
 

 

Prove that: 

𝐜𝐨𝐬𝑿

𝐬𝐢𝐧(𝑿 + 𝑩)
=
𝐭𝐚𝐧𝑩 − 𝐭𝐚𝐧𝑨

𝐭𝐚𝐧𝑩 + 𝐭𝐚𝐧𝑨
∙
𝟏

𝐬𝐢𝐧 𝑩
     

Proposed by Thanasis Gakopoulos-Greece 

Solution by Mirsadix Muzefferov-Azerbaijan 

 

𝑰𝒏 ∆𝑨𝑪𝑫 𝒓𝒖𝒍𝒆 𝒔𝒊𝒏𝒆 ∶  
𝐬𝐢𝐧𝜶
𝑨𝑫 =

𝐬𝐢𝐧𝑨
𝑫𝑪  

𝑰𝒏 ∆𝑩𝑪𝑫 𝒓𝒖𝒍𝒆 𝒔𝒊𝒏𝒆: 
𝐬𝐢𝐧 𝜷
𝑫𝑩 =

𝐬𝐢𝐧𝑩
𝑫𝑪

} ⟹ 

⟹
𝐬𝐢𝐧𝜶

𝑨𝑫
:
𝐬𝐢𝐧𝜷

𝑫𝑩
=
𝐬𝐢𝐧𝑨

𝑫𝑪
:
𝐬𝐢𝐧𝑩

𝑫𝑪
⟹

𝐬𝐢𝐧𝜶

𝐬𝐢𝐧𝜷
=
𝐬𝐢𝐧𝑨

𝐬𝐢𝐧𝑩
 

X 



 
𝜶 = 𝒙− 𝑨 ; 𝜷 = 𝟏𝟖𝟎° − (𝒙 + 𝑩)  

𝐬𝐢𝐧(𝒙 − 𝑨)

𝐬𝐢𝐧(𝒙 + 𝑩)
=
𝐬𝐢𝐧𝑨

𝐬𝐢𝐧𝑩
⟹

𝐬𝐢𝐧 𝒙 𝐜𝐨𝐬𝑨 − 𝐬𝐢𝐧𝑨 𝐜𝐨𝐬 𝒙

𝐬𝐢𝐧𝑩𝐜𝐨𝐬 𝒙 + 𝐬𝐢𝐧𝒙 𝐜𝐨𝐬𝑩
=
𝐬𝐢𝐧𝑨

𝐬𝐢𝐧𝑩
 

𝐬𝐢𝐧𝒙 ∙ 𝐜𝐨𝐬𝑨 ∙ 𝐬𝐢𝐧𝑩 − 𝐜𝐨𝐬 𝒙 ∙ 𝐬𝐢𝐧 𝑨 ∙ 𝐬𝐢𝐧𝑩 =𝐬𝐢𝐧𝑨 ∙ 𝐬𝐢𝐧 𝒙 ∙ 𝐜𝐨𝐬𝑩 + 𝐬𝐢𝐧𝑩 ∙ 𝐜𝐨𝐬 𝒙 ∙ 𝐬𝐢𝐧 𝑨 

𝟐𝐬𝐢𝐧 𝑨 ∙ 𝐬𝐢𝐧𝑩 ∙ 𝐜𝐨𝐬 𝒙 = 𝐬𝐢𝐧(𝑩 − 𝑨) ∙ 𝐬𝐢𝐧 𝒙 

𝐜𝐨𝐬 𝒙 =
𝐬𝐢𝐧𝑩𝐜𝐨𝐬 𝑨 − 𝐬𝐢𝐧 𝑨𝐜𝐨𝐬𝑩

𝟐 𝐬𝐢𝐧 𝑨 ∙ 𝐬𝐢𝐧𝑩
∙ 𝐬𝐢𝐧 𝒙 =

𝐭𝐚𝐧𝑩 − 𝐭𝐚𝐧𝑨

𝟐 𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩
∙ 𝐬𝐢𝐧 𝒙  (∗) 

