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Ifx,y,z>0andx+y+z=;+§+;,thenpr0vethat:
2
(xy +yz + zx)({/xy + \/yz + Vzx) = 27

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
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Letvx=a,/[y=bVz=candthen: x+y+z=—+—-+—
X'y Z
chca b2 azbzczz:cyca2
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Assigningb+c=Xc+a=Y,a+b=Z=>X+Y-Z=2c>0Y+Z—-X=2a

>0andZ+X-Y=2b>0=>X+Y>ZY+Z>X,Z+X>Y=>XY,Zform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

yielding22a=zx=Zs=>2a=s—>(1)=>a=s—X,b=s—Y,c=s—Z
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~ abc = r?s - (2)and such substitutions = z ab = Z(s -X)(s—-Y)
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ia (1) and (3)
:Zab =4Rr+r? > (3),Za2 = Za —Zz:abml ="
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s’ —2(4Rr+r?) = z a® = s> — 8Rr — 2r? > (4),
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ia (1),(2) and (3)
Zazbzz Zab — 2abc Za raese (4Rr+r2)2—2r2s.s
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= Z a?b? = r2((4R + )2 — 252) > (5)
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Now,(xy+yz+zx)(\/x—y+\/ﬁ+\/ﬁ)z227@ Z:azb2 Zab > 27
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= 27<W 4 Za b Zab 227(abc) Ea
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via (2),(3),(4) and (5) 3 2
e r®((4R +r)? — 2s2)".r?(4R + r)? > 27r%s*(s? — 8Rr — 2r?)

®
o ((4R+1)% — 252) (4R + 1)? | > | 275%(s? — 8Rr — 2r2)"
Gerretsen

Now, LHS of (x) —RHS of (x) >
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((4R +1)? — 2(4R? + 4Rr + 3r?)) (4R +1)?
?
—27(4R? + 4Rr + 3r2)”(4R? + 4Rr + 3r% — 8Rr — 2r2)" > 0
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© 160t8 + 512t7 — 1856t% — 96t° + 756t* + 600t> — 391t% + 37t — 46 > 0
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Euler
>truet > 2> (x)istrue

2
w (xy +yz+zx)(\[xy + \/yz + Vzx) =27
1 1 1
Vx,y,z>0|x+y+z=;+§+;,”:” iff x=y=2z=1(QED)



