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If a,b,c > 0 and a® + b% + ¢ = Z,then prove that :

(-2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=ya+b=z=>x+y—-z=2c>0,y+z—x
=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,z2+x>y=>xyzform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

soZZa=2x=Zs:Za:s—>(1)=>a:s—x,b:s—y,c:s—z

cyc cyc cyc

. abc = r?s - (2) and such substitutions = z ab = Z(s —x)(s—vy)
cyc cyc
2
ia (1) and (3)
:'Zab =4Rr+r? > (3),z:a2 = Za —Zzabvm ="
cyc cyc cyc cyc

s? — 2(4Rr + r?)

:Za2=s2—8Rr—2r2—>(4)

Now,<1—2><1_1)<1_%)+1:(a_l)(b—l)(C—1)+abc

s z bb 5 abc
a— ab + 2abc—-1
_ &cyc cyc Sogzab+122a+2abc
abc
cyc cyc
a2+b2+c2=E

4 4 2 4 2abc

= Zab+—2a > Za . —Za2+—
3 3 4 2

cyc cyc cyc cyc EZ cyc @

~ g(chc a)(Zeyca?) + 2abe

/4
Ezcyca2

2
4222b+422>4z ZZ+2b
3 a a 3 a Z\3 a a abc

cyc cyc cyc cyc cyc

2

2 2
= Zaz 4Za2+32ab >3 2 Za Zaz + 3abc
cyc cyc cyc cyc cyc
via (1),(2),(3) and (4) 2
& (s? — 8Rr — 2r?) (4(s? — 8Rr — 2r?) + 3(4Rr + r2))

> 3(2s(s? — 8Rr — 2r%) + 3rzs)2
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& 25 — (48Rr + 30r?)s* + r?(456R? + 372Rr + 51r?)s?

Gerretsen

)
—25r3(4R+1)3|>|0and ~ 2(s? — 16Rr + 5r2)° > 0 - in order to

prove (x), it suffices to prove : LHS of () > 2(s? — 16Rr + 5r2)3
& (48R — 60r)s* — r(1080R? — 1332Rr + 99r?)s?

e
+1r2(6592R? — 8880R?r + 2100Rr2 — 275r3) | > |0

2 Gerretsen

and = (48R —60r)(s? —16Rr +5r?)° > 0 - inorder
to prove (++), it suffices to prove : LHS of (++) > (48R — 60r)(s* — 16Rr + 5r2)2

(***)
& (456R? — 1068Rr + 501r2)s? | > r(5696R3 - 14132'5‘3 + 87°°Rr2)

Euler
Now, 456R? — 1068Rr + 501r? = (R — 2r)(456R — 156r) + 189r2 > 189r?
Gerretsen

>0~ LHSof (xxx) >  (456R%—1068Rr + 501r?)(16Rr — 5r?)
?
> r(5696R® — 14160R?*r + 8700Rr? — 1225r3)

? R
& 200t3 —651t%2 +582t— 160> 0 (t = ;)

Euler

?
& (t—2)(74t> +126t(t—2) +t+80) >0 > true v t > 2

= (xxx) = (xx) = (x) is true - (1 —%) (1 —%) (1 —%) +1<0

(-3

3 1
Va,b,c>0|a2+b2+c2=Z,”=” iffa=b=c=_ (QED)



