc
>x=s—ay=s—bz=s-c

2

(i)
Via such substitutions, xyz = (s — a)(s — b)(s — ¢) = xyz ~ r2s and

1
Nay=>-as-b) =rr+r2 > Y xy L arr 12

cyc cyc cyc

2
ia (i),(1)
=:»Z:x2 = (Zx) —Znyvm; s? — 2(4Rr +r?)

cyc cyc cyc
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K IR
N Z 222 _grp_ogp2 . XY tyztzx (x+y+2) via®@O

"x2+y2+2z2 9xyz
cyc
4Rr + r? N s 9r%(4Rr +r?) + s?(s? — 8Rr — 2r?) 2 A
s2 —8Rr —2r2  9r2s 9r2(s2 — 8Rr — 2r2) -
;

© s* — (8Rr +38r?)s” + 81r*(4R +1) 2 0

O]
Gerretsen

?
Now,LHSof () > (8Rr—43r?)s*+81r’(4R+r1) >0
?

© (8R—43r)s” + 81r*(4R+1) = 0
(%%)
8R — 43r > 0 and then : LHS of (x) > 81r?(4R +r1) > 0
= (xx) is true (strict inequality)
8R — 43r < 0 and then : LHS of (x) = —(43r — 8R)s? + 81r?(4R + r)
Gerretsen ?
— (43r — 8R)(4R? + 4Rr + 3r%) + 81r2(4R+1) > 0
? R ? Euler
© 8t3-35t2+44t-12>0 (t=;) o @Bt—3)(t-2)2>0->true~t > 2
= (*x) is true .~ combining cases 1,2, (xx) = (x) is true V triangles of sides a,b, c
xy+yz+zx (x+y+2z)3

=
x2 +y? 4+ z2 9xyz

>4Vxyz>0="iff x=y=2z(QED)

1360. Let a,b,c > 0 and abc = 1. Prove that :

a N b N C <3
a2+ (Mb+c)?2 bZ+(c+a)? c2+(a+b)2™ 5

Proposed by Nguyen Thai An-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

a n b + C _ Z a A= Z 2
a2+ (b+c)?2  bZ+ (c+a)? c2+(a+b)2_ccl+2bc _cca
y y
B a(A+ 2ca)(A + 2ab)
B £ (A + 2ab)(A + 2bc)(A + 2ca)
y
_ A(Zeyea) + 20 (Zeye @) (Zeye ab) — 62abe + 44
~ 23 +22%(Xycab) + 4rabc(Teyc a) + 8(abe)?
B A2 yca) Beyca? + 2 Yeycab) — 20abe
Az (chc a? + 2 ¥y ab) + 4)Labc(2cyc a) + 8(abc)?

B (Zeyea?) ((chc a)’ - 2abc) )
- (Zeye aZ)Z(chc a)z + 4abc(Tyca)(Teyca?) + 8(abe)? -
a b C

az+(b+c)2-l_b2+(c+a)2+c2+(a+b)2
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N"W’Zab 2" 33 (@b 1 3 :@2 1512 /Z—CY,;ab

cyc

a b c via (x) and (xx)
3 z T2 z T2 2 =
a’+(b+c)? b2+ (c+a)? c2+(a+b)

Zocad (Seyea?) ((Eeyea)’ — 2abc) .3
3 (Beye@?)’(Zeyea)” + 4abc(Teye a) (Seye a?) + 8(abc)? O

2
(ZCYC ab)(zcyc aZ)Z ((chc a)s - Zabc) ; 27
<

o
((chc az)2 (chc a)2 + 4abc(§]cyc a) (chc az) + 8(abc)2) ® 25

Assigningb+c=x,c+a=y,a+b=z=>x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>xz+x>y
= x,y,Z form sides of a triangle with semiperimeter, circumradius and inradius

= s,R,r(say)yieldingZZa:zx: Zs:Za: s— (1)
cyc

cyc cyc
=>a=s—x,b=s—y,c=s—1z. abc=r?s - (2) and such substitutions =

ab= ) (s—x)(s—y)= ) ab=4Rr+r? - (3) and
2=, 2.

cyc

cyc cyc

2
ia (1) and (3)
Za2= Za —ZZabvm =" s2 _ 2(4Rr +12)

cyc cyc

cyc
a? =s? —8Rr — 2r? - (4) ~ via (1),(2),(3) and (4), ()

=
27

cyc
(4Rr + r?)(s? — 8Rr — 2r2)”(s? — 2r2s)”
< (s2(s%2 — 8Rr — 2r2)2 + 4r2s2(sZ — 8Rr — 2r2) + 8r*s%)2 ~ 25
& 27510 — (964Rr + 25r%)s® + r?(11968R? + 1200Rr + 416r?)s®
—r3(61696R3 + 11200R?r + 8256Rr? + 600r3)s*

+r*(110592R* + 25600R®r + 39424R?*r? + 8000Rr> + 1232r*)s?
?
—r7(25600R* + 19200R*r + 4800Rr? + 400r%) > 0
(=)

Now, via Gerretsen, 27(s? — 16Rr + 5r2)5
+(1196Rr — 700r?)(s? — 16Rr + 5r2)"
+r2(19392R? — 24320Rr + 7666r2)(s? — 16Rr + 5r2)°
+r3(137984R3 — 282880R?*r + 197112Rr? — 44340r?) 5 0
(m)

. in order to prove (e¢), it suffices to prove : LHS of (¢¢) > LHS of (m) &
(se0)

(380928R* — 1200640R%r + 1469120R?*r? — 756320Rr> + 135307r%)s? >
r (5963776R5 — 20029440R*r + 26759976R3r2)
—16704320R?r3 + 4785300Rr* — 502975r°
+ 380928R* — 1200640R3*r + 1469120R?*r? — 756320Rr>3 + 135307r*
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— (R—21) (161536R3 +219392R*(R - 2r) +
591552Rr? + 426784r3
Rogrhe ( 380928R* — 1200640R>r + ) ( 2R* + 10Rr )
1469120R?*r? — 756320Rr3 + 135307r*/\ —r2 — 2(R — 2r)yR% — 2Rr

?
> RHS of (es¢) © 761856R® — 4555776R°r + 10580352R*r?2
—12380736R53r3 + 7942614R%r* — 2675910Rr> + 367668r°
? 4 3 2.2
380928R* — 1200640R3r + 1469120R?r
>2(R-2 ( )\/RZ—ZR
(R —2r) —756320Rr3 + 135307r% r
761856R° — 3032064R*r + 4516224R3r2 \ ?
(R —2r) 2.3 4 5) 2
—3348288R?*r3 + 1246038Rr* — 183834r
380928R* — 1200640R3r + 1469120R2r2)
2(R - 2r ( v R%Z —2Rr
( ) —756320Rr3 + 135307r*
761856R> — 3032064R*r + 4516224R3r? — 3348288R?r3 + 1246038Rr*

? 4 3 2.2

380928R* — 1200640R%r + 1469120R’r

—-183834r° > z( ) /R? — 2Rr
(o) —756320Rr3 + 135307r*

Euler
(-.-R—Zr > 0)

+ 761856R% — 3032064R*r + 4516224R3r?2
—3348288R?*r3 + 1246038Rr* — 183834r°

3 2
= (R—20)( (R—2r)( 61B56R +15360R 1+ ) | 59700061 ) + 911250r°
1530240Rr? + 2711232r

Euler

> 911250r° > 0 . (seee)

o ( 761856R> — 3032064R"r + 4516224R?r? )2 S
—3348288R?*r3 + 1246038Rr* — 183834r5/ ,
380928R* — 1200640R3r + )

4(R% — 2Rr (
( ) 1469120R?r? — 756320Rr3 + 135307r*
& 49928994816t° —371514671104t% + 1103367241728t7

—-1635652599808t° + 1182357585920t> — 168754001920t*
—357325258240t3 + 268267717248t2

R
—77916106348t + 8448734889 > 0 (t = F)

uler

E
)+ 988875r* > 988875r3 > 0

». LHS of (s*¢)

& ||(t—2)((t—2)((t - 2).P + 1887506976384) + 764336452500 ) + 207594140625 > 0

( where P = 13958643712t + 35970351104(t — 2)t° + 72575090688t* )
+62518329344t3 + 111040856064t + 327871907840t + 777562550784

Euler

> 207594140625 > 0 = (eeee) = (eee) = (e0) = (o) is true
b C 3

a
< —
:a2+(b+c)2+b2+(c+a)2+c2+(a+b)2 -5
vab,c> 0|abc =1"="iffa=b=c=1(QED)
Solution 2 by Nguyen Van Canh-Vietnam

a b c 3
We have: <-;
a?+(b+c)?  bZ+(a+tc)? ' cZ+(a+h)? — 5’

c 3
=% < .
a?+ (b + c)? Ty (a+c)? Ty (a+b)? ~ 53abc’ )
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WLOG, we suppose that: a? + b% + ¢? = 3. We have:
a b c 3
+ + < 5=
34+2bc 3+2ac 3+ 2ab 53/abc
12abc + 6(ab(a + b) + be(b + ¢) + calc + a)) +9(a+b+c) - 3
8(abc)? + 12abc(a+ b + ¢) + 18(ab + bc + ca) + 27 ~ s53/abc
1213+ 6(pq —37r) +9p .3
8r® + 12pr+18q + 27 ~ 5r’
~whereep=a+b+c<3;q=ab+bc+ca;0<r=abc<1;p*—2q=3
p>-3
2

() &

)

>q=

3(p*+4r®i-6r) 3
<2 34413 —61)<9p?+ 12 6
9pZ+ 12pr+8r6—5r‘:’5r(1’ +41% — 6r) < 9p” + 12pr + 875,
& 5rp® —9p* — 12rp — 8r° + 20r* - 30r* < 0;
» f(p) = 5rp> — 9p® — 12rp — 8r° + 20r* - 30r%,(0 <p < 3)

P 3+4420r2+9
5r

>f P =305Brp’-—4r —6p)=0S py=

/ 2
> Case1:$£3@%£r£l.Wehave:
p 0 3+/20r2+9 3
5r
f'() - 0 +
> CaseZ:w>3@0<r<E.
5r 41
0 3 3++/20r2+49
p 5r
') - - 0
f(p)

From Case 1 & Case 2 we have: f(p) < max{f(0),f(3)}.
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 f(0)=-8r°+20r*—30r2 = -27%(47r* - 1072 + 15) = -2 12 (4 (rZ -

5\2 = 35
} +7)<0
% f(3)=-87r°+20r*- 307>+ 99r — 81

=(1-r)(8r°+ 8r*— 1273 - 1272+ 18r — 81)

=(1-n[@E*+7r?)(8r? —12)+18r-81]|<0,(0<r<1).

Therefore, f(p) < max{f(0),f(3)} < 0= (x) TRUE.Proved. Equality> qg=p=3,r=1&
a=b=c=1.

1361. Leta,b,c > 0: a®? + b%? + c2 =a+ b + c.Prove that :

\/2a2+bc+\/2b2+ca+\/2c2+ab>3\/§
a? + bc b2 + ca cZ+ab — 2

Proposed by Nguyen Thai An-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

G

2 2bc
\mz\/az + a2 +(\/E)2 2\/(a+a+\/ﬁ) Gz 2a+p ¢
3 V3
Z(chc ab) \/Zaz + bc \/sz + ca \/ZCZ +ab
= m and analogs = 77 he o + i
Z(chc ab) z 1 Berg;trom Z(chc ab) 9
V3 . e (b + ¢)(a? + bc) - V3 -Z(chc a’b + chc abz)

M Zeyeah) ;3\/5@ a 2 a ab | — 3abc
3((chca)(26ycab)—3abc)_ 2 Zz b_(Z ><Z b) 3ab

cyc cyc cyc

g g e g e

cyc cyc cyc cyc cyc

_gabc<z ) - (z ab> (z ) L2 a4 abc<z )

cyc cyc cyc cyc cyc

? ?
@Za3b+2ab3ZZZazbzc)Zab(a—b)ZZO—Wrue

cyc cyc cyc cyc

J2a2+bc +2b2+ca +2c2+ab 3V3

" Ta% ¥ be bZ+ca | cZ+ab 7
Va,b,c>0|a2+b2+c2=a+b+c,”=” iffa=b =c=1(QED)
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1362. Leta,b,c = 0 such that : ab + bc + ca = 1. Prove that :

3 3 3
w >a(1-b)(1-c?)+b(1-c®)(1-a?) +c(1—-a*)(1-b?) > %
(@*tp+c)

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

2\ 1= abibc+ca

a(1-b2%)(1-c?)+b(1-c?)(1-a?)+c(1-a?)(1-b?)

e e

cyc cyc cyc cyc

+c(z ab_az)(z ab_bz>=4abc<z ab>

cyc cyc cyc

= a(1-b2)(1- ) +b(1 - 2)(1-a?) + e(1 - a?)(1- b?) 2 4abe ) ab

~4(a®+ b3 +c?)

>a(1-b2)(1-c?)+b(1-c?)(1-a?)+c(1-a?)(1-b?)

3

a+b+c
20@%(@!—&2+(b—c)2+(c—a)2)20—>true v ab,c=0

4(a®+b3 +c?)
- 3
Also,a(1-b?%)(1-c?)+b(1—c?)(1-a?) +c(1-a?)(1-b%) >

via () 4(a® + b3 + ¢3 =
PEN ( ) > 4abc z ab | 1T gabe o a3 + b3 + ¢ — 3abe

cyc

>a(1-b2)(1—-c?)+b(1-c?)(1-a?)+c(1-a?)(1-b?)
108

Eiely

4 3
via (*) O]
S 4abce Z ab | >108a3b3¢c3 Z ab | > 27a%b?c?

cyc cyc

Now,(x+y+z)3—27xyz=2x3+3 (Zx)(ny)—xyz —27xyz

cyc cyc cyc

i gxy”(zx) (zxz i zxy>_3xyz+3<zx> (zxy>_myz

cyc cyc cyc cyc cyc

ezl
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2 2, _ 2 2y _
_ Zx sz_zxy +3<(yx+zx 2xyz) + (z%y + x%y 2xyz)+)

(x?z + y?z — 2xyz)

cyc cyc cyc

N eve X
=%.Z(x—y)z+3 Zx(y—z)2 >0V x,y,z > 0 and choosing

cyc cyc
3

x = ab,y = bc,z = ca, we arrive at : Z ab | >27a?b%c? = (i) is true

cyc

108
Eeiely

>a(1-b%)(1-c?)+b(1-c?)(1-a?)+c(1-a?)(1-b?)

ca(1-b%)(1-c2)+b(1-c?)(1-a?)+c(1-a?)(1-b?) >

. 4(a® + b3 +¢3)

108 1
>——Vab,c>0|ab+bc+ca=1)=" iffa=b=c=— (QED
(1+1+1)3 | 7 (QED)
a b c

1363. Let a,b,c > 0 such that a + b + ¢ = 3.Prove that:
2023 2023 2023 2024 2024 2024
28 min {(azom + b2022 + (:2024) ) (azozs + b2025 + czozs)}

2025
> 27(ab + bc + ca) + 3(abc)2026

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

2023 2023 2023
Firstly, we shall prove : 28 (a2024 + b2024 + c2024) —3>27(ab + bc + ca)

Exactly 2 variables = 0 and WLOG we may assumeb = ¢ =0 (a = 3)
2023 2023
and then : LHS — RHS = 28 * 32024 — 3 > 33 % 32024 — 3 > (

Exactly 1 variable = 0 and WLOG we may assume a = 0 (b + ¢ = 3)
and then : LHS — RHS =

( 27.9bc
28. 2024\/b*b*b*...b*1+2024\]c*c*c*...c*1 -3
~———_—— N—— —_—

- 2
2023 terms 2023 terms (b +¢)
6H g 2024 s 2024 5 243bc
= EE Ay}
20b23 1 20c23 1 ®+0
— 28.2024 b* n c? 5 243be
e 2023b+ b2 ' 2023c+ c2 (b + )2
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Bergstrom
d
-.'bi} 3 28.2024(b + c)? 243bc
= IR Ay}
2023 (b + )2 + b2 + c2 (b+c)
_ (84.2024 — 6069)(b* + c* + 2bc) — 9(b% + ¢?) 243bc
- 2026(b2 + c2) + 2023.2bc b2 + c2 + 2bc

_163938x 163947y 283y oo o
T T 2026x+2023y  2(x+y) 2 Teiy=abpe
_327876x% + 163452xy — 163695y

2(x+y)(2026x + 2023y)
_ (327876x +491328y)(x — y) + 327633y?

