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Abstract. In this paper we will give a simple proof for Roger’s inequality

and a few applications.

ROGER’S INEQUALITY
If a1, a2, . . . , an, b1, b2, . . . , bn > 0;n ∈ N∗; s ∈ (0, 1) then:

(1)

n∑
i=1

asi · b1−si ≤

(
n∑
i=1

ai

)s
·

(
n∑
i=1

bi

)1−s

Proof.
Let be f : (0,∞)→ R; f(x) = xα − αx;α ∈ (0, 1)

f ′(x) = αxα−1 − α = α(xα−1 − 1)

f ′(x) = 0⇒ xα−1 − 1 = 0⇒ xα−1 = 1⇒ x = 1

f increasing on (0, 1)

f decreasing on (1,∞)

max
x>0

f(x) = f(1) = 1− α

(2) f(x) ≤ f(1)⇒ xα − αx ≤ 1− α

Let be p =
1

α
; q =

p

p− 1
=

1

1− α
1

p
+

1

q
= α+ 1− α = 1

α ∈ (0, 1)⇒ p > 1

For A,B > 0 let be x =
A

B
in (2) :(A

B

)α
− α

(A
B

)
≤ 1− α(A

B

) 1
p − 1

p
·
(A
B

)
≤ 1− 1

p
=

1

q(A
B

) 1
p − 1

p

(A
B

)
≤ 1

q

A
1
p

B
1
p

− A

pB
≤ 1

q

A
1
p ·B

1
q

B
1
p

− A

p
·B

1
q−1 ≤ 1

q
·B

1
q

A
1
p ·B

1
q − A

p
·B

1
p + 1

q−1 ≤ 1

q
·B

1
p + 1

q

1
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A
1
p ·B

1
q − A

p
·B1−1 ≤ 1

q
·B

(3) A
1
p ·B

1
q ≤ A

p
+
B

q

Let be:

A =
xpi∑n
i=1 x

p
i

;B =
yqi∑n
i=1 y

q
i

in (3)(
xpi∑n
i=1 x

p
i

) 1
p

·

(
yqi∑n
i=1 y

q
i

) 1
q

≤ 1

p
· xpi∑n

i=1 x
p
i

+
1

q
· yqi∑n

i=1 y
2
i

xi · yi(∑n
i=1 x

p
i

) 1
p ·
(∑n

i=1 y
q
i

) 1
q

≤ 1

p
∑n
i=1 x

p
i

· xpi +
1

q ·
∑n
i=1 y

q
i

· yqi

By summing: ∑n
i=1 xiyi(∑n

i=1 x
p
i

) 1
p ·
(∑n

i=1 y
q
i

) 1
q

≤ 1

p
·
∑n
i=1 x

p
i∑n

i=1 x
p
i

+
1

q
·
∑n
i=1 y

2
i∑n

i=1 y
q
i

=

=
1

p
· 1 + 1

q
· 1 =

1

p
+

1

q
= 1

n∑
i=1

xiyi ≤

(
n∑
i=1

xpi

) 1
p

·

(
n∑
i=1

yqi

) 1
q

(Hölder)

In Hölder’s inequality we take:

xi = asi ; yi = b1−si

p =
1

s
; q =

1

1− s
n∑
i=1

asi b
1−s
i ≤

(
n∑
i=1

(asi )
1
s

)s
·

(
n∑
i=1

(b
1

1−s

i )
1

1−s

)1−s

n∑
i=1

asi b
1−s
i ≤

(
n∑
i=1

ai

)s
·

(
n∑
i=1

bi

)1−s

�

Application 1 (Huygens’ inequality)
If a1, a2, b1, b2 > 0 then:

(a1 + a2)(b1 + b2) ≥ (
√
a1b1 +

√
a2b2)

2

Proof.

We take in (1) : n = 2; s =
1

2

a
1
2
1 · b

1
2
1 + a

1
2
2 · b

1
2
2 ≤ (a1 + a2)

1
2 (b1 + b2)

1− 1
2√

a1b1 +
√
a2b2 ≤

√
(a1 + a2)(b1 + b2)

(a1 + a2)(b1 + b2) ≥ (
√
a1b1 +

√
a2b2)

�
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Application 2.
If a1, a2, a3, b1, b2, b3 > 0 then:

(a1 + a2 + a3)(b1 + b2 + b3) ≥ (
√
a1b1 +

√
a2b2 +

√
a3b3)

2

Proof.

