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If a,b,c > 0 and + + = 12, then prove that:
a+b b +1c c+a

<3
2a+3b+3c+2b+3c+3a+2c+3a+3b_
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 1 1
2a+3b+3c+2b+3c1+3a+2c+3a+3b_
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X=y+zY=z+xZ=x+Yy)
Now,X+Y-Z=2z>0,Y+Z-X=2x>0andZ+X-Y=2y>0
>X+Y>ZY+Z>X,Z+X>Y=XY,Zformsides of atriangle with
semiperimeter, circumradius and inradius = s, R, r (say) yielding

ZZx—ZX Zs=>2x—s=>x—s—Xy—s— ,Z=S—1
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Now, via (1),
owvia (1, b+ 3¢ T 2b+ 3¢+ 3a | 2c+3a+3b

| TqZAXEAY) TqX2 43T XY  (TeyeX)” + Doy XY
T X+VNY+ZD)(Z+X) 2s(s2+2Rr+r2)  2s(s?+2Rr +r?)
B 4s2 + s2 + 4Rr + r? via (2) 5s% + 4Rr + r? ; 3
~ 2s(s?+2Rr+r2) (4R+r) (s? + 2Rr + r2)

& (4R +1)(s? + 2Rr + r?) — 2r(5s? + 4Rr + r?) % 0
)

Gerretsen

Now,LHS of (*) >
(4R + r)(16Rr — 5r% + 2Rr + r?) — 2r(5(4R? + 4Rr + 3r?) + 4Rr + r?)

Euler
= 2r(16R? — 23Rr — 18r?) = 2r(R— 2r)(16R + 9r) > 0 = (x) is true
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+ + <3
2a+13b+35 2b+13c+3a 2c+3a+3b
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Vab,c>0] =12=" iffa=b = c =5 (QED)
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