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In any A ABC with
K - Lemoine point, the following relationship holds :

BKC 2[BKC CKA 2[CKA AKB
[BKC] 1+[ ]+[ ] 1Jr[ ]+[ ].

ar, ar, bry, br;, Cr,

Proposed by Daniel Sitaru-Romania
Solution by Soumava Chakraborty-Kolkata-India

Let AK KK Honsberger a? KK, 1 a? 1
e =S, .. — = = —

AT e AK b2 +c2 AK b2 + ¢2
sq¢ _a’+b?+c? b? + c? b? + ¢? 2bc

= =—— = AK = .Sy = . .m
AK b2 + c2 a?+b2+c¢2"7* aZz+bZ4+c2’bZ4c2 "

= AK=g——
chc a?

Now, A BKC has sides BK, CK and 'a’ -. 16[BKC]?
= 2a’BK? + 2a?CK? + 2BK?CK? — a* — BK* — CK*
4c%a? 4a%bh? 4c%a? , 4a*b?

=2a*>.————.mi +2a>.—— .m? + 2. .mg. .m?
(chc az)z (chc az)z (chc az)z (chc az)z
. lécta* . l6a*v*

o (chc a2)4-mb ) (chc a2)4 e

2 2
2a”. (Z a2> .c2a?(2¢? + 2a* - b?) + 2a2.<z a2> .a?b?(2a? + 2b? — c?)

cyc cyc

.m, and analogs - (1)

2

1 4
2
(Zeyea?) +2c2a?.a?b?(2c¢? + 2a® — b?)(2a% + 2b% — ¢?) — a* (Z a2>

cyc

—c*a*(2¢? + 2a% - bz)2 — a*b*(2a? + 2b? — cz)2
- (2)
Now, 2c?a?. a?b?(2c? + 2a®? — b?)(2a? + 2b? — ¢?) — c*a*(2¢? + 2a% - bz)2
2
—a*b*(2a® + 2b% — CZ)Z =— (cZaZ(ZCZ +2a®? — b?) — a’b?(2a? + 2b% — cz))

= —a* (Z(C2 +b?)(c? — b?) + 2a?(c? - bz))2 = —4a*(c? - bz)2 (Z a2> - (i)

cyc

2
Again, 2a?. (Z a2> .c2a*(2¢? + 2a® - b?) +

cyc

2 4
2a>. (Z a2> .a*b?(2a? + 2b% — ¢?) — a* (Z a2>

cyc cyc
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=a* Z a? Zcz(Zc2 +2a? — bz) + 2b2(2a2 + 2b% — cz) - Z a?
cyc cyc
- (i) =~ (2), (D), (ii) = 16[BKC(]?
/2c2(2c2 +2a? — b?) + 2b%(2a? + 2b? — cz)\
2
v . |
(Beyea?) \ —( Y ar| —a(c2-w?) /

cyc

a* a* a’.F
=— .12 ) a®b? —Z a* | = ——.16F? = [BK(] = 5
(chc az) cyc cyc (chc aZ) e at
[BKC] a’F(s — a) [BKC] a(s—a)
and analogs — (*)
arg, (chc a )aF I'q chc a?
[BKC , Z[BKC] CKA] ’ AKB ,
Now +
cr,
BKC]
1+ 2x and analogs
ar,
cyc
=Z(\/§.\/x+2x2)é Zx. Zx+22x2
cyc () cyc cyc cyc
2
Zx i) Leye a2(s — @) 1 Z a?(s* - 2sa + a?)
cyc (chc aZ) (ZCYC 2) cyc

_ 1 <Zsz(s2 — 4Rr —r?) — 4s%(s? — 6Rr — 3r%) + 2(s? + 4Rr + rz)z)

(Zeye az)2 . —32Rrs? — 16r%s?
_ 2r2((4R + r)? — s2) - z o2 zxz via ()
2
(chc aZ) cyc cyc
Yevcals—a) 4r?((4R +r)? —s? 4Rr + r? r’((4R+r)? —s?
y = +
Y eve A2 2)? "~ s2—4Rr—-r2  (sZ—4Rr-r2)?2
4 (chca )
4Rrs?
L via (xx),

—4Rr —

Z[BKC] [CKA] , [aKB]
ar,
- Z [BKC 4Rrs? via(» |a(s — 4Rrs?
= ar, ' (s2 —4Rr-r2)z2 chca (s2 — 4Rr — r2)2

cyc

B 4Rr + r? 4Rrs? 2 V3
s —4Rr—r?" [(s?2—4Rr-r2)2~ 3

& (s — 4Rr —r2)’ 5 12Rrs?(4Rr + r2)
(%%)
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2 2
Firstly, (Z ab) > 3abcz a = 12Rrs.2s = (Z ab) > 24Rrs?

cyc cyc cyc

2
2 )
= Z a’? | >24Rrs? = (s — 4Rr —r?)" > 6Rrs?

cyc
Gerretsen
and
Euler

Also,s? —12Rr—3r? =s? —16Rr+5r2+4r(R-2r) > 0

(CD)
=52 —4Rr —r? > 8Rr + 2r2 ~ (o). (s¢) = (x*%) is true

[BKC] 2[BKC] [CKA] 2[CKA] [AKB] [AKB]
|1+ + 1+ + |1+
ar, ar, br, br, Ccr, Ccr,

ﬁ n o= = -
< 3 v A ABC,” =" iff A ABC is equilateral (QED)




