
 
If 𝒂, 𝒃 > 𝟎 then: 

𝒂𝒃𝒃𝒂 ≤ (
𝒂 + 𝒃

𝟐
)

𝒂+𝒃
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𝒂𝒊 ≥ 𝟎(𝒊 = 𝟏, 𝟐, … , 𝒏) 

𝒙𝒊 > 𝟎(𝒊 = 𝟏, 𝟐,… , 𝒏),∑𝒙𝒊

𝒏

𝒊=𝟏

= 𝟏 

∑ 𝒙𝒊𝒂𝒊
𝒏
𝒊=𝟏 ≥ ∏ 𝒂𝒊

𝒙𝒊𝒏
𝒊=𝟏        (1) 

Let: 𝒂𝟏 = 𝒂,𝒂𝟐 = 𝒃, 𝒙𝟏 =
𝒃

𝒂+𝒃
, 𝒙𝟐 =

𝒂

𝒂+𝒃
, 𝒙𝟏 + 𝒙𝟐 = 𝟏 

⇒ 𝒂
𝒃
𝒂+𝒃𝒃

𝒂
𝒂+𝒃 ≤ 𝒂(

𝒃

𝒂 + 𝒃
) + 𝒃(

𝒂

𝒂 + 𝒃
) =

𝟐𝒂𝒃

𝒂 + 𝒃
 

But: 
𝟐𝒂𝒃

𝒂+𝒃
≤

𝒂+𝒃

𝟐
∵
𝟐𝒂𝒃

𝒂+𝒃
≤

𝒂+𝒃

𝟐
⇔ (𝒂 + 𝒃)𝟐 ≥ 𝟒𝒂𝒃 ⇔ 𝟒𝒂𝒃 ⇔ (𝒂 − 𝒃)𝟐 ≥ 𝟎  

 which is true for all 𝒂, 𝒃 > 𝟎 

⇒ 𝒂
𝒃
𝒂+𝒃𝒃

𝒂
𝒂+𝒃 <

𝒂 + 𝒃

𝟐
⇔ (𝒂

𝒃
𝒂+𝒃𝒃

𝒂
𝒂+𝒃)

𝒂+𝒃

≤ (
𝒂 + 𝒃

𝟐
)
𝒂+𝒃

⇔ 𝒂𝒃𝒃𝒂 ≤ (
𝒂 + 𝒃

𝟐
)
𝒂+𝒃

 

Equality holds if and only if 𝒂 = 𝒃. 

* Prove (1) 

∑ 𝒙𝒊𝒂𝒊
𝒏
𝒊=𝟏 = 𝒂 = 𝒂∑ 𝒙𝒊

𝒏
𝒊=𝟏 = ∏ 𝒂𝒙𝒊𝒏

𝒊=𝟏 ⇒ (1) ⇔ ∏ 𝒂𝒙𝒊𝒏
𝒊=𝟏 ≥ ∏ 𝒂𝒊

𝒙𝒊𝒏
𝒊=𝟏 ⇔ ∏ (

𝒂𝒊

𝒂
)
𝒙𝒊𝒏

𝒊=𝟏 ≤ 𝟏 

𝒙 ≤ 𝒆𝒙−𝟏∀𝒙 ⇒
𝒂𝒊

𝒂
≤ 𝒆

𝒂𝒊
𝒂−𝟏 ⇒ (

𝒂𝒊

𝒂
)
𝒙𝒊
≤ 𝒆

𝒙𝒊𝒂𝒊
𝒂 −𝒙𝒊 ⇒ 

⇒∏(
𝒂𝒊

𝒂
)
𝒙𝒊

𝒏

𝒊=𝟏

≤∏𝒆
𝒙𝒊𝒂𝒊
𝒂 −𝒙𝒊

𝒏

𝒊=𝟏

⇔∏(
𝒂𝒊

𝒂
)
𝒙𝒊

𝒏

𝒊=𝟏

≤ 𝒆
∑ (

𝒙𝒊𝒂𝒊
𝒂 −𝒙𝒊)

𝒏
𝒊=𝟏 = 𝒆𝟏−𝟏 = 𝟏 ⇒ 

⇒ (1) is true. 

 


