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Ifa+b+c=3andab,c€ R, then:

a’—bc b’ —ca c*?—ab
+ +
a’2+3 b?+3 cz2+3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

az—bc+b2—ca+c2—ab> a+b+c=3
> s

a’+3 b%2+3  c2+3

a? —bc b% — ca cZ—ab

2 2 2 2 0
a + (ZCY; a) b2 + (ch; a) c2 + (Ecy; a)

@Zl/(az—bc) 3b% + Za 3c2 + Za \l

>0
cyc cyc cyc
)
s Z a® + 27a%b%c? + 3 z a*b? + 3 z a’b* > 9abcz a’ + z a3b3
cyc cyc cyc cyc cyc
+3abc z a’b + z ab?
cyc cyc

1
'.'x2+y2+z2—xy—yz—zx=§Z(x—y)2ZOVx,y,zE]R

cyc

3§:a4b2 +3§:a2b4 > 3abc Z:a2b+z:ab2 Vab,ceR - (i)
cyc cyc cyc cyc
Case 1|Exactly 2 variables < 0 and WLOG we may assume b, c < 0 and then :
a’?—bc b’ —ca c*—ab

a=3-b-c>3:.-ca>0and—ab>0 - az+3 + bz +3 + c2+3

a? bc A-G a? (b+¢)? aibic=34a®— (3 —a)?
> - > - =
az+3 a?2+3 a?+3 4(a%+3) 4(a?% +3)
3(a?+2a-3) 3(a—-1)(a+3
4(a% +3) 4(a%+3)

a’—bc b’ -ca c?*-ab
+ +
a’+3  b%2+3  c%2+3
Case 2|Exactly 1 variable < 0 and WLOG we may assume a < 0 (b,c > 0)
and then : 9abcz a® — 27a*b?c?

cyc

>0
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= 9abc| 3abc + Z a Z a? — Z ab | | - 27a2p2e2 L3

cyc cyc cyc

27
TabCZ(a —b)2<0(va<0andb,c>0)=27a’b?c? > 9abcz a® - (ii)

cyc cyc
and via A — G,Z ab® > z a®b3 - (iii) (strict inequality for a < 0 and b,c > 0)

cyc cyc
2 2 2
a“—bc b“—ca c“—ab
s (1) + (ii) + (iii) = () is true - + + >0

@+ G + (i) = () a’?+3 b%2+3  c¢%2+3

[Case 3]a,b,c > 0 and assigningb+c=x,c+a=y,a+b=z=>x+y—z=2c
>0y+z—x=2a>0andz+x-y=2b>0=>x+y>zy+z>x2+x>y

= x,y,Z form sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZa:zx:Zs:Za:s—>(1)=>a:s—x,

cyc cyc cyc
b=s-y,c=s—z. abc=r?s - (2) and such substitutions = z ab =
cyc

Z(s -x)(s—y) = Zab =4Rr+r? - (3),

cyc cyc

2
ia (1) and (3)
Za2= Za —ZZabvm =" s2 _ 2(4Rr +12)
cyc cyc cyc
:Zaz =sZ —8Rr —2r? - (4),

cyc
2

ia (1),(2) and (3)
Zazbzz Zab — 2abc Za e (4Rr+r2)2—2rzs.s

cyc cyc cyc

= Z a?b? = r2((4R + )2 — 252) > (5)

cyc
2

Now, (») & 3a?b?c? + Z a? Z a?| — 32 a’b? |+ 27a?b?c?

cyc cyc cyc
+3 Z a? Z a’b? | — 9a%b?c?
cyc cyc
> 9abc| 3abc + Za Zaz —Zab + 3a?b?c?
cyc cyc cyc

+ Zab Zazbz—abCZa + 3abc Za Zab — 9a%b?%c?

cyc cyc cyc cyc cyc
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3

=N Zaz > 9abc Za Zaz—Zab

cyc cyc cyc cyc
+ Zab zazbz—abCZa + 3abc Za Zab
cyc cyc cyc cyc cyc
via (1),(2),(3),(4) and (5) 3
& (s — 8Rr — 2r?)” > 9r%s?(s? — 8Rr — 2r? — 4Rr — r?)

+(4Rr + r?)(r?((4R + r)? — 25%) — r?s?) + 3r?s?(4Rr + r?)

O]
& 5% — (24Rr + 15r?)s* + r?s?(192R? + 204Rr + 39r?) —9r3(4R+ )3 =] 0
Gerretsen
and - (52 — 16Rr + 5r2)3 > 0 - in order to prove (*), it suffices to prove :

LHS of () > (s — 16Rr + 5r2)3
& (12R— 15r)s* — rs?(288R? — 342Rr + 18r?)

()
+r2(1760R® — 2136R?r + 546Rr? — 67r%) | > |0 and

Gerretsen

«“ (12R — 15r)(s2 — 16Rr + 5r2)2 > 0 . inorder to prove (xx),
it suffices to prove : LHS of () > (12R — 15r)(s? — 16Rr + 5r2)2
& (48R% — 129Rr + 661?)s? > r(656R® — 1812R’r + 1077Rr? — 154r?)
& (R—2r)(48R — 33r)s? > r(R — 2r)(656R? — 500Rr + 77r2)

(***) Euler
& (48R —33r)s?| > |r(656R? — 500Rr + 77r?) ( R-2r > 0)

Gerretsen

?
Now, (48R —33r)s? > (48R-— 33r)(16Rr - 5r2) >
?
r(656R? — 500Rr + 77r?) < 28R? — 67Rr + 22r? > 0

Euler

& (R—2r)(28R—11r) ; 0->true v~ R > 2r = (xxx) > (%) = (x) = ()

az_bc+b2_ca+cz_ab>0v bceER|a+b+c=3
= a,p,C a CcC =0,
az+3 b2+3 cz+3

"="iffa=b=c=1(QED)

is true ..



