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If a,b,c > 0 and ab + bc + ca = 1, then prove that :
1+a’b? 1+b%c? 1+c%a®> 5
7 T 7 T 725
(a+Db) (b+c¢) (c+ a) 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=ya+b=z=>x+y—-z=2c>0,y+z—x
=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,z2+x>y=>xyzform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say)

yielding22a=2x=Zs:Za:s—>(1)=>a:s—x,b:s—y,c:s—z
cyc cyc cyc
. abc = r?s - (2) and such substitutions = z ab = Z(s —x)(s—vy)

cyc cyc

ia (1 d(3
:zab=4Rr+rZ_)(3)'za2= za _Zzabvm( )=¢ln (3

cyc cyc cyc cyc

s’ —2(4Rr+r?) = z a? = s> — 8Rr — 2r? - (4) and we have :
cyc
1 + a?b? N 1+ b2c? 1 + c2a? gb+berca=1 O (@b + be + ca)? + a?b?
@+bZ  b+of  (ct a)2 B (a +b)?

cyc

z 2a’b? + c¢%(a + b)? + 2abc(a + b)
(a + b)?

cyc
2

ab 1
=2 Za+b 4abcz:(a+b)(c+a)-i_z:a +2abcz +b

cyc cyc
2
4abc
=2 —Hcyc(a o) Z(ab(b +co)(c+ a)) Hcyc(a ) z a(b+c)+ Zyc:
2abc
+—Hcyc(a " b);(b +c)(c+a)

2
| (Y ) e Do) | -y Y+ e
1 a apc a e a a
Hcyc(a+b)2\ / [Ieyc(a +b)
cyc cyc cyc cyc

4 2abc Z N Z via (1), (2) (3) and (4)
_ a
[Ieyc(a +b)

cyc



ROMANIAN MATHEMATICAL MAGAZINE

2
2r*((4R +r)? + 52 8r2sr(4R+r) 2r?s
(( ) ) +s?2 —8Rr — 2r? — ( )+ (s
16R2r2s2 4Rrs 4Rrs
r2((4R+1)% +52)° , s +4Rr+r1%—16Rr — 4r?
= 8R2S2 + s“—8Rr — 2r° +r. ] R
8R%s?(s? — 8Rr — 2r%) + r?((4R + r)? + s?)” + 4Rrs?(s? — 12Rr — 3r?)
B 8R2s2
ab+bc+ca=1 5 via (3) 5(4Rr + 1'2)
o) )

? 5
>—
2

cyc
?
& (8R? + 4Rr + r?)s* — rs?(144R3 + 52R’r — 4Rr? — 2r%) + r?(4R + r)40
()
2 Gerretsen
and - (8R? + 4Rr + r?)(s? — 16Rr + 5r?) > 0 - inorder to prove (%),

it suffices to prove : LHS of () > (8R? + 4Rr + r?)(s? — 16Rr + 5r2)2
(+%)
& (28R3 —R%’r — Rr? — 2r%)s? | > | r(448R* — 128R%r — 70R?*r? — 19Rr? + 61*)

Rouche

Now, (28R3 — R*r — Rr? — 2r3)s? >

(28R® — R?r — Rr? — 2r%) (2R? + 10Rr — r? — 2(R — 2r).VR2 — 2Rr)

?
> r(448R* — 128R%r — 70R?r? — 19Rr? + 6r*)

& (R —2r)(56R* — 58R%r — 28R?r? + Rr? + 2r*)

o
LEV -
p—

2(R —2r)(28R3 — R?r — Rr? — 2r%).{/R% — 2Rr
» 56R* — 58R3r — 28R%*r? + Rr3 + 2r*
Euler
= (R—2r)(56R3 + 54R’r + 80Rr? + 161r®) + 324r* > 324r*>0and

Euler
“R—2r = 0 . inorder to prove (x*x), it suffices to prove :

(56R* — 58R3r — 28R?r? + Rr? + 2r%)” > 4(R? — 2Rr)(28R® — R?r — Rr? — 2r3)”
R
& 3360t° — 8t* — 264t —95t2 + 36t +4 > 0 (t = ;)

& (t—2)(3360t* + 67123 + 131602 + 26225t + 52486) + 104976 > 0

. Fler (e8) o (s3) = (x) is ¢ 1+a2b2_|_1+b2c2_|_1+c2a2
= ' = (k%% ) = (%) = (* o
rue = B @ 1)z T b+ 02 ' (c+a)?
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