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If a,b € R and a? + b% + ab = 3(a + b), then prove that :
a® + b3 <27

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

If a = 0,then: b? =3b = Db = 0orb = 3;similarly,if b = 0, then :

a’? =3a=>a=0ora=3.S0,if (a,b) = (0,0) or (0,3) or (3,0), we see that :
a3 +b3<27istrue,” =" iff (a=3,b=0)or (a=0,b=3) and we
now shift our attentionto : a # 0,b # 0 ... then : a> + b2 + ab =
b2(t? +t+1) (t=g)=b2<(t+1)2+§>>3—b2>0(°-°b¢0)
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 a?+b%+ab = 3(a+b)

=3(a+b)=a’*+b* +ab>0-a®+bd<27 PN
a? + b2 + ab\’
a3+b3 < (T) = (a2+b2+ab)3 = (a3+b3)(a+b)3

( a’?+b%2+ab>0 and)
a+b>0
& (a? + b% + ab)? > (a? + b? — ab)(a + b)* = (a? + b? — ab)(a? + b? + 2ab)?
ex+y)l>2x-y)kx+2y)?2oy?(3x+5y) >0
— 2 1 h2
& a?b?(3a® + 3b% + 5ab) > 0 & a?b*(3t2 + 5t +3) = 0 (x - ‘;_’L:b ““d)
- true (strict inequality) = a?b* > 0 ("~ a,b # 0) and discriminant of

3t2+5t+3-25-36<0=>3t2+5t+3>0:-a®>+b3<27fora+0,b+0

and combining all cases,a® + b3 <27V a,b € ]Rl a’?+b%? +ab=3(a+b),

"=""iff (a=3,b=0)or (a=0b=3) (QED)