2(x+y)(2026x + 2023y)
2023 2023 2023
andx,y >0asb,c>0 .. 28 (a2024 + b2024 + c2024) —3>27(ab + bc + ca)

[Case 3]a,b,c > 0 and then : LHS — RHS vatire=3

28.(2024\[a*a*a*...a*1+2024 b*b*b*...b*1+2024\[c*c*c*...c*1>—3

>0vx=b%2+c2>2bc=y

2023 terms 2023 terms 2023 terms

27.9(ab + bc + ca) 6-H 2024 2024 2024

> 28 + +
5 >
(a+b+c) 20(123 1 20b23 +1 20c23 +1

243(ab + bc + ca)

(a+b+c)?
_ 28 2024 a? N b? N c? 243(ab + bc + ca)
e 2023a+a?  2023b+ b2 2023c+c? (a+b+c)?
Bergstrom
and
---a+b>+c=s 28.2024(a + b + c)? 3 243(ab + bc + ca)
= e 2
%(a+b+c)2+a2+b2+c2 (@+b+c)
84.2024(u + 2v) 243v 5
_ -3 =a’?+b?+ct,v=ab+bc+
2023(u + 2v) + 3u aray u=a ¢%,v = ab + be + ca)
_ 6(27323u? + 27242uv — 54565v%)  6(u — v)(27323u + 54565v) -
N 2026u + 4046V N 2026u + 4046V

(va?+b*+c?>ab+bc+ca>u=vandab,c>0=uv>0)

2023
- 28 Z a2024 | —3 > 27 Z ab | and combining all cases,

cyc cyc
2023 2023 2023
28 (a2024 + b2024 + c2024) >27(ab+bc+ca) +3

2025
> 27(ab + bc + ca) + 3(abc)2026
via A-G 2025
( a,b,c>0suchthata+b+c=3 = 0<abc<1=0< (abc)z026 < 1)

a2024 + b2024 + c2024 | > 27(ab + bc + ca) + 3(abc)2026

2023 2023 2023\ (*) 2025
zs( )
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2024 2024 2024
Now, we shall prove : 28 (a2025 + b2025 + c2025) —3 >27(ab + bc + ca)

Case 1|Exactly 2 variables = 0 and WLOG we may assumeb = c =0 (a = 3)

2024 2024
and then : LHS — RHS = 28 * 32025 — 3 > 33 % 32025 —3 > 0
Exactly 1 variable = 0 and WLOG we may assume a = 0 (b + ¢ = 3)
and then : LHS — RHS =

( 27.9bc
28. 2025b*b*b*...b*1+2025\/c*c*c*...c*1 -3-——
2024 terms 2024 terms (b + C)
6-H 28 2025 . 2025 3 243bc
= T T2
20b24 1 20c24 +1 (b + ¢
=28.2025 b* + c* 243be
e 2024b + b2 ' 2024c + c2 (b + )2
Bergstrom
and
-.~b+>c=3 28.2025(b + ¢)? 243bc
= T T T a2
2024 (b + €)2 + b2 + c2 (b+c)
_ (84.2025 - 6072)(b* + c* + 2bc) — 9(b? + c?) 243bc
B 2027(b2 + ¢2) + 2024.2bc b2 + ¢2 + 2bc

_ 164019x + 164028y 243y T
T T 2027x+2024y  2(x+y) (x=b* +c*y = 2bc)
_328038x? + 163533xy — 163776y
B 2(x +y)(2027x + 2024y)
_ (328038x +491571y)(x — y) + 327795y

2(x+y)(2027x + 2024y)
2024 2024 2024

and x,y > 0asb,c>0 .. 28 <a2025 + b2025 + c2025) —3>27(ab + bc + ca)

=3 27.9(ab+bc+ca
[Case 3]a,b,c > 0 and then : LHS — RHS "“ "= °7°_ (i+b+c)2 )_

0vx=b2+c?2>2bc=y

+

+28.<2025\/a*a*a*...a*1+2025 b*b*b*...b*1+2025\/c*c*c*...c*1>

2024 terms 2024 terms 2024 terms
G-H 2025 2025 2025 243(ab + bc + ca)
= 28| 2024 t2024 72024 L) 3 (atbto?
. t1 5 +1 - t1
_ 28 2025 a? N b? N c? 243(ab + bc + ca)
o 2024a + a?  2024b + b2 ' 2024c +c? (a+b+c)?
Bergstrom
and
-.-a+b>+c=3 28.2025(a + b + c)? 243(ab + bc + ca)
= e 2
%(aﬁ+b+c)2+a2+b2+c2 (@+b+c)
84.2025(u + 2v) 243v

(u=a?+b?+c%v=ab+bc+ca)

T2024u+2v)+3u O u+2v
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_ 3(54673u” + 54511uv — 109184v?) _ 3(u — v)(54673u + 109184v) 0

2027u + 4048v 2027u + 4048v o
(va*+b%*+c?2>ab+bc+ca>u=vandab,c>0=uv>0)

2024
~ 28 Z az2025 | —3 > 27 Z ab | and combining all cases,

cyc cyc
2024 2024 2024
28 <a2025 + b2025 + c2025) >27(ab+bc+ca) +3

2025
> 27(ab + bc + ca) + 3(abc)20z6

via A-G 2025
( a,b,c>0suchthata+b+c=3 = 0<abc<1=0< (abc)z026 < 1)

2024 2024 2024\ (¥%) 2025
. (28 (azozs + b2025 + c2025) > 27(ab + bc + ca) + 3(abc)2026

2023 2023 2023 2024 2024 2024
& (%), (xx) > 28 min {(a2024 + b2024 + c2024), (azozs + b2025 + czozs)}

2025
227(ab+bc+ca)+3(abc)m\7’a,b,c20|a+b+c:3,
"="iffa=b=c=1(QED)
1364.1f a,b,c > 0, then :

b a+b+b+c+c+a 3

a C

4( + + >+abc b+c c+a a+b > 7
b+c c+a a+b a+b+c

Proposed by Pavlos Trifon-Greece
Solution 1 by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=ya+b=z=2>x4+y—-z2=2c>0,y+z—x
=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,z2+x>y
= x,y,Z form sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZa:Zx:Zs:Za:s—>(1):>a=s—x,
cyc cyc cyc
b=s—yc=s—z.abc=r?s- (2)
b a+b+b+c+c+a 3
a c ia (1) and (2) s—x
4< n n )+abc b+tc ' ct+a a+b) vielan 42
b+c c+a a+b a+b+c X
3
r’s{~xx\ A-G 4s(s?* + 4Rr + r?) 9r2 [ 1 O x%z?

cyc

y 4Rrs sz XyzZ

cyc cyc

Z

Bergstrom s2 4+ 4Rr + r? 9r2< 1 (s®+4Rr+ r2)2> .

—12+—- :
Rr s?2 \ 4Rrs 2s

s? 4+ 4Rr + r? N 9r(s? + 4Rr + r2)” ! 19
&
Rr 8Rs*
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©
& |8s® — (120Rr + 17r?)s* + r?s?(72R? + 18r?) + 9r*(4R + r)? > 0|and

3 Gerretsen
(s2 — 16Rr + 5r2) > 0 -~ inorder to prove (+),it suffices to prove :

LHS of (+) > 8(s? — 16Rr + 5r2)°
& (264Rr — 103r2)s* — r?s?(6144R% — 3912Rr + 582r?)

(+)
+r3(32768R® — 30576R?r + 9672Rr? — 991r3) > 0and
Gerretsen

+ (264Rr — 103r?)(s? — 16Rr + SrZ)2 > 0. inorder to prove (s¢),
it suffices to prove : LHS of (++) > (264Rr — 103r?)(s? — 16Rr + 5r2)Z

(...)
& (288R% — 253Rr + 56r%)s? > r(4352R% — 4754R%*r + 1676Rr? — 198r3)

Gerretsen

Now, (288R? — 253Rr + 56r?)s? >  (288R% — 253Rr + 56r2)(16Rr — 5r?)
?
> r(4352R3 — 4754R?r + 1676Rr? — 198r?)

? R
& 256t3 — 734t%2 +485t— 82> 0 (t = ;)

? Eul
& (t—2)(145t% + 111t(t— 2) + 41) > 0 > true - t Y2 (s00) = (e0) = (o)
3

" a+b+b+c+c+a
a c
istrue-‘-4< + + )+abc<b+c cta a+b> =>7Vab,c>0,

b+c c+a a+b a+b+c

"=""iffa = b = c (QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
By Schur’s inequality, we have

a b c (a® + b3 + ¢ + 3abc) + a?(b + ¢) + b* (c + a) + c*(a + b)
b+c+c+a+a+b: (a+b)(b+c)(c+a)
- 2[a?(b + ¢) + b?>(c + a) + c*(a + b)]
- (a+b)(b+c)(c+ a)
_5 4abc

“(@a+b)(b+o)(ct+a)
By AM — GM inequality, we have

@+b)(b+o)(cta)> 8(a+b +c)(;lb+ bc + ca) o 8\/3abc(¢;+b+c)3.

Using these inequalities and by AM — GM inequality, we obtain

4( a N b N c >>8 9 27abc > g <1+ 27abc )
b+c c+a a+b)— (a+b+c)3— (a+b+c)3

27abc

“(a+b+0)3¥
Now by AM — GM inequality, we have
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a+b+b+c+c+a 3 3
b+tc c+a a+b 3 __ 27abc
> abc = .
a+b+c a+b+c (a+b+c)3

abc

Adding the last two inequalities yields the desired result.
Equality holds iffa = b =c.
1365. Let a, b, c = 0 such that ab + bc + ca = 1. Prove that:
1 1 1 6

+ + >
Vva+bc Vb+ac Vc+ab [2(a+b+c)+ abc
Proposed by Phan Ngoc Chau-Vietnam
Solution by Nguyen Van Canh-Vietnam

Letus denote p=a+b+c=>,/3(ab+bc+ca)=+v3 and
p(4 p)}

r =abc = max{ (Schur’s Inequality).
Using B.C.S Inequality we have:

1 1 1 9 9
+ + > =
va+bc +Vb+ac VJc+ab +Va+bc+Vvb+ac+vVc+ab /3(a+b+c+1)
3V3 3V3

“Vatbtctl Jp+il
We need to prove that:
3V3

=
Jp+1 2p+r
p(4-p*)) _ :
o Ifp=2thenr>= max{O, 2 } = 0 .We have:
2p+3r=>4+0=4(true) = (x) true.
_n2 2
e IfV3<p<2thenr>max {0,"(44” )} = p(44p )
p(4-p*) p)

(x)e32p+r)=4(p+1) e 2p+3r=4;

. We have:

3
2p+3r>2p+3. =5p— p . We just prove that:
3

3
5p—%24@3p3—20p+16S0@(p—Z)(3p2+6p—8)SO;

o (P-2)[Bp+9)(P-1)+1] <0 (true since V3 < p < 2)
a+b+c=2
= (%) true. Proved. Equalitye jab + bc+ca =1
abc=0
©a=b=1c=00orb=c=1=00ra=c=1,b=0.

1366. If a,b,c > 0.a®? + b%? + c2 =3 and A > 0, then :

a+ i
zm_ab+bc+ca+l 2

cyc

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

A-G 1
3=Za2 > 34 a2b2c2=>abc§1—>(1)and3=2a22§ Za

cyc cyc cyc

:Za33—>(2)

cyc

2 Bergstrom —

a a g Yeve @ A-G

T Y — Bt : Zeyca) A
a+bc+c a? 4+ abc + ac Ycyc @2 + 3abc + X a’b

cyc cyc

2 2
(chc a) _ (chc a)
Z:C}’C a’ + 3abc + chc a chc a’® + 6abc + (chc a) (chc a’ — chc ab)
via (1) and (2) (chc a)z 3 = a2+b2+c2
2 =
ey @ +6 + B(chc a? — Yeye ab)
2
(Zeyea) _ Xeye@® +2%ycab
chc a®+ 2 chc a’ + 3(chc a? chc ab) 6 chc a? -3 chc ab
? 3 ab x+2 ? 3
>ab+bc+ca—-—2=—— Zeye y+2> y
Ycye @? 6x 3y X

_Z 2 and _Z b|loB3* =W I3 i3 _22xyioyz 20
x= ) a’? andy= ) a ox—3y > x x? xy + 9y

cyc cyc

?
S (13x—9y)(x—y)=0->true x>y

a
:Zm_ab+bc+ca 2 - (i)

cyc

1 Bergstrom 9 via (2) 9
A ain,z— = =
g a + bc + c? chc a+ chc ab + chc a? 3+2 ZCYC a’

cyc
a?+b?+c2=3 9

1 A
= —_— _—> > _— > 1
3+6:>Za+bc+c2_1and A=0 Za+bc+c2_)‘_)(")

cyc cyc

(l)+("):>2a+bc+c22“b+bc+ca“‘ 2

cyc
Vab,c>0|a?+b?+c2=3andvA=>0"=" iffa=b=c=1(QED)
1
1367.Leta,b,c,de[5,1]and a>b > c > d.Prove that:
d) b ¢ d a

2(a+b+c+ >—+—+—+—=-+4
b ¢c d a/ a b ¢ d

Proposed by Minh Vu-Vietnam
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Solution by Nguyen Van Canh-Vietnam
letf(abcd) =2(5+2+5+5) - (2+54+245) - 4
b d
, 2 1 2d+b 2d — b 2d b _ (2d—b) a? — bc >0
f“_b d @ a2 bc B a’bc
(since:b,de[l,l]:Zd—bZ1—b20anda2b2c‘=>a — bc > 0)

= f@bed) 2 fbbed) =2(2+5+%) - (§+f+g)—3=g(b,c,d).

, 2 Zd c 1 Zd—c 2d —c¢ —cd
g, = — = = (2d - c) >0

c b? b2 d cd b? " b%cd
(since:c,deE,l]:>2d—c21—c20andb2c2d=>b2—cd20)

d c d AM-GM

(b,c,d) = g( d)—z(c+d) (+) 2=—+ 2 S 2-2=0
Zgbod)=gleod)=a{gTe c d ¢ d - o

= f(a,b,c,d) = g(b,c,d) > 0.
Proved.Equality © a=b=c=d € E 1].

