
 
𝐈𝐟 𝒙, 𝐲, 𝐳 > 𝟎 𝒂𝐧𝐝 𝒙𝐲𝐳 = 𝟏, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 

 

(√𝟐𝒙)
𝟐

(𝟏 + 𝒙𝐳)(𝟏 + 𝒙𝐲)
+

(√𝟐𝐲)
𝟐

(𝟏 + 𝐲𝐳)(𝟏 + 𝒙𝐲)
+

(√𝟐𝐳)
𝟐

(𝟏 + 𝒙𝐳)(𝟏 + 𝐲𝐳)
≥

𝟑

𝟐
 

 
  Proposed by Lamiye Quliyeva-Azerbaijan 

Solution 1 by Soumava Chakraborty-Kolkata-India 
 

𝒙𝟐

(𝟏 + 𝒙𝐳)(𝟏 + 𝒙𝐲)
=

𝒙𝐲𝐳 = 𝟏 𝒙𝟐

(𝒙𝐲𝐳 + 𝒙𝐳)(𝒙𝐲𝐳 + 𝒙𝐲)
=

𝟏

𝐲𝐳(𝐲 + 𝟏)(𝐳 + 𝟏)
 

=
𝒙𝐲𝐳 = 𝟏 𝒙(𝒙 + 𝟏)

(𝒙 + 𝟏)(𝐲 + 𝟏)(𝐳 + 𝟏)
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

∴
𝒙𝟐

(𝟏 + 𝒙𝐳)(𝟏 + 𝒙𝐲)
+

𝐲𝟐

(𝟏 + 𝐲𝐳)(𝟏 + 𝒙𝐲)
+

𝐳𝟐

(𝟏 + 𝒙𝐳)(𝟏 + 𝐲𝐳)
 

= ∑
𝒙(𝒙 + 𝟏)

(𝒙 + 𝟏)(𝐲 + 𝟏)(𝐳 + 𝟏)
𝐜𝐲𝐜

≥
? 𝟑

𝟒
⇔ 𝟒 ∑ 𝒙𝟐

𝐜𝐲𝐜

+ ∑ 𝒙

𝐜𝐲𝐜

≥
?
⏟

(∗)

𝟑𝒙𝐲𝐳 + 𝟑 + 𝟑 ∑ 𝒙𝐲

𝐜𝐲𝐜

 

𝐍𝐨𝐰, 𝟒 ∑ 𝒙𝟐

𝐜𝐲𝐜

+ ∑ 𝒙

𝐜𝐲𝐜

≥ ∑ 𝒙𝟐

𝐜𝐲𝐜

+ 𝟑 ∑ 𝒙𝐲

𝐜𝐲𝐜

+ ∑ 𝒙

𝐜𝐲𝐜

≥
𝐀−𝐆

 

𝟑√𝒙𝟐𝐲𝟐𝐳𝟐𝟑
+ 𝟑 ∑ 𝒙𝐲

𝐜𝐲𝐜

+ 𝟑√𝒙𝐲𝐳𝟑 =
𝒙𝐲𝐳 = 𝟏

𝟑 + 𝟑 + 𝟑 ∑ 𝒙𝐲

𝐜𝐲𝐜

=
𝒙𝐲𝐳 = 𝟏

𝟑𝒙𝐲𝐳 + 𝟑 + 𝟑 ∑ 𝒙𝐲

𝐜𝐲𝐜

 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝒙𝟐

(𝟏 + 𝒙𝐳)(𝟏 + 𝒙𝐲)
+

𝐲𝟐

(𝟏 + 𝐲𝐳)(𝟏 + 𝒙𝐲)
+

𝐳𝟐

(𝟏 + 𝒙𝐳)(𝟏 + 𝐲𝐳)
≥

𝟑

𝟒
 

⇒
(√𝟐𝒙)

