
 
If 𝒂, 𝒃 > 𝟎, then: 

𝒂𝟑 + 𝒃𝟑

𝟐
≤ (

𝒂𝟐 + 𝒃𝟐

𝒂 + 𝒃
)

𝟑

 

Proposed by Nguyen Hung Cuong-Vietnam 

Solution 1 by Ravi Prakash-New Delhi-India 

Put 𝒂 = 𝒓𝐜𝐨𝐬 𝜽 , 𝒃 = 𝒓 𝐬𝐢𝐧 𝜽, 𝒓 > 𝟎, 𝟎 < 𝜽 <
𝝅

𝟐
 

The given inequality can be written as 

𝒓𝟑

𝟐
(𝐬𝐢𝐧𝟑 𝜽 + 𝐜𝐨𝐬𝟑 𝜽) ≤

𝒓𝟔(𝐜𝐨𝐬𝟐 𝜽 + 𝐬𝐢𝐧𝟐 𝜽)𝟑

𝒓𝟑(𝐜𝐨𝐬 𝜽 + 𝐬𝐢𝐧𝜽)𝟑
 

⇔ (𝐬𝐢𝐧𝜽 + 𝐜𝐨𝐬 𝜽)𝟒(𝐬𝐢𝐧𝟐 𝜽 − 𝐬𝐢𝐧𝜽 𝐜𝐨𝐬 𝜽 + 𝐜𝐨𝐬𝟐 𝜽) ≤ 𝟐 

⇔ (𝟏 + 𝐬𝐢𝐧 𝟐𝜽)𝟐 (𝟏 −
𝟏

𝟐
𝐬𝐢𝐧 𝟐𝜽) ≤ 𝟐 ⇔ (𝟏 + 𝟐 𝐬𝐢𝐧 𝟐𝜽 + 𝐬𝐢𝐧𝟐 𝟐𝜽)(𝟐 − 𝐬𝐢𝐧𝟐𝜽) ≤ 𝟒 

⇔ 𝟐+ 𝟒𝐬𝐢𝐧 𝟐𝜽 + 𝟐 𝐬𝐢𝐧𝟐 𝟐𝜽 − 𝐬𝐢𝐧 𝟐𝜽 − 𝟐 𝐬𝐢𝐧𝟐 𝟐𝜽 − 𝐬𝐢𝐧𝟑 𝟐𝜽 ≤ 𝟒 

⇔ 𝐬𝐢𝐧𝟑 𝟐𝜽 − 𝟑𝐬𝐢𝐧 𝟐𝜽 + 𝟐 ≥ 𝟎 ⇔ (𝟏 − 𝐬𝐢𝐧𝟐𝜽)𝟐(𝟐 + 𝐬𝐢𝐧 𝟐𝜽) ≥ 𝟎 

which is true. Equality when 𝜽 =
𝝅

𝟒
 or when 𝒂 = 𝒃. 

Solution 2 by Ravi Prakash-New Delhi-India 

For 𝒂, 𝒃 > 𝟎, consider 

𝟐(𝒂𝟐 + 𝒃𝟐)𝟑 − (𝒂 + 𝒃)𝟑(𝒂𝟑 + 𝒃𝟑) 

= 𝟐(𝒂𝟔 + 𝟑𝒂𝟒𝒃𝟐 + 𝟑𝒂𝟐𝒃𝟒 + 𝒃𝟔) − (𝒂𝟑 + 𝟑𝒂𝟐𝒃 + 𝟑𝒂𝒃𝟐 + 𝒃𝟑)(𝒂𝟑 + 𝒃𝟑) 

= 𝟐𝒂𝟔 + 𝟔𝒂𝟒𝒃𝟐 + 𝟔𝒂𝟐𝒃𝟒 + 𝟐𝒃𝟔 − (𝒂𝟔 + 𝟑𝒂𝟓𝒃 + 𝟑𝒂𝟒𝒃𝟐 + 𝟐𝒂𝟑𝒃𝟑 + 𝟑𝒂𝟐𝒃𝟒 + 𝟑𝒂𝒃𝟓 + 𝒃𝟔) 

= 𝒂𝟔 − 𝟑𝒂𝟓𝒃 + 𝟑𝒂𝟒𝒃𝟐 − 𝟐𝒂𝟑𝒃𝟑 − 𝟑𝒂𝒃𝟓 + 𝟑𝒂𝟐𝒃𝟒 + 𝒃𝟔 

= (𝒂 − 𝒃)𝟒(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐) ≥ 𝟎 

Equality when 𝒂 = 𝒃. Thus: 

𝒂𝟑 + 𝒃𝟑

𝟐
≤ (

𝒂𝟐 + 𝒃𝟐

𝒂 + 𝒃
)

𝟑

 

Equality when 𝒂 = 𝒃. 

 


