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If a,b,c > 0and a+ b + c = 3,then prove that :
ab + bc + ca

2 2 2
a“ +b“+cc+ =
a’b + b%c + c2a

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Assigningb+c=x,c+a=ya+b=z=>x+y—-z=2c>0,y+z—x
=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,z2+x>y=xYyzform
sides of a triangle with semiperimeter, circumradius and inradius

=s,R r (say);

soZZa=Zx=Zs=>Za=s—>(1)=>a=s—x,b=s—y,c=s—z

cyc cyc cyc

=~ abc = r?s - (2) and such substitutions = z ab = Z(s —x)(s—y)

cyc cyc

2
ia (1 d(3
:zab=4’RP+l‘2—>(3),Zaz= Za _Zzabvm():an (3)

cyc cyc cyc cyc

s2—2(4Rr+r?) = Z a? = s2 — 8Rr — 2r? - (4),and Z a’b?

cyc cyc
2

ia (1),(2) and (3)
= Z ab | — 2abc Z a| 2N (4Rr + r?)% — 2r2s.s
cyc cyc
> ) a@h? = r2((4R + 1) - 25%) - (5)

cyc

2
(9 Zeye a? = 2(Zeye a)z) 2 (Beye @) (Zeye a®b?) via (1,3)®) and (3)

Now,

2 = 2
) (Zoeab)

(9(s? — 8Rr — 2r?) — 2s2)?2 2 r?(s? — 8Rr — 2r?)((4R + r)? — 2s?)
9s2 - (4Rr + r?)2

& 9s% + (320R? + 88Rr + 2r?)s* — r(7488R3 + 5616R?r + 1404Rr? + 117r3)s?
? Gerretsen

+162r%(4R +r)* 5 O0Oand ~ 9(s? —16Rr+5r?)> > 0 . inorderto
©)
prove (x), it suffices to prove : LHS of () > 9(s? — 16Rr + 5r?)3
< (320R? + 520Rr — 133r2)s* — r(7488R3 + 12528R?*r — 2916Rr? + 792r3)s?

(+4)
+1r2(41472R* + 78336R3r — 19008R?*r? + 13392Rr3 — 963r*) > 0 and
Gerretsen

+ (320R? + 520Rr — 133r2?)(s? —16Rr + 5r?)2 > 0 . inorder

to prove (xx), it suffices to prove : LHS of (xx) >
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(320R? + 520Rr — 133r?)(s? — 16Rr + 5r%)2
& (1376R3 + 456R?r — 3270Rr? + 269r3)s?

(%)

> r(20224R* + 1792R3r — 45120R?*r? + 10444Rr3 — 1181r*) and -
1376R3 + 456R?r — 3270Rr? + 269r3

Eul
— (R — 2r)(1376R? + 3208Rr + 314612) + 6561r > 656113 > 0

Gerretsen

~ LHS of (*#*) > (1376R3 + 456R?*r — 3270Rr? + 269r3)(16Rr — 5r?)
?
> r(20224R* + 1792R3r — 45120R?r? + 10444Rr3 — 1181r%)
? R
& 896t* — 688t3 — 4740t% + 5105t — 82> 0 (t = F)

Euler

?
S (t— t— t° + t+ + =0->true-t >
( 2)(( 2)(896t% + 2896 3260) + 6561 0 2

9 chc a? -2 (chc a)z - \/(chc az)(chc a2b2)

= (x*xx) > (xx) = (%) istrue ..

32cyca ZCYC ab
2 _ 2
Reve;e CBS Ycyc a’b a+b;c— 3 Z 2> Ycyca’b N z a? Yeye azb
chc ab chc ab chca b
cyc cyc
Yeoweca’b  Y..ab A-G ab + bc + ca
>2+ 55 Tz 2+42=4:a’+bP+ Pt ——— >

Yeycab Yo a’b a*b + b%c + c%a

Vab,c>0|a+b+c=3,"=" iffa=b=c=1(QED)