1368. If a,b,c > 0, then prove that :

5 5 1 2 ,(a+tbh z
[ [@+ab+p2) <(S@-mO-c-a) +) @an) ( - )
cyc cyc
Proposed by Neculai Stanciu-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

[+ ab+1?) < (S @@-0)® - (c-a) 2 + ) (Bab)? (a+b)2

cyc cyc

=3 92 a*b?(a+b)? + ((a=b)(b—c)(c— a))2 > 41_[(a2 + ab + b?)

cyc cyc

()
o Z a*b? + Z a’b* + 2 Z a3b3 + 3a%b%c? >

cyc cyc cyc

abcz a3 + abc (Z a’b + Z ab2> + 6a2b?c?

cyc cyc cyc

Now, via Schur.z a3b3 + 3a%b%c? > abc (Z a’b + Z ab2> - (1)

cyc cyc cyc

A-G
Again,z a*b? + Z a’b* = Z a*(b?+c?) > 2 Z a*bc = 2abcz a3

cyc cyc cyc cyc cyc

:%(Z a*b? +Z a2b4> > abcz a® - (2)

cyc cyc cyc
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1 A-G1
Also, > Z a*b? + Z a’b* | + Z a’b® > 2 (3a®b?c? + 3a®b?c?) + 3ab?c?

cyc cyc cyc

1
=3 (Z a*b? + Z a2b4> + Z a’®b3 > 6a’b?c? - (3)

cyc cyc cyc

~ (M) +(2)+(@3) = (v) istrue

2 2
1_[(a2 +ab +b?) < G (a—b)(b—-c)(c— a)> + Z(3ab)2 (a -; b)

cyc cyc

Vab,c>0"=" iffa=b=c(QED)

Solution 2 by Nguyen Van Canh-Vietnam
WLOG, we assume that a + b + ¢ = 1. Letus denote g = ). ab,r = abc.
We have:

4] |@ +ab+b) < ((@- BB - - ) +9) (ab)(a+b)?;
4 [Z a’b?(a® + b?) + Z asb3 + abcz a3 + 2abcz ab(a + b) + 3a2b2c2]
< Z a’b?(a? + b?) + Zabcz ab(a+ b) — ZZ a3b3 — 6a?b?c?
- 2abcz a®+9 [z a’b?(a? + b?) + ZZ a3b3];
& Z a’b?(a? + b?) + ZZ ah? — abcz ab(a+ b) — abcz a3 — 3a?b?*c? > 0;
o Z a?b? Z a? + ZZ alh® — abcz ab(a + b) — abcz a3 — 6a’*b%c? > 0;
e (@*-2r)(1-2q)+2(q®>—-3qr+3r*)—r(q—3r)—r(1—-3q +3r) —61r2 > 0;

& q? = 3r.
Which is clearly true since: (ab + bc + ca)? = 3abc(a + b + ¢) = q* = 3r. Proved.

1369. If a,b,c > 0, then prove that :

S s 1 Vg
@ —
32a+b+c) 3(b+c)
cyc

cyc

Proposed by Neculai Stanciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,ct+ta=y,a+b=z=>x+y—z=2c>0,
y+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>xz+x>y=>xYyzform
sides of a triangle with semiperimeter, circumradius and inradius = s,R,r (say)

yielding22a=2x=25=>Za=s—>(1)=>a=s—x,b=s—y,c=s—z

cyc cyc cyc
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S—X 3 Ss—X 3

4a
— <1 <>
;3(2a+b+c)_ ‘:’cyc(a+b)+(a+c)—4 (a+b)+(a+c) 4

s—x 3 2s—x—s 3 3 1
@Z <- —S—<=>3——SSZ
4 4 y+z

y+z 4 2s —
CYC CYC cyc
Z x? + chc xy (chcx +2 chc xY) + chc xy 9
@ —
[eye(y + 2 = [eye(y +2) = s

45745 + 4R 41 9 10s2 + 8Rr + 2r% > 9s2 + 18Rr + 9r2
> —
2s(s + 2Rr + r2) — 4s S r+2rf29s r+or

& s2 > 10Rr + 7r? - Z—_
S r+r 3(2a+b+c¢)

1< s2>10Rr + 7r? - (1)

Al Z 2a >1(:)z:s—x>3<:) ey Xy 9@sz+4Rr+r2>9
S9/.3b+o = x —2 > aRrs ~ 2 4Rr -2
cyc cyc
& s?2>14Rr—r? . z >1es?>14Rr - 2
s° > r—r 3(b+c)_ s? r—r?-(2)
If possible, let z ta <1=>z
possibie, et us assume 3(2a+b+c)_ 3(b+C)_ ,1.e.,
cyc cyc

z ta <1 dz 2¢__ _ 1 and then, via (1), (2)
32a+b+o - " £i3(b+c) " and then, via L1, 12),

CcycC
2 > 10Rr + 7r? and s? < 14Rr — r? which is a contradiction - s> — 14Rr + r?
Gerretsen
and

Euler 2
> 0=>s“>14Rr—r

=s2—-16Rr+5r2+2r(R-2r) >
L ¢ z 4a <1 z 2 >1
1S Incorrec 32a+b+o 3(b+c) -
cyc

2 .. our asssumption

Again, if possible, let us assume Z 3(b s =21= Z—g Za+b+o -
y

4a
err——— - 0> .
Z 3(b yo = tand CZ 3Za+bto = Landthenvia(1),(2),
y

cyc
2 > 14Rr — r? and s? < 10Rr + 7r? which is a contradiction - s> — 10Rr — 7r?2
Gerretsen
and

Euler
=s2—16Rr+5r>+6r(R—2r) > 0= s?>10Rr + 7r? .. our asssumption

is i t E —_— 21> E — <1
-'-
1S Incorrec (I ) = ( 1 ) =
cyc cyc

: Z ta <lo Z 2a >1(QED
“Z4i3QRa+b+c) " 3(b+c) (QED)
cyc cyc
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1370. If x,y,z > 0, then prove that :

Z 16xyz - 5
2X T Y2 (Beye®) loge2X+Y +2) - Z0eye

cyc

Proposed by Neculai Stanciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Assigningy+z=a,z+x=b,x+y=c=>a+b-c=2z>0,
b+c—a =2x>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>b=ab,cform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

)
yielding22x=2a:25=>2x: s>x=s—ay=s—bz=s-c
cyc cyc cyc

()
. xyz = r’s

N z 16xyz 5
ow,
T 2x+y+z (chc x) Hcyc(Zx +y+z) 2 chcx

- z 1 N 16xyz 5
£ x+y)+@x+2)  (Teyex) Meye((x +y) + (x + z)) 2y X

via (¢) and (s9) z 1 + 16r2s < 5
P =
b+c ()[lyc(b+c) ™ 2s

cyc

1 z +z bl 16r? 5
Zs(s2 + 2Rr + r?)’ a @ 2s(s% + 2Rr + rZ)

cyc

N () R0 YO 15 Y RO
@ . < —
2s(s% + 2Rr + r?) a a @ 2s(s2 + 2Rr +r?%) = 2s

cyc cyc cyc

4s2 + s2 + 4Rr + r? 1612 5 5sZ4Rr + 17r?2 5

S + <—& <—
2s(s2+ 2Rr+r?%) 2s(s2+2Rr+r?%?) = 2s 2s(s?2+2Rr+r2) "~ 2s
16xyz

(ZCYCx) Hcyc(zx + Y + Z)

< 6Rr > 12Rr - true via Euler .. Z
2x+y+z
cyc

< 5
2 chc

Vxyz>0"="iff x =y =2z (QED)

1371. Mr.Bin entered the problem as follows :"

Leta,b,c = 0 such thata + b + ¢ = 3. Prove that :

2023 2023 2023
a2021 + b2024 + ¢2024 + 15 > (6 — 3V3)(ab + bc + ca) + 9V3

in the Al chat software, but the software could not solve it.
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And you ? Let's solve this puzzle !

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Case 1|Exactly 2 variables = 0 and WLOG we may assume b =c =0

2023
(a = 3) and then : LHS — RHS = 32024 + 15 - 9V3 > V3 + 15-9v3 > 0
Exactly 1 variable = 0 and WLOG we may assume a = 0 (b + ¢ = 3)

and then : LHS — RHS = 202‘t/b.b.b ..b.1+ 2024/c.c.c...c.1 + 15
2023 terms 2023 terms

6 — 3\/§> 2bc G-H 2024 2024
—9< () —9V3 = + +15
2 (b+c) 20b23 1 20c23 1

9(6 —3V3 2bc

_9( ) ( )_9 3
2 b2 + c2 + 2bc

2024b? 2024c?>

- 15—27(
2023b + b2 ' 2023c+ 2 |

Bergstrom

and
2bc )> “b+c=3 2024(b + ¢)?

2bc )
b2 + cZ + 2bc

+15

bZT cZ 1 2be 2023

3
_9‘/§<1_E<
35— (b+0)?+b?+c?

27( 2bc ) ov3[1 3( 2bc )
b2 + ¢ + 2bc 2\bZ + c2 + 2bc

2024(x+y) o 27(xL+y) - 9‘/5(1 _;(xyTyD

%(x+y)+x

3(6077x + 6068y)(2x —y) 2 9V3(2x—y)
(x+y)(2026x + 2023y) (f) 2(x+y)
If 2x =y,then:b?+c?>=bc=>(b+c)?=3bc=>bc=3and~b+c=3

3
+~b+—-=3=>b*-3b+3=0and - A=9 — 12 < 0 = no real values of

(x=b2+c2;y=2bc)£0(:>

b
b, c exist suchthatb+c=3andb?+c>=bc-2x—-y#0
6077x + 6068y 33 3V3 _ _
(¥ e > w —— < — ~ it suffices to prove :

2026x+2023y~ 2 0772 S5

6077x + 6068y > . < 3(1349x + 1347y) > 0 > t >0
- %
s 0m x y rue v x,y
2023 2023 2023

= (x) is true - a2024 + b2024 + c2024 + 15 > (6 — 3v3)(ab + bc + ca) + 9V3
[Case 3]a,b,c > 0 and then : LHS — RHS varhre=s 2024fa.a.a...a.1
2023 terms

9(6 —3v3)(ab+bc+ca)

+2024/b.b.b...b.1+2024/c.c.c...c.1+15— - 5 93
2023 terms 2023 terms (a + + C)
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G-H 2024 2024 2024 54(ab + bc + ca)

20‘123_*_1 20b23+1 2023_|_1 (a+b+c)

3(ab+bc+ca)
—9v3(|1-—
\/_< (a+b+c)? )
3 2024a? N 2024b? N 2024c? N 54(ab + bc + ca)
"~ 2023a+a? 2023b+b2  2023c + c? (a+b+c)?
Bergstrom

and

ov3[1 3(ab + bc + ca) ve+tbte=3 2024(a+ b + ¢)?
(a+b+c)? - 2023

(a+b+c)?+a?+b? +c?
54(ab+bc+ca)_9\/§ _3(ab+bc+ca)
(a+b+c)? (a+ b+ c)?

2024(u + 2v) 54v ) u_za v_zab

2023 +15— —— —9\/_(
cyc cyc

S Wu+2v)+u
3(6077u + 12136v)(u — v) 2 9vV3(u—-v)
(u+2v)(1013u+2023v) ~  u+2v

5 16
& 6077u + 12136v > 3V3(1013u + 2023v) (“u—v > 0) and =~ 3V3 < 5

+15 —

?
>0=

16
- it suffices to prove : 6077u + 12136v > = (1013u + 2023v)

< 14177u+ 28312v > 0 > true ~u,v> 0
2023 2023 2023

» a2024 + b2024 + 2024 + 15 > (6 — 3v3)(ab + bc + ca) + 9V3
2023 2023 2023
~ combining all cases, a2024 + b2024 + c2024 + 15

2(6—3\/5)(ab+bc+ca)+9\/§Va,b,c20|a+b+c=3,
"="iffa=b=c=1(QED)

1372. Leta,b,c > 0 such that a + b + ¢ = 3. Prove that :

2023 2023 2023
(i) a2024 + b2024 + c2024 + 2(16 — 9V3) > (6 — 3V3)(ab + bc + ca) and

2024 2024 2024
(ii) a2023 + b2023 + 2023 + 2(16 — 9v3) > (6 — 3V3)(ab + bc + ca)

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
We shall first prove :

2023 2023 2023
(i) a2024 + b2024 + 2024 + 2(16 — 9V3) > (6 — 3V3)(ab + bc + ca)
Case 1|Exactly 2 variables = 0 and WLOG we may assumeb =c =0 (a = 3)
y y

2023
and then : LHS — RHS = 32024 + 2(16 — 9\/§) > 0 - (i) is true (strict inequality)
Exactly 1 variable = 0 and WLOG we may assume a = 0 (b + ¢ = 3)
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and then : LHS — RHS = 202¢ [b.b.b ..b. 1+ 2024 [c.c.c...c. 1 + 2(16 — 9V3)
2023 terms 2023 terms

6 —3V3 2bc \ G-H 2024 2024
_9< > ><(b+c)2)22023 +5023 — + 2(16 — 9V3)
Sot1 =+

9(6 — 3\/5)( 2bc )
2 b2 + ¢2 + 2bc
B 2024b? N 2024c? 32 27( 2bc )
~2023b+b2 ' 2023c+ c? b2 + ¢2 + 2bc
Bergstrom
and
273 2bc “b+c=3
-1
83 + 2 (b2+c2+2bc) -
2024(b + c)?
+32 - 27(

2({,,j(b+c)2+b2+c2

27\/§( 2bc )

2 \b2+c2+2bc A

2024(x + 273

= 5023 (x+y) +32—27(L)—18\/§+T( y )

= (x+y)+x x+y xty
70904x% + 87010xy + 16187y%> 9v/3(4x +y)

— h2 p—— = -
(x =b* + c*y = 2bc) (x +y)(2026x + 2023y) 2(x+y)

2bc )
b2 + ¢2 + 2bc

-18V3 +

9V3
“2_<°70904x% + 87010xy + 16187y*> 8(4x+y) 6072x + 6066xy + 3y>

(x +y)(2026x + 2023y) x+y  (x+y)(2026x + 2023y)

>0 x=>y>0 - (i) is true (strict inequality)
va+b+c=3

[Case 3]a,b,c > 0 and then : LHS — RHS =

2024 |a.a.a..a.1+ 2024 |b.b.b...b.1 + 202¢|c.c.c...Cc.1
SN——— N—— S ———
2023 terms 2023 terms 2023 terms

9(6 — 3v3)(ab + bc + ca)

+2(16 —9V3) —
( v3) (a+b+c)?
G-H 2024 2024 2024 9(6 — 3v3)(ab + bc + ca)
> + + +2(16 — 9vV3) -
2023 2023 2023 (a+b+c)?
oo t1 o+l = +1
2024a? 2024b? 2024c?
+2(16 — 9v3)

= + +
2023a+a? ' 2023b+b?  2023c + c?

Bergstrom
and

9(6—3\/3)(ab+bc+ca)-.-a+b>+c:3
(a+b+c)? -
2024(a+b + ¢)? 9(6 — 3v3)(ab + bc + ca)
e a(e-ovE) 2
35— (a+b+c?+a?+b%+c?