We take in (1) : n = 3; s =
1

2

a
1
2
1 · b

1
2
1 + a

1
2
2 · b

1
2
2 + a

1
2
3 · b

1
2
3 ≤ (a1 + a2 + a3)

1
2 · (b1 + b2 + b3)

1− 1
2√

a1b1 +
√
a2b2 +

√
a3b3 ≤

√
(a1 + a2 + a3)(b1 + b2 + b3)

(a1 + a2 + a3)(b1 + b2 + b3) ≥ (
√
a1b1 +

√
a2b2 +

√
a3b3)

2

�

Application 3.
If a1, a2, b1, b2 > 0 then:

(a1 + a2)(b1 + b2)
2 ≥ ( 3

√
a1b21 +

3

√
a2b22)

3

Proof.

We take in (1) : n = 2; s =
1

3

a
1
3
1 · b

2
3
1 + a

1
3
2 · b

2
3
2 ≤ (a1 + a2)

1
3 · (b1 + b2)

2
3

3

√
a1b21 +

3

√
a2b22 ≤

3
√
(a1 + a2)(b1 + b2)2

(a1 + a2)(b1 + b2)
2 ≥ ( 3

√
a1b21 +

3

√
a2b22)

3

�

Application 4.
If a1, a2, a3, b1, b2, b3 > 0 then:

(a1 + a2 + a3)(b1 + b2 + b3)
2 ≥ ( 3

√
a1b21 +

3

√
a2b22 +

3

√
a3b23)

3

Proof.

We take in (1) : n = 3; s =
1

3

a
1
3
1 b

2
3
1 + a

1
3
2 b

2
3
2 + a

1
3
3 · b

2
3
3 ≤ (a1 + a2 + a3)

1
3 · (b1 + b2 + b3)

2
3

3

√
a1b21 +

3

√
a2b22 +

3

√
a3b23 ≤

3
√

(a1 + a2 + a3)(b1 + b2 + b3)2

(a1 + a2 + a3)(b1 + b2 + b3)
2 ≥ ( 3

√
a1b21 +

3

√
a2b22 +

3

√
a3b23)

3

�

Application 5.
If a1, a2, . . . an, b1, b2, . . . , bn > 0;n ∈ N∗; s ∈ (0, 1) then:

(4)

n∑
i=1

asi ·
( 1

bi

)1−s
≤

(
n∑
i=1

ai

)s
·

(
n∑
i=1

1

bi

)1−s
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Proof.

We replace in (1) : bi →
1

bi
�

Application 6.
If a1, a2, b1, b2 > 0 then:

(a1 + a2)
( 1

b1
+

1

b2

)
≥
(√a1

b1
+

√
a2

b2

)2

Proof.

We take in (4) : n = 2; s =
1

2

a
1
2
1 ·
( 1

b1

)1− 1
2

+ a
1
2
2 ·
( 1

b2

)1− 1
2 ≤ (a1 + a2)

1
2 ·
( 1

b1
+

1

b2

)1− 1
2

a
1
2
1

b
1
2
1

+
a

1
2
2

b
1
2
2

≤ (a1 + a2)
1
2 ·
( 1

b1
+

1

b2

) 1
2

√
a1

b1
+

√
a2

b2
≤
√
(a1 + a2)

( 1

b1
+

1

b2

)
(a1 + a2)

( 1

b1
+

1

b2

)
≥
(√a1

b1
+

√
a2

b2

)2

�

Application 7.
If a1, a2, a3, b1, b2, b3 > 0 then:

(a1 + a2 + a3)
( 1

b1
+

1

b2
+

1

b3

)
≥
(√a1

b1
+

√
a2

b2
+

√
a3

b3

)2

Proof.

