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If a,b,c € R and abc(a + b)(b + ¢)(c + a) = 8,then prove that :
a’ +b%?+c%2>3

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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a?+b’+c?2>3 o Zaz 227:?.abc(a+b)(b+c)(c+a)
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=N 82 a® + 242 a*b? + 242 a’b* > 27abc z a’b + Z ab? | + 6a%b?c?

cyc cyc cyc cyc cyc
Now,V x,y,z > 0,via Schur + A — G, we get : Zsz > szy + nyz and
cyc cyc cyc
choosing x = a?,y = b%,z = ¢?,we have : 2 z ab > z a*b? + Z a’b* - (1)
cyc cyc cyc

Again,V o, B,y € R,a? + B% + y? > af + By + ya and choosing a = a®b, g = b?c,
vy = c?2a,we have : z a*b? > abcz ab? - (2) and choosing

cyc cyc
a = ab?,B = bc?,y = ca?, we have : z a’b* > abcz a’b - (3) and also,
cyc cyc
1 2
Z a® — 3a%b?c? = z a’? EZ(aZ -b?)" |=0> z a® > 3a%b?c? - (4)
cyc cyc cyc cyc
via (2) and (3)
So,8z a® + 242 a*b? +24z a’b* >
cyc cyc cyc
via (1) and (4)
22a6+62a6+24abc Za2b+2ab2 >
cyc cyc cyc cyc
6a%b3c% + 3 Z a*b? + 3 Z a’b* + 24abc Z a’b + z ab?
cyc cyc cyc cyc
via (2) and (3)
> 6a%b?c? + 3abc Z a’b + Z ab? |+ 24abc Z a’b + Z ab?
cyc cyc cyc cyc

= 27abc Z a’b + Z ab? | + 6a%b%c? = () istrue - aZ + b2 +c¢% >3
cyc cyc
Vab,cée ]R| abc(a+b)(b+c)(c+a) =8,
"="iff(@a=b=c=1)or(a=b=c=-1) (QED)



