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If a,b € R and 2(a? + b?) = 3ab + 1, then prove that :
a’+b3<2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

1 3
Ifa+bSO,then:a3+b3=(a+b)(Z(a+b)2+Z(a—b)2>£O<2

and so,we now focuson:a+b > 0andthen:a®+b3 <2 o (a® +b3)?2 <4

& (a+b)%(a? +b? —ab)? < 4 < (a? + b? + 2ab)(a? + b%? —ab)? < 4

+2(a?+b%) =3ab+1 /3qb + 1 3ab + 1 2
= ( +2ab)( —ab) <4 (7x+1)(x+1)2<32

(x=ab) ©7x3+15x* +9x—-31<0o (x —1)(7x*+22x+31) <0

ox<1 ( discriminant of 7x2 + 22x +31 =222 —-4.7.31 = —384 < 0)

=7x2+22x+31>0

—>true v 3ab+1=2(a*+b?) >4ab=>x=ab<1-.a>+b3<2

VabeR|2(a?+b?) =3ab+1"=" iffa=b=1(QED)