2024(u + 2v 54v v
( ) 30 . —18\/§+27\/§( )

20323(u+2v)+u u+2v u+2v
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_ Z 2 Z bl 70904u? + 174020uv + 64748vZ  9V3(2u+v)
LYV T LAY T T (u+ 2v)(2026u + 4046v) u+2v

cyc cyc

9vV3 <16 70904u? + 174020uv + 64748v? 16(2u+v)
(u+2v)(2026u + 4046v) u+2v

_ 6072u” +12132uv + 12v?

~ (u+2v)(2026u + 4046v)
. combining all cases, (i) is true (strict inequality) V a,b,c > 0 | at+b+c=3

>0 u=v>0 . (i) is true (strict inequality)

We shall now prove :

2024 2024 2024
(ii) a2023 + b2023 + ¢2023 + 2(16 — 9v3) > (6 — 3v3)(ab + bc + ca)

Case 1|Exactly 2 variables = 0 and WLOG we may assumeb = c = 0 (a = 3)

2024
and then : LHS — RHS = 32023 + 2(16 — 9\/§) > 0 . (ii) is true (strict inequality)

Exactly 1 variable = 0 and WLOG we may assume a = 0 (b + ¢ = 3)
2024 2024

and then : LHS — RHS = b2023 + c2023 + 2(16 — 9v3) — (6 — 3V3)(bc)

Power—Mean inequality

ch(l; 1 2024 (6 3\/§)
> W(b+c)m+2(16—9\/§)—T(b+c)z
22023~
_3 1 2024 9(6 — 33 1 2024 37 453
bre=3 —.32023 + 2(16 — 9V3) — ( 2 )= 32028 + = - — —
27023 22023

3 37 45V3 1 o o ]
> 3 + > "1 > 3 > 0 - (ii) is true (strict inequality)

Power—Mean inequality 2024
Xn((i; 1 2023
[Case 3]|a,b,c > 0 and then : LHS — RHS > 035 — a
32023 1\ Ge
2024
=3 32023
+2(16-9v3) — (2—V3)(a+b+ )2 P27 " 4 2(16 — 9v3)
32023

-9(2-+3)=3+32-18V3-18+9V3 > 17— 9V3 > 0 (- 289 > 243)
~ (ii) is true (strict inequality) .. combining all cases,
(ii) is true (strict inequality) V a,b,c > 0| a + b + ¢ = 3 (QED)
1373. Leta,b,c > 0 such that : a+ b + ¢ = 3. Prove that :

1
a)9(ak+bk+ck)+ab+bc+ca§27+3abcwithk=z and

b) 9(a¥ + b¥ + c*) + ab + bc + ca > 27 + 3abc withk > 1
Proposed by Nguyen Van Canh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

When exactly 2 variables = 0 (WLOGb = ¢ = 0 and a = 3), then :
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k=1
LHS of a) = 9V3 < 27 = RHS of a) and LHS of b) = 9.3X > 27 = RHS of b)

When exactly 1 variable = 0 (WLOGand a =0andb + ¢ = 3;b,c > 0), then :

CBS
and

A-G b+C2 = 9
LHS of @) =9(vVb ++c) +bec < 9 2(b+c)+( 4) brs 39\/€+Z<27

= RHS of @) and LHS of b) = 9 (1 + (b - 1)) + (1 + (c - 1))") + be

via Bernoulli ~ k=1

> 9(2+ k(-1 +(c-1))+bc" =" 18+ 9k(3 — 2) + be

k=1
> 27 +bc > 27 = RHS of b)

We now consider the case when a,b,c > 0 and a) &
9Zx+ szyz < 27 + 3x2y?z% (x = Va,y = Vb,z = Vc)

cyc cyc
3

3 = Teyc x? 1
P z x? | +3x%y%z? —= z x%y? Z x?
cyc 3 cyc cyc
=9 z X
cyc
3

5
.'.3=chcx2
o 3 sz + 9x2y?z?% — szyz sz > (3 sz Zx

cyc cyc cyc cyc cyc
2
(< ¥ \ :
©)
|| 3 sz + 9x%y?z? — Z:chy2 sz | >3 Zx sz

\ cyc cyc cyc / cyc cyc

[5

3

3 Za + 9abc — Zab Za

cyc cyc cyc

32a3+9 Za Zab — abc |+ 9abc — Za Zab

cyc cyc cyc cyc cyc

32a3+9 Za Zab — abc |+ 9abc — Za Zab
cyc cyc cyc cyc cyc
Assigningy+z=Xz+x=Y,x+y=Z=>X+Y-Z=22>0Y+7Z—-X=2x
>0andZ+X-Y=2y>0=X+Y>ZY+Z>XZ+X>Y
= X, Y, Z form sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZx=ZX=25=>Zx=s—> (1)

cyc cyc cyc
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=>x=s—X,y=s—Y,Z=s—Zand such substitutions =

ny=2(s—X)(s—Y) =>~ny=4Rr+r2 - (2) and

cyc cyc cyc
2

ia (1) and (2)
szyzz ny —2xyz Zx neEt

cyc cyc cyc

(4Rr + rz)2 -2 1_[(5 —X) |.s = (4Rr + rz)z —2r%s.s
cyc
= z x%y? = r?((4R +1r)? — 25?) - (3) and

cyc

2
ia (1) and (2)
Zx2= Zx —Znyvm =" s? — (4Rr +r?)

cyc cyc cyc

:sz =s? —8Rr—2r% - (4)
cyc

~via (1)(3) and (4), ()

2
(3(52 — 8Rr — Zrz)3 +9r*s? — r2((4R + )% — 2s%)(s? — 8Rr — ZrZ))

=
—3s2%(s? — 8Rr — 2r2)5 (g) 0
Now,43,008t3 — 126,400t> + 124,192t — 40,192
(where t= E Eger 2 and comma represents the thousands — separator)

r
= (t—2)(43,008t2 — 40,384t + 43,424) + 46,656 > 0
= 43,008R3 — 126,400R?*r + 124,192Rr? — 40,192r3 > 0 and
209,152t* — 855,808t3 + 1,311,424t%2 — 877,440t + 214,794

=(t-2) ((t —2)(209,152t* — 19,200t + 398,016) + 791, 424) + 205,578 >0
= 209,152R* — 855,808R3r + 1,311,424R?r? — 877,440Rr3 + 214,794r* > 0
- via Gerretsen, 6(s? — 16Rr + 51‘2)6 + (264Rr — 246r?)(s? — 16Rr + 51‘2)5

+r2(4704R? — 8952Rr + 4276r2)(s? — 16Rr + 5r2)"

+13(43,008R3 — 126,400R?r + 124,192Rr? — 40,192r%)(s? — 16Rr + 512)

- (209, 152R* — 855,808R3r + 1,311,424R?*r?

(***)

©
; : )(sZ —16Rr + 5r2)" > 0
—~877,440Rr? + 214,794r

- in order to prove (), it suffices to prove : LHS of (x*) > LHS of ()
( 247,808R> — 1,361, 664R*r + 2,948,224R3r? )sz
—3,097,408R?r® + 1,573,116Rr* — 308,477r>

r( 3,760,128R® — 21,463,040R°r + 49,317, 504R*r? )

—57,311,104R3r3 + 35,056,912R?*r* — 10,519,128Rr> + 1,171,433r°

Now, 247,808t> — 1,361,664t* + 2,948,224t — 3,097,408t% + 1,573,116t

-308,477
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e _ 5y (247,808t3 — 370, 432t2)
=(t—2) <(t 2)( | 475 264t 4 285,376 + 813,564) +177,147 > 0
= 247,808R5 — 1,361,664R*r + 2,948,224R3r2 — 3,097,408R?r3 + 1,573,116Rr*

Rouche

—308,477r> > 0 .. LHS of (xxx) >
( 247,808R> — 1,361,664R*r + 2,948, 224R3r? )( 2R? + 10Rr — r? )
—3,097,408R?r3 + 1,573,116Rr* — 308,477r>/ \ —2(R — 2r)yR2 — 2Rr
?
> RHS of (#xx)
247,808R® — 1,507,072R°r + 3,733,376R*r? )
—4,867,456R3r3 + 3,532,604R?*r* — 1,357,441Rr> + 215,739r°

? 247,808R° — 1,361,664R*r + 2,948,224R3r?2
> 2R—2r\/R2—2R1‘< ’ ’ ’ ' ' )
(o) ( ) —3,097,408R%*r® + 1,573,116Rr* — 308,477r°

Again, 247,808t% — 1,507,072t° + 3,733,376t* — 4,867,456t3 + 3,532,604t>
—1,357,441t + 215,739

3 _ 2
= (t-2) <(t ~2) <(t _ 2)( 247,808t — 20,224t ) +2, 837,052) + 844,911)

<:>2(R—2r)<

+638,336t+ 1,187,712
+59,049 > 0 = 247,808R® — 1,507, 072R5r + 3,733,376R*r% — 4,867,456R3r3

Euler

+3,532,604R?r* — 1,357,441Rr> + 215,739r* >0and “R—2r > 0

. in order to prove (x*x*x), it suffices to prove :
2

( 247,808R® — 1,507,072R5r + 3,733,376R*r?2 — )
4,867,456R3r3 + 3,532,604R?%r* — 1,357,441Rr> + 215,739r°
2 247,808R> — 1,361,664R*r + 2
> (R? - 2Rr) 3.2 2.3 4 5
2,948,224R3r% — 3,097,408R?r3 + 1,573,116Rr* — 308,477r

< 50,751,078,400t'! — 543,453,872,128t1° + 2,529,415,659,520t°
—6,675,031,293,952t% + 10,849,957,036,032t” — 10,843,569,209, 344t°
+5,808,184,095,232t> — 209,088,406,656t* — 1,948,958,574, 65613
+1,330,648,500,336t> — 395,389,808,740t + 46,543,316,121 > 0

o t-2)| t-2) ((t ~2) ((t ~2) (7 52(5 ;;‘3(;‘31; 064) +2,467, 147,211,712>

+ 441,062,017, 776) +37,020,180,060 | + 3,486,784,401 > 0

( where A = 50,751,078,400t° — 35,943,088,128t> + 139,941, 642,240t* + )

222,194,925,568t3 + 538,707,279,872t> + 1,350,519,504,896t + 3,195,171,795,456
Strue ~t>2and A > 0= (x+xx) o (xxx) > (xx) = (x) is true

1
.'.9(ak+bk+ck)+ab+bc+ca£27+3abcfork=§Va,b,c>0| Za=3

cyc

Also,9(a* + b* + cX) + ab + bc + ca — 27 — 3abc

Kk via Bernoulli ~ k=1
=9Z(1+(a—1)) +Zab—27—3abc >

cyc cyc
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9( 3 +k Za—S +Zab—z7—3abc“+b$°=3

cyc cyc

A—G ? ? ?
Z ab — 3abc > 33a?b%c? — 3abc > 0 & a?b?c? > a®b3c3 & abc < 1

cyc
A-G
- true - 3 :za > 3¥abc=abc< 1
cyc
= 9(a® +b* + c¥) + ab + bc + ca > 27 + 3abcwithk > 1V a,b,c > 0| Za=3

cyc
- combining all cases,

a) 9(a* + b¥ + c¥) + ab + bc + ca < 27 + 3abc with k =

Va,b,c20|a+b+c:3,”:” iffa=b=c=1
b) 9(a* + bX + c¥) + ab + bc + ca > 27 + 3abc withk > 1
Va,b,c20|a+b+c:3,”:” iffa=b=c=1or,(a=3,b=c=0k=1)

or,(b=3,c=a=0k=1)or,(c=3,a=b=0;k=1) (QED)

1374. Let a,b,c > 0 such thata + b + ¢ = 4. Prove that :
2024 2024 2024

(i) a2025 + b2025 + ¢2025 + 2(16 — 9V3) > (6 — 3V3)(ab + bc + ca) and
(i) a?°2% + b2023 + 2923 + 2(16 — 9v3) = (6 — 3V3)(ab + bc + ca)

Proposed by Nguyen Van Canh-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

We shall first prove :
2024 2024 2024

(i) a2025 + b2025 + 2025 + 2(16 — 9V3) > (6 — 3V3)(ab + bc + ca)
Exactly 2 variables = 0 and WLOG we may assumeb = c =0 (a = 4)

2024
and then : LHS — RHS = 42025 + 2(16 — 9\/§) > 0 . (i) is true (strict inequality)
Exactly 1 variable = 0 and WLOG we may assume a = 0 (b + ¢ = 4) and

then : LHS — RHS = zozs/b.b.b ..b.1+225[ccc..c.1+2(16—9V3)
N——— — N ————
2024 terms 2024 terms

6—3V3 2bc \ G-H
-16 ( ) >
2 (b + )2
2025 2025

2bc
5024 2024 +2(16 —9V3) — 8(6 — 3V3) (—b2+c2+2bc)
5 t1 +1
B 2025b2 N 2025c2 32 48( 2bc )
"~ 2024b + b2 2024c + c2 b2 + c2 + 2bc
Bergstrom
2b and
C “b+c=4
-18 243 | ————M—MM— >
V3 + \/_(b2+c2+2bc) -
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2025(b + ¢)?

506(b + ¢)% + b2 + ¢2
-18V3 + 24\/5(

3 2025(x+y)
T 506(x+y) +x

2bc )
b2 + ¢% + 2bc
2bc )
b2 + ¢2 + 2bc
+32-48 (L) —18v3 + 24\/§(L)
x+y xX+y
18249x2 + 12130xy — 6071y?  6+/3(3x —
(x =b% +c%y = 2bc) = y y~_6v3( y)
(x +y)(507x + 506y) x+y
6v3<11 18249x% + 12130xy — 6071y? 11(3x—y)
(x +y)(507x + 506y) x+y
_ 1518x% + 1009xy — 505y  (506x + 505y)(3x —y)
© (x+y)(507x +506y)  (x+y)(507x + 506y)
= (i) is true (strict inequality)
[Case 3]a,b,c > 0 and then : LHS — RHS vatire=t

2025 [@.a.a..a.1+25bbb..b.1+ 2025\[c.c.c ..c.1+2(16 —9v3)
~_— ——— ~_— N e’
2024 terms 2024 terms 2024 terms

16(6 — 3v3)(ab + bc + ca)
- (a+b+c)?

+32—48(

>0vx=>2y>0

G-H 2025 2025 2025

> + +
= 2024 2024 2024
T t1 el S+

_ 2025a® N 2025b? N 2025c¢2 +2(16 - 9V3)
"~ 2024a+a? 2024b+ b2 2024c +c?

Bergstrom
and

16(6 — 3V3)(ab + bc + ca) “atbie=4
(a+b+c)? -

16(6 —3v3)(ab + bc + ca)
(a+ b+ c)?

+2(16 —9V3) -

2025(a+ b + ¢)?

