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In any A ABC, the following relationship holds :

m, my, m. 6(m,m; + mym,+ m.mg,)
— 4 | =+ |+ :
h, hy, h, (m, + my + m.)

Proposed by Adil Abdullayev-Azerbaijan

Solution 1 by Soumava Chakraborty-Kolkata-India
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Assigningy+z=X,z+x=Y,x+y=Z=>X+Y-Z=22>0Y+Z-X=2x

>0andZ+X-Y=2y>0=2X+Y>ZY+Z>X,Z4+X>Y=>XY,Z form
sides of triangle with semiperimeter, circumradius and inradius = s, R, r’' (say)

yielding22x=zx=25’=>Zx=s’—>(1)=>x=s’—X,y=s’—Y

cyc cyc cyc
z = s’ — Z and suchsubstitutions = xyz = r'?s’ - (2),
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ny = Z(s’ -X)(s'-Y) > ny =4R'r' +1r'% > (3) and

cyc cyc cyc
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cyc cyc cyc cyc
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?
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(***)
Gerretsen
Now,LHSof (+++) < ((4R? +4Rr +3r2) — (4R + 4Rr — 2r?)) 2
—r(32R3 — 24R?*r — 12Rr? — r?) = 5r2s% — r(32R% — 24R?*r — 12Rr? — r3)
Gerretsen

?
<  5r?(4R?+ 4Rr + 3r%) — r(32R%® — 24R?’r— 12Rr* - r3) < 0
? R ?
& 8t3—11t2 —8t—4>0 (t=;) & (t—2)(8t2 + 5t+2) > 0 > true

Euler b—c)?2 2(s?—12Rr-3r?
vto> Zﬁ(***)iStrue.'.z( az) > ( 32 )

cyc
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(Y — Z)? @ 2(s’> — 12R'r' - 3r'%)

= (**) > (%) is true

2 - [2
cyc X S
6
L [Ma M M (mamb+mbmc+n;cma) > 5
h, hy, h, (mg + my + m,)
v AABC,”’ =" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Tereshin’'s inequality, we have
ma>b2+c2_b2+c2
h, ~ 4Rh,  2bc

Applying this inequality to the triangle GBC

(G is the centroid of the triangle ABC) and noting that

h 2 2
the altitude from G is equal to ?a and GB = §mb, GC = §mc, we get

2 2
mg (2 2
3 S (3mb) + (3mc) or Mmq m,* +m.?
b ™ 22m,.0m, h, — 2mym,
3 3 3
S [ma my2 +m? 2(my?% + m.?) AM;M 2(mu? + m.?)
h, — ] 2mym: 2 [2mym.(m,? +mz2)  2mpmc+(my*+m.?)
(my, — m,)? (my, — m,)?
= b—C)Z +1> b o) >+ 1 (and analogs)
(mb + mc) (ma + my + mc)
Therefore

m m m, 6(mym,+mym,+mm,)
_a_l_ —b+ _c_l_ a’'th b'tc 2c a >
ha hb hc (ma + my + mc)

_ (my

my — mc)z + (mc - ma)z + (ma - mb)z + 6(mamb +mym, + mcma)
(ma +m, + mc)z
as desired. Equality holds iff AABC is equilateral.

+3 =35,



