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In any A ABC with p,, pp, Pc
— Spieker cevians, the following relationship holds :

—-m, +w —my +w —m.+w R
Pa a a+pb b b+pc C CS_+1
h, h,, h, r

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(5BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF]? _ZZ< ><b2> 216 L Z oz Z 16r252

rs 2ybe rs r
=>[DEF]=Z=>r’ 22# =Z=>r’=2—>(1)

) L. C 2B+C B+m-—-A
- Spieker center is incenter of A DEF, .. m(4AFS) =B + 2= = >
. m A-B d AES c B nm A-C 9
= —_———,——_—
=3 5 an m(4AES) + >=3% > (2)
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS? r? N c? 2r (c) . A-B
= ——| ——=|(=)sin
4sinzg 4 Zsing 2 2

r? N b? 2r (b) . A-cC
= ——| ——= |[=]sin
4sin22 4 Zsing 2 2
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2sinz 2 2 2sin 2

r C_ A-B B . C

2 (4Rcosism 2 + 4RcosEsm 2 )
.A+B _ A-B .A+C  A-C

= Rr (Zsm > sin 2 + 2sin 2 sin 2 )

B C A
= Rr(l — 2sin? > +1-— 2sin2E -2 (1 — 2sin? —))

2r cy, . A-B 2r by  A-C
Now, C (—) sin + B (E) sin
A —

2
(Za(s —b)(s—c)—b(s—c)(s—a) —c(s—a)(s— b))
= 2Rr

abc

= %(Za3 + (b +c)a® — 2a(b? + c?) — (b + ¢)(b — ¢)?)

. 2 A _ L 2A _9oin2A
4+ c)besin® S — 2a. 2bccosA ~ bc ((25 a)sin“> —a (1 2sin 2))
B 8s B 2s
. 2A
~ bc ((Zs + a)sin 7= a) C(2s+ a)(s — b)(s — )

2Rr

2r cn, . A—B 2r by  A-C
= — c (—)sm - (—)sm

2sin? | \2 2 Zsing 2 2
» —(2s+a)(s—b)(s—c
O-@s+aGE-b)E=0 .
2s
Ava r? N r? r? ( ca N ab )
gain, -
4sinzg 4sinzg 4\(s—c)(s—a) (s—a)(s—Db)

r? ab + ca () 12 r2

2Rr =

s (ca(s—b)+ab(s—¢)) =

. B C
4sin2-= 4sin%-
2 sin®3

b2+ c2+ab+ca (2s+a)(s—b)(s—c)

(i), (¥), (xx) > 2AS8% =

4 2s
_(a+b+o)(b*+c?+ab+ca)—(2a+b+c)(c+a—-b)la+b-c)
B 8s

3 3 2 2 2 3 3 2
_bi+c —abc + a(2b? +2c%* —a )=>2ASZ @ b* +c — abc + a(4m3)
4s 4s
L r AS cAS
Via sine law on A AFS, B = 5= s
2sin 2 sina  cos — (a+ b)sinE
. (xxx) r(a + b) . . . (k) l‘(a + C)
= csina = ———— and via sine law on A AES,bsinf} = ————

2AS 2AS
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1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs

via (+++) and () pg(a@+b + a+ ) s,
= = = =
4AS TP %5t a
, vieG) 16s? b3+ ¢ —abc+ a(4m?)
=Pa = 2"
(2s+a) 8s

™ 25 3 .3 2
Pa = m (b + c¢® —abc + a(4ma))
Also,p% —m?2 = __2s (b3 +¢3 —abc+ a(4m2)) —m?

ha ¢ (2s+a)? a a
2s

8sa
_ 3, .3 _ _(1_ 2
"~ (25 + a)? (b° + ¢* — abc) (1 (2s + a)z) Ma
_4(a+b+0)(b®+c? —abc) — (2b? + 2c% — a?)(b + ¢)?

4(2s + a)?
_a’(b-c)? +4a +c)(b-c)? +2(b% - cz)2
- 4(2s + a)?

— (b —o)? 2 2 2 2 2
_m((a +2ab+c)+(b+0)?)+((b+c)?+2ab+c)+a )—a)
(b —¢)? (b — ©)?(8s% — a?)
=— - (2 2 _ 42\
4(Zs+a)2( (a+b+0)?-a’) 4(2s + a)?
(am) (b —c)?(8s%2 —a?) s>a
pa—mg = 4(28(+a)2 42" 0 2 e = ma > Wy = we < e
22 2 _ 2
Pa— Ta < Ma — Wa ,it suffices to prove :
Pt M, m,+w,
2(8s? — a?) pﬁ—mﬁSm?I—;vg 2
via(mm) (b — ¢)*(8s* — a (b—2o¢) s(s—a)(b—rc¢)
< — — — —
< 4(2s + a)? ss(s—a)+ 4 s(s—-a) (b + ¢)?
_(b-0)? <1 N 4s(s — a)) _(b-0? 2s-a)® +4s(s—a)

4 (2s — a)? 4 (2s — a)?
= ((Zs —a)? +4s(s — a)) (2s + a)? = (8s% — a?)(2s — a)?
© 16s® —12s?a—4sa’+ a3 >0 & (s—a)(16s% + 4sa) + a3 > 0
pt-md_m? w2
P, +tm, m,;+w,

Po — M, + W, m, 1 Z CBS
5 ) — < ) —=— ) <
Z h, ~4L.h, 2rs (Vamg.Va) <

cyc cyc cyc

4%'5\/2 a(2b? + 2¢2 —az).\]za

cyc cyc

~ in order to prove :

- true (strict) sinces > a -

= pg + W, < 2m, and analogs

V2s
= s 2 Za Zab — 6abc — 2s(sZ — 6Rr — 3r2)

cyc cyc
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\/ﬁm Gerretsen
= —rs J2(s? + 4Rr + r2) — 12Rr —s2 + 6Rr + 3r2 <
1 1
Z.\/4R2 4+ 4Rr + 3r2 + 2Rr + 5r2 = E.\/4R2 + 6Rr + 4r2 + 4r2
Euler 1 1 1
< z.\/4R2 + 6Rr + 412 + 2Rr = ﬁ.\/4122 + 8Rr + 4r2 = ;.w/(R+ r)2
:E_l_l._.pa_ma-l'wa Pp —Mp + Wy pc_mc+wcSE+1
r h hy, h r

a (Y
v A ABC,”" =" iff A ABC is equilateral (QED)