506(a+b+c)2+a2+b2+c2+2(16_9\/§)_

(a+b+c)?
2025(u + 2v 96v v
( ) 2 —18\/3+48\/3( )

T506u+1012v+u oo u+2v u+2v
) 18249u” + 24260uv — 24284v?  6v3(3u —2v)
u= Z as,v= Z ab | = —

(u+2v)(507u+ 1012v) u+2v

16(6 — 3v3)(ab + bc + ca)

cyc cyc

6v3<11 18249u? + 24260uv — 24284v? 11(3u —2v)
(u+2v)(507u+ 1012v) u+2v

_ 1518u? + 2018uv — 2020v? _ 2(3u—2v)(253u + 505v)

T (u+2v)(507u+1012v)  (u+2v)(507u+ 1012v)

= (i) is true (strict inequality) . combining all cases,

(i) is true (strict inequality) V a,b,c > 0 | at+b+c=4

>0+ u=>v>0

We shall now prove :
(i) @223 + 2023 + 2023 1+ 2(16 — 9V3) > (6 — 3V3)(ab + bc + ca)
Exactly 2 variables = 0 and WLOG we may assumeb = c =0 (a = 4)
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and then : LHS — RHS = 42023 4+ 2(16 — 9v3) > 0 - (ii) is true (strict inequality)
Exactly 1 variable = 0 and WLOG we may assume a =0 (b +c =4)
and then : LHS — RHS = b20%3 + ¢2023 4 2(16 — 9V3) — (6 — 3V3)(bc)

Holder
and
A6 1 6 —3V3 bic=4
> 5oz (b+ 2% +2(16 - 9V3) — (6=3V3) 2 ) (b+c)?2 "<

22024 + 2(16 — 9v3) — 4(6 — 3V3) = 2292 + 8 — 6v3 > 0
= (if) is true (strict inequality)
Holder
A 1
[Case 3]a,b,c > 0 and then : LHS — RHS > W(a+b + ¢)2023
2023

+2(16 —9V3) — (2= V3)(a+b + c)? ““’2”4%%(16— 9v3)

412022 45 256
—16(2—\/§)>(§) —2\/§>(§) —4_4(m—1)>0
~ (ii) is true (strict inequality) .. combining all cases,

(ii) is true (strict inequality) V a,b,c = 0 | a+b+c=4(QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

(a+b+c¢)? 16 . ]
— = —, so it suffices to prove that

3
2024 2024 2024
a2025 + b2025 + ¢2025 > 2v3 and a2023 4 p2023 4 (2023 > 2./3,

Since ab + bc + ca <

2024 2024 2024
i) Since a B ¢ < 1, then (2)2025 > a (9>2025 > 2 (5)2025 > ¢ thus
B 4’4’4~ 4 — 4 \4 4 \4 4’
2024 2024 2024 2024 a+ b + ¢ 2024 12 1 s
az025 + h2025 + 2025 > 42025_T = 42025 =2.2°72025 > 2.2 5 = 23/16
> 24/3,

which completes the proof of i).
ii) By Power Mean inequality, we have

a4 b+ 2023 42023 4046 \/54045
3 ) ~ 32022 \/§4044 >
which completes the proof of ii).

a2023 + b2023 + CZOZ3 > 3(

1375. Leta,b,c = 0 such thata + b + ¢ = 3. Prove that
a) 9(vVa++Vb ++c) + ab + bc + ca < 27 + 3abc.
b) 9(a* + b* + c*) + ab + bc + ca > 27 + 3abc, withk > 1.
Proposed by Nguyen Van Canh-Vietnam
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a)Letx:=+a, y=+Vb, z:==+\candp:=x+y+2z q:=xy+yz+zx, r:=xyz
The given condition is equivalent to x? + y* + z? = p? — 2q

= 3, and the problem becomes,

9(x+y+z)+ x%y? + y?z% + z2x* < 27 + 3x*y*z*> © 9p +q* — 2pr < 27 + 3r?
2q=p*-3
S 36p+ (p? —3)% —8pr < 108 + 1212

& 99 —36p + 6p% —p* +8pr + 1212 > 0 ()

We have 3 = x% + y2 + 22 < p?> < 3(x* + y?> + z%) = 9,then V3 < p < 3.
r=0

BIf V3 < p < V6, we have LHS,, = 9(11 — 4p) + p?(6 — p?) > 0.
@If V3 < p < 3, we have

0 < (a—bY(b — )2 (c — ay? = AP 30" ~ (2P~ 9pq + 27r)’

27
> _”+”qNP—WWqP%PZWNM9pP
r=
27
31p* 23p® 2p(5p? —9)1/2(9 p2)3
> - 2 _
= LHS(, =105 —-36p + 3p 57 +243 543
8 8p3 23p* 23p° 2p(5p%-9)/2(3 +p)3(3 —x
—(3p)35—£+p+p_p_1’_1’(1’ W2B+p)BEG —x)
37 9 27 81 243 243
AM-GM 2

- 8 8p3 23p* 23p°
> (3—p)<35—£+ p p p p

379 Y27 81 243
_pGP*-N2B +p)*B-p) + B +p)]
243
35 121p 164p% 239p3 44p*\ 46p°
=G- p)l(?’ p)[ (3_”)( 243 | 729 729 ) T 2187
4p° 3P
2187]

which completes the proof of a). Equality holds iffa=b =c = 1.
b) Since k > 1 then by Power Mean inequality, we have

a+b+c>k_3
3 - )

+

— )

a"+b"+ck23<

and by AM — GM inequality, we have

(a+ b +c)(ab + bc + ca)
ab + bc + ca = 3 > 3abc.

Using these two inequalities, we have
9(a* + b* + c*) + ab + bc + ca > 27 + 3abc.
So the proof is complete. Equality holds iff
a=b=c=1ork=1,a=3,b=c=0and permutations.
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1376.If a,b,c = 0 such that : ab + bc + ca > 0.Prove that :

a’(b + ¢) . b%(c + a) . c?(a+b) >2(a2+b2+C2)
b2+bc+c?2 c2+ca+a* a’?+ab+b?2~ a+b+c

Proposed by Phan Ngoc Chau-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India
Exactly one variable = 0 and WLOG we may assume a = 0 and
a’(b+c¢) b2(c + a) cZ(a+b) b* c*
b%2+bc+c2 c2+ca+a? a?+ab+b? =m+ﬁ
Bergstrom (b2 + ¢2)” A-6 2bc(b? + ¢2)  2(a? + b2 + ¢2)

then :

> > =
- beb+c) — be(b+c) at+b+c
. a’(b +c¢) N bZ(c + a) N cZ(a+b) >2(a2+b2+c2)
“"b2+bc+c2 c2+ca+a? a’l+ab+b%2~ a+b+c

[Case 2]a,b,c >0

Assigningb+c=x,c+a=y,a+b=z2=2x4+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>2zy+z>x,z2+x>y=>x,y zform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

yielding22a=2x=25=>2a=s—>(1)=>a=s—x,b=s—y,c=s—z

cyc cyc cyc

~ abc = r?s - (2) and such substitutions = z ab = Z(s —x)(s—vy)

cyc cyc
2
:Zab:4Rr+r2—>(3),Za2: Za —ZZab
cyc cyc cyc cyc

ia (1) and (3)
TEREM Y g2 _2(4Rr +12) > Z a? = s> — 8Rr — 2r? - (4),

cyc
2

ia (1),(2) and (3)
Z:azb2 = Zab — 2abc Za raese (4Rr+r2)2 —2ris.s
cyc cyc cyc
- Z a?b? = r2((4R +1)2 — 252) > (5),

cyc
3

ia (1)
zasz Za ~3(a+b)(b+c)(c+a) = s*—3.4Rrs

cyc cyc
2

ia (4) and (5)
= Za3 = s(s* — 12Rr) - (6) and Za“ = Zaz - ZZaZbZ Ve

cyc cyc cyc cyc

(s2 — 8Rr — 2r2)” — 2r2((4R + )% — 2s2)
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= Z a* = (s? — 8Rr— Zrz)2 —2r2((4R +1)? — 25%) > (7)

cyc

Now, (a? + ab + b?)(b? + bc + ¢?)(c? + ca + a?)

i (z ) (z b> raneY s Zabc<z ) (Z ab> oanie

cyc cyc cyc cyc cyc

ia (1),(2),(3),(4),(5) and (6)
+ (Z ab) — 3r2s.4Rrs = o

cyc
r?(s? — 8Rr — 2r?)((4R + r)? — 2s%) + r?s?(s? — 12Rr) + 2r?s%(4Rr + r?)
—6r*s? + (4Rr + r2)3 — 12Rr3s?

~|(a? + ab + b?)(b? + bc + ¢2)(c? + ca + a?) © r’(s2(4R+1)? —s* —r(4R + r)3)

Also, (Z a> (Z (a2 (b+c)(c? +ca+a?)(a®+ab+ bz))>

cyc cyc

=a’(b+c) z a’b? + (a® + abc) (Z a>

cyc cyc

( 2 \
i zazb2+abc<za> | (zab> (z) _3abc<za> |

cyc cyc cyc cyc cyc

(Zo)(Ze)(Ee) -(z)(g)

vie (D@)E)(5).(6) and (73 (r?((4R + )% — 2s%) + r%s?) ((4Rr +12)s? — 3r2s2)

+(4Rr +r?) ((s2 — 8Rr — 2r2)2 —2r?((4R+1)? — 252)) s? —r?s*(s? — 12Rr)

) (Z ) (Z 0+ o(e +ca+a2)(a2+ab+"”)>

cyc cyc

()
= 2rs?(2Rs* — rs?(32R? + 4Rr — r?) + 6Rr?(4R + r)?)
a’(b+c) b%(c+a) cZ(a+b) 2(a? + b% + c?)
(1), () = Z
b2 +bc+c?2 c?2+ca+a? a?+ab+b? a+b+c
2rs?(2Rs* — rs?(32R? + 4Rr — r?) + 6Rr?(4R + r)?) ) )
o 573 >3 3 > 2(s% — 8Rr — 2r?)
r2(s2(4R+r)?2 —s* —r(4R +r)3)
& (2R +1)s® — rs*(48R? + 20Rr + 2r?) + r?s?(288R% + 192R?r + 42Rr? + 3r?)

*)
—2r}(4R+1)* > 0 and = (2R + r)(s? — 16Rr + 512)°
Gerretsen

+r(48R? — 2Rr — 17r?)(s? — 16Rr + 5r2)Z > 0 - inorder to prove (¢),
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it suffices to prove : LHS of (¢) > (2R + r)(s — 16Rr + 5r2)3 +
r(48R? — 2Rr — 17r?)(s? — 16Rr + 5r2)”
<
& (144R% — 80R?r — 76Rr? + 49r3)s >
r(2304R* — 2048R%r — 600R?*r? + 876Rr> — 149r*)

Gerretsen
Now,LHSof (++) >  (144R® - 80R’r — 76Rr? + 49r%) (1O8])

?
> r(2304R* — 2048R%r — 600R?r? + 876Rr> — 149r*)
’ R
23 -9t +12t-4=>0 (t=;)

Euler

e 2t—1)(t—2)2 72 O0->true~t > 2= (s¢) = (¢)istrue
(chc a) (chc( 2b+c)(c?+ca+a?)(a®+ab+ bz))) ,
(a%? + ab + b%)(b2% + bc + ¢2)(c2 + ca + a?) = ZZ“

ccy

a’?(b+c) bZ(c + a) cZ(a+b) 2(a? + b? + c?)
= >
bZ+bc+c2 c2+ca+a? a’+ab+b%2~ a+b+c
a’(b+c) bZ(c+ a) cZ(a+b)

~ combining both cases,bz T bet &2 + Zrcatd +a2 T ab 1 b2
2(a? + b% + c?)
> Va,b,c20|ab+bc+ca>0,
at+b+c
"="iff(a=0b=c#0)or(b=0,c=a+0)or(c=0,a=b =0)or
(a=b=c+0)(QED)

Solution 2 by Nguyen Van Canh-Vietnam

2
WLOG, we assume that a+b+c=1.Letq=ab + bc+ca < (at+b+c)

We have:

1
==,r = abc.
3

a’(b+c) N b%*(c+ a) N c*(a+b)
b2+bzc+c2 c§+ca+a§ az+ab+g2 -

b+c)(c*+ca+a®*)(a?*+ab+b
Y [a?(b + ¢)( )( 0 2 et s b7 48

(a? + ab + b%)(b% + bc + ¢2)(c? + ca + a?)
Y ab(a® + b%) + ¥, a?b*(a® + b3) + Y a®*b?(a+ b) + 2abcy, a* + 2abc Y, ab(a? + b?) + 4a’b*c* ¥, a + 2abc Y, a’b?
< Y a2b%(a? + b%) + Y a®b3 + abcy a3 + 2abc Y ab(a+ b) + 3(abc)?
> 2(a? + b? + ¢?);
ZasZab+acha +Ya?b?Y a® + 3(abc)? Y a+ Y a*b3Y a+ abc) a’?b? + 2abc ), ab(a? + b?)
Ya*b?Y a%+ Y a’bd + abc) a® + 2abc) ab(a + b)

> 2(a® + b* + c%);

2
>2(a?+b" +c?);
q(1—5q+5q +5r—5qr) +r(1—4q+2q* +4r) + (¢* —2r)(1 — 3q + 3r) + 3r* + ¢3 — 3qr + 3r? + r(q* — 2r) + 2r(q — 2¢* — 1)
(q* -2r)(1-2q) + q® —3qr+3r* +r(1 - 3q + 3r) + 2r(q — 3r)

>2(1-2q):
3q —4q* +q+ (69 —3q* — Dr
q* —q*—r
3¢ -4¢*+q+(6q—-3¢* - Dr=2(1-29)(q* — ¢ —1);

>2(1-2q);
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©(1+29-3¢>)r—4q* +9q3 - 6q*+q=0;
©1-q9A+3q9r—49*+9¢°> -69*>+q =0 (%)
4q-1

By Schur’s Inequality we have: r > max {O, T}'

+ f0<gqg Si then r > 0, we have:
1-q)(1+3q)r—4q* +9q®> — 69> + q > —4q* +9q¢3 — 69> + q
=q(1—-4q)(q—1)? >0 (true) = (x) true.
+ If iSqS% thenr24qg—_1,wehave:
1-q9A+3q)r—4q*+9q®—-6q* +q
L A-9a +93q)(4q -1 4q" + 997 — 642 + q
23q® 43q* 11q 1
3 9 9 9
= %(1 —q)(49 — 1)(3q — 1)? > 0 (true) = () true.

Proved. Equality a=b=cora=0,b=c#0orb=0,a=c#0or
c=0,a=b=0.

=—4q*+

1377.Let a,b,c = 0 and ab + bc + ca > 0. Prove that:
1 1 1 1

_|_
(a+vVab+b)" (c+eb+b)’ (a+\/_+c) = ab +bc+ ca
Proposed by Phan Ngoc Chau-Vietnam
Solution by Nguyen Van Canh-Vietnam
By AM-GM we have: Vab < =2 ath

1 1 4
= (a+\/ﬁ+b)2 = (a+%”+b)2 = @b’ (and analogs)
1 1 1

:(a+\/_+b) (c+\/_+b) T atyacto)’

1
9 (a+ b)2 (c+ b)2 (a+ C)Z]
So that we need to prove:
N 1 N 1 ] - 1 '
9l(a+b)2 (c+b)2 (a+c)?]l  ab+ bc+ca’

1 1 9
> —
© (ab + bc + ca) @ibE  CrbE  @roil 1

Which is true because this is Iran Inequality 1996. Proved.
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1378.1If a,b,c > 0,ab + bc + ca = abcand 3 < A < 4,then:

a b C
a+b+czx(—+—+——1)+9
bc ca ab
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
Assigningb+c=x,c+a=y,a+b=z=>x+y—-z2=2c>0,y+z—x
=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,z+x>y=>xyzform
sides of a triangle with semiperimeter, circumradius and inradius = s,R, r (say)

yielding22a=2x:25=>2a:s—>(1)=>a:s—x,b:s—y,c:s—z

cyc cyc cyc

~ abc = r?s - (2) and such substitutions = z ab = Z(s —x)(s—vy)

cyc cyc

2
ia (1 d(3
izab=4Rr+r2—>(3),Za2= za _zzabwa( )=all 3)

cyc cyc cyc cyc
s’ —2(4Rr+r?) = z a? =s? — 8Rr—2r2 > (4)
cyc

a b C
Wehave:a+b+c—)t(—c+—+——1)—9

_ (chc a) (chc ab) chc a® - chc ab .. _
= i —)\( Seeab >—9 .Zab—abc

via (1),(2),(3) and (4) S(4Rr + r?) N s2 — 8Rr — 2r? — 4Rr — r?
B r2s 4Rr + r?
4R +r sZ — 12Rr — 3r? 0<A<44R+r sZ —12Rr — 3r?
= - —9 > - —9
4Rr + r2 4Rr + r?

