
 
In 𝚫𝑨𝑩𝑪, 𝑨′, 𝑩′, 𝑪′ - middle points of the arcs  𝑩𝑪̂, 𝑪𝑨̂, 𝑨𝑩̂ respectively made 

with the circumcircle of the triangle 𝑨𝑩𝑪 the following relationship holds: 

𝟔𝒓

𝑹
≤

𝑨𝑩

𝑨′𝑩′
+

𝑩𝑪

𝑩′𝑪′
+

𝑪𝑨

𝑪′𝑨′
≤ 𝟑 

Proposed by Marian Ursărescu – Romania  

Solution 1 by Tapas Das – India  

 

𝑨′, 𝑩′, 𝑪′ are the mid points of arc 𝑩𝑪, 𝑪𝑨, 𝑨𝑩 so, 𝑨𝑨′, 𝑩𝑩′, 𝑪𝑪′ are the angle of bisector 

From 𝚫𝑨𝑩𝑨′ we have 

𝒙

𝐬𝐢𝐧
𝑨
𝟐

=
𝒄

𝐬𝐢𝐧 𝑪
= 𝟐𝑹 ⇒ 𝒙 = 𝟐𝑹 𝐬𝐢𝐧

𝑨

𝟐
 

Now 

 ∠𝑩𝑰𝑨′ = 𝝅 − (∠𝑨′𝑩𝑰 + ∠𝑩𝑨′𝑰) = 𝝅 − (
𝑨

𝟐
+

𝑩

𝟐
) − 𝑪 = 𝝅 −

𝑨

𝟐
−

𝑩

𝟐
− [𝝅 − (𝑩 + 𝑨)] =

𝑨+𝑩

𝟐
 

∴ ∠𝑨′𝑩𝑰 = ∠𝑨𝑰𝑩 =
𝑨 + 𝑩

𝟐
 

∴ 𝑨′𝑩 = 𝑨′𝑰 = 𝟐𝑹 𝐬𝐢𝐧
𝑨

𝟐
    (analog) 

From 𝚫𝑨′𝑰𝑩′, ∠𝑨𝑨′𝑩′ =
𝑩

𝟐
, ∠𝑩𝑩′𝑨′ =

𝑨

𝟐
 

∴ ∠𝑨′𝑰𝑩′ = 𝝅 − (
𝑨 + 𝑩

𝟐
) 



 

∴ 𝐬𝐢𝐧 ∠𝑨′𝑰𝑩′ = 𝐬𝐢𝐧
𝑨 + 𝑩

𝟐
= 𝐜𝐨𝐬

𝑪

𝟐
 

(∵ 𝑨 + 𝑩 + 𝑪 = 𝝅) 

From 𝚫𝑨′𝑰𝑩′ 

𝑨′𝑩′

𝐬𝐢𝐧 ∠𝑨′𝑰𝑩′
=

𝑰𝑩′

𝐬𝐢𝐧 ∠𝑰𝑨′𝑩′
⇒

𝑨′𝑩′

𝐜𝐨𝐬
𝑪
𝟐

=
𝟐𝑹 𝐬𝐢𝐧

𝑩
𝟐

𝐬𝐢𝐧
𝑩
𝟐

 

∴ 𝑨′𝑩′ = 𝟐𝑹 𝐜𝐨𝐬
𝑪

𝟐
 

Now 

𝑨𝑩

𝑨′𝑩′
+

𝑩𝑪

𝑩′𝑪′
+

𝑪𝑨

𝑪′𝑨′
= 𝟐 (𝐬𝐢𝐧

𝑨

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
+ 𝐬𝐢𝐧

𝑪

𝟐
) ≤

𝑱𝒆𝒏𝒔𝒆𝒏

𝟐 × 𝟑 ⋅ 𝐬𝐢𝐧 (
𝑨 + 𝑩 + 𝑪

𝟔
) = 

= 𝟔 ⋅ 𝐬𝐢𝐧
𝝅

𝟔
= 𝟔 ×

𝟏

𝟐
= 𝟑 

Note 𝒇(𝒙) = 𝐬𝐢𝐧 𝒙 is concave in (𝟎,
𝝅

𝟐
) 

𝑨𝑩

𝑨′𝑩′
+

𝑩𝑪

𝑩′𝑪′
+

𝑪𝑨

𝑪′𝑨′
= 𝟐 (∑ 𝐬𝐢𝐧

𝑨

𝟐
) ≥

𝑨𝑴−𝑮𝑴
 𝟔 (∏ 𝐬𝐢𝐧

𝑨

𝟐
)

𝟏
𝟑

= 𝟔 × (
𝒓

𝟒𝑹
)

𝟏
𝟑

= 

= 𝟔 × (
𝒓𝟑

𝟒𝑹𝒓𝟐
)

