ROMANIAN MATHEMATICAL MAGAZINE

If a,b,c > 0and a + b + ¢ = abc, then prove that :
(@-1)B%2-1)(c2-1)<J/(@+1)b2+1)(c2+1)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=ya+b=z=>x+y—-z=2c>0,y+z—x
=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,z+x>y=>xyzform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

soZZa=2x=Zs:Za:s—>(1)=>a:s—x,b:s—y,c:s—z

cyc cyc cyc
~ abc = r?s - (2) and such substitutions = z ab = Z(s —x)(s—vy)
cyc cyc
2
ia (1) and (3)
:'Zab =4Rr+r? > (3),z:a2 = Za —Zzabvm ="
cyc cyc cyc cyc

s*—2(4Rr+12) = ) a® =5 —8Rr—2r% > (4)

cyc
2

ia (1),(2) and (3) 2
Z:azb2 = Zab — 2abc Za ST (aRr 4+ 12)” - 2r2s.s
cyc cyc cyc

= z a?b? = r?((4R + 1)? — 2s%) - (5)
cyc

Now, (a? +1)(b% + 1)(c? +1)

abc abc abc
a® + b? + c +
chc a chc a chc a

abc
=—Q aZa+bc bZa+ca c2a+ab
(chca)

a+b+c_= abc

cyc cyc cyc
3
/abc Za + a?b%c? + abc Za Zaz \
a+b+c = abe abc | cyc cyc cyc I
a3b3 C3 2
cyc cyc

via (1),(2),(4) and (5) T2s* + r*s? + r2s%(s? — 8Rr — 2r?) + r?s?((4R + r)? — 2s?)
B rs?

B 16R?

=— = V@ +1Dmb2+1)(c2+1) = ? - (i)
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Again, (a2 — 1)(b? —1)(c¢2 — 1) = a®b?c? — 1 — z aZb? + Z g2 “Hhre=abe

cyc cyc

Deye 3 abe \° abc abc \’
< abc > (asz - <chc a> B (Z a2b2> (chc a) " (; a2> (chc a)

cyc

ia (1),(2),(4) and (5) ; S \3

via . an (rTS) (r4sz _ l‘6 _ 1'4((4-R + r)z _ ZSZ) + 1‘4(52 —8Rr — 21‘2))

4s5? — 16R? — 16Rr — 412 Gerretsen 4(4R? + 4Rr + 3r?) — 16R? — 16Rr — 4r?
- r2 = r

Euler 4R via (i)

=8 < — = J@+ DO+ +1)

r
a(@2-1)(2-1)(c2-1) <@+ Db+ 1)(c2+1)
Yab,c> 0|a+b+c= abc, =" iffa =b = c = V3 (QED)