Gerretsen
and
Euler

| ~s2—12Rr—3r2=s2—16Rr+5r2+4r(R—2r) > 0 |

-9

r r

(4R + r)? — 4(s% — 12Rr — 3r2) — 36Rr — 9r? Gerretsen

4Rr + r2
(4R +1)? — 4(4R? + 4Rr + 3r% — 12Rr — 3r%) — 36Rr — 9r?  4r(R — 2r) Euler 0

4Rr + r2 "~ 4Rr+r2

a b C
.'.a+b+c2l<—+—+——1)+9Va,b,c>O,Zab=abcand35154,
bc ca ab

cyc

"=""iffa=b=c=3(QED)
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1379.If a,b,c > 0 =

(a+b+c)? a\a
In((a + 1)¢*~1. (b + 1)"~1 (c + 1) 1) e 2 ((2 B \@ B) <9

cyc
Proposed by Pavlos Trifon-Greece

Solution by Soumava Chakraborty-Kolkata-India
We shall first prove that: (e* — 1).In(x +1) > x*Vx > 0

x? x? ?
ex—12x+7 Vx>0 (e"—l).ln(x+1)2(x+7>.1n(x+1)>xZ

?
oIn(x+1)> X
Eﬁ 1 +—i§

2

x o x
Letf(x)=1n(x+1)—q Vx> 0andthen:f (x):(x+1)(x+2)22

= f(x)isTon[0,0) 2 Vx=>0,f(x)>f(0)=0.-Vx>0f(x)> f(0)
= (i) is true - |(ex —1D.In(x+1)>x*vx> 0|—> (1)

We shall now prove that : z ((2 - %) %) <3

cyc

0

cyc cyc

@Zx3 + 3xyz > (22x2>.i/x_yz(-: xyz=1)

cyc cyc

3 3
o (Z x3 + 3xyz (2) 8xyz (Z x?
cyc cyc
Assigningy+z=Xz+x=Y,x+y=Z=>X+Y-Z=22>0Y+Z—-X=2x
>0andZ+X-Y=2y>0=2X+Y>ZY+Z>XZ+X>Y=>XY,Z form
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

yieldingZZx:ZX:25:>Zx:s—>(1):>x:s—X,y=s—Y,

cyc cyc cyc

Z = s — Z and such substitutions = Z xy = Z(s -X)(s—Y)

cyc cyc

2
ia (1) and (2
:ny=4Rr+r2—>(2),sz=<Zx> —Znyvm();m @

cyc cyc cyc cyc

s’ — (4Rr+r?) > sz =s*—8Rr—2r?- (3) and

cyc
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3

fa (1)
ZxB - Zx —3(x+y)y+2)(@+x) = s3—3XYZ=s3— 12Rrs

cyc cyc

= Zx3 =s(s? — 12Rr) » (4) and xyz = (s = X)(s — Y)(s — Z) = r?s > (5)

cyc
~via (3),(4),(5),(*) © (s(s* — 12Rr) + 3rzs)3 > 8r2s(s? — 8Rr — Zrz)3
& s8 — (36Rr — r2)s® + r2(432R? — 24Rr + 75r%)s*
—r3(1728R3 + 240R%r + 1092Rr? + 69r3)s? + 64r°(4R + )3 (g) 0

Now, via Gerretsen, (s> — 16Rr + 5r2)4 + (28Rr — 19r?)(s? — 16Rr + 5r2)3

+1r2(240R? — 396Rr + 210r?)(s? — 16Rr + 5r2)2 > 0 - in order to prove (x),
it suffices to prove : LHS of (xx) > (s2 — 16Rr + 5r2)4
+(28Rr — 19r%)(s? — 16Rr + 5r2)3

+r2(240R? — 396Rr + 210r?)(s? — 16Rr + 5r2)"
(***)
& (208R% — 660R?*r + 792Rr? — 311r%)s? >

r(3072R* — 10112R3r + 12972R?*r? — 6492Rr® + 859r*)
» 208R? — 660R’r + 792Rr? — 311r3
Euler
= (R—2r)(208R? — 244Rr + 304r?) + 297r® > 297r% >0

Rouche

~ LHS of (xxx) >
(208R3 — 660R’r + 792Rr? 311r3)< 2R? + 10Rr — r? )
—2(R - 2r)y/R% — 2Rr

?
>r(3072R* — 10112R%r + 12972R?r? — 6492Rr?> + 859r*)

?
(R — 2r)(208R* - 740R%r + 964R?r? — 579Rr® + 137r*) >
p—1 (%)

(R — 2r)yR? — 2Rr. (208R% — 660R?r + 792Rr? — 311r3)
« 208R* — 740R3r + 964R?r? — 579Rr3 + 137r*

Euler
= (R—2r)(46R3 + 162R?*(R — 2r) + 316Rr? + 53r%) + 243r® > 243r3>0
Euler
and “ R—2r > 0 . inorder to prove (xxxx), it suffices to prove :

(208R* — 740R3r + 964R?r? — 579Rr? + 137r%)”
> (R? — 2Rr)(208R® — 660R?r + 792Rr? — 311r%)°
& 53248t7 — 365568t° + 1037376t — 1544208t* + 1249120t — 482592t>

R
+34796t + 18769 > 0 (t = F)

& (t—2) ((t—2)((t— 2)P + 987552) + 335340) + 59049 > 0
where P = 30208t* + 23040t3(t — 2) + 121920t? + 166256t + 414976 — true
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vt Euéer 2 = (xxxx) = (kxx) > (xx) = (x) is true - Z ((2 - E) E) (S) 3

b/b
cyc
) (a+b+c)?
Again, - 5 -
In((a+ 1)~ 1. (b + 1)"-1.(c + 1) 1)
3 (a+b + c)? Via<(1) (a+b+c)?
T (e—1D.In(a+ 1)+ (eP—1).In(b+ 1)+ (e —1).In(c+ 1) a? + b2 + c2
+b +c)? Q)
<3 arbro 3] () ()2
In((a+ 1)°*"1.(b + 1)"-1.(c + 1) 1)

(a+b+c)?
In((a + 1)1 (b + 1)"~1.(c + 1)e°—1) z (( [) > <9

cyc
Va,b,c>0(QED)
1380. If 0 <x,y,z< L,x+y+z= %,then :

V1 + x2
— " >345

1—x
cyc

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

z /1 4+ x2 z \/ 1+ xz)z Bergstrom (chc 4\/ 1+ xZ)Z x+yiz=%

~ 7 >
1—x 3—-(x+y+12z)

cyc cyc

(ym) L3 Y i 2

cyc cyc

2 t
Now, f(t) = 4\/1 +t2vte (0,1)isconvex ~ f"() =——=>0(~0<t<1)

4(1 + t2)2
3 .4
]ensen 4 xX+y+z Zx+y+z=53%/5
V1 + 22 ( ) = = () is true
cyc
\/1+J|c2 1
Z >3V5vxyze (0,1), =" 1ffx—y=z=E(QED)

cyc
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We will first prove a lemma that for all x € (0, 1),

v1+x2>12x—1
1-x 5

The inequality is successively equivalent to
5(1+x%)>(1-x2(12x—1)? © 2+13x — 94x% + 156x3 — 72x* > 0
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& (1-2x)?%2+3x+18x(1—x)] =0,

1

which is true for all x € (0, 1), with equality iff x = >
Using this lemma, we have

V1 + x2 \/1+y2+\/1+zz - 12(x+y+2z)—-3

1-x ' 1-y 1-z ~ NG =35,
as desired. Equality holds iff x =y =2z =

N =

1381 If 0 <x,y,z< 1Lx+y+z=> and0 <A < 1,then:

Vit
>3./4A+ 1

1—x

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
A+ x? (4r+ 1D(1+x% —2x) — A —x?

e T L A (o a-—?
1-—
e PR Va4 At
B 1-2x+A(4x* —8x +3) _ 1-2x—-2(1-2x)(2x - 3)
VAA+1.(1—2x)2+ (1 —x)VA+x2 V4A+1.(1—2x)2+(1—x). VA + x2
B (1-2x)(1-2(2x—3)) _m_\/1+x2_(1—2x)(4x+2)
VIFL(A-x02+(1-0)JA+ 22 1- VAL + 1
C (122 1-2(2x-3) _4x+2>
VAR + 1. (1 -2+ (1 —x).JA+x2 V4r+1

(4A+2)VAA+1.(1 - 2x + x2) + (4A + 2)(1 — x). VA + x2
—V4Ar+1+2A2x—-3).V4r+ 1

= —(1-2x).
(-22 \/4l+1.(\/4l+1.(1—x)2+(1—x).\/l+x2)
(AA+2)VAr+1.(1-2x) + (AA+2).Var + 1.x% +
(1_2x)<(4l+2)(%—x+%).\/l+x2—\/4l+1+A(2x—1).\/4l+1—21.\/4l+1)

Vax+ 1. (\/41 T1.(1-x)2+(1—x) A+ xZ)

1-2x)(22+1) <2_\/r+1 A+ 22— 22 \/44)\)»:21)
(1-2x) B

(2A+1) (Z(xz —%+%).\/4x+ 1+JA+x%2—Var+ 1)
N7y 1.(\/4x+ 1.(1-x%+(1 —x).\/k+x2)
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( ) (1 Z.X')(Zl-l' 1) <2 V4r+1 +V)~+x2 2 44')?\-:'2
1-2x
@r+1)(-2(3-22) VART I +\/x+xz__m

Var+1. (\/47L+ 1T.(1-x)2%+(1—x). \/A+x2)

/(1 2x)(2A+1)<2 VAL F 1 ++/A+ 2% — 2, 4411:2 +\
|
I

(1—2x)|
\(21+1)<—2(%—x2).\/m—

\/4k+ 1+ A+ x2
\/4A+1(\/4A+1(1 x)2+ (1 —x). \/l+x2

TR x>

/ (1- 2x)(zx+1)<zm+\/m 22 44)?L++2> \
- 2x)| 1ix i
\(21+1)(1 2x)< ( x).m—\/rJFZJrZ l+x2>/
T VAT L (VAR L. - 02 + (1 - 20)./A +x?)
(1- 2x)2(21+1)<2m+\/m zxﬁ—(%+x)(\/r+1+ 1 ))
VAR + 1+ 2JA+ 22

Nryey (\/41 T1(1-x)2%+(1—x).JA+ xZ)

2
(1—2x)2(21+1)<2.\/4l+1+ x+x2—zx.—m—(% x).4"+2+2““+1'“‘+x)
VAL + 1+ 244+ x2
Vax 1. (\/4A+ 1T.(1-x)2%+(1—x).JA+ xZ)

(1_2x)2(2}\+ 1)<<2. [AX + 1 + /}L+x2_(%+x).4)t+2+2\/4l+ 1.\/l+x2>_ 2\ >

< —

VAL +1 + 22+ x2 V4r+1

VAT L (VAL L. (1 - 02 + (1 - 0)./A + )
8A+1+2x2 —4xA—2x+ (4 —2x)./AA+ DA +x?) 22 )

VAL + 1+ 24/ A + x2 Var+1
VAT L (VAL L. (1 - 02 + (1 — 0)./A + )

(1-2x)2(22+ 1)

\/4x+1.(\/4x+1.(1—x)2+(1—x).\/m)*
402 —x) + (1+2x* —2x) + (4 — 2x).\/ (42 + DA + x2) 21
< VLT 1 +2/A + 22 _\/4A+1>

(1-2x)%Q2r+1) <
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(1-2x)22r+1)
VAL (VAL T L.(1 - )% + (1 — x). A + 22) )
/41.\/T+1. (2-x)+ (1 +2x2 —2x). VAR + 1+ (4 — 2x) (44 + 1).m—\
- 2AVAA + 1 — 40 A+ 22
l\ VAL T 1. (x/4)L F1+ ZW) /l
(1-2x)22r+1)
_\/4A+1.(\/4l+1.(1—x)2+(1—x).\/m)*

20 VAR + 1.(3 — 22) + VA + x2.(4A(3 — 2%) + 4 — 2x) + (1 — x)2.VAX + 1+ x%.VAA + 1
VAL T 1. (\/4A+ 1+ Zm)
[€0]v0<x<1landA>0>=2A/42+1.(3-2x)+
JA+x2.(4AEB —20) +4—20)+ (1 — )2 JaA+ 1+ x2.J4A+ 1> 0
AL+ 1 - m a- zx)(4l+2)<OVxE(0,1)andv120

VAL + 1
\/A + x2 1-2x)(40+2)
= >\J4r+1 - Vx€(0,1)andV A = 0||and analogs
VAR +1 01 &
:z A+x2>3 42+ 1 4tz 3 ZZ
> 3. — | 3- x
1—x 42 +1
cyc cyc
x+y+z=% 1
= 3.J4A+1Vx,y,z€ (0,1)and VA € [0,1]," =" 1ffx—y=z=E(QED)

1382.If a,b,c > 0,n € N then:

Z a1 a+b+c
b"+C"_ 2

cyc
Proposed by Marin Chirciu-Romania
Solution 1 by proposer
a+b+c a+b+c
For n=0: = .
2 2
Forne N :
1 1 1
aM, bml, ¢ , ) ) are same ordered.
( ) b"+c" c"+a" a"+b"
By Chebyshev :

”+1 Chebyshev 1

LHS =Y > ;2.8 Y 051 A = Y
e b" + Y (b"+c") 3 2y a"
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3zan+l 16N Za ~ RHS
2> a" ’
n+l
322a > Z < 3D a™=>"a"> a.

Equality holds fora=b =c.

Solution 2 by Daniel Sitaru-Romania

n+1 LEHMER n LEHMER n—1  LEHMER
Z Pt Z priteni = 2 b"~2 4 cn—2
cyc cyc cyc
a? BERGSTROM (a+ b+ c)? a+b+c
b+c - b+c+c+a+a+b 2

cyc
Equality holds fora=b =c.