𝟏
𝟑

≥
𝑬𝒖𝒍𝒆𝒓

𝟔 × (
𝒓𝟑

𝟒𝑹 ⋅
𝑹𝟐

𝟒

) =
𝟔𝒓

𝑹
 

Solution 2 by Adrian Popa – Romania  

 



 

𝑨′𝑶𝑩̂ = 𝑨′𝑩′⏜ = 𝑨′𝑪⏜ = 𝑪𝑩′⏜ =
𝑩𝑪⏜

𝟐
+

𝑨𝑪⏜

𝟐
= 𝑨̂ + 𝑩̂ = 𝝅 − 𝑪̂ 

𝚫𝑶𝑨′𝑩′ (Cosine Theorem) 

𝑨′𝑩′𝟐 = 𝑶𝑨′𝟐 + 𝑶𝑩′𝟐 − 𝟐𝑶𝑨′ ⋅ 𝑶𝑩′ ⋅ 𝐜𝐨𝐬 𝑨′𝑶𝑩̂ ⇒ 

⇒ 𝑨′𝑩′𝟐 = 𝑹𝟐 + 𝑹𝟐 + 𝟐𝑹 ⋅ 𝑹 𝐜𝐨𝐬 𝑪 − 𝟐𝑹𝟐(𝟏 + 𝐜𝐨𝐬 𝑪) = 

= 𝟐𝑹𝟐 ⋅ 𝟐 𝐜𝐨𝐬𝟐
𝑪

𝟐
= 𝟒𝑹𝟐 𝐜𝐨𝐬𝟐

𝑪

𝟐
⇒ 𝑨′𝑩′ = 𝟐𝑹 𝐜𝐨𝐬

𝑪

𝟐
 

Similarly: 𝑨′𝑪′ = 𝟐𝑹 𝐜𝐨𝐬
𝑩

𝟐
 and 𝑩′𝑪′ = 𝟐𝑹 𝐜𝐨𝐬

𝑨

𝟐
 

𝑨𝑩

𝑨′𝑩′
+

𝑩𝑪

𝑩′𝑪′
+

𝑪𝑨

𝑪′𝑨′
= ∑

𝟐𝑹 𝐬𝐢𝐧 𝑪

𝟐𝑹 𝐜𝐨𝐬
𝑪
𝟐𝒄𝒚𝒄

= ∑
𝟐 𝐬𝐢𝐧

𝑪
𝟐 𝐜𝐨𝐬

𝑪
𝟐

𝐜𝐨𝐬
𝑪
𝟐𝒄𝒚𝒄

= 𝟐 ∑ 𝐬𝐢𝐧
𝑪

𝟐
𝒄𝒚𝒄

= 𝟐 ∑ 𝐬𝐢𝐧
𝑨

𝟐
𝒄𝒚𝒄

 

We must show that: 
𝟔𝒓

𝑹
≤
(𝟏)

𝟐 ∑ 𝐬𝐢𝐧
𝑨

𝟐
≤
(𝟐)

𝟑 

(1) ∑ 𝐬𝐢𝐧
𝑨

𝟐
≥

𝑴𝑨≥𝑴𝑮
𝟑√𝐬𝐢𝐧

𝑨

𝟐
𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐

𝟑
= 𝟑√√

(𝒔−𝒃)(𝒔−𝒄)

𝒃𝒄
⋅ √

(𝒔−𝒂)(𝒔−𝒄)

𝒂𝒄
⋅ √

(𝒔−𝒂)(𝒔−𝒃)

𝒂𝒃

𝟑

 

= 𝟑√
𝑺𝟐

𝟒𝑹𝑺 ⋅ 𝒔

𝟑

= 𝟑√
𝒓

𝟒𝑹

𝟑
= 𝟑√

𝒓𝟑

𝟒𝑹𝒓𝟐

𝟑

=
𝟑𝒓

√𝟒𝑹𝒓𝟐𝟑 ≥
𝑹≥𝟐𝒓 𝟑𝒓

√𝟒𝑹
𝑹𝟐

𝟒

𝟑

=
𝟑𝒓

𝑹
 

⇒ ∑ 𝐬𝐢𝐧
𝑨

𝟐
≥

𝟑𝒓

𝑹
| ⋅ 𝟐 ⇒ 𝟐 ∑ 𝐬𝐢𝐧

𝑨

𝟐
≥

𝟔𝒓

𝑹
 

(2)  ∑ 𝐬𝐢𝐧
𝑨

𝟐
≤

𝑱𝒆𝒏𝒔𝒆𝒏

𝟑 𝐬𝐢𝐧
𝑨

𝟐
+

𝑩

𝟐
+

𝑪

𝟐

𝟑
= 𝟑 𝐬𝐢𝐧

𝑨+𝑩+𝑪

𝟔
= 𝟑 𝐬𝐢𝐧

𝝅

𝟔
=

𝟑

𝟐
⇒ 𝟐 ∑ 𝐬𝐢𝐧

𝑨

𝟐
≤ 𝟑 