𝟐

(𝟏 + 𝒙𝐳)(𝟏 + 𝒙𝐲)
+

(√𝟐𝐲)
𝟐

(𝟏 + 𝐲𝐳)(𝟏 + 𝒙𝐲)
+

(√𝟐𝐳)
𝟐

(𝟏 + 𝒙𝐳)(𝟏 + 𝐲𝐳)
≥

𝟑

𝟐
  

∀ 𝒙, 𝐲, 𝐳 > 𝟎│𝒙𝐲𝐳 = 𝟏,′′ =′′  𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳 = 𝟏 
 

Solution 2 by Pham Duc Nam-Vietnam 
 

𝟐𝒙𝟐

(𝟏 + 𝒙𝒛)(𝟏 + 𝒙𝒚)
+

𝟐𝒚𝟐

(𝟏 + 𝒚𝒛)(𝟏 + 𝒙𝒚)
+

𝟐𝒛𝟐

(𝟏 + 𝒙𝒛)(𝟏 + 𝒚𝒛)
≥

𝟑

𝟐
 

 

*𝒙 + 𝒚 + 𝒛 ≥ 𝟑√𝒙𝒚𝒛𝟑 = 𝟑. 𝑨𝒏𝒅: 

(𝒙 + 𝒚 + 𝒛)𝟐 ≥ 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒙𝒛) ⟹ 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒙𝒛) ≤
𝟐(𝒙+𝒚+𝒛)𝟐

𝟑
 

 
*(𝟏 + 𝒙𝒛)(𝟏 + 𝒙𝒚) = 𝒙𝒙𝒚𝒛 + 𝒙𝒚 + 𝒙𝒛 + 𝟏 = 𝒙 + 𝒙𝒚 + 𝒙𝒛 + 𝒙𝒚𝒛 = 𝒙(𝟏 + 𝒚)(𝟏 + 𝒛) ⇒ 

 
(𝟏 + 𝒚𝒛)(𝟏 + 𝒙𝒚) = 𝒚(𝟏 + 𝒙)(𝟏 + 𝒛), (𝟏 + 𝒙𝒛)(𝟏 + 𝒚𝒛) = 𝒛(𝟏 + 𝒙)(𝟏 + 𝒚) ⇒  



 

𝟐𝒙𝟐

(𝟏 + 𝒙𝒛)(𝟏 + 𝒙𝒚)
+

𝟐𝒚𝟐

(𝟏 + 𝒙𝒚)(𝟏 + 𝒚𝒛)
+

𝟐𝒛𝟐

(𝟏 + 𝒙𝒛)(𝟏 + 𝒚𝒛)
≥⏞

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎′𝒔

 

 

≥
𝟐(𝒙 + 𝒚 + 𝒛)𝟐

𝒙(𝟏 + 𝒚)(𝟏 + 𝒛) + 𝒚(𝟏 + 𝒙)(𝟏 + 𝒛) + 𝒛(𝟏 + 𝒙)(𝟏 + 𝒚)
 = 

 =
𝟐(𝒙+𝒚+𝒛)𝟐

𝒙+𝒚+𝒛+𝟑𝒙𝒚𝒛+𝟐(𝒙𝒚+𝒚𝒛+𝒙𝒛)
≥

𝟐(𝒙+𝒚+𝒛)𝟐

𝟐

𝟑
(𝒙+𝒚+𝒛)𝟐+(𝒙+𝒚+𝒛)+𝟑

 

∵ 𝒇(𝒕) =
𝟐𝒕𝟐

𝟐

𝟑
𝒕𝟐 + 𝒕 + 𝟑

, 𝒕 ≥ 𝟑, 𝒇” =
𝟏𝟖𝒕(𝒕 + 𝟔)

(𝟐𝒕𝟐 + 𝟑𝒕 + 𝟗)𝟐
> 𝟎∀𝒕 ≥ 𝟑 ⇒ 

𝟐𝒙𝟐

(𝟏 + 𝒙𝒛)(𝟏 + 𝒙𝒚)
+

𝟐𝒚𝟐

(𝟏 + 𝒙𝒚)(𝟏 + 𝒚𝒛)
+

𝟐𝒛𝟐

(𝟏 + 𝒙𝒛)(𝟏 + 𝒚𝒛)
≥

𝟐

𝟑
 

 
Equality holds iff : x=y=z=1 

 
 
 
 
 

 


