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If a,b € Rand a? + b? + a + b = ab, then prove that :
a’+b3>-16

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Letx=a+bandthen:a*?+b’+a+b=ab=>-x=a%*+b?—ab
(a+b)? x?
> =—2x2+4x<0=>x(x+4)<0=>-4<x<0-(1)
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Now,a3 + b3 = (a+b)3 —3ab(a+b) * *hrarb=ab 3 3x(a’? +b%? +a+b)

a+b)? a+b)?\ 2
2x3—3x<%+a+b> < —3x20anda2+b22%> >—16

x? ? ? ?
®x3—3x<7+x> >—16=2x34+6x?-32<0 (x+4)*(x—2) <0 - true

via (1)
vx < 0<2=>x-2<0"="iffx=a+b=-4
andfora=b=iffa=b=-2-a®+b3>-16

VabeR|a?+b2+a+b=ab’=" iffa=b=—-2(QED)



