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Ifa,b,ce Rand (a+ 1)(b+ 1)(c+ 1) = 8,then prove that :
a’+b%+c%2>3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
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When x =y = z = 0, then trivially (1) is true. When exactly two among x,y, z

= 0 and WLOG we may assumey =z = 0 (x > 0), then :
x+y+z x 5 .
T=§>0= xyz:>(1)1$true

When exactly one among x,y,zZ = 0 and WLOG we may assume x = 0 (y,z > 0),
Xt+ty+z y+z

We assert thatV x,y,z > 0,we have : }/xyz <

. — 3 = -
then : 3 3 >0 = /xyz = (1) is true. When x,y,z > 0, (1) is true
3 X+ty+z
by AM - GM and so,V x,y,z > 0,we have : \/xyz < —3

Now,(a+1)(b+1)(b+1)=8= (a+1)?*(b+1*(c+1)?=64=>4
via 2 2 2
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:Za2+22a29—>(2) ’

cyc cyc

ZaSBandso,via(Z),Zaz29—22a29—6$a2+b2+c223
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a>3andthen: ) a%?>— al | ) (a-—b)?2>0- true
3

cyc cyc cyc cyc

>~ = a? +b% + c? > 3 - combining both cases,a* + b? + c? > 3

Vab,ceR|(a+1)(b+1)(c+1) =8 (QED)
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