
 
Let 𝑶, 𝑮 −be the Toricelli’s point and the centroid in ∆𝑨𝑩𝑪. Prove that: 
 

𝑶𝑮𝟐 =
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝟒√𝟑𝑭

𝟏𝟖
 

Proposed by Adil Abdullayev-Azerbaijan 
Solution by Daniel Sitaru-Romania 

 
𝑶 −Toricelli’s point 

𝑶𝑨 = 𝒙, 𝑶𝑩 = 𝒚,𝑶𝑪 = 𝒛 
∢𝑨𝑶𝑩 = ∢𝑩𝑶𝑪 = ∢𝑪𝑶𝑨 = 𝟏𝟐𝟎° 

[𝑨𝑶𝑩] + [𝑩𝑶𝑪] + [𝑪𝑶𝑨] =∑
𝟏

𝟐
∙ 𝒙𝒚𝒔𝒊𝒏𝟏𝟐𝟎°

𝒄𝒚𝒄

 

𝑭 =
𝟏

𝟐
𝒔𝒊𝒏(𝟏𝟖𝟎° − 𝟔𝟎°)∑𝒙𝒚

𝒄𝒚𝒄

 

∑𝒙𝒚

𝒄𝒚𝒄

=
𝟐𝑭

𝒔𝒊𝒏𝟔𝟎°
=
𝟒𝑭

√𝟑
=
𝟒√𝟑𝑭

𝟑
 

∑𝒄𝟐

𝒄𝒚𝒄

=∑(𝒙𝟐 + 𝒚𝟐 − 𝟐𝒙𝒚𝒄𝒐𝒔𝟏𝟐𝟎°)

𝒄𝒚𝒄

 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟐∑𝒙𝟐

𝒄𝒚𝒄

+ 𝟐𝒄𝒐𝒔𝟔𝟎°∑𝒙𝒚

𝒄𝒚𝒄

 

𝟐∑𝒙𝟐

𝒄𝒚𝒄

= 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝟐 ∙
𝟏

𝟐
∙
𝟒√𝟑𝑭

𝟑
 

∑𝑶𝑨𝟐

𝒄𝒚𝒄

=
𝟏

𝟐
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟐√𝟑𝑭

𝟑
 



 

𝟑𝑶𝑮𝟐 +∑𝑮𝑨𝟐

𝒄𝒚𝒄

=
𝟏

𝟐
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟐√𝟑𝑭

𝟑
 

𝟑𝑶𝑮𝟐 =
𝟏

𝟐
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟐√𝟑𝑭

𝟑
−∑

𝟒

𝟗
𝒎𝒂

𝟐

𝒄𝒚𝒄

 

𝟑𝑶𝑮𝟐 =
𝟏

𝟐
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟐√𝟑𝑭

𝟑
−
𝟒

𝟗
∙
𝟑

𝟒
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 

𝑶𝑮𝟐 =
𝟏

𝟔
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟏

𝟗
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟐√𝟑𝑭

𝟗
 

𝑶𝑮𝟐 =
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝟒√𝟑𝑭

𝟏𝟖
 

 
Observation: This is a new proof for IONESCU-WEITZENBOCK’S inequality: 
 

𝟎 ≤ 𝑶𝑮𝟐 =
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝟒√𝟑𝑭

𝟏𝟖
⟹ 𝟎 ≤ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 − 𝟒√𝟑𝑭⟹ 

 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟒√𝟑𝑭 