We take in (4) : n = 3; s =
1

2

a
1
2
1 ·
( 1

b1

)1− 1
2

+ a
1
2
2 ·
( 1

b2

)1− 1
2

+ a
1
2
3 ·
( 1

b3

)1− 1
2 ≤ (a1 + a2 + a3)

1
2

( 1

b1
+

1

b2
+

1

b3

)1− 1
2

a
1
2
1

b
1
2
1

+
a

1
2
2

b
1
2
2

+
a

1
2
3

b
1
2
3

≤ (a1 + a2 + a3)
1
2 ·
( 1

b1
+

1

b2
+

1

b3

) 1
2

√
a1

b1
+

√
a2

b2
+

√
a3

b3
≤
√

(a1 + a2 + a3)
( 1

b1
+

1

b2
+

1

b3

)
(a1 + a2 + a3)

( 1

b1
+

1

b2
+

1

b3

)
≥
(√a1

b1
+

√
a2

b2
+

√
a3

b3

)2

�

Application 8.
If a1, a2, a3, b1, b2, b3 > 0 then:

(a1 + a2 + a3)
( 1

b1
+

1

b2
+

1

b3

)2

≥
(

3

√
a1

b21
+ 3

√
a2

b22
+ 3

√
a3

b23

)3
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Proof.

We take in (4) : n = 3; s =
1

3

a
1
3
1 ·
( 1

b1

)1− 1
3

+ a
1
3
2 ·
( 1

b2

)1− 1
3

+ a
1
3
3 ·
( 1

b3

) 1
3 ≤ (a1 + a2 + a3)

1
3

( 1

b1
+

1

b2
+

1

b3

)1− 1
3

3

√
a1

b21
+ 3

√
a2

b22
+ 3

√
a3

b23
≤ 3

√
(a1 + a2 + a3)

( 1

b1
+

1

b2
+

1

b3

)2

(a1 + a2 + a3)
( 1

b1
+

1

b2
+

1

b3

)2

≥ ( 3

√
a1

b1
+ 3

√
a2

b2
+ 3

√
a3

b3

)3

�

Application 9.
If x, y ∈ (0, π2 ) then:

√
sin 2x+

√
sin 2y ≤

√
2(sinx+ sin y)(cosx+ cos y)

Proof.

We take in (1) : n = 2; s =
1

2
;

a1 = sinx; a2 = sin y; b1 = cosx; b2 = cos y√
a1b1 +

√
a2b2 ≤

√
(a1 + a2)(b1 + b2)

√
sinx cosx+

√
sin y cos y ≤

√
(sinx+ sin y)(cosx+ cos y)

√
2 sinx cosx+

√
2 sin y cos y ≤

√
2(sinx+ sin y)(cosx+ cos y)

√
sin 2x+

√
sin 2y ≤

√
2(sinx+ sin y)(cosx+ cos y)

�

Application 10.
If x, y ∈ (0, π2 ) then:
√
sin 2x+

√
sin 2y +

√
sin 2z ≤

√
2(sinx+ sin y + sin z)(cosx+ cos y + cos z)

Proof.

We take in (1) : n = 3; s =
1

2

a1 = sinx; a2 = sin y; a3 = sin z

b1 = cosx; b2 = cos y; b3 = cos z
√
sinx cosx+

√
sin y cos y+

√
sin z cos z ≤

√
(sinx+ sin y + sin z)(cosx+ cos y + cos z)

√
2 sinx cosx+

√
2 sinx cos y+

√
2 sin z cos z ≤

√
2(sinx+ sin y + sin z)(cosx+ cos y + cos z)

√
sin 2x+

√
sin 2y +

√
sin 2z ≤

√
2(sinx+ sin y + sin z)(cosx+ cos y + cos z)

�

Application 11.
If x, y, z, t ∈ R then:

√
ex+y +

√
ez+t ≤

√
(ex + ez)(ey + et)
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Proof.

We take in (1) : n = 2; s =
1

2
a1 = ex; a2 = ez

b1 = ey; b2 = et√
a1b1 +

√
a2b2 ≤

√
(a1 + a2)(b1 + b2)√

ex · ey +
√
ez · et ≤

√
(ex + ez)(ey + et)√

ex+y +
√
ez+t ≤

√
(ex + ez)(ey + et)

�
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