1383.If a,b,c,A > 0 and ab + bc + ca = A, then :

YeyeVaZ + A -
YeyeVab

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

chc\/a2+l>2 chC\/aZ+ab+bc+ca>2
—_— @ =
YcycVab YcycVab

= Z‘/(a+b)(c+a)g22\/ﬁ

cyc cyc

Assigningb+c=x",c+a=y,a+b=z2'=2x"+y -z2'=2¢>0,y' + 2 — x'
=2a>0andz'+x' -y =2b>0=>x"+y >2Z,y+z2' >x,77+x' >y
= x',y’,z' form sides of a triangle = Vb + ¢ =\/7=x, c+ta=.y =y,

va+b= \/? = z form sides of a triangle with semiperimeter, circumradius
and inradius = s, R, r (say)

5 5 5 x* +y?+122
Now,b+c=x“c+a=y*a+b=z :Za=f
cyc
y?+z2—x* 2 +x?—y? x? +y —z2
>a= , b= , €=

- using such transformatlons Z J(@a+b)(c+ a) >2 Z va

cyc cyc
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2422 x2 72 4 52 _y2
@Zyzzzz\/y > . > y

cyc cyc

()
Z x?y? + nyZZx > Z(y2 +2z2 —x%) (2% + x% — y?)

cyc cyc cyc

+Zz ((y2 +22—x2).\/ (22 + 22 —y2)(x% +y? — zz))

cyc

(22 +x2 —y?) + (x% + y? — 22)

A-G
Now, RHS of (%) < Zz (y? + 2% — x?).

cyc

2
= Zsz(yz + 2% — x?) =4zx2y2—zzx4

cyc cyc cyc

?
~ LHS of (xx) < —Zx4+22x2y2 +4§:x2y2—22:x4 <

cyc cyc cyc cyc

?
szyz + 2xyzz xe3 Zz x%y? —16r%s? | — Sszyz +2.4Rrs.2s > 0
cyc cyc cyc cyc

2

? ?
& z xy | — 16Rrs? —48r2s? + 16Rrs? > 0 & ny > 4+/3rs

cyc cyc
Jaz+a
— true via Gordon = (xx) = (x) is true - chc— >2Vab,cA>0
YcycVab
. A
andab+bc+ca=21"="iffa=b :c:\g (QED)

1384.1f x,y,z > O such that : x + y + z = xyz and ESAS 2,then :
x> +y*+2z2+9@A—-1) > A(xy + yz + zx)

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Assigningy+z=a,z+x=b,x+ty=c>a+b—-c=2z>0b+c—a
=2x>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>b=ab,cform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

()]
yieldingZZx =Za =2s :Zx =s
cyc cyc cyc
(ii)
sx=s—-ay=s—bz=s—c=>xyz = r?s
Via such substitutions,z Xy = Z(s —a)(s —b) = 4Rr + r?

cyc cyc
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2
@ 2 2 _ — &2 2
= ) xy=4Rr+r*= ) x“ = x| —2 ) xy=s —2(4Rr+r)

cyc cyc cyc cyc

:z —s — 8Rr — 2r?

cyc

<:>x2+y +2z2+9(A—1) > Alxy + yz + zx)

oy Bt oaaa T o) (1152

cyc cyc

AR
e Y

v0<A<2and
> s(s? — 8Rr — 2r%) — 9r%s — 2(s(4Rr + r?) — 9r?s) (via (), (i), (1) and (2))
Gerretsen

=s(s?—16Rr+5r?) > 0= (»)istrue - x*+y?2+z2+9(QA—1)
3
>Axy+yz+zx)Vaxy,z> 0|x+y+z=xyzandzsls 2,
" =" iffx =y =z = V3 (QED)
1385.1f a,b = 0, prove that
8
Ve +ab+b? | 3 ga’+6ab+b? > g2a>+2b* | o(ath)? | pab (eBab _ 3/eab)
Proposed by Pavlos Trifon-Greece

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

8(a? + ab + b?) a? + 6ab + b*> 4ab
3 ’ 3 "3
(2a? + 2b?%,(a + b)?, 4ab) and since the function
f(x) = e*,x = 0 is convex, then by Karamata's
inequality, we have

8(a? + ab + b?) N a? + 6ab + b? N <4ab)
f 3 ! 3 ! 3
> f(2a? + 2b%) + f((a + b)?) + f(4ab),
which is equivalent to
i/ea2+ab+b28 + Y ed?+6ab+b? > g2a’+2b® | p(ath)* | gab (e3ab _ 3/eab),

as desired. Equality holds iffa = b = 0.

Since the sequence < ) majorizes the sequence

113 | RMM-CYCLIC INEQUALITIES MARATHON 1301-1400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1386. Let a, b, c > 0 such that ab + bc + ca = 3. Prove that

Va+1+Vb+1+Vec+1=>3V2
Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

WLOG, we assume that0 < a < b <c. Since3 =ab + bc+ca > 3a% then0<a < 1.

2
Wehavea2+3=(a+b)(a+c)S(M-}_Tb-}-c) ,thenb+022(\/a2+3—a).
3t
2t
(Vb+1+Vet1) =b+c+2+2Vbtctbcti=b+c+2+2/b+ 00 —a) +4

Lett:=+va?+3 —a€[1,V3]. Wehaveb+c>2t, a=

,and

3—1t2
>2t+2+2 [2¢(1— +4=4(t+1).

2t
Then

/3—t2 2
Va+1+Vb+1+Ve+1=>Va+1+2Vt+1= T +1+2Ve+1=3V2

o4 3_t2+1 (t+1) =13 — 4t 3 -t
2t - 2t

_42
If 13 <4t+ 32—5, the last inequality is true.

Otherwise, after squaring, the last inequality is equivalent to
—1+28t—62t2 +44t3-9t* >0 (t —1)?[t(25-9) +t—1] > 0,
which is true for all ¢ € [1,V3]. So the proof is complete.
Equality holds iffa=b = c = 1.

1387.1f x,y,z > 0,x + y + z = 1 then:

JXy—2z+6+,/yz—2x+6+ . /zx—2y+6<7

Proposed by Samed Ahmedov-Azerbaijan

Solution by Daniel Sitaru-Romania
GM-QM

2 4 2
ny < zx -Zl-y =Zx2=(x+y+z)2—22xy=
cyc cyc cyc cyc
:1—22xy:>32xy£1:>
cyc cyc
Saysz @
-3

cyc

114 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

cBS
Z,/xy—22+6 < \/32(xy—22+6) <

cyc cyc

®
- 1
SJSny—6Zx+54S\[3-5—6-1+54=\/49=7

cyc cyc

Equality holdsforx =y =z = %

1388. If a,b,c > 0 such that abc = 1 and n,m,t € N, then prove that
at(bn+m + Cn+m) bt(cn+m + an+m) ct(an+m + bn+m)

Proposed by Zaza Mzhavanadze-Georgia
Solutions 1,2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution 1 :
By AM — GM inequality, we have
z at(bn+m + cn+m) 33 (abc)t(an+m + bn+m)(bn+m + Cn+m)(cn+m + an+m)
>
aqntm + pncm (an+m + bncm)(bn+m + cnam) (cn+m + anbm)
cyc
PN (any+m + bn+m)(bn+m + cn+m)(cn+m + an+m)
> (an+m + bncm)(bn+m + Cnam)(cn+m + anbm)
PN z aZ(n+m) (bn+m + Cn+m) > z a2n+mbn+2m + z aZ(n+m)bmcn (*)
cyc cyc cyc

m
By AM — GM inequality, we have a™b™ < .a"t™ + — p™*™ (and analogs), then
n 11}1 +m n+m
RHS(*) S Z an+mbn+m (—. an+m + _ bn+m)
n+m n+m

cyc
+ Z aZ(n+m) ( n cntm m _bn+m) — Z aZ(n+m) (bn+m + cn+m) — LHS(*),
n+m n+m
cyc cyc

which completes the proof. Equality holds iffa =b =c = 1.

Solution 2 :
By Holder's inequality, we have

a™m + ptc™ < "/ (antm + prtm)n(gnim 4+ cntm)m (and analogs)

Then
Z at(bn+m _|_ Cn+m) at(bn+m + Cn+m)
3

& antm 4 pnem S "+"V(an+m + prtm)n(gntm 4 cntmym

AM;\GM 3 at(bn+m + Cn+m)

"+"V(an+m + bn+m)n(an+m + Cn+m)m

cyc
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as desired. Equality holdsiffa=b=c = 1.

1389. Let a, b, c > 0 such that ab + bc + ca = 3. Prove that
1 1 1 3

+ + > —

Vv5a+bc V5b+ca +S5c+ab 2

Proposed by Phan Ngoc Chau-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Letp==a+b+c, q=ab+bc+ca=3, r

AM-GM
:=abc < 1. By Holder's inequality, we have
2 3
1
_— 5a+bc)(b+c)3R2a+b+c)3|> Zb+c 2a+b+c
D e | LGt b+ 0% ) (b + ) )
cyc cyc cyc

=8(p? +3)°.

So it suffices to prove that
16(p? + 3)3 >3 Z(Sa + bc)(b + ¢)3(a + p)3,
cyc
which, after expanding and simplifyingy becomes,
f() = 7p® — 45p° + 144p* — 135p2 + 432p% — 2835p + 432

+3(p® + 5p* + 12p3 — 90p? + 45p + 315)r — 3(4p? — 35p + 15)r? > 0.
Wehave  f'(r) = 3[p® + 5p* + 12p3 — 90p? + 45p + 315 — 2(4p? — 35p + 15)r|.
=If 4p? — 35p + 15 < 0, by using AM — GM inequality, we have
f/(r) = 3(p® + 5p* + 12p® + 45p + 315 — 90p?) > 3 (41/5p* 12p* . 45p.315 — 90p?) > 0.
=If 4p?> — 35p + 15 > 0, since r < 1 and by using AM — GM inequality, we have

f/(r) = 3(p° + 5p* + 12p® — 98p? + 115p + 285) > 3 (41/5p* 12p°. 115p. 285 — 98p? )

>0,
then f is increasing. And since p > \/3—q = 3 then we have two cases :
dfp > 2\/§, we have

f@) = f(0) = (p —2vV3)[(7p + 14V3 — 45)p* + (228 — 90V3)p® + (4563 — 675)p?
+ (3168 — 1350V3)p + 6336V3 — 10935] + 54(712 — 405V3) > 0.
p(49-p?)
9

Wqf3<p< 2V3, by Schur’s inequality, we have r >
> f(r") with
1
Fa) == (p - 3){(2v3 — p)[13p® + (49 + 26V3)p> + (98V3 + 33)p* + (924 + 66V3)p3

+ (18483 — 3159)p? + (11583 — 6318V3)p + 23166V3 — 50787]

+101574+/3 — 142884} > 0.
So the proof is complete. Equality holdsiffa=b=c = 1.

= r’',then f(r)
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1390. If a,b,c = 0 with ab + bc + ca # 0, then prove that :

‘13
D o za+b+c+AB) (@-ba+b-c(@-b)+ab),
cyc cyc
2(a3 + b3+ ¢3) .

2(@2+b%2+c?)+(a—-b)2+(b-0c)2+ (c—a)?’

_ (a+b)(b+o)(cta)

(a3 +b3)(b3 + c3)(c3 + ad)

Proposed by Sidi Abdullah Lemrabott-Mauritania

Solution by Soumava Chakraborty-Kolkata-India

where A =

Let a’? — ab + b? = x,b? —bc + c? = y,c? — ca + a? = zand then :
(c?-—ca+a?)—(b*>—bc+c?)=(a—b)a+b)—cla—b)
=(a—b)la+b—-c)= (z-y)?=(a—b)*(a+b-c)?and analogs
+B ) (@-b)*(@+b-c?((a—b)? +ab)

3 (a+ b)(bcill—c Olc+a)(z-y)?x+ z—x)?y+ (x —y)?z)
" (a+b)(a?—ab+b2)(b + c)(b?2 —bc + c2)(c + a)(c? — ca + a?)

%<z <y<z>>6y>

cyc cyc

_ (chc x) (chc xy) — 9xyz - AB
XyzZ

> (@-w2(@+b - 2((a—b)? +ab)
cyc

_ Leye a® (chc x) (chc xY) _9

" 2Yeyc@% — Yegcab’ XyZ
_ chc a3 (chc x) (chc xY) _ 9 chc al

© Yeyex XyZ 2Yyca% — Yeycab
+AB ) (a—b)*(a+b - *((a—b)? + ab)
cyc
o) 9T
- xsyz 3 2 Ecy; a? — Z3cyc ab
Again,z T :)c = azx+ l;y);y ez, (2) ~ (1),(2)

cyc
3

a
E > E B2 —N2((a —h)2
= bz_bc+cz—a+b+C+AB (a—b)*(a+b-c)?*((a—b)?+ab)

cyc cyc
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o (chc a3)(chc xy) — (a®zx + b3xy + c®yz) N Z . 9 Y eyea® <0
Xyz cyc 2 chc a® — chc ab
adxy + adyz + b3yz + b3zx + c3xy + c3zx 9 Yeyca®
S + Z a— > <0
XyZ o 2y % — Yeycab
xy(c+ a)z + yz(a + b)x + zx(b + c)y 9 Yeye a’
S + Z a-— > <0
XyZ 2 cyc % — Yeycab

cyc

9Zc ca3 32(: ca?’
@22a+2a— 4 <0se y ZZa
2 cyc % — Yeycab 2 cyc % — Yycab

cyc cyc cyc

o z a3 + 3abc > z a’b + z ab? - true via Schur

cyc cyc cyc
3

a
—_ > ABZ _ 2 — M2 _ 2
sz—bc+c2 a+b+c+ (a—b)(a+b-0c) ((a b) +ab)
cyc cyc
Vab,c>0withab+bc+ca=0,"" iff(a=b=c)or(a=0b=c=+0)
or(b=0,c=a+0)or(c=0,a=b+0) (QED)

1391.If a,b,c,d > O such thata+ b+ c+ d = 1 then

a 1
z:a?’+b4+c4+d4 = 7abcd
cyc
Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality, we havel =a+b+c+d > 43/abcd, then

1
abcd < 7y and
a’bcd a’bcd - a’bcd Va%aZb3c3d3

@+ b* +ct+d* 7

. <
4. +b et dt 7| eyt
@) e

1
44 (=) bcd 1
( ) 4.Z+b+c+d_b+c+d+1

<
7 - 7.7 49

Therefore
Z a b+c+d+1_3(a+b+c+d)+4_ 1

< = = :
ad+bt+ct+dt 49abcd 49abcd 7abcd

cyc cyc

118 RMM-CYCLIC INEQUALITIES MARATHON 1301-1400



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1392. If a,b > O then:

2ab 3(a+b
+\/4(a3+b3 ~Va+b < (2 )
Proposed by Pavlos Trifon-Greece

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality, we have
(a+ b)? + (a + b)? + 4(a®? — ab + b?)

V4(a3 + b3)(a + b)3 < 3 = 2(a?® + b?).
So it suffices to prove that
2ab 3(a+b)
2 2) < -
P 2(a? + b?) < >
which is equivalent to
2ab (a — b)? (a b)?

v2(a?+ b%?) — (a+b) <a+b_
-2 ath ° /2(a2+b2 Y+ (a+ b) 2(a+b)
which is true by AM — QM inequality : \/2(a? + b%?) > a + b.
Equality holds iff a = b.

