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Ifa,b,c=0anda+b + c = 2,then prove that :

Jaz +bc++b%2+ca++c2+ab<3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Exactly 2 variables equal zero and WLOG we may assume b = ¢

=0(a=2)andthen:LHS =+/22=2<3
Exactly 1 variable equals zero and WLOG we may assume
. A-G3(b+c)
a=0(b+c=2withb,c>0)andthen: LHS=vbc+b+c < — = =3
[Case 3]a,b,c > 0 and assigningb+c=x,c+a=y,a+b=z>
x+y—-z=2c>0,y+z—x=2a>0andz+x—-y=2b>0=>x+y> z
y+z>x2z+x>y=xYy,zformsides of a triangle with semiperimeter,
circumradius and inradius = s, R, r (say); so 2 z a= Z xX=28s> Z a=s
cyc cyc cyc
»(1)=>a=s—x,b=s—-y,c=s—z . abc=r?s - (2) and such
substitutions = z ab = Z(s —x)(s—y)=> z ab = 4Rr +r? - (3),

cyc cyc cyc

2
ia (1) and (3)
Zazz Za —ZZabvm =" s2 _ 2(4Rr +12)

cyc cyc cyc

= z a? = s? — 8Rr — 2r? - (4),and z:azb2 =

cyc cyc
2

ia (1),(2) and (3) 2
Z ab | —2abc Z a2 (aRr+12)" - 2r2sis

cyc cyc

= Z a?b? = r2((4R + )2 — 252) > (5)

cyc

a+b+c=2

2
Now,(\/a2+bc+\/b2+ca+\/c2+ab) -9 =
2

Za2+2ab+zz\/(b2+ca)(c2+ab)—z Za

cyc cyc cyc cyc

2
c;s Z a? + Z ab + 2\/§.\/Z((b2 + ca)(c? + ab)) —z Za ; 0

cyc cyc cyc cyc
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2 5 a’+ 14 ab
& 2v3. Z a’b? + Z ab (Z a? — c2> + abcz a< Leye 2 Leye

cyc cyc cyc cyc

2 2
=3 2\/5 Z a’b? + (Z az) (Z ab) < Schca +414chc ab

cyc cyc cyc

- <szaz . 14Zab>2 19 Y+ (z ) (Z ab>

cyc cyc cyc cyc cyc

ia (3),(4) and (5) 2
TS (5(s2 - 8Rr - 2r2) + 14(4Rr 4+ 12))

> 192 (r?((4R +1)? - 252) + (s? — 8Rr — 2r2)(4Rr + 1?))
& 25s* — (608Rr — 232r?)s? + r?(3328R? + 1664Rr + 208r?) é 0 and

©)
2 Gerretsen
« 25(s? — 16Rr + 5r?) > 0. inorder to prove (%), it suffices to prove :

LHS of (x) > 25(s? — 16Rr + 5r2)2

kk

()
& (64R — 6r)s* > r(1024R? — 1888Rr + 139r?)
Gerretsen

?
Now, (64R— 6r)s? >  (64R— 6r)(16Rr — 5r%) >
?
r(1024R? — 1888Rr + 139r?) & r?(1472R — 109r) > 0 - true

Euler

« 1472R —109r > 2944r — 1097r > 0 = (xx) = (*) is true

2
(\/a2+bc+\/b2+ca+\/c2+ab) -9<0
ﬁx/a2+bc+\/b2+ca+\/c2+ab<3Va,b,c>0|a+b+c=2
- combining all cases,/ a? + bc + b2 + ca ++/c% + ab < 3

Va,b,c20|a+b+c=2,”=” iff(a=0b=c=1)
or(b=0,c=a=1)or(c=0,a=b=1) (QED)




