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Abstract. In this paper we present new limits of sequences and functions.

Fibonacci sequence: (Fn)n≥0, F0 = 0, F1 = 1, Fn+2 = Fn+1 + Fn,∀n ∈ N.
Lucas sequence: (Ln)n≥0, L0 = 2, L1 = 1, Ln+2 = Ln+1 + Ln,∀n ∈ N.
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Theorem 2.
If m ∈ N, then:

lim
n→∞

ncos2 Fm(( n+1
√
(n+ 1)!)sin

2 Fm − (
n
√
n!)sin

2 Fm) =
sin2 F

esin2 Fm

Proof.

We have well-known lim
n→∞

n
√
n!

n
=

1

e
, so lim

n→∞

( n
√
n!

n

)sin2 Fm

= e− sin2 Fm .

We denote un =
( n+1

√
(n+ 1)!
n
√
n!

)sin2 Fm

,∀n ≥ 2, so lim
n→∞

un = 1 and lim
n→∞

un − 1

lnun
= 1.

lim
n→∞

unn = lim
n→∞

( (n+ 1)!

n!

)sin2 Fm 1

( n+1
√
(n+ 1)!)sin

2 Fm

=

= lim
n→∞

( n+ 1
n+1
√
(n+ 1)!

)sin2 Fm

= esin2 Fm

We have xn
denote
= ncos2 Fm(( n+1

√
(n+ 1)!)sin

2 Fm − (
n
√
n!)sin

2 Fm) =

= ncos2 Fm(un − 1)(
n
√
n!)sin

2 Fm =

= ncos2 Fm+sin2 Fm

( n
√
n!

n

)sin2 Fm

(un − 1) = n
( n
√
n!

n

)sin2 Fm un − 1

lnun
lnun =

=
( n
√
n!

n

)sin2 Fm un − 1

lnun
lnunn.

Hence,

lim
n→∞

ncos2 Fm(( n+1
√
(n+ 1)!)sin

2 Fm − (
n
√
n!)sin

2 Fm) =

= lim
n→∞

xn = e− sin2 Fm · 1 · ln esin2 Fm =
sin2 Fm

esin2 Fm

�

Theorem 3.

lim
n→∞

(∫ n+1
√

(n+1)!Fn+1

n√n!Fn

√
sin4 x+ cos4 x

8
dx

)
≥ α

4e
.

Proof.
By Bergström’s inequality we have

(1) sin4 x+ cos4 x ≥ (sin2 x+ cos2 x)2

2
=

1

2

From (1) we deduce that

In =

∫ n+1
√

(n+1)!Fn+1

n√n!Fn

√
sin4 x+ cos4 x

8
dx ≥

(2) ≥ 1

4

∫ n+1
√

(n+1)!Fn+1

n√n!Fn

dx =
1

4
( n+1
√
(n+ 1)!Fn+1 − n

√
n!Fn)



CERTAIN LIMITS OF FIBONACCI AND LUCAS SEQUENCES AND FUNCTIONS 3
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Since n2 n
√
n!Fn sin

1

n3
=

n
√
n!Fn

n
· n3 · sin 1

n3
=

sin 1
n3

1
n3

· n

√
n!Fn

nn
, then

lim
n→∞

n2 n
√
n!Fn sin

1

n3
= 1 · lim

n→∞
n

√
n!Fn

nn
= lim

n→∞

(n+ 1)!Fn+1

(n+ 1)n+1
· nn

n!Fn
=

= lim
n→∞

Fn+1

Fn

( n

n+ 1

)n
=
α

e
.

�

Theorem 9.

lim
n→∞

n n
√
(2n− 1)!!Fn sin

1

n2
=

2α

e
.

Proof.

Since n n
√
(2n− 1)!!Fn sin

1

n2
=

n
√

(2n− 1)!!Fn

n
·n2·sin 1

n2
=

sin 1
n2

1
n2

· n
√

(2n− 1)!!Fn

nn
,

then lim
n→∞

n n
√
n!Fn sin

1

n2
= 1 · lim

n→∞
n

√
(2n− 1)!!Fn

nn
=

= lim
n→∞

(2n+ 1)!!Fn+1

(n+ 1)n+1
· nn

(2n− 1)!!Fn
= lim

n→∞

2n+ 1

n+ 1
· Fn+1

Fn

( n

n+ 1

)n
=

2α

e
.

�

References

[1] Romanian Mathematical Magazine - Interactive Journal, www.ssmrmh.ro

Mathematics Department, National Economic College ”Theodor Costescu”, Drobeta
Turnu - Severin, Romania

Email address: dansitaru63@yahoo.com