1393.If a,b,c > 0 and n € N*, then :

a N b N C +1<b+c+a>>(1+1)
a+b b+c c+a n2\a b - n

Proposed by Marin Chirciu-Romania

2

Solution 1 by Soumava Chakraborty-Kolkata-India

a N b N C +1(b+c+a)>(1+1)2
a+b b+c c+a n?\a b n

a 1 b 2 1
@Z += Z——1+1 >1+24+—
a+b n? a n n?

cyc cyc

a 1 b () 2
o Z——1 = Z——1 > =
a+b n? a n
a 1 b A-G 2 a b
W LAY TR ¥ SR L= 3 ) JNCRIY [ LB
a+b n2 a n a+b a
cyc cyc cyc cyc
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1 1 z 1 (h b_ c a_ );2
1+ X werea—x,b—y,c—z = -
cyc

cyc

( 1 1 1 )( +y+ 1)>1
1+x 1+y 1+z rryvz

<:>zx +ny>xyz2x+3<:>2x +ny>2x+3( xyz=1)

cyc cyc cyc cyc cyc () ‘cyc

2

Now,Zx2 > %(Zx) :%<zg><2x> A>Gl .3. Zx:Zx > Z
cyc cyc cyc cyc cyc cyc cyc

- (1) and ny A;; 3. 3\/(xyz) =3(Caxyz=1)-2) -~ (1) + ()

cyc

= (xx) = () ist a + b + ¢ +1(b a) (1+1)2
1strue a+tb b+c c+a n2\a' b

Vab,c>0andne N, =" ifa=b = candif

O] P | oL Y IRV
a+b " n? a =
cyc cyc

i.e., =" iff (a = b = cand n = 2) (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Let x := a? + b? + c? and y := ab + bc + ca. By CBS inequality, we have

a b c (a+b+c¢)? x+2y y
+ + > = =1+ :
a+b b+c ct+a” Y,cala+b) x+y x+y
b ¢ b+c+a)? x+2y x+
bl >( ) y_*Xty o
a b ba +cb +ac y y
Using these inequalities, we have
a N b N c +1(b a) 1+( y +x+y)+1
a+b b+c c+a n*\a' b x+y n’y n?
AM—GM 2 1 1,2
= 1+—+—2=<1+—>.
n n n
. . y x+ty
Equality holds iff a = b = c and =—— e a=b=candn=2.
x+y n®y

1394. If a4, a,, ...,a, > 0,then :

(a1 + ay)°®

(aia;)?
cyc

> 64(a% +aj + -+ a?)

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

2
(a1 +a)®  (ar+ax)*(a;+ay)?  (af +aj +2a1a;) (ag + az)?

(ara)? (a1a;)? B a3a’

AZG 4(a? + a})(2aiaz)(4a1a;)  (a; +ay)®

> 32(a? + a?) and analogs
a%a% (aa,)? ( 1 z) g

(aq + ay)®
' ﬁ > 64(a} +aj + - +a})" =" iff a; = az = - = a,, (QED)

1395.If a,b,c = 0, then :

2
a? +b? + c% + 2abc + 1 > 2(ab + be + ca) + (2Vabe + 1)(Vabe - 1)

Proposed by Sidi Abdullah Lemrabott-Mauritania
Solution 1 by Soumava Chakraborty-Kolkata-India

[Case 1]a =b = c = 0 and then : LHS — RHS = 1 — 1 = LHS = RHS
Exactly 2 variables = 0 and WLOG we may assume b = c = 0 (a > 0)
and then : LHS — RHS = a®? + 1 — 1 > 0 = LHS > RHS
Exactly 1 variable = 0 and WLOG we may assume a = 0 (b, c > 0)
and then : LHS — RHS = b%2 + ¢2 +1—2bc—1 = (b —¢)? = 0 = LHS > RHS
a,b,c > 0 and let } a:x,%:y,%:zandthenz
a? +b? + c? + 2abc + 1 > 2(ab + be + ca) + (2Vabc + 1)(Vabe - 1)2

e Z x® + 3x%y%z2 > 2 Z x3y3

cyc cyc

& 3x%y?%z% + Z x2 Zx‘* — szyz + 3x2y?z?

cyc cyc cyc

> 6x%y%z? + 2 ny szyz —xysz

cyc cyc cyc

2
©)
o sz sz —BZnyZ > 2 ny szyz—xysz

cyc cyc cyc cyc cyc cyc

Assigningy+z=Xz+x=Y,x+y=2Z2=>X+Y-Z=2z>0,Y+Z—-X=2x
>0andZ+X-Y=2y>0=2X+Y>ZY+Z>X,Z+X>Y=>XY,Z form
sides of a triangle with semiperimeter, circumradius and inradius = s,R,r (say)
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yielding22x=zx=2s=>2x:s—>(1)=>x=s—X,y=s—Y,

cyc cyc cyc
Z = s — Z and such substitutions = Z xy = Z(s -X)(s—-Y)
cyc cyc
2
=>ny =4Rr+r? - (2),Zx2 = Zx —Zny
cyc cyc cyc cyc

ia (1) and (2)
nei AN s (4Rr +1r?) > Z x?2 =s2 —8Rr—-2r? - (3) and

cyc
2

xyz=(-X)(s-Y)(s—Z) =r?s—> (él)z:xzy2 = ny - nysz
cyc cyc cyc

(4Rr + rz)2 —2ris.s = z x?y? = (4Rr + rz)2 —2r2s2 - (5)
cyc

~ (*) & (s? — 8Rr — 2r?) ((sZ — 8Rr — 2r2)2 -3 ((4Rr + rz)2 - ZI‘ZSZ))

> (4Rr +1?) ((4Rr + 12)°

via (1),(2_) and (4)

(+%)
- 3r252) s% — 24Rrs* + r?s?(144R? + 48Rr + 3r?) —4r®(4R+r)® > 0 |and
3 Gerretsen
(52 — 16Rr + 5r2) > 0 - in order to prove (), it suffices to prove :
LHS of (++) > (s? — 16Rr + 5r2)°
& (24Rr — 15r%)s* — r?s?(624R? — 528Rr + 72r?)
(%)
+r3(3840R3 — 4032R?r + 1152Rr? — 129r%) > 0and

2 Gerretsen

v (24Rr — 15r%)(s? —16Rr+ 5r2)" > 0 - in order to prove (xxx),
it suffices to prove : LHS of (+*x) > (24Rr — 15r%)(s? — 16Rr + 5r2)2

(ko

)
& (24R%? — 32Rr + 13r?)s? > r(384R3 — 608R?r + 308Rr? — 41r?)
Rouche 2R? + 10Rr — r?
Now, LHS of (x**x) > (24R? —32Rr + 13r? < )
( ) —2(R - 2r)./R% — 2Rr

?
> r(384R% — 608R?r + 308Rr? — 41r3)

?
& |(R—2r)(24R® — 56R?r + 33Rr* — 7r®) > (R - 2r)(24R* — 32Rr + 13r%).{/R? — 2Rr

(kkkk)

Euler
Now, 24R3 — 56R?r + 33Rr? — 7r3 = (R — 2r)(24R? — 8Rr + 17r?) + 27r% >
Euler
27r3>0and ~ R—2r = 0 - inorder to prove (xxxxx), it suffices to prove :

24R3 — 56R?r + 33Rr? — 7r3 > (24R? — 32Rr + 13r%).4/R% — 2Rr
& (24R3 — 56R?r + 33Rr? — 7r3)” > (R? — 2Rr)(24R? — 32Rr + 1312)’
& 96R> + 40R?r — 124Rr? + 4913 > 0
Euler

& |65R% + 40R?’r + 31R(R? —41r%) +49r3 > 0| > true * R > 21 = (###xx)
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= (#x4%) = (x#x) = () = () is true . a? + b? + ¢Z + 2abc + 1 >
2
2(ab +bc + ca) + (23\/abc + 1)(3\/abc —1) Vab,c>0 . combining all cases,

2
a® +b% + c% + 2abc+ 1 > 2(ab + be + ca) + (2Vabe + 1) (Vabe — 1)
Vab,c>0"="iff(a=b=c)or(a=0b=c#0)or(b=0,c=a+0)
or (c=0,a=b+0) (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The given inequality can be rewritten as follows
a? + b + ¢% + 33/ (abc)? = 2(ab + bc + ca).
By Schur’s inequality on the triple (i/a_z W i/c_z) ,we have
a? + b + ¢% + 33/ (abc)?
> Va2b? (Va2 + b2) + b2z (Vb2 + Ve2) + Ve2az (Ve + Va2).
Also,by AM — GM inequality, we have

W +3/p? >2¥Vab (and analogs).
Therefore

a? + b? + ¢% + 33/ (abc)? = 2(ab + bc + ca).
Equality holds iff (a = b = ¢) or (a = 0,b = ¢) and permutation.

1396. If a,b,c,A > 0 then :

ab + bc + ca
A+1

Proposed by Marin Chirciu-Romania

(a—2D*2+b-2D%+(c—1%>

Solution by Soumava Chakraborty-Kolkata-India

a _ b ¢

r+1Y T2+ T a1

ab + bc+ ca A)
A+1

Letx = and then :

(@=02+(b -0 + (=%

2

=+ 1)22(95—“%) —(+ 1)) xy+31

cyc cyc

2 2
A +1)? 3\ a+1
3 '(Zx_x+1> R <2x> + 34

cyc cyc

1 61t 922
=§<O‘+1)2<t2_x+1+(l+1)2>_()“+ 1)t2+9x> t=Zx

cyc
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1
=3 (((A F12- A+ D)2~ 6AA+ 1+ 9A% + 91)
3 A2+
3
ab + bc + ca

A+1
a b c

n=n iff x = =z=1 iff = = =
Mx=y=z= 1= 1 2+1 2+1
S iffa=b=c=A+1(QED)

A2+
= :.(t2—6t+9)

c@=-202+b-0)2+(c-22%=

(t=3)2>0{(~2>0)

—3AVab,c,A >0,

1

1397.If a, b > 0 then:
+———=2>2+V2

va? + b2

Proposed by Nguyen Hung Cuong-Vietnam

b a+b
+_
a

S| Q

Solution by Daniel Sitaru-Romania

[R5

WLOG: a > b. Denote x = b = 1.

a+b a+b
b a

va? + b?
1

x+=+

X
Let be:

+————2>2+2,

+—2 __ _>2++2

(5) +1

>2+2

a
b 7+1
s b
a

S Q

x+1
x2+1

1)x
VaZ + 1_(x+
vaxz+1

x2+1

f’(.X') = 1_F+

x—1Dx+1) x*+1-(x+1x

(%) =
4 x? (x2+1)Vxz +1
x+1 1
'(x) =(x—-1) < - )
! (2 +1)VaZ+1

We will prove that:

x+1 1 >0 >0

—_ B X
2 (2 +1D)VaZ+1
x+1 1
(x+ D%+ 1DVx2 +1 > x?

> :
x? (xZ2+1)Vx2 +1
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(x +1)%(x%? +1)3 > x*

AM-GM
(x+ 122 +1)3 S (2\/§)2(2x)3 =32x* > x*

f'(x) = 0 = f —increasing,
minf(x) = f(1) =2+V2=f(x)=>2+2
x=1
Equality holdsforx =1 < a = b.
1398. If a, b, c > 1 then:
log,(bc) + logy(ca) + log.(ab) = 6
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania
Let be:
x =Ina,y=1Inb,z = Inc
abc>1=xy,z>0

_In(bc) In(ca) In(ab)
log,(bc) + log,(ca) + log.(ab) = e + I + =

Inb+Inc Inc+Ilna Ina+Inb y+z z+x x+Yy
= + + = + + =
Inb Inc X y z

AM-GM
X
e+
y X zy

(249"
22\/ +2\/ + 2

X z o
Equality holds fora = b = c.

1399. If a,b,c > 0,then :

Ina

+
+

=242+2=6

R |
N <

<IN
N R

| &
®IN

81abc a b
3 + 14 (b + + b) > 24
(Vab + vbc + Vea) tc ct+a a+

Proposed by Pavlos Trifon-Greece

Solution 1 by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=ya+b=z=>x+y—-z2=2c>0,y+z—x
=2a>0andz+x—-y=2b>0=>x+y>2zy+z>x,z+x>y=>xyzform
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sides of a triangle with semiperimeter, circumradius and inradius = s,R, r (say)

yielding22a=2x=25:2azs—>(1)=>a=s—xb—s—y,c—s—z

cyc

cyc cyc
abc = r*s - (2) and such substitutions = Z ab = Z(s —x)(s—vy)
cyc cyc
b C )

81abc a

:Zab=4Rr+r2—>(3) 5 14( + +

o (‘/_ab+‘/_bc+ ’_ca) b+c c+a a+b
81r3s

CBS
and
via (2) 81ris S — X via (3)
> + 142 =
3(4Rr +r2)../3(4Rr +r2)

—\° x
< S(chc ab)> cyc
81r’s (s(s2 + 4Rr + r?) )
+ 14 -3

Szcycxy
14222 _3)>——— —
+ < XyZ 3) ~ 3(4Rr +r?).s 4Rrs

Gerretsen
and
Euler

= 0

sZ —12Rr — 3r%2 = s®2 — 16Rr + 5r% + 4r(R —2r)
= 3(4Rr + r?) < s?
7(4R +1)(s? — 8Rr + r?) + 54Rr? ?
> 24

27r  7(s’—8Rr+r?) ?
= + >24 & >
4R+r 2Rr 2Rr(4R +r)
?
& (28R + 7r)s? 2 r(416R* + 22Rr — 7r?)
&
Gerretsen
Now, (28R + 7r)s? > (28R + 7r)(16Rr — 5r?) > r(416R2 + 22Rr — 7r?)
Euler
& 16R? — 25Rr — 14r? > 0= (R—2r)(16R + 7r) > 0 >true~R > 2r
. 81abc a b c
= (%) is true . s +14 (b + + b) > 24
(Vab + Vbc + Vca) te cta at
iff a = b = ¢ (QED)

Vab,c>0"="iffa=
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM and CBS inequality, we have

3
(Vab +Vbc ++ca) <3(ab+ bc+ca)(a+b +c)

a N b N c . (a+ b+ c)? _ (a+b+o)?
b+c c+a a+b  alb+c)+b(c+a)+cla+b) 2(ab+ bc+ ca)
Using these inequalities, we have

b c )

81abc
3+ 4-(b + + b
(Vab + vbc + Jeca) +¢c c+a a+
- 27abc N 7(a+ b + c)?
“(ab+bc+ca)(a+b+c) ab+bc+ca
_ 27abc+7(a+b+c)? ?§24
" (ab+bc+ca)la+b+c)”
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o 7(a® + b3 +¢2) > 3ab(a+ b) + 3bc(b + ¢) + 3ca(c + a) + 3abc,
which is true by AM — GM inequality :
ab(a + b) < (a? + b?> — ab)(a + b) = a® + b3 (and analogs) and 3abc
< a3+ b3+ c3.
So the proof is complete. Equality holds iff a = b = c.
1400.

If0<xyz<2withxy+yz+2zx=3and 1 > 3 then:
/ yz zZx [ xy 3
< —
B—xtA /y3—y+/1+ z3-z+217 V2

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We will first prove the lemma that for all x € (0,2) and A > 3, we have
1 A +2 - 2x

x3—x+ A A?

The inequality is equivalent to
A+2-2x)(x3—x+2)—-22>200r —2x*+(A+2)x3+2x2 - 3A+2)x+24>0
or(x—1D?[A-3)2+x)+2-x)(3+2x)] >0,
which is true and the proof of the lemma is complete.

Now, by using the CBS inequality and the lemma above, we have

Z Z Zl+2 2x
\Jx3—x+A yz. x3—x+l A2
cyc

cyc cyc cyc

\/3 3(4+2)-2(x+y+2)
. 72

)

\/ 31+6—2/3(xy+yz+zx) 3

< [3. =
22

as desired. Equality holds iff x =y =2z = 1.

|
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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