𝑰𝒏 ∆𝑨𝑩𝑪 𝒓𝒖𝒍𝒆 𝒔𝒊𝒏𝒆 
𝑨𝑩

𝐬𝐢𝐧(𝑨 + 𝑩)
=

𝑨𝑪
𝐬𝐢𝐧𝑩

𝑰𝒏 ∆𝑫𝑩𝑪 𝒓𝒖𝒍𝒆 𝒔𝒊𝒏𝒆 
𝑫𝑩
𝐬𝐢𝐧𝜷  =

𝑫𝑪
𝐬𝐢𝐧𝑩

⟹ {

𝟐𝑫𝑩
𝐬𝐢𝐧(𝑨 + 𝑩)

=
𝑨𝑪
𝐬𝐢𝐧𝑩

𝐬𝐢𝐧 𝜷
𝑫𝑩 =

𝐬𝐢𝐧𝑩
𝑫𝑪

⟹ 

⟹
𝟐𝐬𝐢𝐧𝜷

𝐬𝐢𝐧(𝑨 + 𝑩)
=
𝑨𝑪

𝑫𝑪
   (𝟏) 

𝑰𝒏 ∆𝑨𝑪𝑫 ⟹
𝑨𝑪

𝑫𝑪
 =

𝐬𝐢𝐧𝒙

𝐬𝐢𝐧 𝑨
  (𝟐) 

From (𝟏) and (𝟐) we have 

𝟐 𝐬𝐢𝐧𝜷

𝐬𝐢𝐧(𝑨 + 𝑩)
=
𝐬𝐢𝐧𝒙

𝐬𝐢𝐧𝑨
⟹

𝐬𝐢𝐧(𝑨 + 𝑩)

𝟐 𝐬𝐢𝐧(𝒙 + 𝑩)
=
𝐬𝐢𝐧𝑨

𝐬𝐢𝐧 𝒙
  (∗∗)  

From (∗)  and  (∗∗) we have 

{
 

 
𝐬𝐢𝐧(𝑨 + 𝑩)

𝟐 𝐬𝐢𝐧(𝒙 + 𝑩)
=
𝐬𝐢𝐧𝑨

𝐬𝐢𝐧𝒙

𝐜𝐨𝐬 𝒙 =
𝐭𝐚𝐧𝑩 − 𝐭𝐚𝐧𝑨

𝟐 𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩
∙ 𝐬𝐢𝐧 𝒙

⟹ 

𝐬𝐢𝐧(𝑨 + 𝑩)

𝟐 𝐬𝐢𝐧(𝒙 + 𝑩)
∙ 𝐜𝐨𝐬 𝒙 =

𝐬𝐢𝐧𝑨

𝐬𝐢𝐧𝒙
∙
𝐭𝐚𝐧𝑩 − 𝐭𝐚𝐧𝑨

𝟐 𝐭𝐚𝐧𝑨 𝐭𝐚𝐧𝑩
∙ 𝐬𝐢𝐧 𝒙 ⟹ 

⟹
𝐜𝐨𝐬 𝒙

𝐬𝐢𝐧(𝒙 + 𝑩)
=

𝐭𝐚𝐧𝑩 − 𝐭𝐚𝐧𝑨

𝐬𝐢𝐧𝑨 𝐜𝐨𝐬𝑩+𝐬𝐢𝐧𝑩 𝐜𝐨𝐬𝑨
𝐜𝐨𝐬𝑨 ∙ 𝐜𝐨𝐬𝑩

∙
𝟏

𝐬𝐢𝐧𝑩
⟹

𝐜𝐨𝐬𝒙

𝐬𝐢𝐧(𝒙 + 𝑩)
= 

=
𝐭𝐚𝐧𝑩 − 𝐭𝐚𝐧𝑨

𝐭𝐚𝐧𝑩 + 𝐭𝐚𝐧𝑨
∙
𝟏

𝐬𝐢𝐧𝑩
  (𝒑𝒓𝒐𝒗𝒆𝒅) 

 


