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In this short note, a weighted version is presented and at in the same time an
extension of Nesbitt's inequality. Consequences of this inequality are also presented
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It is known in mathematical practice and in mathematical literature - Nesbitt's famous and

beautiful inequality , [1] :

a b c 3
‘ + + > = N
e if a,b,c>0 ,then , btc  cta a+b 5 (N)

For this famous inequality, there are dozens of proofs , extensions , generalizations and

various refinements . Our intention is to obtain an inequality, when in the left member
of inequality (N) weights appear. For this we will use Jensen's weighted inequality :

e if f:IcR ———> R isaconvex function, I —interval , then for any x, €1

n

and any weights w, >0 , k€{1,2,--,n}, forwhichwehave > w,x, €l , > w, =1,
k=1 k=1

we have the inequality Dowf(x) 2 f[Z wkxk] , J)
k=1 k=1
with equality if and only if x1=x;=...=x, .
We will thus have the following statement ,

1. Proposition (weighted Nesbitt's inequality )
Forany a,b,c >0 andany weights m ,n,p>0 with m+n+p=1 holds the inequality ,

+nb+
a_ 4. b + c S ma+nb+ pc ’ (wN)
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b+c cta P a+b (nt+p)at(ptm)b+(m+n)c
with equality if and only if a =b =c .
Proof
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etc.

ith th tati =g+ b+ ki that = s
Wi e notation S a+ b+ ¢ and remarking tha b+c —a

let be the function f:(0,S) ——> R , f(x)= SL , for which we have
- X



S . f(x) = L3 >0, so the function is convex .

S I= sy (S—x)

After a slight preparation , and then with an application of Jensen's weighted inequality
for case n=3 and weights m ,n,p>0 , we have:

b Jensen
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e Rl e f(a) f(®) + p-f(o)
Jensen tnbt tnbt
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S—(ma+nb+pc) (—m)a+(1—n)b+(1-p)c
— ma+nb+pc
(ntp)at(ptm)b+t(m+n)c

a

2. Remark

Taking m=n=p (=1/3) in Nesbitt's weighted inequality (wN) we get Nesbitt's
classical inequality (N) .
We exemplity with the following simple application ,

3. Corolar

Forany a,b,c >0 holds the inequality ,

. a +3 b + 4 c > 2a+3b+4c ’
b+c cta atb Tat+t6b+5c¢
with equality ifand only if a =b=c .

Proof

Choosing in Nesbitt's weighted inequality (wN) the weights, m=2/9, n=3/9, p=4/9,
for which we obviously have m+ n+ p =1 , we obtain the inequality from corollary .

4. Proposition (generalization of the weighted Nesbitt's inequality ) , [4], b)

Forany ay,a,...,a,>0 andany weights wy ,wy,...,w,>0 ,
with wy +wy +...+w, =1 | holds the inequality ,

a a a
WL g2 4y n >
atay+.. +a, ata;t.. +a, atat..ta,,
+ +..+ (gwN)
wia, twya, + .. tw,a, .
(A—w))a,+A—w,)a,+ ... +t(1—w,)a,
with equality ifand only if , @y =a, = ... =a, .

Proof

With the notation S := a; +ay +...+a, , wealso consider here the function



which (as we saw in the proof of Proposition 1)

b

f:(0,8) — >R , f(x)= >
S—x

is a convex function on (0,S).
After an easy preparation , and then with the application of Jensen's weighted inequality (J),
we have :

4 a, a

wl. +w2. +“.-|-wn. n =
a,tayt..+a, a;tazt.. +a, ajta,+.+a,,
a a a
=w1. 1 +w2. 2 +l“-|-wn. n =
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Jensen
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Jensen
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C (A—w)a,t(1—wy)a, .. +(1—w,)a,

5. Remark

Taking w; = w, = ...= w,=1/n in the generalization of Nesbitt's weighted inequality

(gwN) the generalization of Nesbitt's classical inequality (gN) is obtained :
a, + a, - a, > _n

a,ta;t..ta, a+ta;t..+a, ata,+..+%a,, n—1

(gN)

( Olympiad , German Democratic Republic ,1967) ..

For n =3, the classical Nesbitt's inequality (N) is obtained .
By customizing the weights in Proposition 4 , numerous inequalities can be obtained . Here is
an example :

6. Corolar , 4], a)
Forany a,b,c,d >0 , holds the inequality ,

+2b+3c+
a +. b +3. c 4 d 210‘aZb 3ct4d ’
bt+ctd ctd+a d+a+b atb+c 9a+8b+7ct+6d

with equality ifand only if a =b =c =d .
Proo
Taking in (gwN), n=4 ,the weights: w; =1/10,w,=2/10, w3=3/10 ,w4=4/10,

for which we obviously have w;+ wy+ w3+ wy=1, the inequality from the statement
is obtained .
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