A SIMPLE PROOF FOR ROGER’S INEQUALITY AND
APPLICATIONS
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ABSTRACT. In this paper we will give a simple proof for Roger’s inequality
and a few applications.

ROGER’S INEQUALITY
If a1, ag,...,an,b1,b9,...,b, > 0;n € N*;s5 € (0,1) then:
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Proof.
Let be f: (0,00) = R; f(z) = 2% — az;a € (0,1)
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f decreasing on (1, c0)
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Application 1 (Huygens’ inequality)
If ai,as, bl, by > 0 then:

(a1 +a2)(by +b2) > (Vaiby + Vaszbhs)?
Proof.

We take in (1):71:2;3:1
alé ~b1% + aé ~b2% < (a1 + ag)%(bl +by)t 72
Vaiby + v aghy < \/ (a1 + az) (b1 + b2)
(a1 + az)(by + b2) > (\/a1by + \/azbs)
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Application 2.
If ay, az,as, bl, bQ, b3 > 0 then:

(a1 4+ a2 + a3)(by + by + b3)

> (\/a1b1 + \/CLQbQ + \/a3b3)2

Proof.
We take in (1) :n =
11

af~bf+a2 b2+a3 bg_(a1+a2+a3) (b1+bg+b3)
Vaiby + asbs + v/ azbs < /(a1 + az + az)(by + by + b3)

(Vaiby + Vazba + v/azbs)?

(a1 + az + as)(by + by + b3) >

Application 3.
If aq,as9,b1,bo > 0 then:

(a1 + ag) b1 + b2 \/a1b2 \/ ang

Proof.
We take in (1) : n =

12
P 4as b3 < (a1+a2)% - (b1 +b2)%
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\/a1b2 a2b2 < (a1 —+ ag)(bl + b2)2
(a1+a2) b1+b2 \/albz \/(12[)2

Application 4.
If ay, az,as, bl, bg, bg > 0 then:

(ar + az + as)(by +ba + b3)° > ((farb? + {fashd + {ash?)?

Proof.
1
We take in (1) :n=3;s = 3

1 2 1 2 1 2
a1§b§+a2§b2§ +a§ bg S (a1+a2+a3)% (b1+b2+b3)
i/albf + i/@b% + \S/asbg < /(a1 + ag + az)(by + by + b3)?

(a1 + ag + a3)(b1 + by + bg) > (\/&1[)2 + a2b2 + \/a3b2

Application 5.
If a1, ag,...an,b1,ba,...,b, > 0;n € N*; 5 € (0,1) then:

0 IE <Z> @ bl)



4 DANIEL SITARU, CLAUDIA NANUTI - ROMANIA

Proof.
1
We replace in (1) : b; — b

i

Application 6.
If ai, az, bl, by > 0 then:

a a
(a1 + ag) bi bj
Proof.
1
We take in (4):n:2;5:§
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Application 7.

If al,ag,a3,b1,bg,b3 > 0 then:
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Proof.
1
We take in (4) :n =3 s=3
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aq bl as b2 as b3 s (ap a9 as b1 b2
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Application 8.
If ai,as,as, by, ba, bg > 0 then:
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1
We take in (4):n:3;s_§

1

ai% (l)l_%—ka; (1)1_%—# 3 (blg)é<(a1+az+a3) (bl b12 613)1—%

a
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(a1 + a2 +“3>(b1 o =W T T b3

Application 9.
If 2,y € (0, F) then:

Vsin 2z + /sin 2y < /2(sin x + siny)(cos = + cos y)

ol

Proof.
1
We take in (1) :n=2;8 = 5;

a1 =sinx;ag = siny; by = cosx; by = cosy
Varb 4+ v asby < /(a1 + az)(by + by)
Vsinz cosz 4 /siny cosy < /(sinx + siny)(cos z + cos y)
V2sinz cosz + 1/2siny cosy < /2(sinx + siny)(cos z + cos y)
Vsin 2z + /sin 2y < \/2(sinz + siny)(cos z + cos )

Application 10.
If 2,y € (0, F) then:

Vsin 2z + \/sin2y—|— Vsin2z < \/2(singc—|—siny+sinz)(cosx+cosy+cosz)

Proof.
We take in (1):n:3;5:%
a1 =sinx;ag = siny;az = sin z
b1 = cosx; by = cosy; bs = cosz
Vsin z cos 24+/sin y cos y+V/sin z cos z < /(sinz + siny + sin 2)(cos z + cos y + cos 2)
V2sin  cos z-++/2sin x cos y+v/2sin 2 cos z < /2(sin x + siny + sin z)(cos z + cosy + cos 2)

Vsin 2z + /sin 2y + Vsin 2z < \/2(sinx + siny + sin 2)(cos z + cosy + cos 2)

O

Application 11.
If z,y,2,t € R then:

Verty 4+ Veztt < \/(e“’ +e*)(e¥ + et)
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Proof.

We take in (1) :n =2;s !
a1 =€e%;a0 =€
by =eY;by =€’
Vaiby + ashy < /(a1 + az)(by + bs)
Vet cev 4 Ver et <\/(er + e*)(e¥ + et)
Verty 4 e+t < \/(em +e?)(e¥ +et)
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